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Complementary pivot algorithms known at the present time fall into several quite general
categories, with obvious similarities. This paper deals with general pivoting systems which pro-
vide a natural setting for the study of complementary pivot algorithms. A generalized algorithm
is presented for these systems. We give results on the number of iterations necessary for such an
algorithm.

1. Introduction

The first algorithm to use a complementary pivoting procedure was
that devised by Lemke and Howson to find a Nash equilibrium point of
a bimatrix game [15]. This algorithm introduced a novel proof of con-
vergence not relying on standard monotonicity arguments. Lemke [12]
generalized his complementary pivot algorithm to solve certain classes
of linear complementarity problem (LCP), which Dantzig and Cottle
had shown to be the “fundamental” problem of linear programming,
convex quadratic programming, and bimatrix games [6]. More general
conditions under which Lemke’s algorithm will “process” such an LCP
(by “‘process” we mean find a solution or show none exists) were found
by Eaves [7]. The LCP was further extended in the generalized linear
complementarity problem (GLCP) of Cottle and Dantzig [5]. However,
Lemke [14] showed that the GLCP is in fact a special case of the LCP,
and does not provide an essentially different use of complementary
pivoting.

Using the same basic idea, Scarf, with Hansen, introduced a combina-
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torial algorithm using the notion of primitive sets with many applica-
tions in mathematical economics, fixed point theorems, and non-linear
programming [ 10, 17]. Similar algorithms, based on the alternative no-
tion of simplicial subdivision, have been used by Kuhn [11], Eaves [8],
Merrill [16], and Eaves and Saigal [9].

All these algorithms have in common three things: a collection of
subsets with a “pivot-in”’ property, a collection of subsets with a “pivot-
out” property, and a starting point.

In Section 2 we introduce our definitions of “pivot-in” and “pivot-
out” systems, and compare them with related combinatorial definitions.
For example, our ‘““pivot-out” systems are very similar to pseudo-mani-
folds, as used in a general complementary pivot algorithm by Kuhn [11].
An important point is that our pivoting systems are “complete” — all
pivots can be made from all vertices.

In Section 3 we give eXamples of these systems, and show that they
include combinatorial representations of certain convex polyhedra, the
primitive sets used by Scarf, and certain simplicial subdivisions.

In Section 4 we present a generalized complementary pivot problem
(GCPP) in terms of these systems, and show that it includes as special
cases all the problems mentioned above.

In Section 5we introduce the graph which underlies the proof of con-
vergence of our algorithm. A simple graph theoretic result shows the ex-
istence of a solution to the GCPP. This graph, and its application to com-
plementary pivot theory, is similar to those used in [5], [7], and [11].

In Section 6 we give an algorithm to solve the GCPP. We first modify
the graph introduced in Section 5 to eliminate nodes of degree greater
than two. Then the generalized complementary pivot algorithm (GCPA)
traces a path in this modified graph. The GCPA reduces to the standard
complementary pivot algorithms for the special cases in Section 4.

Many of the special cases of the GCPP discussed in Section 4 have
incomplete pivoting structure. In Section 4 we show how the structure
can be completed in each of these cases. To show the generality of the
GCPP we indicate in Section 7 a general technique to complete the piv-
oting structures of any problem to reduce it to the GCPP. These com-
pletion techniques use the simple combinatorial form of our pivoting
systems. We give an example to show why pseudo-manifolds may not be
adequate for this completion.

Finally, in Section 8 we state results which give lower bounds on the
number of iterations required in the GCPA applied to systems of a cer-
tain size. The bounds are similar to those provided by bounds on the
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maximum diameter of polytopes of a given dimension and number of
facets.

2. Notation and definitions

Let S be a fixed set, of finite cardinality k. Elements of S will be called
facets and denoted by e, £, g, etc., subsets of S will be denoted by capi-
tals;letters P, D, G, H and T will be reserved for n-sets, U for (n — 1)-sets
and V for (n+1)-sets. We will be concerned almost exclusively with
singletons, n-sets and (n — 1)- and (n +1)-sets. Collections of subsets of
S will be denoted by greek letters — 7, 6, yand 0. If G € v C g, we will
call G avertex ofy. 0; denotes {T: TCS, iT| =/} The usual set theoretic
symbols U, N, / (set subtraction) are used. The symmetric difference of
a family of sets is the set of elements belonging to an odd number of the
family. We abbreviate TU {e} by 77U eand T/ {f} by T / f. Expressions
are calculated from the left; TV f/eis(TU ) /e,

We now introduce our generalization of a “pivot-in” system:

Definition 2.1. 7 is a semi-primoid of ordern on Sif 7 < ¢,, and

(PD) Ifreo V contains an even number of vertices of 7 .

n+l’

Note that if P€ 7w and e € /P, then (PI) (for “pivot-in”) implies
that there are an odd number of vertices P' € 7 contained in P U e other
than P. Such a P’ is said to be obtained from P by pivoting in e.

If the even number in (PI)is O or 2 for all V' € g,,,, we call w proper.
In this case, the P’ of the previous paragraph is unique — we may loosely
say all pivots are unique.

A minimal non-empty semi-primoid is one which contains properly
no other semi-primoid; it is called a primoid.

Dually, we have a “pivot-out’ system:

Definition 2.2. § is a semi-duoid of order n on S iff 6 & o, and
(PO) If U€ o,_,, Uis contained in an even number of vertices of 6.

