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1 Notations

(a) Capital letters, e.g. A, X: Matrices.
(b) Small letters, x, w: Column vectors.
(c) Small letters with subscripts, e.g. xi, wj , aij : Entries of vectors or matrices.
(d) Letters with superscript ”*”, e.g. p∗, f∗, x∗: Function or independent variable values at the

optimal point.

2 Some Linear Algebra Conclusions

2.1 (Ax = 0⇔ x = 0) (a)⇐⇒ A has full column rank (b)⇐⇒ ATA is invertible

This is the prerequisite for pseudoinverse. Namely, if a matrix A has full column rank, then we can
explicitly write out its pseudoinverse that contains (ATA)−1.

We will first show the correctness of 2.1(a).

Proof. Let A be an m× n matrix. Write A as the concatenation of column vectors (a1, a2, · · · , an).
Ax = 0 can then be written as

∑n
i=1 aixi = 0. Thus (Ax = 0⇔ x = 0) is equivalent to the columns

of A being linearly independent, i.e. A has full column rank.

For 2.1(b):

Proof. ATA is an n× n symmetric matrix, thus ATA being invertible is equivalent to ATA having
full column rank. From 2.1(a), we know this is equivalent to (ATAx = 0⇔ x = 0). From this we
can prove 2.1(b) by proving a stronger equivalence Ax = 0 (c)⇐⇒ ATAx = 0, i.e. these two equations
have the same solution space. Thus we are now going to prove equivalence (c).

It is evident that Ax = 0 ⇒ ATAx = 0. As for the other direction, we left multiply xT on both
sides of ATAx = 0 to get xTATAx = 0.

Note this is equivalent to (Ax)TAx = 0, namely ||Ax||22 = 0. From the norm property that
||x|| = 0⇔ x = 0, we get Ax = 0, which completes the proof.

2.2 y ∈ range(X), then XX†y = y

Recall that when an n×d matrix X has full column rank, then X’s pseudoinverse X† = (XTX)−1XT .
Thus we have its properties



(a) X†X = Id
(b) XX† 6= In (Here ” 6=” means not always equal)

Now we are going to prove 2.2.

Proof. Range(X) , {Xv|v ∈ Rd}. Thus y ∈ range(X) means ∃z ∈ Rd, s.t. Xz = y. We left
multiply XX† to both sides and get XX†Xz = XX†y. Using property (a), the left-hand side equals
Xz, which equals y, thus we get XX†y = y.

Now we discuss the intuitive understanding of this equality.

Matrices can be regarded as linear operators, which can map one vector to the other through the
matrix-vector multiplication. Property (a) says the effect of first imposing operator X and then X†
on any vector is equivalent to the effect of an identity map. While given property (b), we know first
imposing X† and then X on a vector may not get the original vector, which corresponds to this
”inverse” being ”pseudo”; however, from 2.2, we know we can return to the original vector when
this vector is in the range (or column space) of X.

2.3 ∂(wT v)
∂w

and ∂(wTAw)
∂w

When performing gradient descent to the least squares problem, we need to calculate∇w||y−Xw||2 =
∇w(yT y − yTXw − wTXT y + wTXTXw). The partial derivatives in the above forms occur in this
gradient.

Recall the definition of gradient. Let f(x1, x2, ..., xn) be a multivariate scalar function. The gradient
of f , ∇f , is the multivariate generalization of the derivative of f . The gradient is a vector, where
each entry corresponds to a partial derivative with respect to a variable of the function.

∇f =



∂f
∂x1
∂f
∂x2
.
.
.
∂f
∂xn


Let w, v ∈ Rn, A ∈ Rn×n in the following context.

2.3.1 ∂(wT v)
∂w

We explicitly write out the summation for calculating wT v: wT v =
∑n
i=1wivi.

Now consider the kth (k ∈ {1, 2, · · · , n}) component in gradient, namely ∂(
∑n

i=1 wivi)
∂wk

. Only the
term with i = k contributes to this partial derivative. Thus

∂(
∑n
i=1wivi)
∂wk

= ∂(wkvk)
∂wk

= vk

Then, concatenating the results of the partial derivatives on different k, we get
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∂(wT v)
∂w =



v1
v2
.
.
.
vn


= v

2.3.2 ∂(wTAw)
∂w

Similarly, we consider the kth component in gradient, namely
∂(

∑n

i=1

∑n

j=1 wiaijwj)
∂wk

. Only the terms
with i = k or j = k will contribute to this partial derivative. Thus

∂(
∑n
i=1

∑n
j=1wiaijwj)
∂wk

=
∂(

∑n
j=1,j 6=k wkakjwj)

∂wk︸ ︷︷ ︸
i=k,j 6=k

+
∂(

∑n
i=1,i 6=k wiaikwk)

∂wk︸ ︷︷ ︸
j=k,i6=k

+ ∂akkw
2
k

∂wk︸ ︷︷ ︸
i=j=k

=
n∑

j=1,j 6=k
akjwj +

n∑
i=1,i 6=k

wiaik + 2akkwk

=
n∑
j=1

akjwj +
n∑
i=1

wiaik

(1)

Denote the ith row and jth column of matrix A as Ai: and A:j , respectively. Let B = AT . Thus

n∑
j=1

akjwj = Ak:w

n∑
i=1

wiaik = wTA:k = Bk:w

Finally, concatenating the results of the partial derivatives on different k, we get

∂(wTAw)
∂w =



A1: +B1:
A2: +B2:

.

