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ABSTRACT

.i This thesis introduces combinatorial systems possessing 2 generali-

i mangs
ORI

zation of the pivot step of linear programming and complementary pivot

theory. These systems provide a natural setting for the study of comple-

TR R T ey

mentary pivot algorithms. Our aim is to provide a theoretical basis for
complementary pivot theory, in the same way as the study of polytopes
provides a basis for the theory of linear programming. In particular,

; » we find bounds of the maximum diametar of these combinatorial systems.
The Afomaiars af thaca ocvatema ara oclasele ralatad £0 tha niwhor af ftame
ations required in complementary pivot algorithms, just as the dizmeters
of polytopes are closely related to the nunber of iterations required for
the simplex algorithm applied to a bounded non-degenerate linear program.

: We show that systems of comparable size to those arising from polytopes

] in n-space with k facets have maximum diameter of the order of
El1lren 2
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INTROBUCTION

One of the major techmiques zpplied to the solution of managerial
and economic problems has beem that of Iinear programming algorithms.

In recent years, ssveral writers hazve found that a new class of algorithms,
known 25 complementary pivet algorithms, can be used to solve a much wider
class of problems in ecomomics, mathematical programming and game theory.
For exzmple, algorithms of this type can be used to find approximate fixed
points of contirmozns meppings om 2 simplex [20, 28], compute approximate
economic equilibria {14, 15, 29], find a core vector in a balanced game
[27], find 2 Fesh eguilibrium point of a bimatrix game [21, 22], and solve
guadratic progremming problems {6, 1G].

These a2lgorithms are based om a radically new approach, incorporating
a novel proof of comvergemce wsing combinatorial reasoning which does not
rely on the monotonicity arguments fundamental to the convergence proof
of optimization alzoritims. Im fact, the problems solved by these algorithms
usually have no obj=ctive fumctiom to be optimized.

The common feature of the well kuown simplex algorithm for linear
programming and the corplementary pivot algorithmg is the so-called pivot
step. In the case of 2 mom-degemerate bounded linear program, this step
entails entering a colum imto 2 set of columns which forms a feacible

basis; this column forces a2 wmique column to leave that set, and a new

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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feasible basis results. In the case of Scarf's primitive sats (5] o
Kuhn's simplicial subdivisions [20] we find a different Wil off mifnadt stee
--from a set of vectors which forms a primitive set, a wextor iy dhoppests;
and a unique replacement can be found. This ran be callet a disdl it
step.

In linear programming the pivot step is Jjust core oty off tiee
simplex algorithm. In fact, all properties of Tivear mroemeemiige cam Hee
thought of as properties of polyhedra, which are the jintergevtioons off
finite number of half-spaces in real n-gpaces. Polyheirs, smd mmee par—
ticularly bounded polyhedra or polytopes, have i:aenssmmjzﬂli;ym@n&midms
from the ancient Greeks to the present day. lzmearmzrgmnmixggma
new impetus to this study. The present state of jmowlsibze cum e fooidd
iu Lhue suivey papers of Riee [16] and urunvaum [i5].

In complementary pivot algorithms, on the mfher thani, tie givot: step
is the only property necessary to obtain a solution. Aloodiithms off tids
type have been applied to systems which seem to Have itittile iin commeom besddes
this pivot step. | |

The aim of this dissertation is Primarily to study firom a tifenretdics]l
standpoint all systems possessing a generalization of tthiis pHirodt aperatdom.

Let us indicate how our defining axioms generatize e miintt stem.

We confine ourselves throughout to the case corregponding tto a oot
non-dégenerate linear program or a simple polytupe. Mmn meitimresioonmll oy~
tope is simple if each of its vertices lies on Just m oof itss Hoourdiigs
hyperplanes or facets.

The vertices of the feasible region of 2 boumidetd mon-dborereratiee

linear program correspond exactly to the feasible hages oof tite e program..
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We ﬁay describe each feasible basis by the set of indices of its basic
variables--each such set will have the same number of elements, say n .
Moreover, if we introduce any non-basic variable into the basis, exactly
one of the basic variables will become non-basic. This corresponds to
moving along an edge of the polyhedral feasible region from one vertex
to a neighboring one. Correspondingly, if we introduce any new index into
a set of indices corresponding to a feasible basis, just one of these indices
will drop out, to give a new set corresponding to a feasible basis. Equi-
vélently, every set of ntl indices contains 0 or 2 gets of n-indices
correqunding to a feasible basis.

We will generalize this property by defining a semi~primoid of order
n on aset S as a collection of n-element subsets of § s called ver-
tices, such that any n+l-e1ement subset of S contains an even number of
vertices of the semi-primoid.

Dually, we have the notion of semi~duoid, a system which possesses
a dual pivot step. Consider a simple polytope in n dimensions, with k
bounding facets. Each vertex may be described by the set of n of these
k facets on which it lies. If we take any n-1 of the facets, their
intersection will either be empty or will be an edge of the polytope.
This edge will be incident to two vertices of the polytope. Correspondingly,
any set of n=1 facets will be contained (as a set) in either 0 or 2 of
the n-sets corresponding te the vertices.

