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Abstract. We provide a structural charaterization result for the non-myopic op-
timal portfolio of a CARA agent who invests in an incomplete market environment.
The excess risky demand turns out to be the indifference risk monitoring strategy of
an emerging claim written on the traded asset’s Sharpe ratio and the risk tolerance of
the investor. Sensitivity results are provided as well as explicit formulae for indifference
prices of path-dependent claims written on non-traded assets.
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1. Introduction. This paper analyzes the optimal investment deci-
sions of a CARA agent in an incomplete market environment. The agent
trades between a riskless bond and a risky stock whose price is a diffusion
with dynamics affected by a correlated stochastic factor. Risk preferences
are exponential and the agent’s objective is to maximize his/her expected
utility of terminal wealth. In this setting, the optimal investment consists
of two components, the so-called myopic and non-myopic portfolio. The
myopic policy is the one that the investor would follow ignoring what would
happen beyond the immediate next period. It does not depend on the dis-
tribution of asset returns over future revision intervals. The non-myopic
investment emerges from the stochasticity of the opportunity set and re-
flects how the investor reacts to risks that cannot be eliminated. It is also
known as the excess risky demand and is the main focus of our study.

Maximal expected utility problems have been widely studied for mod-
els of general asset dynamics and arbitrary preferences. By far, the most
popular method is based on duality arguments. Variational methods have
been also applied for certain diffusion market dynamics and risk prefer-
ences, and explicit solutions have been produced for special cases.

In all these works, however, the emphasis is on the value function and
not on the optimal policies. The latter can be analyzed through martin-
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gale representation results emerging in the analysis of the dual problem
(Kramkov and Schachermayer (1999)). In diffusion settings, they can be
produced from the primary problem via the first order conditions in the as-
sociated Hamilton-Jacobi-Bellman equation; see, among others, Kim and
Omberg (1996), Wachter (2002) as well as Campbell and Viceira (1999)
where policies are constructed with the so called log-linear approximation
(see, also, Campbell et al. (2004) and Chacko and Viceira (1999)). Gener-
ally speaking, the excess risky demand has been associated with hedging of
some endogenous risk. In complete markets, this can been fully justified.
The dual pde is linear and an emerging pseudo-derivative provides, through
its associated classical arbitrage free hedging, a natural link between opti-
mal investment and risk replication. In incomplete markets however, such
a natural bridge has not been, in our view, fully developed. The notion of
hedging is non transparent, and the connection between optimal behavior
and risk monitoring has not been satisfactorily built.

Herein, we concentrate on a specific class of risk preferences and we
propose an approach that seems to provide a coherent link between opti-
mal portfolios and risk monitoring strategies. Three ingredients are needed.
The supporting claim, the valuation approach and the associated risk man-
agement. We show that the relevant claim is written on the stochastic fac-
tor with payoff depending on the Sharpe ratio of the traded stock and the
risk tolerance of the investor. It is valuated by the indifference method. Its
risk monitoring strategies, that ultimately yield the excess risky demand
for the original investment model, are determined through the associated
portfolios, with and without the claim. For this, two important notions
are introduced, namely, the residual optimal wealth and the residual risk.
In complete markets, the residual risk vanishes and the residual optimal
wealth coincides with the risk replicating portfolio. In the presence of un-
hedgeable risks, however, these quantities carry a lot of information for the
quantification of the accumulated risk and the size of the replicable payoff
component. Through them, we provide a meaningful payoff decomposition
and, in turn, a natural link between optimal investment and indifference
hedging. Besides the structural analysis and characterization of the optimal
non-myopic portfolios, we discuss their behavior in terms of various market
inputs. We subsequently study another class of incomplete models with log-
normal stock dynamics and stochastic preferences. We find conditions on
the market coefficients so that these models have the same dynamic utility
as the ones studied earlier. This enable us to construct indifference prices
of path-dependent claims written on non-traded assets. These findings can
be readily used for the valuation of labor income streams (see Henderson
(2004a) for a special case) and proprietorship contracts (Zariphopoulou
(2004)).

The paper is organized as follows. In section 2, we introduce the opti-
mal investment model and present preliminary results for its value function.
In section 3, we revisit the notion of indifference price and we derive the
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valuation functionals for path-dependent claims written on the stochastic
factor. The main results are given in Section 4 where the supporting claim
is introduced and priced. We present the payoff decomposition and we es-
tablish the relation between the emerging risk monitoring component and
the original non-myopic portfolio. Sensitivity analysis is also provided. In
section 5, we analyze an alternative incomplete model and we construct
indifference prices for path-dependent claims written on non-traded assets.
Conclusions and further directions are discussed in Section 6.

2. The optimal investment model and preliminary results.

i) The model and the associated HJB equation
We consider an optimal investment model for a single agent who man-

ages his/her portfolio by investing in a stock and a riskless bond. The price
of the stock S solves

dSs = µ(Ys, s)Ssds + σ(Ys, s)SsdW 1
s (2.1)

with St = S ≥ 0. The process Y will be referred to as the stochastic factor
and it is assumed to satisfy

dYs = b(Ys, s)ds + a(Ys, s)dWs (2.2)

with Yt = y ∈ R. The processes W 1 and W are standard Brownian motions
defined on a probability space (Ω,F , (Fs), P) with Fs being the augmented
σ-algebra and ρ ∈ (−1, 1) the correlation coefficient. We then have that
Ws = ρW 1

s +
√

1 − ρ2W 1,⊥
s with W 1,⊥

s being a Brownian motion orthogonal
to W 1

s under P. Assumptions on the drift and diffusion coefficients µ, σ, a
and b are such that equations (2.1) and (2.2) have a unique strong solution
satisfying Ss ≥ 0 a.e. for s ≥ t. The bond is assumed to offer zero interest
rate. The case of (deterministic) non-zero interest rate may be handled by
straightforward scaling arguments and is not discussed.

The investor starts at time t ∈ [0, T ) with initial wealth x ∈ R. His/her
current wealth Xs, t ≤ s ≤ T , satisfies the budget constraint Xs = π0

s + πs

where π0
s and πs are, respectively, the amounts allocated in the bond and

the stock accounts. No trading constraints, intermediate consumption nor
exogenous stream of funds are allowed. Direct calculations involving the
dynamics in the above equations yield the evolution of the wealth process

dXs = µ(Ys, s)πsds + σ(Ys, s)πsdW 1
s (2.3)

with Xt = x ∈ R.
The investor is endowed with Constant Absolute Risk Aversion (CARA)

utility

U(x) = −e−γx, x ∈ R (2.4)
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and has value function

V (x, y, t; π) = sup
A

EP (U(XT ) |Xt = x, Yt = y ) . (2.5)

The processes Y and X are given, respectively, by (2.2) and (2.3) and the
risk aversion coefficient satisfies γ > 0. The set A of admissible portfolio
policies is defined as A = {π : πs is Fs− measurable and EP

∫ T

t σ2(Ys, s)π2
sds

< ∞}.
We denote the Sharpe ratio process of the traded asset by

λs = λ(Ys, s) =
µ(Ys, s)
σ(Ys, s)

. (2.6)

The following assumption on the coefficients will be standing through-
out:

Assumption 1: The market coefficients λ, a and b are assumed to be
C1,2([0, T ]×R) functions that satisfy, uniformly in t, |f(y, t)| ≤ C (1 + |y|),
for f = λ, a and b. There also exists ε > 0 such that σ (y, t) > ε, for
(y, t) ∈ (R×[0, T ]).

For the rest of the presentation we suppress the arguments of the vari-
ous coefficients and we reinstate them whenever needed. We also introduce
the differential operators

L =
1
2
a2 ∂2

∂y2
+ b

∂

∂y
, (2.7)

Lmm=
1
2
a2 ∂2

∂y2
+ (b − ρλa)

∂

∂y
(2.8)

and the domain D = R×R× [0, T ].