Note that if D € 8, e € D, then (PO) (for “pivot-out”) implies that
there are an odd number of vertices D' € § containing D / e other than
D. Such a D' is said to be obtained from D by pivoting out e.

Proper semi-duoids and duoids are defined in the obvious manner.
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A duality exists between semi-primoids and semi-duoids by means of
the following. {T: S/ T € 7} is a (proper) (semi-) duoid iff 7 is a (proper)
(semi-) primoid. This duality implies that it is only necessary to study
one of the two concepts of primoid and duoid, however it is convenient
and insightful to consider both. An illustration of this duality is afforded
in the examples of Section 3.

Proper duoids correspond exactly to the topological definition of
pseudo-manifolds. Kuhn’s definition in [11] omits the connectedness
axiom (intuitively, every vertex can be reached from every other vertex
by a sequence of pivot steps). The purpose of this connectedness axiom
is to eliminate such composite objects as the union of two locally dis-
joint psuedo-manifolds. Without this axiom, pseudo-manifolds reduce to
proper semi-duoids. However, any proper semi-duoid is a unique union
of disjoint proper duoids (see [18]) and during the course of the com-
plementary pivot algorithm, only one of these proper duoids is ever en-
countered.

Proper duoids are also similar to the abstract polytopes of Adler and
Dantzig [1, 2, 3]. Abstract polytopes have an additional property —
roughly that each face is connected, in polytope terms.

The main reason for the abstraction from proper duoids to duoids is
in fact the resulting combinatorial elegance. For instance, we can easily
show that the symmetric difference of two semi-duoids is again a semi-
duoid. We can go further and categorize all semi-duoids as being ““built
up” (in the sense of symmetric difference) from the very simple sim-
plicial duoids, as defined in Example 3.3. These results will be the sub-
ject of a future paper.

Another reason for our abstraction will appear in Section 7. Note
that semi-primoids and semi-duoids have a complete pivoting structure —
all pivots can always be made. This simplifies the treatment of the prob-
lem and the algorithm, as no difficulties with the boundary occur. How-
ever, many complementary pivot algorithms are concerned with incom-
plete pivoting structures, and in Section 7 we show how to embed an
arbitrary incomplete pivoting structure in a complete pivoting structure
in a unique formal way. This process can destroy the unique pivoting
property.

3. Examples

Example 3.1. Consider a convex polyhedron given by X = {x: Lx =r,
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x 2 0} (where L isn X k, x is k X 1, and r is n X 1). Assume that this
system is nondegenerate, so that r cannot be expressed as a nonnegative
combination of any n—1 columns of L. Let # = {{jj, j,, ..., j,}: there
is anx € X withx; > O only forj=jy, j,, ..., fn},andlet & = {{i}, iy,..., jp_p}:
there is an x € X with x; = 0 for j =iy, iy, ..., ix_,}. In linear program-
ming terminology, 7 is the collection of indices of basic variables, § of
non-basic variables in a basic feasible solution to the system, i.e., an ex-
treme point of X. LetS= {1, 2, ..., k}.

(a) Let X be bounded. Then = is a proper primoid and § is apropef
duoid on S. With a bounded polyhedron we obtain complete pivoting
structures.

(b) Let L be of the form [, M] with M an n X (kK — n) matrix
with all entries positive, and 7 > 0. Then X is equivalent to Y = { y € R¥—7:
My Zr, y 2 0}, and is obviously unbounded. The pivoting structures 7
and 8§ are incomplete, but they can be completed very simply under the
assumptions above. Indeed, w U {{1, 2, ..., n}} is a proper primoid, and
Su{{n+li,n+2,..,k}} is a proper duoid on S. The only unbounded
extreme rays of the polyhedron Y lie along the coordinate axes in R¥7,
The addition of the “artificial” vertex in effect reverses these rays back
to the origin, and thus allows pivot steps to be made from any vertex.

We will be using the primoid and duoid obtained as above in several
applications. We will therefore denote 7 by w(L, r) and § by &6(L, r),
and use a subscript of (a) or (b) according as case (a) or (b) above holds.

Example 3.2. (a) Let S” denote the standard ((n — 1)-dimensional) sim-
plex in R”: {x € R": Z"1x=1andx>0for1"12 ,hn}t. We are
given a grid of points x**1 ... x¥ in S" with the non- degeneracy condi-
tion that none has any coordinate zero, and no two have any coordinate
equal. This condition can be relaxed by using lexicographic rules; see
[10, 17]. We form a proper duoid as follows. Let the sides of S be de-
noted by x!.. x", where x! is the side on which x; is zero. Then
the n— mvectorstl . x=m along with the sidesx... x ™ form a primi-
tive set if there is no vector x/ for n <j <k wh1ch satlsfles x] >0,.
x’m > 0, and ¥, > min {xl, ]” mY fori # iy, iy ..

If 8" is the collectlon of pr1m1t1ve sets, then § = 6 v {{xl,xz, LX)
is a proper duoid on S = {x1, x2, ..., x¥}.

