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Abstract
We introduce an improved method for spatial model-based clustering, and use
it to segment three-dimensional Dynamic Contrast Enhanced Magnetic Resonance
(DCE-MR) images.

Our approach extends an existing Monte Carlo Expectation-

Maximization method for Markov random field mixture models, and is guaranteed
to converge to a local maximum of the likelihood. Our first extension is to show how
to incorporate cluster weight parameters in a computationally tractable way; these
parameters are needed to accurately capture small features in the image. Secondly, we
incorporate a covariance decomposition to allow control over geometric characteristics
of the segmentation. Thirdly, we give a consistent approximation to the observed-data
likelihood.
We apply our method to segment DCE-MR images of a subject with multiple sclerosis. In DCE-MR imaging the concentration of a contrast agent in the brain is monitored
over time; we segment the brain according to this concentration trajectory. Unlike existing methods, ours yields medically informative segmentations for this application,
for instance accurately identifying a particular type of multiple sclerosis lesion.
Keywords: Markov random field, Magnetic Resonance Imaging, modelbased clustering, Expectation-Maximization.
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Introduction

Image segmentation consists of partitioning an image into possibly non-contiguous regions,
within which the measurement values are relatively homogeneous (Figure 1(e)). It can fa1

cilitate interpretation or further analysis of the image, and has numerous applications in
medicine (Pham et al., 2000), video and image compression (Bosch et al., 2011), and remote
sensing (Deng and Clausi, 2004). Model-based clustering provides a formal statistical approach to image segmentation, allowing natural characterization of the regions and extension
to other contexts such as time-course imaging, multiple subjects, non-Euclidean measurements, and longitudinal data (Robinson et al., 2010; Zhang et al., 2010b).
The images are typically two- or three-dimensional, and consist of measurement(s) at each
of a grid of voxels (the general term for a pixel in ≥ 2 dimensions). A popular approach to
segmentation uses a mixture model based on a Markov random field; this captures the spatial
association of the voxels, but is computationally challenging, due in part to an unknown
normalizing constant in the likelihood.
We extend an existing Monte Carlo Expectation-Maximization (MCEM) method for image segmentation based on Markov random fields, and apply it to three-dimensional Dynamic
Contrast Enhanced Magnetic Resonance (DCE-MR) images of a subject with multiple sclerosis (MS). First, we show how to incorporate cluster weight parameters in a computationally
tractable way. Second, we incorporate a covariance decomposition into the model for the
mixture components. Third, we give a consistent approximation to the observed-data likelihood (an approximation that converges to the true value in the limit of the number of
Monte Carlo samples). Our method, unlike existing approaches, accurately distinguishes
small features like MS brain lesions, and yields medically informative segmentations in our
application. The computational and statistical challenges in the context of DCE-MRI include: 1. handling three-dimensional images, instead of a two-dimensional slice as in most
previous work using Markov random fields; 2. the number of voxels, which is an order of
magnitude larger than in most previous work; and 3. the time-series nature of the data.
A MCEM method for approximate maximum likelihood estimation in Markov random
field mixture models was given in Forbes and Fort (2007; Section 5) and Zhang et al. (2008).
Unlike nearly all existing approaches, this method is guaranteed to converge to a local maximum of the likelihood function (Forbes and Fort, 2007). By contrast, the pseudolikelihood,
mean-field, and related approximations used in other computational methods (Celeux et al.,
2003; Van Leemput et al., 2003; Alfó et al., 2008) either introduce systematic bias (in the
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(a) Pre-injection

(b) 2 min. post-injection

(e) Segmentation slice
(c) 30 min. post-inj.