We will generalize this by defining a semi-duoid of order n on
a set S as a collection of n-element subsets of § » called vertices,
such that any n-1 element subset of § 1ig contained in an even number

of vertices of the semi-duoid.
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g ' Although complementary pivot algorithms can be applied to any semi-

primoid and semi-duoid, in almost all cases the semi-primcid and semi-ducid

are minimal collections gatisfying these defining properties. In this
case we will call them primoids and duoids. Thus the class of duoids does
not include such semi-duoids as those arising from two disjoint polytopes.
To justify the use of such general structures, we must show that
the abstraction allows us to prove theorems which are worth the price we
pay for this gemeralization. In our case, the abstraction allows us to
use matroid theory or combinatoriai topology to prove an important char-
acterization result, which states that all semi-duoids or semi~primoids
can be built up from very simple building blocks. Without this abstracticn,
it is certainly impossible to use matroid theory or combinatorial topology,
and it is far from clear how the characterization result may be obtained.
It may be useful here to give an intuitive example showing how a
complementary pivot algorithm works. The full description of the algorithm
must be deferred until Chapter 2, but this small example shows some common
properties of all complementary pivot algorithms.
Imagine 3 simple polytope in 3-dimensional space bounded by 6 facets.
On thig polytope are two timid bugs who are constrained to the vertices and
edges of the polytope. Initially, bug I and bug II are on two opposite
vertices, i.e., vertices which do not lie together on any one plane, or
facet, of the polytope. Thus the vertices lie on 3 planes each, and these
sets of planes are complementary.
Bug I sets out to investigate his world by crawling along any edge,
leaving say facet 1, and reaching a new facet, say facet 2., Bug II's

vertex lies on facet 2, and being timid, bug II crawls away down the only
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edge which leaves facet 2. If he reaches facet 1, the bugs are once again
o1 opposite vertices, and the operatiom stops. Otherwise, he reaches a
new facet, say facet 3, on which lies bug E's vertex. Now bug I crawls
away. The process continued until the bugs are cnce again on opposite

vertices. Let us illustrate this process:

| 1
Bug I's initial Stgir
position
I
| Step 3
Step 3

Facet 2

- L2
fm D ed D el

position

Bug II's initial
position

z
Facet &’

In this example, five steps are mecessary; they are indicated on
the diagram by arrows on the appropriate edges.
We note the following properties:

1) The two bugs crawl alternately (complementary pivots).

2) The bugs start and finish at cooplementary (or opposite)vertices.
3) At each step except the first and last, bug I is on 3 facets

and bug II on 3 facets; these .two sets share one member (almost

complementary vertices).

ST TR
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4) The process terminates whenever bug I returns to facet 1, or
bug II first visits facet 1l; at each stage the only facet com-
taining neither of the bugs' vertices is facet 1.

5) Each crawl is uniquely determined by the position of the two

bugs and a knowledge of which bug should crawl next.

We now describe briefly the contents of each chapter.

In Chapter 1 we provide formal definitions and illustrate them with
many examples.,

Chapter 2 is devoted to complementary pivot theory and estz=blishes
that the systems we have defined do in fact provide a natural setting for
the gtﬁdy of complementary pivot theory. We present a generalized comple-
mentary pivot problem which includes as special cases almost all Pproblems
which have been solved by complementary pivot algorithms. The exceptionzil
problems which do not fit into this framework are those involving systems
with many vertices from which no pivot step can be performed. Howevar,
the special structure of these problems guarantees that no such piwot step
will ever be required during the course of the algorithm. To provide a
general theory, we must ignore these problems with special structure, and
restrict ourselves to those problems with a complete pivot structure.

We prove the existence of a solution to the generalized problem
and give an algorithm to find such a solution.

Chapter 3 investigates the combinatorial structure of semi-primoids,
semi-duoids, primoids, and duoids. We show that the primoids =nd dupids
of a given size form the circuits and co-circuits of a binary matroid.

As noted earlier, our level of abstraction is necessary to comstruct this

matroid. By means of matroid theory we obtain a major result providing
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a characterization of semi-duoids (or, dually, semi-primoids) which shows
that all semi-duoids can be formed from very simple "building blocks."
The rest of the chapter is devoted to tests to determine whether a semi-
duoid is in fact a duoid. These tests are mainly used to check examples
in later chapters, but they can also be used to list all duoids of a
certain size.

Chapter 4 compares our duoids and semi-duoids with combinatorial
structures of other kinds. Since the most important examples of semi~-duoids
are those arising from simple polytopes, we first derive a number of pro-
perties possessed by these semi-duoids., The first of these properties is
obviously that these semi-duoids must be duoids. Using results from
Chapters 2 and 3, we justify our focus on duoids rather than on semi-duoids.
In the course of deriving these properties, we compare our duoids with the
abstract polytop:s of Adler and Dantzig [1, 2, 3].

In the second half of Chapter 4 we investigate another similar com-
binatorial structure, arising from combinatorial topology. We show how
this structure, introduced by Crapo and Rota [8], resembles our duoids
and investigate fully the relationships of our semi-duoids and duoidsg to

combinatorial topology. In the course of this study we see that topological
reasoning provides an alternative proof to the characterization of gemi-
duoids obtained in Chapter 3.

Chapter 5 is a short technical section which introduces three
operations under which duoids are closed. Each of them has a simple geo=-
metrical interpretation. The operations of product and wedge are based
on those of Klee and Walkup [19]; the sum operation was introduced by Adler

[3]. These operations are useful for providing examples in the later chapters.