(b) A restricted triangulation (or simplicial subdivision) of $” has the
property that no subdivision points lie on any face of $”. We can extend
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any triangulation of S to a restricted triangulation of 7 = {x € R":
2, x;=1 and xiﬁ 2 fori=1,2,..,n} by adjoining (n — 1)-simplices
and their faces as follows (see [17; Chapter 71). If X1, ..., x’m are the
vertices of an (m — 1)-simplex of the triangulation on the face of S
determined by X; = 0, ..., xj,_,. =0, then adjoin the (n —1)-simplex
whose vertices are X1, ..., x/n, uh1, .., uln-m_ where o/ is the vertex of 77
given by u§ =3 — 2n, and =2 fori #j.
When all simplices like this and their faces are adjoined to the original
triangulation, we obtain a restricted triangulation of 77.
If 61 is the collection of (n — 1) simplices (each described by its set
of vertices) of a restricted triangulation of the (» — 1)-simplex with ver-
tices x!, x2, ..., x", then § = 61 U {{x1, x2, ..., x"}} is a proper duoid of
order n on the set of all vertices of the triangulation.

Example 3.3.1f U€o,_,, V€0, , thenw = {P: US P€E€ 0,} is aproper
primoid, and 8 = {D: V' 2 D € 0,,} is a proper duoid. Primoids and duoids
of this especially simple form are called simplicial. They correspond in
the sense of Example 3.1 to simplices (see [18]).

4. The generalized complementary pivot problem

Before we state the GCPP, recall that in Section 3, as well as examples
of semi-primoids and semi-duoids, we have examples of semi-primoids
and semi-duoids missing one vertex (Examples 3.1(b) and (3.2(a, b)). This
missing vertex is critical in providing a starting point for the algorithm
developed later. .

We now state The Generalized Complementary Pivot Problem.

We are given three things: a starting point G € o,,, and two sets of ves-
tices y;, 75 & 0, where either

(a) G €,/ 75 v, =7 is a semi-primoid, and vy, U {G} = 6 is asemi-
duoid; or

(b) G €vy/v1, 71 Y {G} =7 is a semi-primoid, and vy, = § is a semi-
duoid. )

The problem is to find a vertex [/ common to y; and vy,.

We now show that the applications previously mentioned are special
cases of the GCPP.

(1) The problem of finding a Nash equilibrium point of a bimatrix
game [12, 15] is a special case of the LCP to be considered below. It
can however be expressed directly as an application of the GCPP, as we
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now show. Let player I (1) have pure strategies 1,2 ...n (1,2 ..m),
let the payoff to player I (II) when I plays i and I playsj be 4 (bi]-)’.
Assume without loss of generality that 4 = {ai]-} >0and B = {bl-]-} <0,
since the addition of any constant to the payoffs of either player
does not affect their strategies. Lemke and Howson [12] showed
that to solve the problem it was sufficient to find solutions to
[4,[,1x=e,, x>0, and [, —BTly=e,, y=0, with xTy=0
(here [, is the p X p identity matrix, e, the p X 1 matrix of all ones;
x and y are (n + m) X 1). Assume that the two systems are non-degeners
ate. Then, by comparing dimensions, we see that both x and y must be
basic solutions.

Let v =m ) ([4, [,], €,) and v, = 8y ([—1p, —BT], e,,) (recall the
notation  introduced after Example 3.1). Let G={m+1,m+?2, ...,
m+n}. Then G € v, /v,, v, is a semi-primoid and vy, U {G} is a semi-
duoid. Condition (a) of the GCPP holds. A vertex H common to vy, and
v, vields complementary (orthogonal) solutions x and y thus solves the
bimatrix game.

(2) The LCP [6, 7, 12] is to find w, z satisfyingw =Mz +q, w2 0,
220, and wTz=0 (M is n X n, w, z and q are n X 1). Figst, assume
M > 0 and g < 0. Then the linear equations can be written [—1, M ] (VZ‘))
- Wy >
=—q,(;)=0.

Let v, = w(b)([—l, M],—q) andy, = {D: IDN {i,i+n}l=1fori=1,
2..n}. It is immediately clear that 7, is a semi-duoid; indeed 7,
= 5(3)([1,1, I,],e,). Let G={1,2..n}. Then GE€vy,/v;, and v, VU {G}
is a semi-primoid. Condition (b) of the GCPP holds; an H € v; N v,
gives a feasible solution w, z which also satisfies the arthogonality con-
dition.

Now drop the assumptions on M and ¢. Two problems arise: firstly,
there may be no convenient starting vertex; and secondly, complete
pivoting structure may be lacking. We take care of these problems by
introducing an artificial variable z, and an artificial constraint with
slack w,. Let e( /) denote the n X 1 vector of ones (zeros) let

L= 1 fT 1 eT r= p
fI—-e-M/| q

The scalar p is chosen sufficiently large so that all basic feasible solutions
tow=ezyg+Mz+q, w, z z5= 0 have z; +eTz < p. Consider the sys-
tem
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{Wo W,
w w
L =r, >0
z, z
'z z,

The extra constraint ensures that this linear system is bounded. We will
assume that it is non-degenerate. Then let 7w = Ty (L, r). 7 includes
G={2,3,..,nt1,n+2} forzy=k, w=ke+tq, z=0, wg=0 is a
solution to the system. Lety; =@/ {G}andy, ={D: IDn {i,i+n+ 1}l
=1 fori=1,2,..,n+ 1}. Condition (b) of the GCPP holds. A solution
H € v, N v, can have two forms:

()1 € H Then n+2¢ H, and z, is non-basic in the final comple-
mentary solution. A true solution to the LCP has been found.