(d) 153 min. post-injection

Figure 1: (a)-(d): A two-dimensional slice of a DCE-MRI study at four time points. The
black boundary delineates white matter; the bright spot inside the white matter in (c)(d) corresponds to a multiple sclerosis lesion. (e): The same slice of a three-dimensional
segmentation of the white matter, obtained using our method.
case of the pseudolikelihood; Geyer and Thompson 1992), are not guaranteed to converge,
or converge to a fixed point that does not correspond to a local maximum of the likelihood
(in the case of the mean-field variant in Forbes and Fort 2007).
Our first extension is to include cluster weight parameters; these are critical for capturing small but potentially important features in the image, such as tumors or lesions (Celeux
et al., 2004). Many previous Markov random field approaches do not use cluster weight
parameters, or fix them at pre-determined values (Besag, 1986; Celeux et al., 2003; McGrory
et al., 2009; Zhang et al., 2010b). This is due to the fact that the unknown normalizing constant is a function of these additional parameters, complicating estimation. Our approach
addresses this by using approximations to the gradient and Hessian of the normalizing constant, which are both more useful numerically and easier to obtain accurately than the
normalizing constant itself.
The weight parameters have been previously used with other computational techniques,
including those utilizing the mean-field approximation (Celeux et al., 2004), pseudolikelihood (Van Leemput et al., 2003) and dependency relaxations (Friel et al., 2009). However,
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our method appears to be the first to incorporate these parameters while guaranteeing convergence to a local maximum of the likelihood function, or to another estimator of the
parameters that has a clear statistical interpretation.
Our second extension is to incorporate the covariance decomposition of Banfield and
Raftery (1993) and Celeux and Govaert (1995) into the mixture model. This allows control
over geometric characteristics of the segmentation. Our third extension is to give a consistent
approximation to the observed-data likelihood, by using thermodynamic integration. This
is useful in part because MCEM should be applied using multiple restarts, keeping the
parameter values with the highest observed-data likelihood. While an approximation was
described in Zhang et al. (2008), it was based on an incorrect expression for the observed-data
likelihood, and is not consistent (Section 2).
One could also consider Bayesian estimation for our model; Bayesian approaches for
other spatial clustering models are introduced by Johnson and Piert (2009) and Zhang et al.
(2010a,b). However, due to the multimodality of the posterior distribution for mixture
models, this would require both a sophisticated Markov chain method and a large number
of iterations (Woodard and Goldszmidt, 2011). The high computational cost of likelihood
evaluation and normalizing constant approximation, together with the large scale of our
application, makes such an approach very challenging, so we focus here on MCEM.
We show in a simulation study that our method, unlike the existing MCEM method, is
able to accurately capture regions of unequal sizes. We further illustrate this advantage in
an application to DCE-MR images of a MS subject. In DCE-MR imaging the subject is
injected with a contrast agent, and the concentration of the agent in the tissue is monitored
over time using a series of MR images. This contrast enhancement improves viewing of some
features of interest. For instance, MS subjects have brain lesions, which are associated with
increased permeability of the blood-brain barrier; a primary method for characterizing these
lesions is by observing the diffusion of a contrast agent into the brain tissue (Grossman et al.,
1988). A two-dimensional slice of a DCE-MRI study at four time points is shown in Figure 1
(a)-(d); the region of primary interest is the white matter, delineated by the black boundary.
A lesion is visible in (c)-(d) as a bright spot inside the white matter, where the contrast agent
concentration is high; such lesions are called “enhancing lesions.” Enhancement is a hallmark
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of newly forming lesions, so the characteristics of enhancing lesions are a critical component
of diagnostic criteria and outcome measures in clinical trials (Polman et al., 2011).
Current practice is for a specialist to manually identify enhancing lesions from a DCEMRI study (Shinohara et al., 2012). Additionally, Shinohara et al. (2011) develop contextspecific methods for automatic identification of enhancing lesions. Here we instead focus
on whole-image segmentation techniques based on the trajectory of MR intensities over
time. A two-dimensional slice of an example segmentation using our approach is shown
in Figure 1(e). The segmentation automatically distinguishes the enhancing lesions, and
identifies other distinct regions within the white matter, which may have relevance in terms
of the disease process.
In Section 2 we introduce the clustering model for images and in Section 3 we describe our
computational methods. The simulation study is given in Section 4, and Section 5 addresses
the DCE-MRI application. We draw conclusions in Section 6.

2

Modeling

An image consists of vector-valued observations Yi , where i = 1, . . . , n indexes over a grid
that is typically two- or three-dimensional. The vectors Yi can represent for instance red,
green, blue values in a color image (Panjwani and Healey, 1995) or multiple channels in
an MRI image (Choi et al., 1991). The goal of segmentation is to assign to each voxel
i a group membership Zi ∈ {1, . . . , K}; the number of groups K can either be fixed or
estimated from the data. The assigned Zi values ideally should achieve two goals: 1. voxels
in the same cluster should have similar values of the observed vector Yi ; and 2. the resulting
segmentation of the image should not appear noisy.
Model-based approaches to clustering typically utilize a mixture model, most commonly
iid

Yi |p, γ 1 , . . . , γ K ∼

K
X

pk f (y; γ k )

i = 1, . . . , n

(1)

k=1

where f (·; ·) is a density function parameterized by its second argument, γ k is the parameter
vector associated with mixture component k, and p = (p1 , . . . , pK ) are unknown mixing
P
d
proportions satisfying pk > 0 and K
k=1 pk = 1. In a typical context Yi ∈ R is d-dimensional,
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in which case a useful choice of f is given by the multivariate Gaussian distribution f (y; γ k ) =
Nd (y; µk , Σk ), having unknown mean vector µk and covariance matrix Σk .
Model (1) can be used to cluster the voxels of an image, by: 1. obtaining approximate
maximum likelihood estimators of the model parameters (p, γ1 , . . . , γK ) by ExpectationMaximization (EM), then 2. assigning each observation i to the highest-probability cluster
k, given the parameter estimates and the observation yi . However, the segmentation is
typically noisy; an example is given in the bottom-left image of Figure 2. This is due to the
inaccurate assumption in (1) of independence between adjacent voxels, which is addressed
in the following alternative model.
Conditional on the cluster membership Zi ∈ {1, . . . , K}, we assume that the observation
Yi at voxel i has a multivariate Gaussian distribution:
Yi |Zi , µ, Σ ∼ Nd (µZi , ΣZi )

i = 1, . . . , n

(2)

independently across i, where µ = (µ1 , . . . , µK ) and Σ = (Σ1 , . . . , ΣK ) are unknown. All
methods described here also extend to the case of multivariate t-distributions, by utilizing
ideas from Peel and McLachlan (2000), and to other families of distributions. We model
the unobserved cluster memberships Z = {Zi }ni=1 using a Markov random field, where i ∼ j
P
indicates that voxel j is a spatial neighbor of voxel i and i∼j indicates a sum over all pairs
of voxels that are neighbors:
(
Pr(Z|φ, p) = g(φ, p)−1 exp φ

X
i∼j

1{Zi =Zj } +

n
X

)
log pZi

.