}ﬁeﬁ«'z« el e D e e e e L R e e s R e T T N R L T D e s e e P e S i
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In Chapter 6 we investigate the range of Euler characteristicg of

duoids. The Euler characteristic of a duoid gives another method of demon-
? strating that the duoid does not represent a polytope. Moreover, the range
;: of Euler characteristics shows that duoids ariéing from polytopes are an
| insignificant proportion of all duoids. For dimensions larger than 3, any
integer can be realized as the Euler characteristic of some duoid. In
dimension 3, 2ll integers less than two can be realized; the proof of this
result leads us to a comparison of 3-dimensional duoids and triangulated
2-manifolds.
In Chapter 7 we obtain lower bounds on the maximum diameter of duoids,
proper duoids, and normal duoids. In linear programming much interest is
focused on the maximum diameter of polytopes with a given dimension and

T X
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acets. The same measure is of
complementary pivot algorithms. In both cases the maximum diameter will
provide bounds on the minimum number of iterations required in the worst
possible case.

Hirsch (see [9], pp. 150 and 168) conjectured the maximum diameter
of convex polytopes in n dimensions with k facets te be at most ken .
This conjecture has been confirmed for n<3 [17] and k-n <5 [19].
This last result has been extended to abstract polytopes [2].

¥e present a class of duoids for which the generalized Hirsch con-
jecture is violated. Some researchers suspect that the Hirsch conjecture
is false, and Klee is working on a coﬁnter-example at the level k-n =6, 7o0r8.

However, our results stand as the first negative results obtained in this

areae.

WHER NS L

G
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We will ghow that the maximum diameter of duoids of dimension n

on a k-set is at least %{(k-n-% 6) k—‘g-i]- }-B if n>6 . This

is of the order 352; (k-n)2 ;s thus the discrepancy with the Hirsch bound

is large.
Moreover, we show that duoids which possess scme of the "regularity

properties of simple polytopes introduced In Chapter 4 attzin a diameter

as large as that above.

o
¥
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i
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CHAPTER 1

PRELIMINARIES

1.1. Notation

A ground set S of finite cardinality k is given throughout almost

all the thesis. Elements of S will be called facets or hyperplanes and

denoted by e, £, g, etc.; in examples we often take S to be the

set of the first k integers. Subsets of S will be denoted by capitals
-P. D. G and T will generally be of cardinalitv n . and usually
called verticesy U will generally have cardinality nel (U £or under-
sized) and V generally n+l (V for oversized). The cardinality of

H will be denoted by |H| . Collections of subsets of S will be de=

noted by Greek letters, 7, 8§, ¥, O, etc., or by a set surrounded

by brackets, <V> or >U< . When we give examples of such collections,
we will often omit the braces for each set; thus, {123, 345} is shorte
ﬁand for {{1,2,3}, {3,4,5}} « The usual set-theoretic symbols U, n »
/ (set subtraction) will be used. We will write DU £ for D U {f}
and P/e for P/{el when no confusion will result. The symbol <+ will
be reserved almost entirely for symmetric difference of setsjy it should
be clear when the normal number-theoretic meaning is intended. Recall

? that the symmetric difference of two sets is just the set of elements in

exactly one. Hence the symmetric difference of two disjoint sets is just

,
2
s
s
%
b
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1.2

their union; when we want to indicate that the gets are disjoint we use

the symbol @ . It is easily seen that gsymnetric difference ig associa~-
tive and commutative; thus, we may define the symmetric difference of a

number of sets without confusion. The symmetric difference is simply the
set of elements in an odd number of these sets; we will use the ¥ nota-

tion for this symmetric difference.

1.2, Definitiong

By means of the following definition, we can avoid using cardinality

repeatedly,

Definition 1.2.1. o {rcs||t] = 3}

TE -

- o~ ovan ~al11 ~ - concsdace ol P
~ Y e ™

n J I e ~ - VNl Wy W /7 @

Now we may define semi-primoids. We give two equivalent axioms.

The first is a generalization of the fact that each edge of a polytope
contains two vertices of the polytope, while the second is a generalization

of the well-known pivot step in linear programming.

Definition 1.2.2, m& o 1s a semi-primoid of order n on § if

P1) If Ve el ? then V contains an even number of vertices of 1 ;
?i_ or equivalently, if
P2) If Pem, e ¢ S/P, then there is an odd number of facets (i.e.
elementg of S) f e P such that P'=PUe/fem.
We say P' is obtained from f by pivoting in e .
o If the even number in (Pl) is O or 2 for all V ¢ Co41 2 OF equi~

valently if the odd number in (P2) is 1 for all Pemn, e ¢ S/P, then

SURCHTEIN TS

7 1is called proper. If ™ 15 a minimal non-empty semi-primoid, then

R S S

5
AR

3

i
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1.3

m 1is called a primoid. k-n 4s the dimension of 1 (recall that

k=[8]); if m represents some polytope P (see 1.3.1) then this ig

alsc the dimension of P ,
The equivalence of (P1) and (P2) is easily seen.
(P1) => (P2) Let V=PUe.
(P2) => (P1) If V contains no vertices of 7 then (P1) holds, If it

contains at least one, say G, take P=G and e ¢ V/G in (P2) and

(P1) follows.

fn

if

Definition 1.2.3, §C 6, 1s a semi-duoid of order n on

Dl) If U ¢ a1 ; U is contained in an even number of vertices of § H
or equivalently, if

52y il Ded, eeD, tlieu tihere is an odd number of Iacets (1.e.
elements of S). £ ¢ S/D such that D' =D U fle ¢ § .

We say that D' is obtained from D by pivoting out e .

Proper semi-duoids and duoids are defined in the obviousg manner,
analogously to the éase of semi-primoids. Note that if § is a (semi-)
duoid on a set S, then it is also a (semi-) duoid on any superset of
S . n is the dimension of 8 ; if § represents some polytope P (see
1.3.1%), then n 1is also the dimension of P .