(b)n+2€ H Then | € H; z, is basic and wy is non-basic. The final
complementary solution still contains zg, and lies on the artificial con-
straint.

Without the artificial constraint, a secondary ray would have been
found. Note that Lemke in [12] mentions a very similar artificial con-
straint, which, however, does not bound the feasible region as does
ours. For our purposes, a bounded feasible region is necessary to ob-
tain a complete pivoting structure.

The GCPA to be described later solves the GCPP when some ¢ in § is
chosen. With the problem set up as in the first case above, applying the
GCPA with e =#n +j is equivalent to using Lemke [13, scheme I}, in-
troducing first the variable corresponding to the jth column of M. In
the second case, applying the GCPA with e = 1 is equivalent to Lemke
[13, scheme I]. The artificial constraint is immaterial until a secondary
ray is encountered, and makes no computational difference.

(3) Scarf’s problem. We are given a fine grid of points in S”, say
xm+l | xk x1, ..., x" represent the sides of S”. With each x/ is associated
an n-vector; for 1 <j<n the associated vector is the jih unit vector,
while for j > n the vector is arbitrary. These vectors form a matrix
[1, A] whose jt column is the vector associated with x/. We also choose
a right-hand side vector ¢, and we assume that the feasible region
{y:LAly=cy > 0} is a simple polytope. The problem is to find a
primitive set xt .. x” such that y; ... y; form a feasible basis of
[, Aly=c,y20. !

Lety, = W(a)([[, Al, ¢) and v, be the collection of index sets of primi-
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tive sets as in Example 3.2(a). Let G = {1, 2, ..., n} € 7v{ /v,. Condition
(a) of the GCPP holds. A solution H € y; N 7, solves Scarf’s problem.

The line of reasoning used above and Example 3.2(b) indicate how
Kuhn’s problem [11] can be recast as a special case of the GCPP.

(4) The subproblems of the fixed-point algorithms of Eaves [8],
Merrill [16], and Eaves and Saigal [9]. Familiarity with these papers will
be assumed. All these problems have triangulations giving incomplete
pivoting structures. The latter two have infinite triangulations, and Eaves_
and Saigal’s algorithm is essentially infinite.

In [8] we have a triangulation of the standard simplex §™ with ver-
tices, say x1, x2, ..., x¥—1, We also have a bounded non-degenerate linear
system [A, bly =c¢, y 2 0, where A ism X (k — 1). (Note that the orig-
inal linear system in [8] has m + 1 rows, but any one of the first m is
dependent on the other m — 1 and can be suppressed.) The jth column
of A is associated with the jth vertex of the triangulation. A, b and ¢ are
chosen so that

(i) There is just one boundary (m — 2)-simplex, say {x!, x2, ..., xm-1},
whose associated columns, together with b, form a feasible basis of the
linear system;

(ii) any (m — 1)-simplex whose associated columns form a feasible
basis of the linear system contains a fixed point of a piecewise linear
approximation of the given mapping, and solves the subproblem.

Let v, = T(a) ([A, b1, ¢). Form & by adjoining to the index sets of all
(m — 1)-simplices of the triangulation, all m sets consisting of k and the
indices of a boundary (s — 2)-simplex of the triangulation (this com-
pletes the pivoting structure). Notice that we can consider the column
b of [A, b] to be associated with an artificial vertex (the kth) of the
triangulation, lying “outside” the triangulated region and “connected”
to every boundary (m — 2)-simplex of the triangulation. By (i) and the
definition above, G ={1,2,..,m—1,k} € 5. Let vy, =08/ {G}. Condi-
tion (a) of the GCPP is satisfied. A solution H € y; N v, must satisfy
either

(a) k € H. But then H/ k corresponds to a boundary (m — 2)-simplex
of the triangulation.. Since H # G, this violates (i).

(b) k € H. Then H corresponds to a true (m — 1)-simplex of the tri-
angulation. By (ii), the subproblem is solved.

Now we deal with [9] and [16]. To deal with the intrinsically infinite
algorithm of [9] we truncate the degree of refinement by truncating ¢
at T; a truncated solution will be a very complete n-simplex ¢ with
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h(o) € R" X {T}. Using the conditions of [16, Theorems 5.1 and 4.1]
or the special labelling L of [9, Section 5] we may also consider only a
bounded region of R”, Thus we are concerned only with the portion of
the triangulation intersecting C X [0, T] for C a compact set in R~
(T'=1 for [16]). Let the vertices of this truncated triangulation be
x1 x2 ..., xk-1_ We also have a bounded non-degenerate linear system
Ay=¢,y20, where A is (n+ 1) X (k — 1) — the jth column of 4 is
associated with the jth vertex of the triangulation. A and ¢ are chosen so
that

(i) There is just one boundary n-simplex, say {x1, x2, ..., x?*1} in
R” X {0} whose associated columns form a feasible basis of the linear
system;

(ii) any boundary n-simplex in R” X {7} whose associated columns
form a feasible basis of the linear system solves the subproblem in [16],
or the truncated problem in [9].

Let v, = {PU k: Pem, (4, o)} It is easily seen that vy, is a proper
primoid. Form 6 and v, as above with m = n + 2. Condition (a) is again
satisfied. An H € v, N v, must contain k, thus correspond to a bound-
ary n-simplex. This n-simplex cannot be in R” X {0} by (i), or in the
boundary of C'X [0,%) by our conditions; it must therefore lie in
R” X {T} and solves the problem.