(3)

i=1

P
The parameters pk still have the restrictions pk > 0 and K
pk = 1, and the normalizing
n P
ok=1
P
P
constant is g(φ, p) ≡
z exp φ
i∼j 1{zi =zj } +
i log pzi . Here we use the first-order
neighbors, meaning that i ∼ j indicates that j is one of the (at most six) voxels that share
a face with voxel i. The unknown parameter φ ≥ 0 measures the tendency of neighboring
voxels to belong to the same cluster. When φ = 0 the model (2)-(3) reduces to the mixture
Q
model (1) (since in this case Pr(Z|φ, p) = ni=1 pZi , so the cluster memberships Zi are
iid P
independent across i, and marginalizing over Zi yields Yi |p, µ, Σ ∼ K
k=1 pk Nd (y; µk , Σk )).
Model (2)-(3) captures distinct groups of voxels while taking into account spatial associaP
tion. While the term ni=1 log pZi is necessary for (2)-(3) to form an extension of the mixture
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model (1), it is typically omitted from Markov random field models for image analysis, or the
P
value of p is taken to be known. However, without the term ni=1 log pZi there is a strong
tendency for the model to yield clusters of similar sizes, which is undesirable in cases where
there is a distinct subgroup in the data that is either much larger or smaller than n/K
P
(Celeux et al., 2004). The term ni=1 log pZi has been previously incorporated by Celeux
et al. (2004), where a mean-field approximation is used. However, their method does not
have convergence guarantees, and diverged when applied to our three-dimensional images;
the value of φ increased without bound. This divergence issue also occurred when applying
the approach of Besag (1986), which uses a pseudolikelihood approach. To understand this
issue, we show in Web Appendix A that the maximum pseudolikelihood estimate of φ can be
infinite when the maximum likehood estimate is finite, in the context of a simplified version
of model (3) in which Z is directly observed. The mean-field approximation is related to the
pseudolikelihood in the sense that both replace the joint distribution (3) with an approximation factorized over i, which may explain why the two approaches are diverging in the
same situation.
The geometric features of the clusters are controlled by the covariance matrices Σk , and
by making restrictions on these matrices one can control which features are assumed to be
the same across clusters, and which are allowed to vary. For a Gaussian distribution the
contours of constant density in Rd are ellipses, and the volume, shape, and orientation of
the ellipses can be separately controlled. To do this we use the eigenvalue decomposition
Σk = λk Dk Ak DTk

(4)

(Celeux and Govaert, 1995), where λk = |Σk |1/d , Dk is the matrix of eigenvectors of Σk , and
Ak is a diagonal matrix such that |Ak | = 1. The quantity λk controls the volume (spread)
of the kth cluster, Ak its shape (circular to strongly ellipsoidal) and Dk its orientation (the
direction of the ellipse). For instance, it is common to restrict to spherical clusters, taking
Ak = Dk = I but allowing the volume λk to vary across clusters. The model where the
clusters are spherical (Ak = Dk = I) and have the same volume (λk = λ) is closely related
to the K-means clustering method (Fraley and Raftery, 2002).
We report results for a range of values of K; in our medical imaging context the in7

terpretability of the results is the most relevant criterion for selecting K. Standard model
selection criteria, such as information criteria or the posterior probability of K, can yield
impractically large values of K in the context of model-based clustering with large datasets.
This is because in real data the true cluster distributions are not precisely Gaussian, and
their small deviations from Gaussians are better represented in the data as n grows, so additional mixture components are included to capture these small deviations (Biernacki et al.,
2000; Forbes et al., 2006; Baudry et al., 2010). This effect is particularly pronounced when
the observations Yi are multivariate (Wehrens et al., 2004), as in our application. An alternative model selection criterion that addresses this issue was proposed by Cucala and Marin
(2012), and could potentially be adapted to our model if an numerical criterion is desired.
The normalizing constant g(φ, p) in (3) is intractable to compute directly because it is
a sum over K n terms. The numerical methods we introduce use an approximation to the
gradient and Hessian of g. It will also be helpful to have an approximation to the observedQn
P
data likelihood Lobs (φ, p, µ, Σ|y) =
z Pr(Z = z|φ, p)
i=1 Nd (yi ; µzi , Σzi ), which poses
a similar computational challenge. We obtain one using thermodynamic integration; see
Section 3.1. A different approximation to the observed-data likelihood in a model related
to ours is suggested by Zhang et al. (2008). However, this approximation appears to be
based on an incorrect expression for the observed-data likelihood (given on their p.741); in
particular, they appear to have provided an approximation to the expected complete-data
log-likelihood, and used it as an approximation to the observed-data log-likelihood.

3

Computational Methods

To obtain a segmented image using model (2)-(3), we first find approximate maximum likelihood estimates (MLEs) θ̂ of the parameters θ ≡ (φ, p, µ, Σ). Then we obtain estimated
cluster memberships Z, by maximizing the posterior probability of Z conditional on θ = θ̂.
Monte Carlo EM. We introduce a MCEM method to approximate the MLE of θ. This
method is an extension of the MCEM algorithm given in Zhang et al. (2008) and Forbes and
Fort (2007) for a model that is similar to (2)-(3) but does not include the parameters p or
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the decomposition Σk = λk Dk Ak DTk . Our algorithm is guaranteed to converge to a local
maximum of the likelihood, by applying the same argument as in Forbes and Fort (2007).
Since the likelihood function for mixture models can be multimodal (even after handling
the non-identifiability of the cluster labels; Woodard and Goldszmidt 2011), we run MCEM
twice from different and carefully chosen starting positions and use the final parameter
values that have the highest observed-data likelihood. We did not find any sensitivity of our
method to the initialization on real data, but there was some in the simulated data due to
wide spacing between the true mixture components.
Our first initialization takes φ = 0 and sets p, µ, and Σ equal to their estimates from the
non-spatial mixture model (1) with normal densities f (y; γ k ) = Nd (y; µk , Σk ). If there are
restrictions on the covariance matrices in the spatial model, we use the same restrictions in
the non-spatial model. The second initialization obtains estimates of p, µ, and Σ from the
same non-spatial model but with equal and diagonal covariance matrices, Σk = λI. This is
the mixture-model analogue of K-means, as discussed in Section 2. The first initialization
closely matches the spatial model of interest, while the second has clusters that are spherical
and have equal volume in the observation space Rd . The non-spatial mixture models are
fit using EM and initialized using hierarchical agglomerative clustering (Fraley and Raftery,
2002) applied to a subsample of the voxels.
In our context, the complete-data vector is (y1 , . . . , yn , z1 , . . . , zn ), so the complete-data
log-likelihood is `comp (θ|y, Z = z) = `1 (µ, Σ) + `2 (φ, p) where
`1 (µ, Σ) ≡