Proposition 2.1. The value function is a viscosity solution of the
Hamilton-Jacobi-Bellman (HJB) equation

Vt + max
π

(
1
2
σ2π2Vxx + π(ρσaVxy + µVx)

)
+ LV = 0, (2.9)

and V (x, y, T ) = −e−γx with L as in (2.7) and (x, y, t) ∈ D. Moreover, it
is the unique such solution in the class of functions that are concave and
nondecreasing in x, and, for fixed (x, t), bounded in y.

The proof is omitted since it follows along similar arguments used in
Theorems 4.1 and 4.2 in Duffie and Zariphopoulou (1993).
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ii) Representations of the value function and related measures
The stochastic control problem (2.5) has been extensively analyzed in

a much broader model setting and under minimal assumptions on the price
processes (see, among others, Rouge and El Karoui (2000), Delbaen et.
al. (2002), and Kabanov and Stricker (2002)). The analysis was based on
duality methods which gave rise to reduced optimization problems involving
entropic criteria.

A measure that emerges naturally in this approach is the minimal
relative entropy measure, denoted herein by Qme. It minimizes the relative
entropy

H(Qme |P ) = min
Q∈Qe

EP

(
dQ

dP
ln

dQ

dP

)
,

among all martingale measures Q that are equivalent to the historical mea-
sure P. Henceforth, we will denote by Qe the set of all such measures. We
refer the reader to the papers of Frittelli (2000) (see, also, Grandits and
Rheinlander (2002) and Arai (2001)) for an extensive study of the mini-
mal relative entropy measure in optimization problems related to asset and
derivative valuation.

The following result was shown in Delbaen et al. (2002) (see also
Rouge and El Karoui (2000)).

Proposition 2.2. Let Qme be the minimal relative entropy measure.
Let also λs and λ⊥

s be, respectively, the Sharpe ratio (2.6) and the process
appearing in the representation of the relative density

dQme

dP
=exp

(∫ T

0

−λsdW 1
s −

∫ T

0

λ⊥
s dW 1,⊥

s − 1
2

∫ T

0

(
λ2

s +
(
λ⊥

s

)2)
ds

)
.

(2.10)
The value function V is given, for (x, y, t) ∈ D, by

V (x, y, t) = −e−γx−v(y,t) = U

(
x +

1
γ

v(y, t)
)

(2.11)

with

v(y, t)=EQme

⎛
⎝ T∫

t

1
2
(
λ(Ys, s)2 + λ⊥(Ys, s)2

)
ds |Yt = y

⎞
⎠ . (2.12)

For the model at hand, we may derive an alternative representation for
the value function. It is analogous to the one introduced in Zariphopoulou
(2001) (see, also, Tehranchi (2004)) for an investment model under Con-
stant Relative Risk Aversion (CRRA) preferences. There, the value func-
tion was constructed in terms of a power (distortion) transformation of
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a solution to a linear pde. When preferences are exponential, a similar
structure also appears as is exhibited in formula (2.18).

The interesting ingredient in this representation is the emerging mea-
sure, denoted by Qmm. This turns out to be the minimal martingale
measure, introduced by Foellmer and Schweizer (1991) (see also Schweizer
(1995) and (1999)). It is an equivalent martingale measure that minimizes

H0(Qmm |P ) = min
Q∈Qe

EP

(
− ln

dQ

dP

)
. (2.13)

Direct calculations show that it is given by

Qmm(A) = EP

(
e−

R
T
0 λsdW 1

s −R
T
0

1
2 λ2

sdsIA

)
, A ∈ FT , (2.14)

and that its restriction on FW
T satisfies

Qmm(A) = EP

(
e−

R
T
0 ρλsdWs−

R
T
0

1
2 ρ2λ2

sdsIA

)
, A ∈ FW

T . (2.15)

Proposition 2.3. Let λs = λ(Ys, s) be the Sharpe ratio process (2.6),
ρ ∈ (−1, 1) the correlation between the stock and the stochastic factor, and
Lmm the operator defined in (2.8). Let u be the solution of the terminal
value problem

ut + Lmmu =
1
2
(1 − ρ2)λ2(y, t)u (2.16)

with u(y, T ) = 1 for (y, t) ∈ R×[0, T ]. Then

u(y, t) = EQmm

(
e−(1−ρ2)

R T
t

1
2 λ2(Ys,s)ds |Yt = y

)
(2.17)

and the value function V is given, for (x, y, t) ∈ D, by

V (x, y, t) = −e−γxu(y, t)1/(1−ρ2). (2.18)

Proof. We first construct a candidate solution, say V̂ , to the HJB
equation (2.9). From the scaling properties of the value function, we easily
deduce that V̂ (x, y, t) = −e−γxF (y, t). Further calculations show that F

can be represented as F = u1/(1−ρ2) with u solving (2.16). Using (2.15),
(2.16), the form of Lmm and the Feynman-Kac formula we deduce (2.17).

The identification of the candidate V̂ with the value function follows
directly from its growth and regularity properties and well known verifica-
tion results (see Pham (2002) and Zariphopoulou (2003)).

From the two alternative value function representations (2.11) and
(2.18), we may deduce an interesting relation between the minimal relative
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entropy measure, the minimal martingale measure and the minimal relative
entropy. The equality (2.19) below shows that the latter can be expressed
in a linear and a nonlinear fashion.

The linear functional is an expectation, under the minimal entropy
measure, of the aggregate (squares of) market prices of traded and non-
traded risks. The nonlinear functional has certainty equivalent character-
istics and the involved measure is the minimal martingale one. We will
revisit pricing functionals of this form in the next section when we consider
the so-called indifference prices. These prices will help us understand the
nature of the optimal investment decisions of the CARA agent.

Corollary 2.1. In the incomplete market model that consists of the
stock S and the stochastic factor Y , solving (2.1) and (2.2), the minimal
relative entropy H(Qme |P ) satisfies

H(Qme |P ) = EQme

⎛
⎝ T∫

0

1
2
λs

2 +
(
λ⊥

s

)
2ds

⎞
⎠ (2.19)

= − 1
1 − ρ2

ln EQmm

(
e−(1−ρ2)

R
T
0

1
2 λ2

sds
)

with λs and λ⊥
s as in (2.6) and (2.10).

We remark that the above nonlinear functional is not a naive extension
of the static actuarial certainty equivalent valuation rule. In fact, for the
model at hand, a direct dynamic analogue would have been of the form
− lnEP(e−(.)). But (2.19) shows that neither the involved measure nor the
valuation functional are in accordance with the traditional insurance static
rule.

iii) The complete market case and the emerging path-dependent claim
Formulae (2.11) and (2.18) expose the invariance of the value function

with respect to the stock’s Sharpe ratio. They also give us some insights
on how model incompleteness is compiled. The path-dependent term in
(2.11) (see also (2.18)) shows that, even though the stock dynamics are
affected locally by the stochastic factor, the effects of the latter appear
on the value function in an aggregated form. This observation will help
us in two directions. With regards to the optimal investments, it will
lead us to the specification of the supporting claim whose risky monitoring
strategies will produce the non-myopic demand for the risky asset. In
a broader perspective, it will highlight how risk preferences and model
incompleteness are interconnected. The specification of the optimal policies
will be presented first while the model specification issue is discussed in
Section 5.

To gain some intuition on how the above results may be used on the
construction and analysis of the optimal investment rules, we first consider
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the complete market case. For this, we may conveniently think of the stock
price having nonlinear stock dynamics. This model was first analyzed by
Merton (1990) and, subsequently, by many others via either variational or
duality arguments.

The solution (2.22) is directly computed from (2.11). It can be also
obtained from (2.18) by passing to the limit as ρ2 → 1. In this case,
(1−ρ2)−1 → ∞ and scaling arguments show that the power transformation
of (2.18) ’converges’ to the exponential transformation (2.11). The rigorous
results rely on the stability properties of viscosity solutions and we refer
the reader to Musiela and Zariphopoulou ((2001), Theorem 2.3) for the
relevant technical arguments.

We note that because the market is complete, the minimal relative
entropy measure and the minimal martingale one coincide, and equal to
the unique nested risk neutral measure.

