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• We’d like to optimize F : ℝd ➝ ℝ,  
where d < 20.

• F’s feasible set A is simple,  
e.g., box constraints.

• F is continuous but lacks special structure,  
e.g., concavity, that would make it easy to optimize.

• F is derivative-free:  
evaluations do not give gradient information.

• F is expensive to evaluate:  
the # of times we can evaluate it  
is severely limited.

• F may be noisy.  If noise is present, we’ll assume it 
is independent and normally distributed, with 
common but unknown variance.
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Bayesian Optimization traditionally considers 
this black-box optimization problem



Bayesian Optimization is useful for 
fitting machine learning models



Bayesian Optimization is useful for 
tuning algorithms via backtesting



Bayesian Optimization is useful for 
tuning websites with A/B testing



Bayesian Optimization is useful for 
tuning transportation markets



ongoing work with Karen Wilcox (MIT), Joaquim Martins (Michigan),  Doug Allaire (Texas A&M),  
David Wolpert (Sante Fe Institute), Youssef Marzouk (MIT), and Marc Mignolet (Arizona State University), 

Bayesian Optimization is useful for 
optimizing physics-based models



Bayesian Optimization is useful for  
drug and materials discovery

ongoing work with Mike Burkart and Nathan Gianneschi, UCSD

Sfp  
(a protein-modifying enzyme)

AcpS  
(another protein-modifying enzyme)



There are other derivative-free ways 
to optimize black-box functions

•There are many derivative-free optimization methods.

•Bayesian optimization, Surrogate-based methods,  
Trust region methods, Pattern search methods, 
Evolutionary algorithms, …

•Bayesian optimization works well when:

•we have prior information

•the number of evaluations we can do is 
extremely limited:  
e.g., 5 evaluations for a 3 dimensional problem.



Choose an appropriate Bayesian prior on f 
How?  Typically we:  
(1) assume a Gaussian process prior whose kernel depends on parameters 
(2) sample f at a few randomly selected points 
(3) use the samples to choose the parameters of the kernel

while (budget is not exhausted) {

Find x that maximizes acquisition(x,posterior)

Sample x & observe F(x)

Update the posterior distribution on F

}

Here's how Bayesian Optimization 
works, at a high level



Let me tell you about a classical Bayesian optimization method:  
Efficient Global Optimization (EGO) [Jones, Schonlau & Welch 1998]

Background: Expected Improvement
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• We’ve evaluated x(1),...x(n), 
& observed f(x(1)),…,f(x(n)) 
without noise. 

• The best value observed is 
f*=max(f(x(1)),…,f(x(n))).

• If we evaluate at x,  
we observe f(x).

• The improvement is {f(x)-f*}+

• The expected improvement is 
EI(x)=E[{f(x)-f*}+]



Let me tell you about a classical Bayesian optimization method:  
Efficient Global Optimization (EGO) [Jones, Schonlau & Welch 1998]

Background: Expected Improvement
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• The expected improvement is 
EI(x)=E[{f(x)-f*}+]

• We evaluate at the point 
with the largest EI.

• This is optimal  
(with respect to expected 
reward under the posterior)  
if:

1. this is our last evaluation

2. our solution can only be a 
previously evaluated point



Expected improvement
has an analytic expression that 

trades exploration vs. exploitation
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Estimated quality,  
𝚫(x) = E[f(x)]-f*

Uncertainty, σ(x)=√Var[f(x)]

EI(x) = 𝚫(x)+ + σ(x)φ(𝚫(x)/σ(x)) - |𝚫(x)|ϕ(-|𝚫(x)|/σ(x))



This is EGO, a classical Bayesian optimization method,  
optimizing a 1-dimensional objectiveBackground: Expected Improvement
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EI(x) = E[(f(x) - f*)+]



Background: Expected Improvement

50 100 150 200 250 300
−2

−1

0

1

2

x

va
lu
e

50 100 150 200 250 300
0

0.1

0.2

0.3

0.4

0.5

x

EI

EI(x) = E[(f(x) - f*)+]

This is EGO, a classical Bayesian optimization method,  
optimizing a 1-dimensional objective
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This is EGO, a classical Bayesian optimization method,  
optimizing a 1-dimensional objective



Bayesian 
Optimization 
has been 
very 
successful



Bayesian 
optimization 
is used at 
Uber, 
Facebook, 
Google, Yelp, 
Netflix, & 
elsewhere



Bayesian 
optimization 
is used at 
Uber, 
Facebook, 
Google, Yelp, 
Netflix, & 
elsewhere



Bayesian Optimization treats the 
objective function as a black box

x f(x)

min
x

f(x)Goal: Solve

where f(x) is a non-convex derivative-free time-consuming black-box 

Kushner 1964; Mockus 1989; Jones, Schonlau & Welch 1998



We can do better by 
looking inside the box

x f(x)

Other 
information



5d Rosenbrock test problem
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We can do a lot better by 
looking inside the box