We note that proper duoids are exactly the pseudomanifolds familiar
in topology and used by Kuhn [20] in his statement of the complementary
pivot algoritlm. The other close resemblance is with the abstract poly-
topes of Adler and Dantzig [1, 2, 3]; these similarities will be studied

in Chapter 4,
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1.4

1.3, Examples

1,3,1. A simple d-dimensional polytope is one whose every vertex ig on

precisely d of its d-l-faces, or facetg, The vertices of such a poly-
tope, each described by the set of facets on which it does not lie, form

a proper primoid on the set of all bounding facets.,

1,3.2(2) Ilet the feasible region of a bounded non-degenerate linear pro-
gram be f{x|Ax =b, x >0} where A is mxn. Let S be {1, 2, ses, 0} ;

and for each feasible basis =%, , .e0ep, x, let {j,, j., veey 3.V bea
i1 in 1’ 72 m

vertex of m, Then ™ is a proper primoid of order m on S .
(b) Drop the bounded assumption, but assume that A has the special
form ([-I, M] , where M>0 is mxnm, I is mxm, and b>0 .

As before. let S = {1 2

- -
v .

«e.; nt , and for each feasible basis

le, XY xjm ’ let {jl) j2, XXX} jm} be a vertex of 1 ° Then

7U{1, 2, ..., n} is a proper primoid on § .

The reader is urged to think of primoids in terms of 1.3.1 or
1,3.2(a); it is for this reason that elements of S are called facets,
and n-sets vertices, to encourage the geometric visualization., ntl-gets
(or n-l-sets in the case of a duoid) can then be naturally associated with
the edges of the polytope. Usually we use the numbers 1, 2, «ssy, k to
refer to the k facets of the simplg polytope; obviously the resulting
primoid depends on the particular correspondence of the numbers with the
facets, or, loosely speaking, on the labelling. Sometimes to provide
pathological examples, we give the same label to two different facets.

If the two facets are sufficiently distant, a primoid will result.

r]
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1.5

It is usually helpful to think of a primoid or a duoid as a set of
vertices, each of which is also an n~-set, rather than as a family of sub-
sets of S .

Other examples depend on a partition Sl’ Sz, coey Sm of S.

= {p||p N S;| =1 for all i} is a proper primoid of order

If jl’ j2, eeny jm are given odd numbers,

1.3.4. m, = {p[[2N S| =3; for all i} dis a semi-primoid of order

m

£j, on S,

g=1 1
m

T4 — — fnl & In Al - 3 v 3 .33) 2. - i a2

de ol @’ @ l|3 - Ll-l Lk ll. L) u*l = Y [Ty LV ‘\.uu;s D AlBLULL LA wAno | D G D Neliide g d sl ane
i=1 -

of order n on S .

1.3.6. Given Ueo ,, m ={P[UCSPeo ] will be called a gimplicial
primoid and denoted by > .,

The reason for this nomenclature is simply that such a primoid cor-
regsponds (in the sense of 1,3.,1) to 2 simplex. In fact, if we take the

k-n
simplex to be bounded in R by Xy >0, Xy 2 0, ¢ooy Xyen >0, and

k-n

Tx; <1, let these k-ntl facets be given distinct labels in S/U .

=1

let X 2 =1, eeay Xy 2> -ntl be redundant facets with labels in U . Then
the vertices of the simplex are (1, 0, ecey 0), (0, 1, Oy ceey 0)y oeny

©, 0, ¢eee 0, 1) and (0, 0, .ue, 0) , and each of these lies off all

the redundant facets, and off just one of the bounding facets. Thus, re-

ferring to 1.3.1, each vertex is described by an n-get containing U .
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1.6

Simplicial primoids (and duoids, see 1.3.9) are fundamental. We
shall see later that they are the "building blocks" for all primoids and
duoids (3.8 and following).

A transversal of a family of sets {313?=1 is a system of distinct
representatives from these sets, i.e., a set E = {el, €ys ey em} with
e £ e; if i43j, and e; eS8, for i=1,2, ..., m. (For an ac~
count of transversal theory, see {25].) Then ™ ™ and , above
czm also be considered as the set of all transversals of a certain family
of sets; e.g., for T let the family consist of ji copies of Si for
each 1 .

It is easy to see that if § = {D|S/D ¢ "} then § is a (proper)

[semi-] duoid of order n on 8§ if and only if m is a (proper)[semi-]

2T oL ) PR 1 _—— £ r
Al Wi ViuCL -y 73 Vi o e £ S

£ & is obtained in this way from 7 , -
it ig denoted by sn'; similarly, m 4is denoted by S5 .

This fundamental result gives us a duality between (semi-) primoids
and! GSemir)-duoids.‘ Corresponding to every theorem about primoids (duoids),
there will be a dual theorem about duoids (primoids), obtained by this
complementation. It will be referred to by the same number with an asterisk
affixed. We will sometimes quote such a dual result even if it hag not
been explicitly stated, if its content is immediately obvious from the
*primal® result.

The same reasoning applies to examples. For instance, we have:

1.3.I1¥. The vertices of a simple polytope, each described by the set of

facets on which it does lie, form a proper duoid on the set of all facets.
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1.3.2%(a). Consider the linear program introduced in 1.3.2(a). For each

feasible basic solution, let Xy 5 Xy 5 eeey Xy be the non-basic
1 2 n-n

variables, and let {il, 12, ecey 1

? be avertexof 8. Then § 1is
tem .

a proper duoid.