As shown above, the GCPP does include a wide variety of comple-
mentary pivot applications.

5. The fundamental graph and the existence theorem

The following graph, though not the graph to which the generalized
complementary pivot algorithm is applied, does form its basis and
yields the existence of a solution to the GCPP. This graph, and the re-
sults obtained from it, is similar to those of {5, 7 and 11]. In fact, the
graphs of [5] or [7] are obtained by contracting all edges corresponding
to dual pivot steps, and the graph of [11] by contracting all edges cor-
responding to primal pivot steps.

Definition 5.1. If 7 is a semi-primoid, 6 a semi-duoid, both of order n
on S, and e is any facet of S, then G(m, 8, ¢) is the following graph: The
nodes are pairs (P, D) e 7 X §, with P S D U e. It is easily seen that the
nodes consist of pairs (G, G) for G E€w N § and nodes (P, D) with
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PN DE€ao, ;, e P/D. The adjacencies are described as follows. (P, D)
is adjacent to (P, D') if any of 1(a) through 2(b) holds.
(1) P+ D. (a) Dual pivot: P' =P, D' is obtained from D by pivoting out
D/P
(b) Primal pivot: D' = D, P' is obtained from P by pivoting in
D/P
(2)P=D. (a)e€ P, PP=P, D' is obtained from D by pivoting out e.
(bye¢ P, D' =D, P is obtained from P by pivoting in e
We can easily check that this is symmetric. The important property of
G(w, 6, e) concerns the parities of the degrees of its nodes.

Lemma 5.2. If (P, D) is a node of G(w, 8, ¢), then (P, D) has odd degree
if P=D and even degree if P+ D.

Proof. If P =D, then (P, D) is adjacent to an odd number of nodes by
2(a) or an odd number of nodes by 2(b) but not both. So (P, D) has
odd degree.

If P+ D, then (P, D) is adjacent to an odd number of nodes by 1(a)
and an odd number by 1(b). These sets of nodes are obviously disjoint.
Thus (P, D) has even degree.

From Lemma 5.2, we prove

Theorem 5.3. If 7 is a semi-primoid, & a semi-duoid, both of order n on
S, then lmw 8l is even.

Proof. By one of the first results of graph theory [4, Theorem 1.2},
the sum of the degrees of the nodes of a graph is twice the number of
edges of the graph, i.e., an.even number. Thus the number of nodes of
odd degree of a graph is even.

Considering G(m, 8, e) for any e € S gives us the theorem immedia-
tely, using Lemma 5.2.

Corollary 5.4. The GCPP has a solution.

Proof. Form 7 and § as in condition (a) or (b) of the GCPP. Then
G € w N §. Hence there is at least one other vertex, say HE N §, by
Theorem 5.3. Since H+ G, H € y; N v,, and thus H solves the GCPP.

Note that the existence of a solution to the GCPP does not imply a
solution to each application in Section 4, due to added vertices in some
examples.
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6. The generalized complementary pivot algorithm

The algorithm to solve the GCPP is based on traversing the edges of
a graph without repetition, starting and finishing at two different odd
nodes (nodes of odd degree). A walk from v, tov,, in a graph G = (V, E)
is a sequence (v, €y, Uy, ..., €, _1, U, ) Of alternating nodes and edges of
G, such that for 1 =i = m, e; | is the edge {v,_;, v;}. This walk is a trail
if all the edges e; are distinct, and a path if all the nodes are distinct. We
follow the notation of [4].

Algorithm 6.1. Given an odd node v of a graph G = (V, E), find another
odd node.

Step 1. Set vy =v, the given odd node. Set Ey=F, and i=0.

Step 2. Pick any edge e;, not a loop, in E; and incident to v,. Call its
other endpoint vg,. Stop if v, # v, is odd.

Step 3. Let E; = E;/e;. Increase i by one and return to step 2.

Proof of finite convergence. Since the F; are decreasing, and Ej is as-
sumed finite, the algorithm must terminate if all steps are possible. So
it is sufficient to show that an e; of the required form exists at each
step. The edges F; = {ey, e}, ..., ¢;_; } are the edges of a trail from v, to
v. So if v; = vy, v; has odd degree in (V, E) and even degree in (V, ),
so odd degree in (V, E;). If v; # v, v; has even degree in (V, E) (other-
wise we stop at v;) and odd degree in (V, F)), so odd degree in (V, £E)).
Thus the existence of such an ¢; is assured.

The computational difficulty with this algorithm is that each edge
must be recorded to avoid cycling. A much simpler algorithm is avail-
able if all nodes of the graph are known to have degree less than three.

Algorithm 6.2. Given an odd node v of a graph G = (V, E) whose every
node has degree less than three, find another odd node of G.

Step 1. Set vy = v, the given odd node, and i = 0.

Step 2. Pick any edge, not equal to e;_; if i > 0, incident to v;. Call
its other endpoint v;,;. Stop if v, is odd.

Step 3. Increase i by one and return to step 2.

Proof of finite convergence. The argument of Algorithm 6.1 shows that
each step is possible. If no edge is repeated, the algorithm cannot termi-
nate with v, =v,, for then ¢; = e¢; (vy must have degree exactly one,
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since odd and less than three). So it is sufficient to show that no edge is
repeated. However, consideration of the algorithm shows that if an edge
is repeated, a node has degree at least three, contrary to hypothesis.