n
K X
X
k=1 i=1

`2 (φ, p) ≡ φ

X
i∼j



1
1
T −1
1{zi =k} − log |Σk | − (yi − µk ) Σk (yi − µk )
2
2

1{zi =zj } +

K
X

(log pk )

n
X


1{zi =k} − log g(φ, p).

i=1

k=1

The E step in the tth iteration of EM calculates the conditional expectation of `comp (θ|y, Z =
Q
(t)
(t)
z) with respect to Pr(Z|y, θ (t) ) ∝ Pr(Z|φ(t) , p(t) ) ni=1 Nd (yi ; µZi , ΣZi ), where θ (t) =
(φ(t) , p(t) , µ(t) , Σ(t) ) is the current value of the parameter vector. We sample some number
St of configuration vectors z(1) , . . . , z(St ) ∼ Pr(Z|y, θ (t) ) using the Swendsen-Wang algorithm, which is an efficient Markov chain method designed for Markov random field models
(Swendsen and Wang, 1987). Letting aik ≡ Pr(Zi = k|y, θ (t) ), we use these samples to obtain
9

Monte Carlo estimates of

Pn

i=1 aik ,

Pn

i=1 aik yi ,

Pn

T
i=1 aik yi yi , and E

i
(t)
y,
θ
,
1
{Z
=Z
}
i
j
i∼j

hP

respectively:
(t)
T1k

=

St−1

St
X
X

(t)
T2k

1

=

St−1

s=1 i:z (s) =k
i
(t)

T3k = St−1

St
X
X

St
X
X

yi

s=1 i:z (s) =k
i
(t)

T4 = St−1

yi yiT

s=1 i:z (s) =k
i

St X
X
s=1 i∼j

1{z(s) =z(s) } .
i

(5)

j

These yield estimates for the terms of the expected complete-data log-likelihood:


Ê `1 (µ, Σ) | y, θ

(t)



K
X

K

(t)

i
T
1 X h −1  (t)
(t)T
(t)
=
− 1k log |Σk | −
tr Σk T3k − 2µk T2k + µk µTk T1k
2
2 k=1
k=1

K


X
(t)
(t)
(log pk )T1k − log g(φ, p).
Ê `2 (φ, p) | y, θ (t) = φT4 +

(6)

k=1

In the M step these functions are maximized over the parameter vector θ. The function


(t)
T
(t+1)
Ê `1 (µ, Σ) | y, θ (t) is largest when µk
≡ 2k
(t) . Plugging this in and maximizing over
T1k


(t) (t)T
T2k T2k
(t+1)
(t)
1
= (t) T3k −
Σ we find that for Σk unrestricted, Σk
. Methods to maximize
(t)
T1k
T1k


Ê `1 (µ, Σ) | y, θ (t) over Σ using the decomposition (4) are given in Celeux and Govaert
(t+1)

= λCk
(1995). For the DCE-MRI application we will 
require λk = λ,in which case Σk
PK
(t) (t)T
1/d
T
T
|W |
(t)
where λ = k=1 n k , Ck = |WWk |k1/d , and Wk = T3k − 2k (t)2k
.
T1k


We maximize Ê `2 (φ, p) | y, θ (t) numerically in (φ, log p1 , . . . , log pK ), by approximating the gradient and Hessian and using Newton-Raphson. This yields the global maximum


because Ê `2 (φ, p) | y, θ (t) is concave in (φ, log p1 , . . . , log pK ) (since (3) is an exponential
family distribution, − log g(φ, p) is concave in the natural parameter vector). The maximum
is only unique up to an additive constant for log p1 , . . . , log pK , so we first do maximization
P
without the restriction that K
k=1 pk = 1, then normalize the resulting vector p. The gradient
is given by

∂ 
∂
(t)
(t)
Ê `2 (φ, p) | y, θ
= T4 −
log g(φ, p)
∂φ
∂φ


∂
∂
(t)
Ê `2 (φ, p) | y, θ (t) = T1k −
log g(φ, p)
∂ log pk
∂ log pk
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k ∈ {1, . . . , K}

where
"
#
P
P
X
1{zi =zj } + i log pzi } i∼j 1{zi =zj }
P
P
= EZ
1{Zi =Zj }
z exp{φ
i∼j 1{zi =zj } +
i log pzi }
i∼j
"
#
P
P
P
P
X
exp{φ
1
+
log
p
}
1
∂ log g(φ, p)
z
{z
=z
}
{Z
=k}
i
i
z
i∼j
i
i
P
Pi j
P
=
= EZ
1{Zi =k} (7)
∂ log pk
exp{φ
1
+
log
p
}
zi
z
i∼j {zi =zj }
i
i