1.3.3*. 8= {p{/p N Si] = !Si! -1 for all i} is a semi-duoid of order
[s|]-m on S .

‘For other examples of semi-duoids and duoids, note the following:

. . . n
1.3.7. If we are given a simplex (usually the standard simplex in R,

n

the portion of the flat % X = 1 which is in the positive orthant) and
i=1

. e . ntl . k. o

a grid Of poiuls 1 5 ecey 1 uu iue Siampiia satiszfyling the mon-do-

generacy condition that no two of them have any coordinate equal, then
ve form a proper duoid as follows. See [14, 15, 27-29].

Let the sides of the simplex be denoted by ﬂl, wz, ceey o ’ whéfé

ﬂi is the side on which xi is zero. Then the n-m vectors

] hj i i i i
il 1, i 2, eeey T nem s, along with the m sides = 1, ” 2, ceey T n »

form a primitive set if there is no vector from ﬂn+1, ceey ﬂk which lies

in the interior of the simplex defined by xg 20, <00,y Xy >0 and

1 m
i3, 3
n-m -
Zmin{ﬂi ’ ﬂi s eeey ﬂi 1 for 1 # 11, ceey im .

4
If &' is the collection of primitive sets, S;, S5, «eey S

then 61 = §' U {ﬂl, ﬁz, eeey Y isa proper duoid, We have in effect

closed the simplex by pasting it onto itself.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.8

1.3.8. If 62 is the collection of n-gimplices in a triangulation of an

n-manifold, then 82 is a proper duoid.

13,9, If Veo , wecall 8 = {D|D CV,De o} a simplicial duoid
and denote it <>,

The following concrete examples may help to show how a primoid or
duoid is obtained from its corresponding polytope. The primoid corresponding

to the 2-polytope below, with its hyperplanes (lines) labelled as shown:

P 1is described by {1,2,3}
(see example 1.3.1); we abbre-

‘viate it by 123

is ({123, 234, 345, 451, 512} .

The duoid corresponding to the 3-polytope below

Q is described by {1,3,4},
the hyperplanes on which it

does lie,

is {134, 145, 153, 234, 245, 253} , Note that in both cases, the dimen-

sion of the primoid or duoid equals that of the polytcpe.
Ve note the following implications (and analogously for duoids,

etc.):
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% primoid \\(ii)
proper primoid semi-primoid

Proper semi-primoid

To show that no other implications exist, let S = {1, 2, eeey 61} ;

1.3.10. m = {125, 126, 134, 136, 234, 235, 245, 246, 345, 356} shows

that arrows (i) camnot be reversed, and

1.3.13. m, = {1234, 1235, 1236, 1456, 2456, 3456} shows that arrows (ii)

cannot be reversed,

Pl
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'CHAPTER 2

THE GENERALIZED COMPLEMENTARY PIVOT ALGORITHM

Iz this chapter we introduce a generalized complementary pivot
problem, stated im terms of semi-primoids and semi-duoids, which includes
as spacial cases zlmost 21l known problems solvable by complementary pivot
algoritims. We prove the existence of a solution to this general problem
and give am aigorithm to solve it. Moreover, this algorithm is a generali-
zZaition of thwse complemsntary pivot algorithms aiready used to solve pare
ticular problems.

We will begin by giving a brief history of the field. The first
cecaplementary pivot algorithm was devised by Lemke and Howson [21] to find
2 Nash equilibrium peint for a bimatrix game. Previous algorithms were
known for this problem, but none had the elegant simplicity dr the creative
genius of theirs. They used a new kind of convergence proof which until
then had been the prerogative of combinatorialists. They invoked no mono-
tonicity arguments--solutions generated prior to termination of the algorithm
gave mo clue to the final solution, Each individual step was a simple pivot
step which had been familiar in linear programming for over a decade; but
the mamper in which these steps were fitted together was entirely novel,

The proef of comvergence was based implicitly on Euler's famous golution

to the RBnigsherg bridge problem--itself a creative leap forward which
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stimulated the birth of graph theory (see [5] Chapter 3). The basic idea
of Lemke and Howson found surprising applications im wide-ranging fields.
Scarf [27] used the idea to constructively find the core of a2 balanced

game. Kuhn [20] and Scarf [28] employed similar reasoning to find fixed
points of continuous mappings on a simplex. Hamsen [14] then found a method
to make Scarf's and Kuhn's algorithms computaticpally feasible. A paper
[15]) by Hansen and Scarf listed six applications of their algorithm, in-
cluding non-linear programming and the computation of equilibrium prices

in an activity-analysis model of an econony. Meamwhile inm the mathematical
programming field, Cottle and Dantzig [6] with Lemke [21] worked on the
so-called linear complementarity problem (fird w , 2z satisfying
w=Mz+q, w>0, z20, sz=0) and showed it to be the "funda-
mental" problem of linear programming, quadratic programming, and bimatrix
games., Many other aufhors have dealt with extensioms of this theory; Eaves'
paper [10] and its bibliography show the current state of the research,

A more complete description of some of these applications will follow

our statement of the generalized complementary pivot problem.
The chapter is organized as follows. First we imtroduce the general

problem and show how it applies to ths Particular problems mentioned above.

Then we introduce the graph on which the proof of comvergemce is based.