In this case the trail generated is in fact a path. We now have the ma-
chinery to solve the GCPP. We could construct G(w, 8, ¢) for some e,
and then use Algorithm 6.1, starting at (G, G) to find an (H, H), thus
an H €y Ny, —recall that by Lemma 5.2 odd nodes correspond to
shared vertices of 7 and 8. If 7 and & are proper, then by considering the
definition of G(7, §, e) we see that it has no node of degree greater than
2. Thus in this case we can employ Algorithm 6.2. As noted earlier, Al-
gorithm 6.1 imposes severe penalties in storage and time. Thus we seek
a way to reduce the non-proper case to the proper case.

We do this by modifying the graph G(w, §, ¢). A node (P, D) has de-
gree greater than two if pivoting D / P into P can give more than one ', or
pivoting D/ P out of D can give more than one D'. We resolve this de-
generacy by pairing the vertices of 7 in any V" and the vertices of § con-
taining any U. In the graph G(w, §, €), a complete graph with, say, 2m
nodes is replaced by m edges linking these nodes in pairs. The procedure
is similar to that used in [6, Corollary 3].

Assume we have a total order on S. Then if V € o,,, contains the 2m
vertices of m obtained by omitting from V' the facets ey, ey, ..., €5,
where ey < e, <..<e,,, welet P,(V, m) denote V'/e,.

Dually, if U € 0,,_; is contained in the 2m vertices of § obtained by
adjoining to U the facets f1, f5, ..., f5,,, Where f; < f, <...< f5,,, then
we let DU, §) denote U U f,.

We write i ~jif 3@+ DI=[3G+ Dlandi#j;s01~ 2,3~ 4, etc.
Now we may define the modified graph G'(w, §, e).

Definition 6.3. The nodes of G'(w, 6,¢) are the same as those of
G(m, §, e). (P, D) is adjacent to (P, D) if any of 1(a) through 2(b)
holds.
(1) P+ D. (a) Dual pivot: =P, D=D(Pn D, §), D = D(P N D, 8),
and i ~ j.
(b) Primal pivot: D'=D, P=P(PU D, 1), P' = P(PUD,m,
and i ~ j.
(2yP=D. (a)e€ P, P'=P, D=D(D/e, 8),D’ =D;j(D/e, 8),and i~
(bye¢ P, D'=D, P=P,(PUce, 7r),P’=P]-(PU e, m),andi~7j.
It is immediate that this is symmetric. .
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As with G(m, 8, ) we are concerned with the degrees of the nodes of
G'(w, §, o).

Lemma 6.4. If (P, D) is a node of G'(m, §, ¢), then (P, D) has degree 1 if
P=D and degree 2 if P+ D.

Proof If P=D, e € P, then D =D,(D /e, §) for just one i. So thereisjust
one D' =D]-(D/é, 6) and i~j Similarly, if P=D, e¢ P, then P
=P,(PU e, m) for just one i, so there is just one ' =P]-(P U e, ) and
i~j. So (P, D) has degree 1. If P+ D, then (P, D) is adjacent to exactly
one node by 1(a) and just one by 1(b), using the same arguments. So
(P, D) in this case has degree 2.

Thus we can apply Algorithm 6.2 to G'(w, §, ¢), obtaining

The Generalized Complementary Pivot Algorithm (GCPA):

Step 1. Form m and § as in (a) or (b) of the GCPP. Then pick any
e € S, and construct G'(m, 8, e). This construction 1s just a convenience
for describing the algorithm. In practice, nodes and edges of G’ are gen-
erated only when they are needed.

Step 2. Starting at the “artificial” node (G, ), use Algorithm 6.2 to
find another odd node of G'(m, §, e). This will be of the form (H, H),
He vy, Nv,,sosolves the GCPP.

Proof of convergence of the GCPA follows from that for Algorithm
6.2 and Lemma 6.4. The statement of the GCPA above shows most
clearly why it converges. The alternative statement below shows more
clearly the action of Algorithm 6.2 on G'.

Step 1. Form 7 and § as in (a) or (b) of the GCPP. Then pick any
eeS Ifee G, gotostep 2;if e € G go to step 3.

Step 2. Find the i such that G=D,/(G /e, 6). Let j~i Then set
m=0,Py=G, and Dy = Di(G /e, b), and go to step 4.

Step 3. Find the i such that G =P,(GUe m). Let j~ i Then set
m=0,P = P,-(G U e, m), and Dy = G, and go to step 5.

Step 4. We have P, and D,,. Find theisuch that P,, = P;(P, Y D,,, n).
Let j~i Set P, =P(P, UD,,m. 1P, =D, stop. P, =D,
=H € v, N 7v,. Otherwise, go to step 5.

Step 5. We have P, and D,,. Find the i such that D, = D;(P,
ND,,8). Let j~i Set D, =Dl ND,,8). If Dyy=P,,,
stop. P, .1 =D,, sy = H € vy N v,. Otherwise, increase m by one and go
to step 4.
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This alternative formulation is exactly equivalent to the original, as
may be seen by referring to the definition of G'(w, §, ¢). The consecu-
tive nodes of G'(w, 8, e) generated are possibly (P, D), then (Py, Dy),
(P, D), (P, Dy), (Py, D,), etc. m counts the number of iterations,
where an iteration is a primal pivot and a dual pivot. The alternative
formulation shows that the construction of G'(w, §, ) in total is un-
necessary.