∂ log g(φ, p)
=
∂φ

P

z

exp{φ
P

P

i∼j



and the expectation is with respect to Pr(Z|φ, p). Similarly, the Hessian of Ê `2 (φ, p) | y, θ (t)
P
P
P
is equal to the negative of the covariance matrix of ( i∼j 1{Zi =Zj } , i 1{Zi =1} , . . . , i 1{Zi =K} )
under Pr(Z|φ, p). We approximate the expectations and covariance matrix via (SwendsenWang) Markov chain Monte Carlo.
Each iteration t of the proposed MCEM method has computation time on the order
O(St (nKd2 + Kd2.4 )), where the term Kd2.4 comes from inversion of the d × d covariance
(t)

matrices Σk . Most critically, this is linear in the number of voxels n. Both the number of
MCEM iterations required for convergence, and the number of Swendsen-Wang iterations
required to obtain accurate Monte Carlo estimates, depend on n in a way that is difficult to
quantify. The means that the overall running time of the algorithm may grow more quickly
than linear in n. However, for the experiments reported here, no more than 300 MCEM
iterations were required for convergence to within a tolerance of 5/1000 times the estimated
parameter value. In each MCEM iteration we use 8 parallel Swendsen-Wang chains, each
simulated for St = 63 iterations after a burn-in period of 20 iterations (yielding a total of
504 Monte Carlo samples). While this is a low number of Markov chain iterations, there is a
strong averaging effect in the Monte Carlo estimates (5), due to the large number of voxels.
Because of this, the Monte Carlo standard error estimated using batch means (Flegal et al.,
2008) is nearly always less than 2/1000 of the Monte Carlo estimate. We experimented with
increasing the number of Swendsen-Wang iterations by a factor of 10 in some simulation
and DCE-MRI experiments, and found no substantive change in the final results. With the
current settings, our model takes about 6 hours to fit on the simulated data, and 6-48 hours
to fit on the full DCE-MRI dataset (depending on the value of K), on a dual quad-core
processor with 2.0 GHz speed and 4 GB of memory. Running times are only slightly longer
than the method of Zhang et al. (2008); for instance, with K = 3 on the DCE-MRI data,
our method takes 13.9 hours and theirs takes 11.5 hours.
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Estimation of Z. Our estimate of Z is obtained by maximizing the posterior probability
Pr(Z|y, θ̂) using simulated annealing (Bertsimas and Tsitsiklis, 1993). We use T = 200
iterations and temperature schedule

.7
ln(t+1)

where t is the simulated annealing iteration.

This computation requires about 3 minutes on a single processor.

3.1

Approximating the Observed-Data Likelihood

Here we obtain an approximation to the observed-data likelihood Lobs (θ|y). Since
Lobs (θ|y) =

X

Pr(Z = z|φ, p)

z

n
Y

where

i=1

(
h(y, θ) ≡

Nd (yi ; µzi , Σzi ) = g −1 (φ, p)h(y, θ)

X

exp φ

z

X

)
X

1{zi =zj } +
log pzi + log Nd (yi ; µzi , Σzi ) ,

i∼j

i

it is sufficient to approximate g(φ, p) and h(y, θ), which we do by thermodynamic integration
P Q
(Ogata, 1989; Gelman and Meng, 1998). For any p we have g(0, p) = z ni=1 pzi = 1, so

where

∂ log g(φ,p)
∂φ

Z φ
g(φ, p)
∂ log g(φ̃, p)
=
log g(φ, p) = log
∂ φ̃
(8)
g(0, p)
∂ φ̃
0
hP
i
i
hP
= EZ
i∼j 1{Zi =Zj }
i∼j 1{Zi =Zj } as shown in (7). We first approximate EZ

by Markov chain Monte Carlo for each φ̃ on a grid of values between 0 and φ. Then we combine these values to obtain an approximation to (8) using the trapezoidal rule.
i
hQ P
n
K
To approximate h(y, θ), note that log h(y, 0, p, µ, Σ) = log
pk Nd (yi ; µk , Σk )
i=1
hP k=1
i
h(y,θ)
is simple to compute. Also, analogously to (7), ∂ log∂φ
= EZ|y
1
i∼j {Zi =Zj } where the
expectation is with respect to Pr(Z|y, θ). Computation proceeds as for g(φ, p). The quantities g(φ, p) and h(y, θ), and thus Lobs (θ|y), can be approximated to arbitrary accuracy by
increasing both the number of Monte Carlo samples and the resolution of the φ̃ grid.