Looks inside the black box

Treats the box as black



• Astudillo & F., "Bayesian Optimization of Composite 
Functions", ICML 2019


• Wu, Toscano-Palmerin, Wilson, F., “Practical Multi-fidelity 
Bayesian Optimization of Iterative Machine Learning 
Algorithms” UAI 2019


• Toscano-Palmerin, F. "Bayesian Optimization with Expensive 
Integrands", in submission, arxiv 1803.08661


• Wu, Poloczek, Wilson, Frazier, "Bayesian Optimization with 
Gradients" NIPS 2017


• Poloczek, Wang, F., “Multi-Information Source Optimization” 
Neural Information Processing Systems NIPS 2017



• Astudillo & F., "Bayesian Optimization of Composite 
Functions", ICML 2019 

• Wu, Toscano-Palmerin, Wilson, F., “Practical Multi-fidelity 
Bayesian Optimization of Iterative Machine Learning 
Algorithms” UAI 2019


• Toscano-Palmerin, F. "Bayesian Optimization with Expensive 
Integrands", in submission, arxiv 1803.08661


• Wu, Poloczek, Wilson, Frazier, "Bayesian Optimization with 
Gradients" NIPS 2017


• Poloczek, Wang, F., “Multi-Information Source Optimization” 
Neural Information Processing Systems NIPS 2017



Bayesian Optimization of 
Composite Functions

Goal: Solve

where:

is a simple compact set in d < 20 dimensions, e.g., a hyper-rectangle

and its gradient are fast to compute

is a time-consuming black box

Raúl Astudillo



Have this example in mind

f(x) = g(h(x)) = ≠

mÿ

j=1
(hj(x) ≠ yj)2,

where y is a vector of observed data.

Peter Frazier Raúl Astudillo ra598@cornell.edu Grey-Box Bayesian Optimization

Example: Inverse Problems with 
Time-Consuming Black Box Forward Models

where:

is the forward model's prediction for the jth observation

is a vector of observational data (e.g., pressures at different test wells)

is a parameter vector to calibrate

(Joint work with ExxonMobil)



Other Examples
Inverse Reinforcement Learning (RL) 
• y = observed behavior

• h(x) = prediction for observed behavior from RL solver

• g(h(x)) = sum of squared errors (+ regularization) 

Materials design 
• h(x) = vector of material attributes

• g(h(x)) = performance measure over attributes 

Aircraft design 
• h(x) = lift and draft as a function of angle of attack and velocity

• g(h(x)) = fuel burn over a mission profile



Related Work
• Non-Bayesian local/convex optimization of composite functions: 

Nesterov 2013, Burke & Ferris 1995, Burke 1985, Powell 1983, Fletcher 1982, 
Anderson and Osborne 1977


• Non-Bayesian surrogate-based derivative-free nonlinear least squares: 
Wild 2014; Kelley 2011; Zhang, Conn, Scheinberg 2010


• Calibration of time-consuming computer models: 
Overstall & Woods 2013; 
Bliznyuk, Ruppert, Shoemaker, Regis, Wild & Mugunthan 2008


• BayesOpt with time-consuming constraints: 
Schonlau, Welch, & Jones, 1998; Gardner, Kusner, Xu, Weinberger, & 
Cunningham, 2014; Picheny, Gramacy, Wild, & Le Digabel 2016. 


• BayesOpt for sums / multi-task BayesOpt: 
Swersky, Snoek & Adams, 2013



Standard Bayesian Optimization

while (budget is not exhausted) {

Fit a Gaussian process to observations x, f(x)

Find x that maximizes EI(x) = E[{f(x)-f*}+]

Observe f(x)

}

*Recall: objective is f(x) = g(h(x))



Our Approach

while (budget is not exhausted) {

Fit multi-output Gaussian process regression 
to observations x, h(x)

Find x that maximizes a new acquisition function,  
EI-CF(x) = E[{g(h(x))-f*}+]

Observe h(x), f(x)

}

*Recall: objective is f(x) = g(h(x))



How it works: an illustration of standard
BayesOpt. vs our approach

Suppose
• x is a parameter of a simulator,
• h(x) is simulator’s prediction under x,
• y is our observed data.

We want to solve

min
x

(h(x) ≠ y)2.

Peter Frazier Raúl Astudillo ra598@cornell.edu Grey-Box Bayesian Optimization

Let's see why it works 
with an example



Standard Bayesian 
Optimization



Figure: Evaluations of (h(x) ≠ y)2
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Figure: GP posterior on (h(x) ≠ y)2
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Figure: GP posterior on (h(x) ≠ y)2
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Our Approach



(a) Evaluations of h(x) ≠ y (b) Evaluations of (h(x) ≠ y)2
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(a) GP posterior on h(x) ≠ y (b) Implied posterior on (h(x) ≠ y)2
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(a) GP posterior on h(x) ≠ y (b) Implied posterior on (h(x) ≠ y)2
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Our Approach

Standard BayesOpt



Implementing our 
Approach



Challenge: maximizing EI-CF is hard

Challenge:

• When h is a GP and g is nonlinear, f(x) = g(h(x)) is 
not Gaussian

•EI-CF has no closed form, making it hard to 
optimize

• In standard Bayesian optimization, f(x) is Gaussian,  
giving  EI a closed form.