A simple graph theory result shows the existence of a solution to the gen=
eralized complementary pivot problem. We mext give two graph theoretic
algorithms which form the basis for the generalized complementary pivot
algorithm, With the aid of a modified graph, comstrected to resolve non-

degeneracy, we present the generalized complementary pivot algorithm,
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Finélly we exhibit a possible application for which this level of generali-
zation is necessary.

Before we introduce the generalized complementary pivot problem,
recall that in Chapter 1, as well as examples of semi-primoids and semi~
duoids, we also have examples of semi-primoids minus one vertex (1.3.2(b))
and semi-duoids minug one vertex (1.3.7). This missing vertex is crucial

for providing a starting point for the algorithm. We now state

2.1. The generalized complementary pivot problem: We are given three

things--a starting point G ¢ o s and two sets of vertices 710 7 E;oh »

where either

is

|
o

a) Ge 71/72 5 7y =7 is a semi-primoid, and 7, U {c} =
a semi-duoid; or

b) Ge 72/71 s 7 U {6} =n is a semi~primoid, and 7, =8 1is
a semi-duoid,

The problem is to find a vertex H common to 4} and 7y -

We will now give some examples of 2,1, to show th&t it does indeed
include almost all known applications. In fact the applications of comple-
mentary pivot theory which are not examples of 2.1 are those which have
vertices from which pivot steps cannot be made. These vertices are never
reached in the course of the algorithm because of the special structure

of these particular problems. As examples of 2.1, consider the following:

1) Scarf's problem [15, 27, 28, 29] includes as special cases
finding fixed points, economic equilibria, etc. We are given a fine grid
of points on the standard n-simplex, say ﬂn+1, coey "k . ﬂl, ﬁz, voey T

represent the n facets of the simplex. With each ﬂj is associated
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an n-vector; for 1< j <n, the assoclated vector ig the jth unit

vector, while for j >n , the vector is arbitrary. These vectors form

a matrix [I,A] whose jth column is the vector‘associated with ﬂj .

We also choose a right hand side vector b > 0 » and we assume that the

feasible region {x|[I,A] x =b, x > ?? is a simple polytope. Scarf's
J

problem is to find a primitive set n 1, ceey T " such that X

jl, ..., XJn

form a basis of [I,Al x=b, x>0,

To see that this is an example of 2.1, let 7 be generated by
the feasible bases of this system as in 1.3.2(a), and let 72 be the
collection of index sets of the primitive sets as in 1.3.7.
¢={1,2, ..., n} ¢ 71/72 « Then 7, 1s a semi-primoid and 7, U {c}
a semi-duoid, 2.1(a) holds, and we see that an H ¢ 4} n 7y solves Scarf's
problem,

.As an example of this problem, assume we wish to find a fixed point
of a continuous mapping from the standard simplex into itself, Then asso-
ciate with ﬂj the ith unit vector, where i 1is the smallest index
such that the 1th coordinate of f(nj) is greater than that of nj .
Let b= (1, 1, ..., 1)T « Then a basis of the éystem is just a complete
set of unit vectors. By solving Scarf's problem, we will find a primitive
set, which is a set of very close vectors, such that for each i, there
is a vector in the set whose ith coordinate increases under the mapping.
Any vector in this primitive set is thus close to its image; a limiting
argument gives an existence proof, an& any solution gives an approximate
fixed point.,

2) Iewke-Howson's problem is to find a Nash equilibrium point for

a bimatrix game [22]., Let player I(II) have pure strategies , 2, ooy n
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(1, 2, ..., m) , and let the payoff to player I (II) when I plays 1§
and II plays j be aij (bij) - Assume without loss of generality that
A= {aij3 >0 and B = {bij'ﬁ <0, since the addition of any constant
to the payoffs of either player does not affect the optimal strategies,
lemke and Howson showed that to find an equilibrium point it was sufficient
to find solutions to [L,Al x=e, x>0 and [-BT, “Ily=e', y>0,
with xTy =0 . (Bere the first I is nxn, x and y are (mim)xl ,
e is a vector of n 1's, the second I is mxm s and e' ig a vector
of m 1's.) Assuze that the two systems are non-degenerate. Then by
comparing dimensioms, we see that both x and y must be basic solutions,
Let " be formed from the first (x) system as in 1.3.2(a).
Let 73 be formed fm:a the second (y) system as in 1.3.2(b). Then
73 U {n-l-i, ceey M} is a semi-primoid. Let 7, = :"-73 (see remarks after
1.3.6). Then 7, U {1, 2, ..., n} is a semi-duoid. If we take
¢=1{1, 2, ..., n} e 71172 s 2.1(a) holds. A vertex H common to 7
and 7y yieids ccmplememtary solutions x and Yy , and thus solves
Lenmke~-Howson's probien.
3) The linear complementarity problem is to find w s 2 satisfying
w=Mz+q, w20, 2>0, sz=0 o (Here M is nxn, w, 1z,
q are mxi.) In [10], a full characterization of matrices M which
can be processed by this type of algorithm is given, where "processed"
means the algorithm comverges or shows that no solution exists. Much special
structure of this particular form is used (to deal with secondary rays,
etc.). To show how this relates to our generalized problem we take the

special case M>0, q<0. Then the linear relation can be written

.
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as [-I,M] <:>= -q; w,z2>0., Let 7 be formed from the feasible
bases of this system as in 1.3.2(b). Let 7, = {p[|p N {i, &nl}| =1

for 1 =1, 2, .4, n} . It is immediately clear that 7o is a semi-

duoid; it is also an instance of 1.3.3*, Let G = {1, 2, ..., n} . Then
2.1(b) holds. A solution to 2.1 is a vertex H in 7, » i.e., a feasible
basis of the linear system, also in 7o i.e., satisfying the orthogonality
condition sz =0.