.

.
An: +Bn:


w = (A+B)w = (A+AT )w

which completes the calculation.

More conclusions regarding derivatives with respect to matrices can be found in The Matrix
Cookbook[1].
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3 The Least Squares Problem

3.1 Convexity

For more details on this part, refer to Chapter 3 of Convex Optimization by Boyd & Vandenberghe
[2].

Definition 1. A function f : Rn → R being convex if the domain of f (denoted as dom(f)) is a
convex set and ∀x, y ∈ dom(f) and θ ∈ [0, 1], f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y).

This is also called the Jensen’s Inequality, or the zeroth-order convexity condition.

Equivalently, the first-order convexity condition is:

Theorem 1. (First-order Convexity Condition) Suppose a function f : Rn → R is differentiable
in dom(f). Then f is convex if and only if dom(f) is convex and ∀x, y ∈ dom(f), f(y) ≥
f(x) +∇f(x)T (y − x).

And we also have the second-order convexity condition:

Theorem 2. (Second-order Convexity Condition) Suppose a function f : Rn → R is twice differen-
tiable in dom(f). Then f is convex if and only if ∀x ∈ dom(f), ∇2f � 0 (positive semi-definite).

3.2 Convergence Rate of Gradient Descent on Smooth Functions [3]

If we perform gradient descent on a function f which is convex and ”smooth” (i.e. its gradient
does not change too fast), and make the step size to be not too large, then we can ensure the gap
between function value f at step k and the global minimum p∗ to be upper bounded by a value
which is inversely proportional to k.

Formally, we make the following assumptions:
(a) f : Rn → R is convex and differentiable with dom(f) = Rn
(b) f is smooth1 with parameter β > 0
(c) The optimal value p∗ = infx f(x) is finite and is attained at x∗.

Then if we pick a constant step size t s.t. 0 < t ≤ 1
β and perform updates x+ = x− t∇f(x(k)) at

each step, we have

f(x+) ≤ f(x) +∇f(x)(x+ − x) + β

2 ||x
+ − x||2

= f(x)− t||∇f(x)||2 + t2
β

2 ||∇f(x)||2
(2)

1A function f is smooth if and only if ∀x, y ∈ dom(f), f(y) ≤ f(x)+∇f(x)T (y−x)+ β
2 ||x−y||

2. This is equivalent
to ∇f being Lipschitz continuous with parameter β, i.e. ∀x, y ∈ dom(f), ||∇f(x)−∇f(y)|| ≤ β||x− y||.
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When 0 < t ≤ 1
β , we have

f(x+) ≤ f(x)− t

2 ||∇f(x)||2

≤ f(x∗) +∇f(x)T (x− x∗)− t

2 ||∇f(x)||2(using first-order convexity condition)

= p∗ + 1
2t(||x− x

∗||2 − ||x− x∗ − t∇f(x)||2)

= p∗ + 1
2t(||x− x

∗||2 − ||x+ − x∗||2)

(3)

Take average of the above inequality over iterations 1, 2, · · · , k:

1
k

k∑
i=1

f(x(i))− p∗ ≤ 1
k

k∑
i=1

1
2t(||x

(i) − x∗||2 − ||x(i+1) − x∗||2)

≤ 1
2tk (||x(0) − x∗||2 − ||x(k+1) − x∗||2)

≤ 1
2tk ||x

(0) − x∗||2

(4)

Since f(x(k)) is non-increasing over iterations, we have

f(x(k))− p∗ ≤ 1
2tk ||x

(0) − x∗||2 (5)

which shows the number of iterations k taken to reach f(x(k))− p∗ ≤ ε is O(1
ε ).

3.3 Properties of the Least Squares Problem

We have ∇w||y − Xw||2 = 2XT (Xw − y), and then ∇2
w||y − Xw||2 = 2XTX, which is positive

semi-definite. Thus from the second-order convexity condition, we can also show the convexity of
the least-squares problem, which is a substitute of the use of first-order condition that was discussed
in class. From this we can show using the first-order condition that the least squares problem only
has one minimum, which is a global minimum.

As for smoothness (or Lipschitz continuity), we have

||∇w||y −Xw1||2 −∇w||y −Xw2||2|| ≤ 2||XTX||||w1 − w2||

Thus if we limit the step size t to be 0 ≤ t ≤ 1
2||XTX|| , we can get a convergence rate of O( 1

k ) with
respect to the number of steps k.
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