4

Simulation Study

We simulate data on a three-dimensional grid {1, . . . , 50}3 , which contains 125,000 voxels
(grid points). This is about one-third as many voxels as in the DCE-MRI data, chosen
for computational ease in repeated experiments. We define two large true clusters (having
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many voxels) and one to two small true clusters. The small clusters contain roughly the
same percentage of the voxels as does the smallest estimated cluster for the DCE-MRI data.
The first small cluster (cluster 1) contains the voxels within the contiguous central 7 × 7 × 7
subgrid {22, . . . , 28}3 , i.e. 343 voxels. For the experiments having a second small cluster
(cluster 4), it corresponds to the subgrid ({1, . . . , 7} ∪ {44, . . . , 50}) × {1, . . . , 5}2 , i.e. two
7 × 5 × 5 regions in corners of the grid with a total of 350 voxels. One of the large clusters
(cluster 3) includes the voxels ({1, . . . , 17} ∪ {34, . . . , 50}) × {9, . . . , 50}2 , i.e. 59976 voxels in
two 17 × 42 × 42 regions adjacent to the grid boundaries that do not overlap with the small
clusters. The second large cluster (cluster 2) contains all voxels that do not belong to other
clusters, and is a contiguous region.
For each voxel i, Yi is sampled from the normal distribution associated with its true
cluster indicator Zi , as in (2). The dimension is d = 1, and the variance parameters for all
the clusters are taken to be σk2 = 4. The mean parameters for the two large clusters are
taken to be µ2 = 0 and µ3 = −3. The simulation scenarios are:
1. One small cluster, for a total of K = 3 clusters with sizes 343, 64681, and 59976,
respectively. We take µ1 = 7.
2. Two small clusters, for a total of K = 4 clusters with sizes 343, 64331, 59976, and 350,
respectively. We take µ1 = 7 and µ4 = −10.
We apply our method in two ways: first, with unrestricted covariance matrices Σk ;
second, assuming a common cluster volume λk = λ under the decomposition (4), as done in
our DCE-MRI analysis (see Section 5). In the simulation study d = 1, so this corresponds
to assuming a common variance σk2 for all clusters. We also compare our method to three
other approaches: 1. the method of Zhang et al. (2008) (see Section 3); 2. a non-spatial
Gaussian mixture model with unrestricted variances, in the form (1); and 3. the same nonspatial model, applied after smoothing the observations yi using a moving average. Such
pre-smoothing is common in other types of image analysis (Sweeney et al., 2012, 2013) and
has been used with image segmentation (Cai et al., 2010). However, it is not clear how to
choose the amount of smoothing; with low levels of smoothing the resulting segmentations
are noisy, and with more smoothing the small clusters (1 and 4) are not detected at all. For
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Scenario 1
True value
Non-spatial
Smoothed nonsp.
Zhang et al.
Our method
Ours, λk = λ
Scenario 2
True value
Non-spatial
Smoothed nonsp.
Zhang et al.
Our method
Ours, λk = λ

Misclass.
cluster 1

Misclass.
cluster 3

1

cluster size
3

177 (12)
13.8 (4.0)
386 (30)
86.2 (11)
84.6 (13)

28916 (458)
11192 (178)
2587 (112)
2880 (105)
2876 (106)

343
238 (18)
338 (3.7)
727 (29)
403 (9.9)
394 (10)

59976
57756 (4100)
59811 (291)
59928 (55)
60117 (78)
60063 (67)

7.2
6.5
.54
6.3
6.5

173 (9.6)
10.9 (3.2)
332 (14)
80.0 (17)
84.1 (13)

28935 (208)
11199 (97)
2002 (58)
2652 (61)
2664 (72)

343
238 (27)
339 (2.9)
674 (14)
401 (16)
399 (15)

59976
59105 (2572)
59867 (559)
59667 (78)
59971 (57)
59965 (56)

7.0
6.5
1.3
6.2
6.5

σ̂32

µ̂3

σ̂12

7
(.47)
(.07)
(.03)
(.15)
(.13)

-3
-3.0 (.08)
-2.9 (.01)
-3.1 (.01)
-3.1 (.01)
-3.1 (.01)

4
3.8 (1.0)
1.3 (.12)
11 (.30)
4.5 (.38)
3.6 (.02)

3.9
1.2
3.6
3.6
3.6

4
(.09)
(.01)
(.03)
(.03)
(.02)

.67 (.00)
.59 (.00)
.59 (.00)

7
(.55)
(.09)
(.05)
(.13)
(.12)

-3
-3.0 (.06)
-2.9 (.02)
-3.1 (.01)
-3.1 (.01)
-3.1 (.04)

4
4.2 (1.1)
1.4 (.16)
13 (.34)
4.8 (.38)
3.6 (.01)

4.0
1.2
3.6
3.6
3.6

4
(.09)
(.02)
(.02)
(.02)
(.01)

.75 (.00)
.61 (.00)
.61 (.00)

µ̂1

φ̂

Table 1: Results from the simulation study, for five methods and two simulation scenarios.
The mean over 10 simulations is given, with standard deviations in parentheses; results for
clusters 2 & 4 (omitted) are similar to 1 & 3.
illustration we give results when the smoothed value for each voxel i is taken to be to be
yi∗ = 12 yi +

P
j:i∼j yj
P
,
2 j:i∼j 1

which is a relatively low level of smoothing.