4) The generalized linear complementarity problem of Cottle and

Dantzig [7] is to find a solution w, z to w=Mz+q, w, z2>0

1\ 1
w q
(where w ={ ¢ s M is nxm, q-={ . , and w) and ¢’ are
m m
w .q

-

m
pjx 1, T pj =n ) which also satisfies the generalized complementarity
1 .
P3
condition: z, NMw

3 =0 for j=1, 2, .vs, m ., Assume that M >0,
i=1

e Lo

¢ < 0 for simplicity. Let 7 be generated by the feasible bases of
[-I,M](Z) =-q; W, 220, and let 73 be generated by the partition

j-1
Sl’ 82, cony Sm of s=1{1, 2, ..., mim} where Sj = { i!pi-i-l, ceey

j=1

E P1+Pj, n'*‘j!’ as in 103040 Let 72 = '973 s and let G = {1’ 2, coey n? .
1

Then G ¢ 72/71 » 7 U {G} is a semi-primoid zad 7 is a semi-duoid.
2,1(b) holds and a solution of 2,1 will yield a feasible basis (because

He 71 ) which also satisfies the generalized complementarity condition
(because H ¢ 75 ).

Now we introduce the fundamental graph which provides an existence

B
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theorem for a solution to 2.1, and is the basis of the generalized comple-

mentary pivot algorithm,

Definition 2.2. Given a semi-primoid m , and a semi-duoid § , both

of order n on S, and a facet e ¢ S, then G(m§,e) is the following
graph:

The nodes are pairs (P,D) e mx8 such that PSDUe . It can
easlly be seen that thevnodes consist of pairs (P,D) with P =D and
pairs (P,D) with PN D e 0 17 P/D = {el . The adjacencies are des-
cribed as follows. (P,D) 1is adjacent to (P', D') iff any of 1)-4) holds,

1) P#Dp, P'=P, D' is obtained from D by pivoting out D/P .

2) P#D, D'=D, P' is obtained from P by pivoting in D/P .

E P 1. -

2\ n n P NP DU N . .. € ... @
s, < T ) w “@ UULQIUCU Liuil & LYy pavULLuy

4) P=D, e P, D'=D, P' is obtained from P by pivoting

We can easily check that this is symmetric. The important fact about
G(m, 6,e) concerns the parity of the degrees of its nodes. Let (P,D) be

any node of G(m, §,e) .

Case 1, P#D . Then (P,D) is adjacent to an odd number of nodes via

1) (since § 1is a semi-duoid, using (D2)) and an odd number of nodes via
2) (since m 4is a semi-primoid, using (P2)). For the former set of nodes,
the first member of the pair is unchanged, while the second changes-=thig
is a dual pivot. For the latter set of nodes, the situation is reversed-=-
this is a primal pivot. We see that all these nodes are distinct. So

(P,D) is adjacent to an even number of nodes in total,

M.
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Case 2. P=D . Then (P,D) 1is adjacent to an odd number of nodes via
3) (if e ¢ P) or an odd number of nodes via 4) (if e 4 P) but not both.
In 2ll, (P,D) 1is adjacent to an odd number of nodes.

This characterization of the nodes of G(m,8,e) 1s fundamental.
The nodes corresponding to shared vertices of = and § (i.e., nodes
(G,G) where G ¢ mfN & ) have odd degree, while all others have even

degree. Thig fact immediately gives us our first result:

Theorem 2.3. If m is a semi-primoid, 8 a semi-duoid, both of order
R on S, then |mN 8] is even. (m and & share an even number of

vertices.)

Proof. By the first result of graph theory (Theorem 1.2 of [5]), the sum
of the degrees or the nodes of a graph is equal to twice the number of
edgeg of the graph, i.e., an even number., Thus the number of nodes of
cdd degree in a graph is even. Considering G(m,8,e) for any e e S
gives us the result immediately, in the light of the characterization

above.

Theorem 2.3 guarantees the existence of a solution to 2.1, Let

7w and § be defined as in 2.1(2) or (b). Then 1w and § share an even
number of vertices. One of these is G . Any other, say H , must be
in 71 and Yy o

We note in passing two corollaries.

Corollary 2.4, If T is a semi-primoid of odd dimengion, |[m] is even.
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Proof. Consider o, . If Ue O..1 there are an even number of vertices
in o, containing U (obtained by adjoining to U any of the even number
of facets in S/U ). Thus o, 1s itself a semi-duoid, and so

In] = [mNo | is even.

Corollary 2.4%, If § is a semi-duoid of odd dimension, [8] is even.

Proof. Recall the remarks made after 1.3.6.

Before we go on to the algorithms, let us observe an interesting
interpretation of 2.3. The definition of a semi-primoid is that it is
a subset of o s and that each ntl-set V , which we can think of as
an edge, contains an even number of vertices of the semi~-primoid. Using
our notation for simpl.icial duoids (see 1.3.9), we see that 1™ 1is a semi-

primoid iff wC o, -and

(P3) TFor every V e {m N <v>| 1is even; or

%1 ?
(P3') For evéry simplicial duoid §, [N 8§ is even.
The same analysis can be carried out for semi-duoids-~ 8§ is a
semi-duoid iff §C o, and
(D3) For every U ¢ 0 .17 |6 N S| is even; or

(03') For every simplicial primoid m, |[§Nw| is even.