Proposition 2.4. Assume that the stock price S solves

dSs = µ(Ss, s)Ssds + σ(Ss, s)SsdW 1
s . (2.20)

Let h be the solution of the terminal value problem

ht +
1
2
σ2(S, t)S2hSS +

1
2
λ2(S, t) = 0 (2.21)

with h(S, T ) = 0 and (S, t) ∈ R+ × [0, T ]. Then

h(S, t) = EP∗

(∫ T

t

1
2
λ2(Ss, s)ds |St = S

)

with P∗ being the risk neutral measure.
The value function V is given by

V (x, S, t) = −e−γx−h(S,t) = U

(
x +

1
γ

h(S, t)
)

(2.22)

where U is the utility function as in (2.4).

Proposition 2.5. The optimal investment process π∗
s is given by

π∗
s = πm

s + Hs (2.23)

where

πm
s = πm(Ss, s) and Hs = H(Ss, s)

with S solving (2.1),

πm(S, t) =
1
γ

µ(S, t)
σ2(S, t)

(2.24)
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and

H(S, t) = − 1
γ

ShS(S, t). (2.25)

The proof is a direct adaptation of the one provided in Zariphopoulou
(Proposition 2.1, 1999) and it is therefore omitted.

To interpret the above optimal policies, let us first consider a path-
dependent claim, introduced at time t and maturing at T , with payoff

Λ(Ss; t ≤ s ≤ T ) =
∫ T

t

−1
2

λ2(Ss, s)
γ

ds. (2.26)

It easily follows that its arbitrage-free price process, say C(Ss, s), satisfies
C(Ss, s) = − 1

γ h(Ss, s), t ≤ s ≤ T with h solving (2.21). Its risk replication
strategy, αs, is given by

αs = SsCS(Ss, s) = − 1
γ

SshS(Ss, s). (2.27)

Comparing the above with (2.25) yields

Hs = αs. (2.28)

The above analysis shows how the optimal investment strategy of the
CARA agent is structured. The myopic component, πm

s , is the amount
that the investor would invest in stock if its Sharpe ratio were constant
for the next time period. The second term, Hs, is the non-myopic opti-
mal investment and equality (2.27) shows that it can be viewed as a risk
replicating strategy of the supporting claim Λ.

The advantages of this decomposition are obvious. It provides an intu-
itive and natural way of bridging the notions of investment optimality and
risk replication. It facilitates the qualitative analysis of optimal strategies
by bringing in the well developed technology of ’greeks’. These desirable
features strongly motivate us to look for a similar structure even when the
market becomes incomplete. Note however that three issues arise, namely,
the identification of the supporting claim, and the appropriate notion of
its valuation and risk replication. Neither question has an apparent answer
due to the inherent nonlinearities and the essential incompleteness of the
model.

3. Indifference valuation of path-dependent claims. In this sec-
tion, we provide some auxiliary results on indifference prices of path-
dependent claims. These findings will be used in the next section when
we study the structure of the optimal investment strategies of the CARA
agent.
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The indifference valuation approach has recently gained considerable
ground in the pricing and risk quantification in incomplete markets. It
is based on optimality of investments that become available to the in-
vestors with and without employing (buying or writing) the claim at hand.
It produces the so called indifference price that represents the payment
(compensation) that the buyer (writer) needs to pay (receive) at inscrip-
tion so that his/her dynamic utility remains unchanged through the life
time of the derivative. In most cases so far, the individual preferences have
been taken to be of exponential type. Under this assumption, indifference
prices have been widely analyzed in general market settings and for arbi-
trary payoffs (see, among others, Rouge and El Karoui (2000), Delbaen et
al. (2002), Bielecki et al (2004)). Duality techniques yield the indifference
prices as solutions to optimization problems with entropic penalty terms
or as solutions to BSDES.

In Markovian settings, indifference prices turn out to solve quasilinear
equations with quadratic gradient nonlinearities. In this direction, the
analysis has been primarily centered around risks generated by non-traded
assets that are correlated with the underlying price process but do not
affect its dynamics. In addition, only European and American type claims
have been analyzed (see, among others, Musiela and Zariphopoulou (2001,
2004a), and Henderson (2002)). European claims written on a correlated
factor that models stochastic volatility have been studied by Sircar and
Zariphopoulou (2004) (see, also, Grasselli and Hurd (2004)).

We now consider a claim C, introduced at t, and offering payoff

C(Ys; t ≤ s ≤ T ) =

T∫
t

c1(Ys, s)ds + c2(YT ) (3.1)

at the end of the trading horizon T. No cashflows occur in [t, T ).

Assumption 2: The coefficients ci, i = 1, 2 are C1,2 ([0, T ]×R) func-
tions, with |ci (y, t)| ≤ C (1 + |y|) and such that supQeEQ

(
e|C(Ys;t≤s≤T )|) <

∞.
For the applications at hand, the indifference price to be considered

is the one of the buyer. His/her value function V C is defined similarly
to (2.5) but with a modified utility payoff reflecting the compensation at
expiration, namely,

V C(x, y, t) = sup
A

EP(−e−γ(XT +C(Ys;t≤s≤T )) |Xt = x, Yt = y ). (3.2)

We stress that the compensation C is acquired by the buyer at the end of
the trading horizon. This precludes trading of intermediate claim proceeds
before expiration.
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Definition 3.1. The indifference price of the claim C(Ys; t ≤ s ≤ T )
is defined as the amount νt(C) for which the value functions V C and V 0,
defined in (3.2) and corresponding, respectively to the claims C(Ys; t ≤ s ≤
T ) and 0 coincide. Namely, νt(C) is the amount which satisfies

V 0(x, y, t) = V C(x − νt(C), y, t) (3.3)

for all states (x, y, t) ∈ D.

We note that due to the specific functional form of the path-dependent
payoff, V C can be still written as a function of only two spatial variables.

Definition 3.2. Let Q ∈ Qe and Z(Y ) = Z(Ys; t ≤ s ≤ T ) where Y
solves (2.2), and Z satisfies supQeEQ

(
e|Z|) < ∞. The nonlinear pricing

functional EQ is defined by

EQ(Z(Y ) |Yt = y ) = − 1
γ(1 − ρ2)

ln EQ

(
e−γ(1−ρ2)Z(Y )) |Yt = y

)
. (3.4)

Recalling identity (2.19) in Corollary 2.1, we may rewrite H(Qme |P )
as follows.

Corollary 3.1. The total relative entropy H(Qme |P) satisfies

H(Qme |P ) = EQmm

(∫ T

0

1
2
λ2

sds

)

where EQ is defined in (3.4), applied for Q = Qmm and γ = 1.

Next we construct the indifference price of the claim. A nonlinear
price representation appears and two alternative expressions are presented.
One is with regards to the minimal martingale measure (cf. (3.5)) while
the other involves the minimal relative entropy measure (cf. (3.14)). For a
detailed discussion related to the emerging nonlinear pricing rules we refer
the reader to Musiela and Zariphopoulou (2001 and 2004a) and Henderson
(2002).

Theorem 3.1. Let Qmm be the minimal martingale measure intro-
duced in (2.13) and EQ the nonlinear pricing functional (3.4) with Q= Qmm.
The buyer’s indifference price νt(C) of the path-dependent claim C(Ys; t ≤
s ≤ T ) is given by

νt(C) = EQmm

(
C(Ys; t ≤ s ≤ T ) +

∫ T

t

1
2

λ2(Ys, s)
γ

ds |Yt = y

)
(3.5)

−EQmm

(∫ T

t

1
2

λ2(Ys, s)
γ

ds |Yt = y

)
.
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Proof. We first compute the value functions V C and V 0. Direct adap-
tation of the arguments used in the proof of Proposition 2.1 yield that V C

is the unique viscosity solution of the Hamilton-Jacobi-Bellman equation

V C
t + max

π

(
1
2
σ2π2V C

xx + π(ρσaV C
xy + µV C

x )
)

+ LV C = γc1(y, t)V C

with

V C(x, y, T ) = −e−γ(x+c2(y)).