It can easily be seen that the GCPA applied to any of the special cases
of the GCPP considered in Section 4 reduces to the standard comple-
mentary pivot algorithm for that problem.

Example 6.3. Let S= {1, 2, 3,4, 5, 6} with the natural ordering. Let
v = {125, 126, 134, 234, 235, 236, 245, 345, 456} and let v, = {123,
126, 136, 145, 146, 156, 235, 256, 345, 346}. Let G = 146; then con-
dition (b) of the GCPP is satisfied.

We apply the GCPA, in the second formulation. We also show
G'(m, 8, e), to illustrate the operation of the algorithm.

Step 1. Pick an e € S. Let us choose ¢ = 2. Since 2¢ {1, 4, 6} we go
to step 3.

Step 3. We must pivot 2 into G = 146. In fact, this pivot is unique,
giving us 126. In the general formulation we have P,(1246, m) = 146 and
Py(1246,m) = 126. i=1 and j = 2, so we set P| =126, Dy =G = 146.

Step 5. We must pivot 4 out of Dy = 146. This pivot is not unique.
We have D1(16,8) =126, D,(16,8) =136,D5(16,8) = 146 and D (16, 8)
=156.i1=3,s0j=4. 50D, =D,(16, 8) = 156.

Step 4. We have (P}, D;) = (126, 156). We must pivot 5 into P, = 126.
This pivot is unique. We have P;(1256, m) =126, P,(1256, m) = 125.
i=1,j=2, so we obtain P, = 125.

Step 5. We have (P,, D;)=(125,156). We must pivot 6 out of
Dy = 156. This pivot is unique. We find D, = 145.

Step 4. We have (P,, D,) = (125, 145). We must pivot 4 into P, = 125.
This pivot is unique. We find P; = 245.

Step 5. We have (P;, D,) =(245, 145). We must pivot 1 out of
D, =145. This pivot is unique. We find D4 = 345.

Step 4. We have (P3, D3) = (245, 345). We must pivot 3 into P;=245.
This pivot is not unique. We have P;(2345, m) = 345, P,(2345, m) =245.
P3(2345, m) = 235, and P,(2345, m) =234. Thus i =2, s0j= 1. We get
P, =P, (2345, m) = 345. Since now P, = D5 = 345, we stop. H =345
€ 77 N v, solves the problem.
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The steps of the algorithm are illustrated in Fig. 1. The solid lines in-
dicate edges in G'(m, 8, ¢). The dotted edges are the extra edges in
G(m, 8, €). Note that, because of the cycles in G(m, 6, e), “‘arbitrary”
pivoting in the GCPA might lead to cycling, which is precluded by the
special way of resolving non-unique pivots.

The generalized complementary pivot algorithm has the following
properties.

(a) The algorithm starts at a shared vertex of 7 and 8, the “artificial”
vertex (, and finishes at a shared vertex, a solution to the GCPP.

(b) At each intermediate step we have a primal vertex and a dual ver-
tex which share n — 1 facets. The special facet ¢ is always in the first
and never in the second.

(c) The algorithm terminates when e leaves the primal vertex or enters
the dual vertex in a pivot step.

(d) Primal and dual pivot steps alternate in the course of the algo-
rithm.

(e) Each pivot (as resolved by the rules of adjacency in G') is uni-
quely determined by the primal vertex, the dual vertex, and knowledge
of whether a primal or dual pivot is necessary. Thus almost no storage is
necessary.

All the applications of complementary pivot theory considered above
have utilised proper primoids and duoids. However, if at each non-uni-
que pivot it is easy to find all vertices which may be obtained, then the
non-degeneracy routine to list the D;(U, 6)’s or P,(V, m)’s and make the
appropriate pivot should not be computationally burdensome. It would
be interesting to find an application using non-proper primoids or
duoids. An example of a non-proper primoid is the collection of
spanning trees of a given bipartite graph (where the spanning trees are
considered as sets of edges).
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7. Applying the GCPA to incomplete pivoting structures

In Section 4 we used a case-by-case method of completing incomplete
pivot structures. Here we indicate a general technique, thus enlarging the
range of application of the GCPP and the GCPA.

As before we have a starting vertex G € o, and sets of vertices 7 and
v, satisfying condition (a) or condition (b) of the GCPP, except that
now @ and 6 may not be a semi-primoid and a semi-duoid, respectively.
We try to find an H € y; N 1y,, as before. This may not be possible, but
certain conditions guarantee that such an A can be found.

In practice we apply the GCPA directly to v, and vy,, and hope that
all the steps can be carried out. Two difficulties. arise. Firstly, proving
that all steps can be carried out can be difficult. Secondly, we seem to
lose all the results obtained for complete pivoting structures, in particu-
lar the results of Section 8.

To deal with these difficulties we proceed as follows. Let f, ¢, and b
be three symbols not in S. Define 7' to be the symmetric difference of
the family of sets {V: | Vi=n+1,PS V& SU f} for all P € 7. Simi-
larly, define 8" to be the symmetric difference of the family of sets
{T:1TI=n, TS DU f} forall D € §. Now let

g={V/furfeverlu{V/fub.fevVeniv{V:.f¢ever'}
and let
§ ={TUt: fETESIU{TUb: f¢TESYU{T/fUtUb: fETE '}

Results of [18] show that " and hence 7 are semi-primoids, and ' and
hence § are semi-duoids. The pivoting structures have been completed.