Calculating EI-CF

To estimate EI-CF(x), repeat the following:

1. Sample h(x) from the Gaussian process posterior

2. Calculate the improvement {g(h(x))-f*}+

Then average the results.



Challenge: maximizing EI-CF is hard

Naive approach: Maximize this simulation-
based estimate of EI-CF directly, e.g., with a genetic 
algorithm

Problem: This will be really slow because we 
lack gradients and evaluations are noisy



A better way to maximize EI-CF

1. Reparameterization trick

2. Novel stochastic gradient estimator

3. Optimize EI-CF using multi-start stochastic gradient 
descent



Reparameterization Trick

h(x) = μ(x) + C(x) Z

•μ(x) is the mean of f(x) under the Bayesian posterior 
probability distribution

•C(x) is the Cholesky decomposition of h(x) under the 
posterior

•Z is a standard normal random vector



Novel Stochastic Gradient Estimator

𝛁x EI-CF(x) = 𝛁x E[{ g(μ(x)+C(x)Z) - f* }+]

                  = E[ 𝛁x { g(μ(x)+C(x)Z) - f* }+]

                  = E[ ɣ(x,Z) ],  
where ɣ(x,Z) is the expression inside the brackets

Exchanging E and 𝛁 requires regularity conditions 
(infinitesimal perturbation analysis, Ho & Cao 1991) 



Gradient of EI-CF

Lemma.
Under mild regularity conditions, EI-CFn is
di�erentiable almost everywhere and its gradient,
when it exists, is given by

ÒEI-CFn(x) = En [“n(x, Z)] ,

where

“n(x, Z) =
Y
_]

_[

0, if g(µn(x) + Cn(x)Z) Æ f ú
n.

Òg(µn(x) + Cn(x)Z), otherwise.
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Our gradient estimator is 
unbiased under conditions



Putting it all together: we use multi-
start SGD to maximize EI-CF(x)

Run stochastic gradient ascent from multiple randomly chosen starting points

In each iteration of stochastic gradient ascent:

1. Sample a standard normal random vector Z

2. Our stochastic estimator of 𝛁x EI-CF(x) is ɣ(x,Z)

Under more regularity conditions, stochastic gradient ascent converges to a 
stationary point of EI-CF(x)

Use Monte Carlo to evaluate EI-CF(x) for each stationary point and choose 
the best one



What we know theoretically about 
solution quality

Theorem: If g is continuous, and other regularity 
conditions hold, EI-CF is asymptotically consistent, 
i.e., it finds the true global optimum as the number of 
evaluations grows to infinity.

Remark: By construction, evaluating at argmaxx EI-CF(x) is 
optimal (in an average-case sense under the prior on h) if:

1. this is our last evaluation

2. our solution can only be a previously evaluated point



Environmental model test problem

• Models a chemical accident that has caused a
pollutant to spill at two locations.

• Given 12 measurements at di�erent geospatial
locations, invert the 4 parameters of this simulator.

• We solve

min
xœX

12ÿ

j=1
(s(◊j; xú) ≠ s(◊j; x))2.

Peter Frazier Raúl Astudillo ra598@cornell.edu Grey-Box Bayesian Optimization

(Bliznyuk et al., 2008) 



Environmental model test problem
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GP-generated test problems
Problem X g m

a [0, 1]4 g(h(x)) = ≠
q5

j=1(hj(x) ≠ yú
j )2 5

b [0, 1]3 g(h(x)) = ≠
q4

j=1 exp(hj(x)) 4
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(b)
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Langermann test problem
f(x) = g(h(x)) where

hj(x) =
dÿ

i=1
(xi ≠ Aij), j = 1, . . . 5,

and
g(h(x)) = ≠

5ÿ

j=1
cj exp(≠hj(x)/fi) cos(fihj(x)).
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5d Rosenbrock test problem

f(x) = ≠

d≠1ÿ

j=1
100(xj+1 ≠ x2

j)2 + (xj ≠ 1)2

Adapted to our framework by taking d = 5 and

hj(x) = xj+1 ≠ x2
j , j = 1, . . . , 4,

hj+4(x) = xj ≠ 1, j = 1, . . . , 4,

and
g(h(x)) = ≠

4ÿ

j=1
100hj(x)2 + hj+4(x)2.
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5d Rosenbrock test problem
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Conclusion

• Exploiting composite objectives can 
improve BayesOpt performance by 3-6 
orders of magnitude.

• There is lots of headroom in looking inside 
the box

• https://github.com/RaulAstudillo06/BOCF  
+ coming soon to Cornell MOE 
https://github.com/wujian16/Cornell-MOE

https://github.com/RaulAstudillo06/BOCF
https://github.com/wujian16/Cornell-MOE


Thanks!