We then seek a candidate solution denoted, by a slight abuse of notation,
by V C . It is taken to be of the form V C = −e−γxF (y, t) with F (y, t) =

uC(y, t)
1/(1−ρ2)

and uC appropriately chosen. The function uC turns out to
be the solution of the linear equation

uC
t + LmmuC = (1 − ρ2)

(
γc1(y, t) +

1
2
λ2 (y, t)

)
uC (3.6)

with

uC(y, T ) = e−γ(1−ρ2)c2(y)

where Lmm is the operator in (2.8). We easily deduce that the candidate so-
lution coincides with the value function. The Feynman-Kac formula yields

V C(x, y, t) = −e−γxuC(y, t)1/(1−ρ2)

= −e−γx
(
EQmm

(
e−(1−ρ2)(γC(YT )+

R T
t

1
2 λ2(Ys,s)ds) |Yt = y

))1/(1−ρ2)

.

(3.7)
We recall that for C ≡ 0,

V 0(x, y, t) = −e−γxu (y, t)1/(1−ρ2)

= −e−γx
(
EQmm

(
e−(1−ρ2)

R T
t

1
2 λ2(Ys,s)ds |Yt = y

))1/(1−ρ2)

. (3.8)

Combining the above equalities with the definition of the indifference price
(3.3), implies

−e−γx
(
EQmm

(
e−(1−ρ2)

R T
t

1
2 λ2(Ys,s)ds |Yt = y

))1/(1−ρ2)

= −e−γ(x−νt(C))
(
EQmm

(
e−(1−ρ2)(γC(YT )+

R T
t

1
2 λ2(Ys,s)ds) |Yt = y

))1/(1−ρ2)

.
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In turn,

νt (C) = − 1
γ (1 − ρ2)

ln EQmm

(
e−(1−ρ2)(γC(YT )+

R T
t

1
2 λ2(Ys,s)ds) |Yt = y

)
,

+
1

γ (1 − ρ2)
ln EQmm

(
e−(1−ρ2)

R T
t

1
2 λ2(Ys,s)ds |Yt = y

)
and the result follows from Definition 8.

Proposition 3.1. The indifference price process is given by

νt(C) = h(Yt, t) (3.9)

where h solves the quasilinear price equation

ht + Lmeh − 1
2
γ(1 − ρ2)a2h2

y + c1(y, t) = 0 (3.10)

with

h(y, T ) = c2(y).

The operator Lme is defined as

Lme = Lmm + a2 uy

u

∂

∂y
(3.11)

with u solving (2.16) and Lmm as in (2.8). The price h is the unique
C1,2([0, T ]×R) solution of (3.10) and its spatial derivative satisfies |hy (y, t)|
≤ C (1 + |y|).

Proof. Equalities (3.3), (3.7) and (3.8) yield

νt(C) = h(y, t) =
1

γ (1 − ρ2)
ln

u(y, t)
uC(y, t)

.

Using the equations (2.16) and (3.6), that u and uC respectively satisfy,
yields (3.10). The claimed uniqueness, growth and regularity results fol-
low from Assumptions 1. and 2. and the arguments developed by Pham
(Theorems 3.1 and 4.1 (2002)).

We next derive a probabilistic representation of the indifference price
in terms of the minimal relative entropy measure. We first provide an
auxiliary result on the density of the latter. The proof is a very mild
modification of the one already given by Benth and Kallsen (2003) (see,
also, Hobson (2004)).

Lemma 3.1. Let u be the solution of (2.16) and assume that
∫ T

0 λ2
sds <

∞ ,
∫ T

0
a2(Y, s)

(
uy(Ys,s)
u(Ys,s)

)2

ds < ∞, P a.s. and, that for some α > 0,

EP

(
e

α
R T
0

„
λ2

s+a2(Y,s)
“

uy(Ys,s)
u(Ys,s)

”2
«

ds

)
< ∞.

13



Then the density of the minimal relative entropy measure Qme (2.10) is
given by

dQme

dP
= exp(−

∫ T

0

λ (Ys, s) dW 1
s +

∫ T

0

1√
1 − ρ2

a (Ys, s)
uy (Ys, s)
u (Ys, s)

dW 1,⊥
s

(3.12)

−1
2

∫ T

0

(λ2 (Ys, s) +
1

1 − ρ2
a2 (Ys, s)

u2
y (Ys, s)

u2 (Ys, s)
)ds) .

Proof. We first recall a well known fact about the limiting behavior of
the indifference price as γ → 0 (see, Rouge and El Karoui (2000), Delbaen
et al. (2002), Becherer (2003) and Hugonnier et al. (2004)). As the
buyer becomes risk neutral, it has been established that the indifference
price converges to the expectation of the payoff under the minimal relative
entropy measure. In other words, using a generic notation, we have

lim
γ→0

νt (C; γ) = lim
γ→0

EQme (C) = EQme (C) .

Given the assumptions on the payoff (3.1) and the asset dynamics ((2.1)
and (2.2)), it follows that the above limit can be represented as

lim
γ→0

νt (C; γ) = EQme (C (Ys; t ≤ s ≤ T ) |Yt = y ) = h̄0 (y, t)

for some function h̄0. Using the Feynman-Kac formula, we deduce that h̄0

must solve the linear problem

h̄0
t + L̄meh̄0 + c1(y, t) = 0

with h̄0(y, T ) = c2 (y) and L̄me being the generator of the stochastic factor
diffusion Y when its dynamics are expressed under the minimal relative
entropy measure.

On the other hand, passing to the limit, as γ → 0, in (3.10) yields

lim
γ→0

h(y, t; γ) = h0(y, t)

where h0 solves the linear problem

h0
t + (Lmm + a2 uy

u

∂

∂y
)h0 = h0

t + Lmeh0 = c1(y, t) (3.13)

with h0(y, T ) = c2(y) and Lme introduced in (3.11). The convergence
result follows from the robustness properties of viscosity solutions for the
equations (3.10) and (3.13) (see Proposition 4.1 in Lions (1984)) and the
uniqueness results of the above linear equation. We readily conclude that
h̄0 = h0 for (y, t) ∈ R× [0, T ].

14



The sought density can be then easily identified. The rest of the proof
follows from a standard application of Girsanov’s theorem, the growth prop-
erties of u and the uniqueness of the relative minimal entropy measure (see
Benth and Karlsen (Theorem 3.3 (2003)).

Using the above Lemma, a standard logarithmic transformation in
(3.10) (see Musiela and Zariphopoulou (2004a)), and the form of EQme , we
readily deduce the following representation.

Proposition 3.2. Let Qme be the minimal relative entropy measure.
Then, the indifference price of the path-dependent claim

C(Ys; t ≤ s ≤ T ) =

T∫
t

c1(Ys, s)ds + c2(YT ) admits the representation

νt(C) = h(Yt, t) (3.14)

= EQme(C(Ys : t ≤ s ≤ T ) |Yt = y )

= − 1
γ(1 − ρ2)

ln EQme

(
e−γ(1−ρ2)C(Ys:t≤s≤T ) |Yt = y

)
.

We note that closed form solutions for indifference prices can be ob-
tained only when the claim’s payoff depends exclusively on the stochastic
factor. For more general cases, such solutions cannot be obtained and alter-
native representations need to be sought. Prices have been characterized as
solutions to BSDEs (see, for example Rouge and El Karoui (2002), Bielecki
et al. (2004)) or as outcomes of iterative valuation algorithms (Becherer
(2003), Musiela and Zariphopoulou (2004b and (2005))).