Also, from the definitions, the set of vertices of ¥ containing ¢ but
not b isjust {PU ¢t: P& 7}, and the set of vertices of § containing ¢ but
not b isjust {D U t: D € §}.

Note that if § = {124, 135, 245, 345}, then & has unique (dual)
pivots where these are possible. However, 8’ in this case adds the ver-
tices 12f, 13f, 14f, 15f, 25f and 34f, and is a duoid but not a proper
duoid (the 2-set 1f is contained in 12f, 13/, 14f and 15f). The resulting
$§ is also not proper. This example shows that the completion technique
cannot be easily applied to pseudo-manifolds.

For the GCPA applied to 7, 8, the ordering on S U 7 U b is chosen to
extend that on S with ¢ and & as facets greater than any in .S. Whether
t < b or b < tis chosen is immaterial.

We apply the GCPA now to 7 and §, starting at (G U t, GU t) and
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using the special facet e, where e # ¢ and e # b. The facet b only enters
the dual vertex if we must pivot out ¢, i.e., f has already left the primal
vertex, or if the corresponding pivot in 6 cannot be made. The facet ¢
only leaves the primal vertex if we must pivot in b, i.e., b has already
entered the dual vertex, or if the corresponding pivot in § cannot be
made. Thus the GCPA applied to m and & is equivalent to the GCPA
applied to w and §, where a signal showing no pivot possible is generated
when ¢ leaves the primal vertex or b enters the dual vertex.

If non-unique pivots have been made, the generation of such a signal
does not indicate that a solution cannot be reached. However, if all
possible pivots in 7 and 8 are unique (i.e., (PI) and (PO) hold with “at
most two” instead of “even’), then all pivots encountered in the GCPA
applied to m and § until termination with a solution or an “impossible”
signal will have been unique. ,

Under certain conditions, the existence of a solution, and a successful
search can be guaranteed.

We say m and & are complete with respect to e if for every V € 0,4,
such that 3Pex, D€ § with V=PuU DUe PC DU ¢ V contains an
even number of vertices of 7; and for every U € 0,,_;, such that 3P € 7,
DedwithU=PnD/e PS DU e Uis contained in an even number
of vertices of 6.

Theorem 7.1. If wand & are complete with respect to e, then the GCPA
applied to ® and & and using the special facet e will give a solution
HeE vy Ny,

Proof. Assume that an “impossible” signal is generated. By considering
the previous node, a contradiction is easily obtained.

8. A bound on the number of iterations for the GCPA

The distance between two vertices of a primoid or duoid is the
smallest number of pivot steps necessary to go from one to the other.
The diameter of a primoid or duoid is the maximum distance between
two of its vertices. In [18], bounds on the maximum diameter of duoids
are obtained. We use these to compute bounds on the number of itera-
tions for the GCPA. These bounds are similar to those provided by the
maximum diameter of polytopes in the field of linear programming.
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Theorem 8.1. If n = 6, then there is a proper duoid of order n on a set
of cardinality k with diameter [£((k —n+ 6)[(k — n — 3)/91-35)].

Proof. See [18].
An iteration in the GCPA is a primal pivot step and a dual pivot step.

Theorem 8.2. If min {n, k—n}= 6, and j = max {n, k — n} then there
are a primoid m and a duoid & of order n on a set of cardinality k such
that the GCPA applied to w and & requires at least g(j)=[2((j + 6)
X [(j— 3)/9] — 5)] iterations.

Proof. Let j =k — n. Then by the Theorem 8.1 there is a duoid & of
order n on a set of cardinality k£ with diameter g(j). Let D, D, be two
maximally distant vertices of §. By [18, Lemma 3.6] there is a primoid
7 with # N 8 = {Dy, D, }. Applying the GCPA to 7 and 4, starting at
(D, D), we generate a sequence of dual vertices from D, to D,, whose
length must be at least g(j). Since the dual vertex changes once each
iteration, the number of iterations in this GCPA is at least g(j). Ifj = n,
switch k — 77 and » in the above, and take the primoid to be {P: S/ P € §}
and the duoid to be {D: .S/ D € n}. Of course, the interesting figure
is not the maximum number of iterations possible, nor the minimum
number necessary, but the expected number. In linear programming,
vast computational experience indicates that the expected number of
iterations is of the order of 2 or 3 times (k — nY for a linear program
whose feasible region is n-dimensional with & facets; This figure is much
closer to the conjectured maximum diameter than to the maximum
number of vertices of a polytope of this size.

In complementary pivot theory, Scarf [17] and Merrill [16] have
limited experience indicating that their algorithms generally proceed
towards a solution roughly as fast as possible. Thus the study of the
diameters of pivoting systems seems appropriate for judging the ex-
pected behaviour of complementary pivot algorithms.

In the applications considered earlier, the diameters of the primoids
and duoids concerned are much smaller than the maximum for their
size as given by Theorem 8.1. In the LCP we expect about the same
number of iterations as in an # X 2n linear program. In Scarf’s algorithm,
the number of iterations seems to depend linearly on the grid size D
and with the square of the dimension n; however, for such a problem, &
is of the order of ( + EZ)A ). ’
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In a general application of complementary pivot theory, the num-
ber of iterations may be much larger. The order of g(j) is 5/2/54.
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