For all methods we first use EM or MCEM to obtain approximate MLEs of the parameters, then fix those parameter values and use simulated annealing to obtain an approximate
maximum a posteriori estimate of Z. The estimated clusters are then re-labeled in order of
decreasing values of the estimated mean parameter µ̂k , so that the estimated clusters correspond to the true clusters. To ensure a fair comparison, we initialize each method at two
distinct locations, analogous to those used for our method (Section 3), and use the parameter
estimates that have the highest observed-data likelihood.
We simulated 10 datasets for each scenario; the results are shown in Table 1. The columns
give the number of misclassifications associated with each of clusters 1 and 3 (the number
of voxels incorrectly assigned to that cluster, plus the number of voxels that belong to that
cluster but are assigned to other clusters), the estimated number of voxels in each of clusters
1 and 3, and some of the parameter estimates. Results for clusters 2 and 4 are qualitatively
similar to those of clusters 3 and 1, respectively.
Scenario 1 has similar results to Scenario 2. The non-spatial method underestimates
the size of cluster 1 by more than 30% in both scenarios, and underestimates the size of
cluster 3 by 3.7% in Scenario 1 and 1.5% in Scenario 2. The smoothed non-spatial method
does considerably better in this respect, estimating the sizes of the clusters accurately. The
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smoothed method also has 60% fewer misclassifications associated with cluster 3 and 90%
fewer misclassifications associated with cluster 1 than the non-spatial method. However, the
number of cluster 3 misclassifications is still large, with about 9% of all voxels having this
particular error. Both the non-spatial and smoothed non-spatial methods estimate the µk parameters relatively accurately (although there is necessarily more estimation error associated
with µ1 than µ3 since cluster 1 has fewer observations). The non-spatial method estimates
the variance parameters σk2 accurately but the smoothed non-spatial method dramatically
underestimates them, due to the averaging effect of the smoothing.
The method of Zhang et al. (2008) has fewer than one-quarter as many cluster 3 misclassifications than either of the non-spatial methods. It does as well on average as the smoothed
non-spatial method in estimating the size of cluster 3, and has considerably less variability
in this estimate between simulations. It estimates µ3 and σ32 relatively accurately. However,
it dramatically underestimates µ1 , and dramatically overestimates σ12 . The estimated size
of cluster 1 is roughly twice the true size. Because of this, the number of misclassifications
associated with cluster 1 is roughly twice as high as even the non-spatial method. This
inaccuracy associated with small clusters is due to the fact that this method does not have
cluster weight parameters pk , so it assigns too many voxels to the small cluster, and thus
inaccurately estimates the parameters of that cluster.
The two versions of our method perform similarly to each other. Like Zhang et al. (2008)
we estimate µ3 , σ32 , and the size of cluster 3 accurately, and have far fewer cluster 3 misclassifications than the non-spatial methods. However, our methods estimate cluster 1 more
accurately. They have fewer than one-quarter as many cluster 1 misclassifications as Zhang
et al. (2008), and fewer than half as many as the non-spatial method. Our methods estimate
the size of cluster 1, and the parameters µ1 and σ12 , accurately and with low variability.
The two versions of our method do have 11-33% more cluster 3 misclassifications than
the method of Zhang et al. (2008). This is due to the fact that their method estimates the
spatial dependence parameter φ to be higher for these data, and so does more smoothing
within the two large clusters. This occurs because most of the voxels in the simulated data
P
come from two clusters, so the data suggest a higher value of i∼j 1{Zi =Zj } than would be
the case if all four clusters were similar sizes. Our method accounts for this effect directly,
15

Figure 2: Top row: principal component scores, colored by the cluster assignment, for four
methods with K = 3 clusters. Bottom row: a two-dimensional slice of the corresponding
brain segmentations. The methods are (from left to right) a non-spatial mixture model
without and with λk = λ; the method of Zhang et al. (2008); and our method.

by estimating different values for the pk parameters. The method of Zhang et al. (2008) does
not have the parameters pk , so it estimates the spatial dependence φ to be higher to account
P
for the high value of i∼j 1{Zi =Zj } .

5

Application to DCE-MRI

We apply our clustering method to segment the entire white matter volume of a subject with
MS, based on a DCE-MRI study consisting of images obtained at 60 time points over 155
minutes, starting two minutes before the contrast agent was injected. These data are also
analyzed (as Subject 1) in Shinohara et al. (2011), where a full description can be found.
The white matter region for this subject consists of 384,185 voxels.
Figure 3 shows the time series of MR intensities for some voxels that are or are not inside
enhancing lesions; since the enhancing lesions are not defined a priori, for this illustration
we use a rough definition based on the shape of the intensity time series. The intensities
are unnormalized since we analyze a single DCE-MRI study. The sampled time points are
unequally spaced, and there appears to be considerable measurement error.
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Figure 3: Top left: Time series of MR intensities for .075% of the voxels not inside enhancing
lesions. Bottom left: Intensity time series for 10% of the voxels inside enhancing lesions.
Right: Regularized principal component functions for all voxel intensities.