4. Optimal portfolios under CARA preferences; characteri-
zation and sensitivity analysis. In this section we analyze the optimal
investment strategy of the CARA agent. As in the complete market case
(cf. Proposition 2.5), his/her optimal portfolio has two components, the
myopic and the non-myopic one. The myopic investment is the amount
the agent would invest in the risky asset if its Sharpe ratio were constant,
locally in time, while the non-myopic, or excess risky demand, takes into
account the evolution of the investment opportunity set. We concentrate
our attention to the excess risky demand and we establish a structural
connection with the risk monitoring strategy of an emerging claim. This
characterization provides the analogue of (2.28) in an incomplete market
framework. The supporting claim is written on the stochastic factor Y , its
payoff depends on the stock’s Sharpe ratio and the risk aversion coefficient,
it is path-dependent and matures at T . Its characteristics are congruous
to the ones of its complete market counterpart but the claim is now priced
by indifference.
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We caution the reader that in the indifference valuation context the
notion of hedging is not apparent and, therefore, the concept of a risk
replicating strategy is not yet well defined. These issues are discussed and
addressed in detail below.

i) The supporting claim and its indifference price
We start our analysis by first introducing the supporting claim and

constructing its indifference price. We then establish a functional relation
between the spatial derivative of its price and the non-myopic portfolio of
the CARA agent.

Proposition 4.1. Consider a path-dependent claim of payoff

Λ(Ys : t ≤ s ≤ T ) =
∫ T

t

−1
2

λ2 (Ys, s)
γ

ds (4.1)

where S, Y and λ are given by (2.1), (2.2) and (2.6). The claim is intro-
duced at time t and expires at T . Its indifference price νt (Λ) satisfies

νt(Λ) = h(Yt, t) (4.2)

with h : R×[0, T ] → R given by

h(y, t) = EQme

(∫ T

t

−1
2

λ2 (Ys, s)
γ

ds |Yt = y

)
(4.3)

= −EQmm

(∫ T

t

1
2

λ2 (Ys, s)
γ

ds |Yt = y

)
. (4.4)

ii) The function h(y, t) is the unique C1,2([0, T ] × R) solution of the
quasilinear price equation

ht +
1
2
a2hyy + (b − ρλa)hy +

1
2
γ(1 − ρ2)a2h2

y =
1
2γ

λ2(y, t) (4.5)

with

h(y, T ) = 0.

Moreover, the spatial derivative of h satisfies |hy(y, t)| ≤ C(1 + |y|).
Proof. Using the specific choice of the claim, and the price represen-

tations (3.14) and (3.5), we deduce (4.3) and (4.4).
To show part (ii) we first substitute c1(y, t) = − 1

2γ λ2(y, t) and
c2(y) = 0 in (3.10) to obtain

ht +
1
2
a2hyy +

(
b − ρλa + a2 uy

u

)
hy − 1

2
γ(1− ρ2)a2h2

y =
1
2γ

λ2(y, t) (4.6)
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and h(y, T ) = 0. We next observe that u = eγ(1−ρ2)h. This follows from
direct calculations in (2.16) and (3.10). Therefore,

uy

u
= γ

(
1 − ρ2

)
hy, (4.7)

which combined with the above equation yields (4.5).

The next result relates the optimal investment of the CARA agent
with the spatial derivative of the indifference price of Λ. Hereafter, this
spatial derivative will be referred to as the indifference hedge.

Theorem 4.1. Let π∗
s be the optimal investment strategy of the CARA

agent whose value function is given in (2.5). Then,

π∗
s = πm

s + Hs (4.8)

where

πm
s = πm(Ys, s) and Hs = H(Ys, s), (4.9)

with Y solving (2.2),

πm(y, t) =
1
γ

µ(y, t)
σ2(y, t)

(4.10)

and

H(y, t) = ρ
a(y, t)
σ(y, t)

hy(y, t). (4.11)

The function h is the buyer’s indifference price of the path-dependent claim
Λ(Ys; t ≤ s ≤ T ) introduced in (4.1).

Proof. The first order conditions in the HJB equation (2.9) together
with the concavity of the value function V with respect to the variable x,
yield that the maximum of the involved quadratic occurs at

π∗(x, y, t) = − µ(y, t)
σ2(y, t)

Vx(x, y, t)
Vxx(x, y, t)

− ρ
a(y, t)
σ(y, t)

Vxy(x, y, t)
Vxx(x, y, t)

.

Using the closed form solution V (x, y, t) = −e−γxu(y, t)1/(1−ρ2), the above
expression further simplifies to

π∗(x, y, t) =
µ(y, t)

γσ2(y, t)
+ ρ

a(y, t)
σ(y, t)

1
γ(1 − ρ2)

uy(y, t)
u(y, t)

(4.12)

where u solves the linear problem (2.16). Classical verification results to-
gether with the relevant regularity and growth properties yield the optimal-
ity of the proposed policy (see Pham (2002) and Zariphopoulou (2003)).
The rest of the proof follows from (4.7).
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ii) Indifference risk monitoring strategies and non-myopic optimal in-
vestments

We recall that the concept of indifference price is based on the opti-
mality of investment opportunities with and without the claim. It is then
natural to start our analysis with the behavior of these optimal portfolios.
They are denoted by πΛ,∗

s and π0,∗
s and represent the optimal amounts the

buyer holds with and without the claim.
We recall that if the claim is not bought, the buyer starts at t with

wealth x and follows the policy π0,∗
s . If he/she buys the claim at time t, the

initial wealth and the optimal policy are, respectively, x − νt(Λ) and πΛ,∗
s .

The optimal wealth trajectories, XΛ,∗
s and X0,∗

s solve

dXΛ,∗
s = µ(Ys, s)πΛ,∗

s ds + σ(Ys, s)πΛ,∗
s dW 1

s , (4.13)

and

dX0,∗
s = µ(Ys, s)π0,∗

s ds + σ(Ys, s)π0,∗
s dW 1

s (4.14)

with

XΛ,∗
t = x − νt(Λ) and X0,∗

t = x. (4.15)

Proposition 4.2. Let πΛ,∗
s and π0,∗

s be, respectively, the optimal amounts
invested in the stock account that the buyer holds with and without the claim
Λ. Let h be its indifference price given in (4.2). Then, for t ≤ s ≤ T,

πΛ,∗
s − π0,∗

s = −ρ
a(Ys, s)
σ(Ys, s)

hy(Ys, s). (4.16)

Proof. We recall that the buyer’s value function is given by

V Λ(x, y, t) = sup
A

EP

(
−e

−γ

„
XT +

R
T
t

„
− 1

2
λ2Ys,s)

γ

«
ds

«
|Yt = y

)
.

Applying standard verification results we obtain

πΛ,∗
s = − µ(Ys, s)

σ2(Ys, s)
V Λ

x (XΛ,∗
s , Ys, s)

V Λ
xx(XΛ,∗

s , Ys, s)
− ρ

a(Ys, s)
σ(Ys, s)

V Λ
xy(XΛ,∗

s , Ys, s)

V Λ
xx(XΛ,∗

s , Ys, s)

with XΛ,∗
s given in (4.13). On the other hand, the definition of the indif-

ference price implies

V Λ(x, y, t) = V (x + h(y, t), y, t)

= −e−γ(x+h(y,t))u (y, t)1/(1−ρ2)
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with u solving (2.16). Combining the above yields

πΛ,∗
s =

1
γ

µ(Ys, s)
σ2(Ys, s)

− ρ
a(Ys, s)
σ(Ys, s)

(
hy(Ys, s) − 1

γ(1 − ρ2)
uy(Ys, s)
u(Ys, s)

)
. (4.17)

Clearly, π0,∗
s = π∗

s , with the latter given in (4.8) (see, also, (4.10) and
(4.11)), and rewritten below,

π0,∗
s =

1
γ

µ(Ys, s)
σ2(Ys, s)

+ ρ
a(Ys, s)
σ(Ys, s)

1
γ(1 − ρ2)

uy(Ys, s)
u(Ys, s)

.

Subtracting the above expressions for πΛ,∗
s and π0,∗

s yields (4.16).

We next introduce two important quantities that will help us develop
the appropriate notion of the indifference risk monitoring strategy. These
are the residual optimal wealth and the residual risk, denoted respectively
by Ls and Rs. In the context of indifference valuation and risk quantifica-
tion, these processes were introduced by Musiela and Zariphopoulou (2001
and 2004a).

