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+ +SDP in standard form
SDP(b, C) minX C •X

AX = b,
X � 0,where AX := (Ai •X)mi=1,

Ai ∈ SIRn, b ∈ IRm, C ∈ SIRn are given, and
X ∈ SIRn (n× n symmetric matrices).
X � 0: X is symm psd; X � 0: X symm pd.
P •Q = Trace (PT Q) = ∑

ij PijQij.Associated dual problem:
SDD(b, C) maxy,S bTy

A∗y + S = C,
S � 0,where y ∈ IRm, S ∈ SIRn, and

A∗y := m
∑

i=1 yiAi.+ 2



+ +
Setting

• Have near-optimal strictly feasible solu-tions X and (y, S). X∗ and (y∗, S∗) op-timal.
• Perturb b to b+�b or C to C +�C.
• Can we set up a Newton equation s.t. asingle full step will(i) regain feasibility; and(ii) maintain near optimality?

Want conditions on �b or �C.Want relation to \max" perturbation.
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+ +
Newton System
A∗�y +�S = 0 or �C,

A�X = �b or 0,
E�X + F�S = 0.

Key point: 0 in RHS of 3rd equation.Here E and F depend on the particular interior-point method used. E.g., for the HKMmethod,
EU := U and FU := (XUS−1+ S−1UX)/2;for the AHO method,
EU := (SU+US)/2 and FU := (XU+UX)/2;and for the NT method,

EU := U and FU := WUW,where W := X1/2(X1/2SX1/2)−1/2X1/2 is thescaling matrix for X and S.+ 4
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Condition on �bProposition 1 X+�X and (y+�y, S+�S)feasible when b← b+�b if
‖X−1/2(E−1FA∗[(AE−1FA∗)−1�b])X−1/2‖2 ≤ 1and
‖S−1/2(A∗[(AE−1FA∗)−1�b])S−1/2‖2 ≤ 1.Moreover, the new duality gap is at most X•Sif E−1F is positive de�nite.Similar result for C ← C +�C.
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Special case for Nesterov-ToddProposition 2 X+�X and (y+�y, S+�S)feasible when b← b+�b if and only if
‖X−1/2∑

i

(WAiW )(N−1�b)iX−1/2‖2 ≤ 1(or equivalently
‖S−1/2∑

i

Ai(N−1�b)iS−1/2‖2 ≤ 1).Moreover, the new duality gap is at most X•S.Here W is the scaling matrix for X and S and
Nij := Ai • (WAjW ).
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How good is the bound?(cf. Y�ld�r�m and Todd for LP, relation to maxperturbation keeping same basis when havenondegenerate solutions.)Change in b that keeps dual optimal solutionstill optimal:(y∗, S∗) optimal for SDD(b+�b, C) i� ∃U s.t.

A(X∗+ U) = b+�b or AU =�b,

S∗ • U = 0, X∗+ U � 0.

Now assume strict complementarity and dualnondegeneracy as in Alizadeh-Haeberly-Overton.Can assume
X∗ = ( � 00 0 )

, S∗ = ( 0 00 
 )

, �,
 � 0.
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Change in b that keeps dual optimalsolution still optimalNow 
 � 0, S∗ • U = 0, and U22 � 0, where

U = (

U11 U12
UT12 U22 ) ,imply U22 = 0, and then there is at most one

U with AU =�b.So assume�b := AU for some U = (

U11 00 0 )

.

Then �b \OK" i� �+ U11 � 0, i�
λmin(�−1/2U11�−1/2) ≥ −1.
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Comparison of boundsExact: λmin(�−1/2U11�−1/2) ≥ −1.NT: ‖X−1/2∑

i(WAiW )(N−1�b)iX−1/2‖2 ≤ 1.So is Û := ∑

i(WAiW )(N−1�b)i like U?Preliminary computational experiments:as X → X∗, (y, S)→ (y∗, S∗),
‖X−1/2∑

i

(WAiW )(N−1�b)iX−1/2‖2 →
‖�−1/2U11�−1/2‖2.

Note that Û is the solution tomin~U ‖W−1/2~UW−1/2‖2, A~U =�b = AU.
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On the central pathIn this case, W ∝ X, so Û also solvesmin~U ‖X−1/2~UX−1/2‖2, A~U = AU.Hence,

‖X−1/2ÛX−1/2‖2 ≤ ‖X−1/2UX−1/2‖2= ‖X
−1/211 U11X−1/211 ‖2

→ ‖�−1/2U11�−1/2‖2.Theorem 1 Assume strict complementarity anddual nondegeneracy. Then, as X → X∗, (y, S)→(y∗, S∗), along the central path,
‖X−1/2∑

i

(WAiW )(N−1�b)iX−1/2‖2 →
‖�−1/2U11�−1/2‖2.
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+ +Final remarks
• The theorem also holds for all directionsin the MZ family.
• There is an analogous result for perturba-tions of C, requiring strict complementar-ity and primal nondegeneracy.
• We hope to extend the results to pointsin a wide nhd of the central path, for NT,based on our computational experiments.
• HKM exhibits similar behavior for changesin b; seems within a constant factor forchanges in C.
• AHO seems within a constant factor forchanges in b or C.+ 11