Dimension Reduction. We first reduce the time series associated with each voxel to a
low-dimensional summary using regularized functional principal components analysis; the
resulting PC functions are shown in Figure 3. The first PC function is roughly constant in
time, so represents the baseline contrast intensity of the voxels. The second PC represents
a gradual increase in contrast intensity up to time 100, followed by a gradual decrease. The
third captures a rapid increase in contrast intensity in the first thirty minutes. In the context
of MS we are interested in the change in contrast intensity over time, so we omit the first PC
from further analysis. The second and third PCs capture 73.3% of the remaining variability,
and the second through fourth capture 87.6%. We use the second and third PC scores, since
this case is easier to visualize.
Results. Scatterplots of the PC score vectors yi are shown in Figure 2. The most prominent feature of the scatterplot (initially ignoring the colors) is a long tail. Voxels in this tail
correspond to the enhancing lesions (Shinohara et al., 2011). There also appears to be some
structure in the main cloud of points. Fitting a non-spatial (independent) Gaussian mixture
model with, for instance, K = 3 mixture components and unrestricted covariance matrices
results in the cluster assignments shown in the top-left plot of Figure 2.
One cluster captures all of the outlying points, regardless of direction, and the two other
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clusters capture features in the central cloud of points. This model has failed to isolate the
most obvious feature of the data, namely the tail, from the rest of the data. So the enhancing
lesions, which have high values of both PC scores, have been grouped together with white
matter that has very different characteristics, including voxels with low values of both scores.
Additionally, it is difficult to separately interpret the blue and green clusters, because their
estimated mean vectors µ̂k are very close. A two-dimensional slice of the three-dimensional
white matter segmentation is given in the bottom-left image of Figure 2. An area known to
be an enhancing lesion (the circular red area) has been given the same cluster assignment as
an area that is known to not be an enhancing lesion (the other red area).
One way to create a more meaningful segmentation is to put a restriction on the covariance matrices Σk of the mixture components. We restrict all the Σk to have the same
determinant, i.e. restrict λk = λ in (4). Recalling that λk is interpreted as the volume of
the kth cluster in the space of PC scores, this corresponds to restricting the volumes of the
clusters to be the same. This rules out a configuration like the top-left one in Figure 2,
where one mixture component has much higher variance in all directions than the other
mixture components. We do not place any other restrictions on the covariance matrices, so
the orientations Dk and the shapes Ak of the clusters are allowed to vary. All the remaining
results reported for the DCE-MRI data will use the restriction λk = λ, since the results are
poor without it.
The results from the non-spatial mixture model with this restriction are shown in the
second column of Figure 2. The “tail” in the scatterplot is now identified as a distinct
group. The central region of the scatterplot is cut into two clusters, but one of the clusters is
noncontiguous, making interpretation more difficult. Also, the segmentation slice in Figure 2
appears somewhat noisy.
The results from the spatial mixture model of Zhang et al. (2008) are shown in the third
column of Figure 2. The model is unable to distinguish the enhancing lesions (tail in the
scatterplot) as a separate group, because the enhancing lesions contain a tiny proportion of
the voxels (roughly 0.3%).
The results of our method with K = 3 are given in the last column of Figure 2. The
scatterplot shows that each cluster is contiguous in the space of PC scores, and that the
18

Figure 4: PC score scatterplots and brain image slices, colored by the cluster assignment
from our method, for K = 2 (leftmost column) through K = 6 (rightmost column).

enhancing lesions have been correctly distinguished from the rest of the white matter. Additionally, the brain image shows spatially smooth cluster assignments. The spatial model
has effectively de-noised the image, creating contiguous blocks where the tissue is estimated
to be of the same type.
In Figure 4 we illustrate the results of our method with K = 2 through K = 6 clusters.
Two clusters (K = 2) are clearly insufficient to distinguish critical features. Three and
four clusters accurately distinguish the enhancing lesions, and make reasonable distinctions
between different parts of the remaining white matter. Larger numbers of clusters (such as
K = 5, 6) are difficult to justify, because they lead to minor distinctions between the PC
scores, as seen on the score scatterplots in Figure 4. Based on these observations, we focus
on K = 4.
Time series of MR intensities for each cluster are shown in Figure 5, for our method with
K = 4. The variability within each cluster is large relative to the mean differences between
the clusters. Also, there is a jump in intensities for all clusters around time 120 minutes; this
also exists in the raw data and appears to be an imaging artifact. Focusing then on times
up to 100, we see that the average intensity for the cluster corresponding to the enhancing
lesions (solid red line) starts low, increases quickly before time 50, then gradually increases
until time 100. The average intensity of each of the other three clusters has fairly constant
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Figure 5: Time series of MR intensities for the clusters, for our method with K = 4.
Colors correspond to those in the third column of Figure 4; solid lines show average cluster
intensities, and dashed lines show pointwise 95% intervals.

slope up to time 100, and the three clusters differ mainly in the steepness of that slope. The
dark blue cluster has the steepest slope, while the green cluster has the flattest slope of the
three. While these three clusters exhibit little of the early enhancement shown by the red
cluster, they have differing degrees of this slower enhancement.
As seen in the third column of Figure 4, the dark blue cluster is mainly located near the
back of the brain, while the green cluster is close to the front and the light blue cluster is
in between. The differences between the regions could either reflect spatial heterogeneity in
the brain tissue, or heterogeneity that is an artifact of the imaging process.
For the DCE-MRI data we did not find any sensitivity of our method to its initialization.
The non-spatial mixture model, however, often had different results according to the initialization (the ones reported here are those that had the highest observed-data likelihood). This
difference between the two methods may be due to the spatial information incorporated by
our model, which has the effect of ruling out parameter values that correspond to spatially
nonsmooth segmentations.

6

Conclusions

We introduced a method for image segmentation based on spatial model-based clustering,
that can accurately capture small-scale features in addition to large-scale ones. We also
proposed a computational method that is efficient enough to handle even high-resolution
20

three-dimensional images.
We applied our method to DCE-MR imaging of multiple sclerosis subjects, who have brain
lesions. The image segmentations provided by a competing non-spatial method accurately
distinguish the enhancing lesions from other white matter, but the other identified regions
have poor interpretability and the segmentations appear noisy. The image segmentations
from the method of Zhang et al. (2008) group the enhancing lesions together with a large
portion of the non-enhancing white matter, despite the distinctive signal associated with
enhancing lesions. By contrast, the segmentations from our method accurately distinguish
the enhancing lesions, and identify other regions that have reasonable interpretation.
A population-level analysis of MS subjects, based on the same principles, might provide
additional clinical insights regarding MS. This could be done by applying our clustering methods to multiple subjects simultaneously, fitting our model to the voxels in all subjects after
appropriate normalization. Then the resulting clusters would be interpreted as populationlevel tissue types instead of subject-specific tissue types. Alternatively, the model-based
approach that we have taken would allow natural extension to multiple subjects, by incorporation of random effects.
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