Definition 4.1. The residual optimal wealth process Ls is defined,
for t ≤ s ≤ T , by

Ls = X0,∗
s − XΛ,∗

s (4.18)

where XΛ,∗
s and X0,∗

s are the optimal wealth processes (4.13) and (4.14).

Definition 4.2. The residual risk process Rs is defined, for t ≤ s ≤
T , by

Rs = νs (Λ) − Ls (4.19)

where the processes νs (Λ) and Ls are, respectively, the indifference price
and the optimal residual wealth.

In complete markets, the arbitrage free price and the indifference price
are identical. Direct arguments imply that the buyer’s residual optimal
wealth coincides with the classical hedging portfolio. The residual risk is
naturally eliminated due to perfect replication. In incomplete markets,
however, this is not the case. The claim’s payoff cannot be entirely repro-
duced by trading the tradable assets and, thus, it differs from the residual
optimal wealth. The claim is only partially replicated and the residual risk
is different than zero.

The following results is a direct consequence of Definition 4.1 and
Propostion 4.2.

Lemma 4.1. The residual optimal wealth process Ls satisfies, for t ≤
19



s ≤ T ,

dLs = ρ
a(Ys, s)
σ(Ys, s)

hy(Ys, s)
(
µ(Ys, s)ds + σ(Ys, s)dW 1

s

)
(4.20)

= ρ
a(Ys, s)
σ(Ys, s)

hy(Ys, s)
dSs

Ss
,

with

Lt = h(Yt, t) = νt (Λ) , (4.21)

for t ≤ s ≤ T , and h given in (4.2).

We remind the reader that Ls is the residual optimal wealth of the
buyer of the claim Λ while Hs is the excess risky demand that the in-
vestor follows in the optimal portfolio choice problem (2.5). The following
payoff decomposition result establishes the connection between these two
processes.

Theorem 4.2. Let Hs and Λs be, respectively, the non-myopic portfo-
lio process of the CARA agent in the expected utility maximization problem
(2.5) and the residual optimal wealth of the buyer of Λ.

i) The residual optimal wealth is given, for s ≤ t ≤ T , by

Ls = νt (Λ) +
∫ s

t

Hu
dSu

Su
. (4.22)

ii) The path-dependent claim Λ admits, under the historical measure
P, the payoff decomposition

Λ(Ys; t ≤ s ≤ T ) =
∫ T

t

−1
2

λ2(Ys, s)
γ

ds = νt (Λ) +
∫ T

t

Hs
dSs

Ss

−
∫ T

t

1
2
γ(1− ρ2)a2(Ys, s)h2

y(Ys, s)ds +
∫ T

t

√
1 − ρ2a(Ys, s)hy(Ys, s)dW 1,⊥

s

(4.23)
where the indifference price h solves (4.5).

Proof. We first observe that Theorem 4.1, together Lemma 4.1, yield

dLs = Hs
dSs

Ss

and part (i) follows.
To show (ii), we use Definition 4.2 and the price equation (4.5) to

obtain

dRs =
1
2

(
−γ(1 − ρ2)a2(Ys, s)h2

y(Ys, s) +
λ2(Ys, s)

γ

)
ds
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−ρa(Ys, s)hy(Ys, s)dW 1
s + a(Ys, s)hy(Ys, s)dWs,

or, equivalently,

dRs =
1
2

(
−γ(1 − ρ2)a2(Ys, s)h2

y(Ys, s) +
λ2(Ys, s)

γ

)
ds

+
√

1 − ρ2a(Ys, s)hy(Ys, s)dW 1,⊥
s .

Moreover,

Rt = νt (C) − Lt = 0 and RT = h(YT , T ) − LT = −LT .

Therefore,

RT =
∫ T

t

(
−1

2
γ(1 − ρ2)a2(Ys, s)h2

y(Ys, s) +
1
2

λ2(Ys, s)
γ

)
ds

+
∫ T

t

√
1 − ρ2a(Ys, s)hy(Ys, s)dW 1,⊥

s

which, combined with the above, yields

Λ(Y ; t ≤ s ≤ T ) =
∫ T

t

−1
2

λ2(Ys, s)
γ

ds

= LT−
∫ T

t

1
2
γ(1−ρ2)a2(Ys, s)h2

y(Ys, s)ds+
∫ T

t

√
1 − ρ2a(Ys, s)hy(Ys, s)dW 1,⊥

s .

Using (4.22) we conclude.

We next turn our attention to properties of the price process, the resid-
ual optimal wealth and the residual risk in terms of the pricing measure.

Proposition 4.3. Let Qme be the minimal relative entropy measure
and Fs the enlarged filtration of the (S, Y ) model. With respect to this
measure and filtration,

i) the indifference price process νs (Λ) and the residual risk Rs are
submartingales.

ii) the residual optimal wealth Ls is a martingale; moreover, it is a
martingale under all Q ∈ Qe.

Proof. We recall that the indifference price is given by νs (Λ) = h(Ys, s)
with h solving (3.10). We next consider the dynamics of the state process
S and Y under Qme, namely,

dSs = σ(Ys, s)dW̃ 1,me
s
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and

dYs =
(

b(Ys, s) − ρλ(Ys, s)a(Ys, s) + a2(Ys, s)
uy(Ys, s)
u(Ys, s)

)
ds+a(Ys, s)dW̃me

s ,

where

dW̃ 1,me
s = dW 1

s + λ(Ys, s)ds

and

dW̃me
s = dWs − a(Ys, s)

uy(Ys, s)
u(Ys, s)

ds + ρλ(Ys, s)ds

are standard Brownian motions under Qme having correlation ρ. We then
have

W̃me
s = ρW 1,me

s +
√

1 − ρ2 W 1,me,⊥
s

where W 1,me,⊥
s is orthogonal to W 1,me

s under Qme.
Using the regularity properties of h and Ito’s formula, we then deduce

dh(Ys, s) =
1
2

(
γ(1 − ρ2)a2(Ys, s)h2

y(Ys, s) +
λ2(Ys, s)

γ

)
ds

+a(Ys, s)hy(Ys, s)dW̃me
s .

The submartingale property then follows from the positivity of the above
drift and the regularity and growth properties of h (cf. Proposition 4.1).

The martingale property of Ls is a direct consequence of (4.22) while
the submartingale property of the residual risk follows from its definition
and the properties of νs (Λ) and Ls.

Theorem 4.3. Let Λ be the path-dependent claim

Λ =
∫ T

t

−1
2

λ2(Ys, s)
γ

ds

and h its indifference price function.

i) Its residual risk process Rs admits, under Qme, the Doob decompo-
sition

Rs = MR
s + AR

s

where

MR
s =

∫ s

t

a(Yu, u)hy(Yu, u)
√

1 − ρ2 dW̃ 1,me,⊥
u
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and

AR
s =

∫ s

t

1
2

(
γ(1 − ρ2)a2(Yu, u)h2

y(Yu, u) +
λ2(Yu, u)

γ

)
du.

ii) The indifference price process νs (Λ) admits, under Qme, the Doob de-
composition

νs (Λ) = Ms + AR
s

where

Ms = Ls + MR
s

= νt (Λ) +
∫ s

t

Hu
dSu

Su
+
∫ s

t

a(Yu, u)hy(Yu, u)
√

1 − ρ2 dW̃ 1,me,⊥
u .

The process MR
s is a Qme-martingale while the process AR

s is a non-decreasing
predictable process.

iii) Sensitivity analysis of non-myopic portfolios
We continue with the sensitivity analysis for the non-myopic feedback

portfolio policy,

H(y, t) = ρ
a

σ
hy(y, t). (4.24)

Specifically, we are interested in its sign and its behavior in terms of the
trading horizon. Some of these issues have been analyzed by various au-
thors but under restrictive model assumptions (see, among others, Kim
and Omberg (1996), Liu (1999) and Wachter (2002)).

For the sake of presentation and conciseness of results, it is throughout
assumed that the market coefficients µ, b and σ are autonomous functions
of the discount factor and that a = 1. The case of non constant volatility
coefficient a is easily addressed via a well known drift transformation (see,
Friedman (1975) and Section 5 in Musiela and Zariphopoulou (2001) for
related comments on model specification and indifference prices). The state
process Y then solves

dYs = b(Ys)ds + dWs. (4.25)

We start with two preliminary probabilistic results for the indifference
delta function hy.

Lemma 4.2. Let Qme and Qmm be, respectively, the minimal rela-
tive entropy and the minimal martingale measure in the incomplete market
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model (S, Y ) where S and Y solve, respectively, (2.1) and (4.25). Let also
u be the solution of

ut +
1
2
uyy + cuy =

1
2
(1 − ρ2)λ2u (4.26)

with c(y) = b(y)− ρλ(y), and h be the indifference price of Λ solving (4.5).
The indifference delta function δ = hy admits the probabilistic repre-

sentations

δ(y, t) = − 1
γ

EQme

(∫ T

t

ecy(Ys,s)λ(Ys)λy(Ys)ds |Yt = y

)
(4.27)

and

δ(y, t) = − 1
γ

EQmm

(∫ T

t

eZsλ(Ys)λy(Ys)
u(Ys, s)
u(y, t)

ds |Yt = y

)
(4.28)

where

Zs =
∫ s

t

(
cy(Yu) − 1

2
(1 − ρ2)λ2(Yu)

)
du.

Proof. We recall that h solves

ht +
1
2
hyy + chy +

1
2
γ(1 − ρ2)h2

y =
1
2γ

λ2 (y) .

Direct differentiation yields that δ = hy solves the viscous Burger’s equa-
tion

hyt + Lmmhy + γ
(
1 − ρ2

)
hyhyy + cyhy =

1
γ

λλy (4.29)

with hy(y, T ) = 0. Representation (4.27) then follows from the Feynman-
Kac formula.

To establish (4.28), we first recall (4.7). Differentiating (4.26) we ob-
tain

uyt + Lmmuy +
(

cy − 1
2
(
1 − ρ2

)
λ2

)
uy = (1 − ρ2)λλyu

with uy(y, T ) = 0. The Feynman-Kac formula then yields

uy(y, t) = EQmm

(
−
∫ T

t

e−Zs(1 − ρ2)λ(Ys, s)λy(Ys, s)u(Ys, s)ds |Yt = y

)
,

and the result follows.
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Lemma 4.3. Let πm and H be respectively the optimal myopic and
non-myopic investment feedback law functions (4.10) and (4.11). Then H
solves

Ht +
1
2
Hyy + k(y, t)Hy + K(y, t)H = ρπmλy (4.30)

with H(y, T ) = 0,

k(y, t) =
σy(y)
σ(y)

+
uy(y, t)
u(y, t)

+ c(y),

K(y, t) = c(y)
σy(y)
σ(y)

+ cy(y) +
σyy(y)
2σ(y)

+
σy(y)
σ(y)

uy(y, t)
u(y, t)

and u solving (4.26).
Proof. The proof follows directly from the feedback expressions (4.10)

and (4.11), for πmand H , and from (4.29).

The result below is a direct consequence of the above Lemma and the
positivity of u.

Proposition 4.4. i) If the Sharpe ratio λ is positive and non-decreasing
in y, the excess risky demand H is positive (negative) if the stock and the
stochastic factor are negatively (positively) correlated.

ii) If the Sharpe ratio λ is positive and non-increasing in y, the excess
risky demand H is positive (negative) if the stock and the stochastic factor
are positively (negatively) correlated.

The next result examines the behavior of the excess risky demand in
terms of the investment horizon.

Proposition 4.5. i) If the Sharpe ratio λ is positive and non-decreasing
in y, the excess risky demand H is non-increasing (non-decreasing) with
respect to the investment horizon T−t, if the stock and the stochastic factor
are negatively (positively) correlated.

ii) If the Sharpe ratio λ is positive and non-increasing in y, the excess
risky demand H is non-decreasing (non-increasing) with respect to the in-
vestment horizon T − t, if the stock and the stochastic factor are positively
(negatively) correlated.

Proof. Let

f(y, t) =
uy(y, t)
u(y, t)

and g(y, t) = ft(y, t).

Direct calculations in (4.26) yield that g solves

gt +
1
2
gyy + (c + f)gy + g (cy + fy) = 0, (y, t) ∈ R×[0, T ]
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with

g(y, T ) =
(
1 − ρ2

)
λ(y)λy(y).

The comparison principle then yields that if λ is positive and non-decreasing
(non-increasing) function of the stochastic factor level, then g ≥ 0 (g ≤ 0).
The result then follows from (4.24).

The behavior of the excess risky demand in terms of the level of the
stochastic factor and the correlation may be obtained from (4.30). For
example, differentiating with respect to y yields that the function F = Hy

solves the linear problem

Ft +
1
2
Fyy + k(y, t)Fy + m(y, t)F + M(y, t) = 0

with F (y, T ) = 0, where

m(y, t) = ky(y, t) + K(y, t)

and

M(y, t) = Ky(y, t)H − ρ

γ

(
λλy

σ(y)

)
y

.

The sign of Hy will then be the same as the one of M . However, it is difficult
to obtain general results given the complexity of the above coefficients. The
same is also true for the case of correlation due to the way correlation affects
the involved terms, hy and hyy among others.

5. Equivalent classes under incompleteness. In this section we
explore the similarities between two classes of expected utility models. The
first class is the one we studied in the previous section. The goal was to
maximize expected utility of terminal wealth in a market environment in
which the stock dynamics are affected by a correlated stochastic factor and
the risk preferences are exponential. The second class, introduced below,
contains models with lognormal stock dynamics but with path-dependent
preferences. The utility is of a (multiplicative) separable form. Its first
component depends solely on the terminal wealth while the second on a
compounding term involving an integral functional of a process correlated
with the lognormal stock. In both models, a second asset is available for
trading, a deterministic bond offering zero interest rate. The two models
are equivalent in the sense that their value functions coincide.

Class P1 : The model is the one introduced in Section 2. For conve-
nience we recall that the stock dynamics are given by,

dSs = µ(Ys, s)Ssds + σ(Ys, s)SsdW 1
s , (5.1)
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where the stochastic factor solves

dYs = b(Ys, s)ds + a(Ys, s)dWs. (5.2)

The processes W 1 and W are standard Brownian motions defined on a
probability space (Ω,F , P) and they have correlation ρ ∈ (−1, 1). The state
wealth process is given by

dXs = µ(Ys, s)πsds + σ(Ys, s)πsdW 1
s . (5.3)

The utility depends only on terminal wealth and is of exponential type,
namely,

U(XT ) = −e−γXT with γ > 0.

The value function is

V (x, y, t) = sup
A

E(U(XT ) |Xt = x, Yt = y ) (5.4)

for (x, y, t) ∈ D = R×R× [0, T ].

Class P2 : The stock dynamics are lognormal

dS̃s = µ̃S̃sds + σ̃S̃sdW̃ 1
s (5.5)

with µ̃ and σ̃ being positive constants. The state wealth satisfies

dX̃s = µ̃π̃sds + σ̃π̃sdW̃ 1
s (5.6)

where π̃s stands for the amount invested in the stock. The agent’s prefer-
ences are of the form

Ũ((X̃T , Ỹs); t ≤ s ≤ T ) = Φ(X̃T ) exp(
∫ T

t

−1
2
L2(Ỹs, s)ds), (5.7)

with Ỹ solving

dỸs = b̃(Ỹs, s)ds + ã(Ỹs, s)dW̃s. (5.8)

The processes W̃ 1 and W̃ are standard Brownian motions defined on a
probability space (Ω̃, F̃ , P̃), and they have correlation ρ ∈ (−1, 1) as in
model P1.

The value function Ṽ is

Ṽ (x, y, t) = sup
A

E(Ũ(X̃T , Ỹs); t ≤ s ≤ T )
∣∣∣X̃t = x, Ỹt = y ) (5.9)

for (x, y, t) ∈ D. We denote (with a slight abuse of notation) by A the
set of admissible policies, defined as A ={π̃ : π̃s is F̃s− measurable and

27



E
∫ T

t π̃2
sds < ∞} where F̃s = {σ

(
W̃ 1

u , W̃u) : t ≤ u ≤ s
)
}. The constant

Sharpe ratio is

λ̃ =
µ̃

σ̃
.

We next consider the minimal relative entropy measure, Q̃me, associated
with this model. It easily follows

Q̃me(A) = E
P̃

(
e−λ̃W 1

T − 1
2 λ̃2T1A

)
, A ∈ F̃T (5.10)

for A ∈ F̃T .

Theorem 5.1. Assume that, for (x, y, t) ∈ R×R×[0, T ], the market
coefficients and the utility functionals of models P1 and P2 satisfy

a(y, t) = ã(y, t) (5.11)

b(y, t) − ρλ(y, t)a(y, t) = b̃(y, t) − ρλ̃a(y, t) (5.12)

L2(y, t) = λ2(y, t) − λ̃2(T − t) (5.13)

and

Φ(x) = U(x). (5.14)

Let Qme and Q̃me be the minimal relative entropy measures (2.10) and
(5.10).

Then the value functions V and Ṽ ((5.4) and (5.9)) coincide,

V (x, y, t) = Ṽ (x, y, t), (x, y, t) ∈ D;

they are given by

V (x, y, t) = −e−γxEQme

(
e−(1−ρ2)

R T
t

1
2 λ2(Ys,s)ds |Yt = y )

)1/(1−ρ2)

and

Ṽ (x, y, t) = −e−γxEQ̃me

(
e−(1−ρ2)

R
T
t

1
2 λ2(Ỹs,s)ds

∣∣∣Ỹt = y )
)1/(1−ρ2)

with the factors Y and Ỹ solving (5.2) and (5.8).
Proof. The result follows from the scaling properties of the value func-

tions, the uniqueness of solutions to their associated HJB equations and
the appropriate choice of market coefficients. Indeed, let us recall that the
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first value function, V , is given by V (x, y, t) = −e−γxu(y, t)
1/(1−ρ2)

, where
u solves

ut+
1
2
a2(y, t)uyy+((b(y, t) − ρλ(y, t)a(y, t)) uy =

1
2
(1−ρ2)λ2(y, t)u (5.15)

with u(y, T ) = 1 (cf. ((2.16))).
Similar arguments yield, after direct albeit tedious calculations, that

the second value function can be represented as

Ṽ (x, y, t) = −e−γxũ(y, t)
1/(1−ρ2)

where ũ solves

ũt+
1
2
a2(y, t)ũyy+

(
b̃(y, t) − ρλ̃a(y, t)

)
ũy =

1
2
(1−ρ2)

(
L2(y, t) + λ̃2(T − t)

)
ũ

(5.16)
with ũ(x, y, t) = 1.

Using the structural assumptions on the market coefficients (see (5.11),
(5.12), (5.13) and (5.13)) and the uniqueness of solutions to the above two
linear pdes, we easily conclude.

We next apply the previous results to the derivation of indifference
prices of claims written on non-traded assets under the assumption of log-
normal stock prices. The claim is introduced at time t and matures at T ,
yielding payoff

C̃(Ỹs; t ≤ s ≤ T ) =

T∫
t

c̃1

(
Ỹs, s

)
ds + c̃2

(
ỸT

)
. (5.17)

This class of derivatives is different than the one considered in Section
3 in that the levels of the non-traded asset do not directly affect the
dynamics of the traded one. Indifference prices in such settings have
been so far analyzed for European claims (see, Henderson (2002), Musiela
and Zariphopoulou (2004) ), for early exercise contracts (see, Musiela
and Zariphopoulou (2004c), Oberman and Zariphopoulou (2003), Sokolova
(2004)) and for perpetual options (Henderson (2004b)).

The results herein can be used to produce indifference prices of claims
as in (5.17). Such claims appear in the valuation of stochastic labor income
stream (see Henderson (2004), for a special case). The emerging valuation
formula (see (5.18) below) is consistent with (3.14) even though market in-
completeness is being introduced very differently. In both market settings,
the indifference price is given in terms of a nonlinear valuation functional
of the payoff, and the pricing measure is the minimal relative entropy one.
Note that when the stock dynamics are lognormal, the minimal martingale
and the minimal relative entropy measure are identical, namely,

Q̃me = Q̃mm = Q̃
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and a single nonlinear indifference valuation formula emerges.

Proposition 5.1. Consider a model in which a traded and a non-
traded asset have prices S̃ and Ỹ , given by (5.5) and (5.8). Let EQ be the
nonlinear pricing functional of the form (3.4). The buyer’s indifference
price of the claim C̃(Ỹs; t ≤ s ≤ T ) is given by

νt(C̃(Ỹs; t ≤ s ≤ T )) = E
Q̃
(C̃(Ỹs; t ≤ s ≤ T )) (5.18)

= − 1
γ (1 − ρ2)

ln E
Q̃

(
e−γ(1−ρ2)(

R T
t

c̃1(Ys,s)ds+c̃2(YT ))
∣∣∣Ỹt = y

)
.

The measure Q̃ is the martingale measure that has the minimal, relative to
P̃, entropy.

Proof. We first recall that in the absence of the claim, the value func-
tion Ṽ is the solution to the classical Merton’s model and is given by

Ṽ (x, t) = sup
A

EP

(
−e−γX̃T

∣∣∣X̃t = x
)

= −e−γx−1
2 λ̃2(T−t) (5.19)

(see Merton (1990)). If the claim is bought, the buyer’s value function is

Ṽ C̃(x, y, t) = sup
A

EP

(
−e−γ(X̃T +C̃(Ỹs;t≤s≤T ))

∣∣∣X̃t = x, Ỹt = y
)

where X̃s solves (5.6). We can now use the results of Theorem 5.1 for the
choice of preferences

Ũ
(
X̃T , Ỹs; t ≤ s ≤ T

)
= e−γX̃T e−γC̃(Ỹs;t≤s≤T ).

Direct calculations yield

Ṽ C̃(x, y, t) = −e−γxũC̃ (y, t)1/(1−ρ2)

where

ũC̃ (y, t) = E
Q̃

(
e
−γ(1−ρ2)

“
C̃(Ỹs;t≤s≤T )+ 1

2
λ̃
γ

2
(T−t)

”
|Yt = y

)
.

The result then follows from Definition 3.1 and (5.19).

6. Conclusions. We analyzed the optimal investment strategies of
a CARA agent who maximizes expected utility of terminal wealth. The
optimal portfolio consists of two components, the myopic and the non-
myopic one. A structural characterization of the latter was presented for
the latter, yielding the excess risky demand as the risk monitoring strategy
of an emerging supporting claim. The claim is path-dependent, written
on the Sharpe ratio and the risk tolerance, and is priced by indifference.
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The notion of indifference risk monitoring strategies was developed via the
associated optimal policies, the residual optimal wealth and the residual
risk of the buyer.

An important extension is to allow for intermediate consumption. This
would naturally alter the nature of the supporting claim. Due to the con-
sumption stream, a dividend type payoff component is expected to emerge
in addition to the path-dependent part that contains the market price of
risk. A second direction is to allow for risk preferences different than expo-
nential. The interesting question would then be what is the composition of
the supporting claim and what would be the appropriate valuation method.
At first, one might think that for other preferences, the valuation should
be also done by indifference but with the involved pricing conditions ap-
propriately modified to reflect the preference choice. However, this might
not be the case. If, for example, the investor’s utility if of CRRA type,
preliminary results show that the emerging claim is priced by indifference,
but as if the buyer still had CARA preferences in an embedded model (see
Stoikov (2004)).
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