Simplicial primoids and duoids can be thought of as "small" or "local™
systems in the sense that each vertex is adjacent to every other. The
"local" property of semi-primoids is that they share an even number of

vertices with each "local" semi-duoid (or simplicial duoid). 2,3 can thus
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be interpreted as showing that this local property extends to the corres-

ponding global property--if w has the local property, it is a semi-primoid;

and by 2.3, for any semi-duoid 8§, |[wN §| is even, i.e., it has the
corresponding global property.

Now we find an algorithm to solve problem 2.1. This algorithm is
based oﬁ traversing the edges of a graph without repetition, starting and
finishing at two different odd nodes (nodes of odd degree). Such a walk
will be called an Euler trail. We will follow the notation of [5]. A
éalk from Vo to v in a graph G 1is a sequence (vo, € Vis €15 eeny
e -1’ vm) of alternating nodes and edges of G, such that for
1<i<m, e 1 is the edge {vi-l’ vi} . This walk is a trail if all

the edges e, are distinct; it is a path if ail the nodes v, (and so

i

all the edges ei) are distinct.

The algorithms we consider are based on reasoning similar to that
used in Euler's solution to the K¥nigsberg bridge problem. (See Chapter
3 of [5]). To show that we will always reach an odd node, consider the

following algorithm.

Algorithm 1. Given an odd node v of a graph G = (V,E) , find another

odd node of G .

Step 1. Set Vg =V, the given odd node. Set E=E, and 1i=0,

Step 2. Pick any edge e, , mota loop, in E, and incident to v

i i°*
Call its other endpoint v Stop if is odd. Otherwise,

i+1 ° Vv,

£
Vi)l T Vo

let Ejpp = Ei/ei .

Step 3. Increase i by one; return %o step 2,

- . . .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



..

2.11

Proof of finite converzence to a solution: Since the Ei are decreasing,

the algorithm must terminate with a solution if all the steps can be carried
out. We will show that, at each step before termination, vy has odd
degree in (V, Ei) » This guarantees the existence of an edge ey of
the required form,

Fbr i=0, Yo has odd degree in (V, Eo) = G by assumption,
For 1 >0, let Fi = E/Ei = {eo, €45 ooy ei-l} . Then the edges in

Fi are the edges of a trail from Yy to Vg

Case 1. Vi =V e Then the trail finishes at its starting point; So we

return to v, as many times as we leave it. Hence vy has even degree

i

in (v, Fi) , and odd degree in G = (V,E) . So v, has odd degree in

i
(v. ®»/® Y= (V. B ) .
AL 1 AL

Case 2, v, # Vg - Then the trail does not finish at its starting point.
Thug we leave v, ome legs time than we reach it. Hence vi has odd
degree in (V, Fi) s and even degree in G = (V,E) ; otherwise, the

algorithm would stop at v Soe v

i
Algorithm 1 has been shown to converge, giving an Euler trail from
v to another odd node v' ,
The computational difficulty with this algorithm is that each edge
e must be recorded to ensure that it is not repeated. A much simpler

algorithm is available if all nodes of the graph are known to have degree

less than three,
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Algorithm 2, Given an odd node v of a graph G = (V,E) whose every

node has degree legs than three, find another odd node of G .
Step 1. Set Vo=V, the given odd node, and 1 =0 ,

Step 2. Pick any edge e; , nmot equal to &1 if 1 >0, incident

to v Call its other endpoint v Stop if v is odd.

i i+l ° 1+1 Vo

Step 3. Increase i by one; return to Step 2.

Note that in Algorithm 2, we only ''remember" each edge for one more

iteration; thus the storage necessary to avoid cycling is minimal,

Proof of finite convergence to a solution: We need to show only that

1) e; can alwvays be found in Step 2,
23 ai e nat onnal +n o far <4

Then proof of convergence will follow from the argument used for Algorithm 1.
Asgsume 1) and 2) are true for 0, 1, 2, ..., i=1 ., We will show
that they hold for ;i . F; = {eo, €15 ooy ei-l} is a trall from v,

to v The same argument used in Algorithm 1 will show that an edge

i L 4

e, in E/Fi can be found incident to i This satisfies the require-

i
ments of Step 2. Thus 1) is proved for 1.
To prove 2), let us assume to the contrary that e, = ej for sonme

j <1 ., We distinguish two cases.

Case 1. Vi T Vo vj+1 = Vi (i.e., e aund ey are traversed in

the game direction). Then e is distinct from e, and is incident

j-1 3
to vj sy and e.1 1s distinct from ey and is incident to vy o By
our induction hypothesis, ei;l # 1 - So v, is incident to at least

.

b ‘
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three distinct edges, ey 2 ej_1 s and e, =e contrary to our

j,

hypothesis that all nodes have degree at most two.

Case 2. v, =

f Vil ? vj+1 = vi (i.e., e; and ej are traversed in

opposite directions). Then e,

is distinct from e, and is incident
j+l j

to v,

41 2 and e 1 is distinct from e; and ig incident to vy o

s 541 2 we obtain the same contradiction as in Case 1. So

jo1 = ej+1 » and by our induction hypothesis i-1 = j+1 ., But then

SVyoand Ve =V j+1 i

has degree at least three (two from ej+1 and one from ej) contrary to

e, joins v, so e is a loop. Then v
J+1

j+l
hypothesis,

1) and 2) hold trivially for i =0 . Thus 1) and 2) and hence
convergence of Algorithm 2, follow by induction.

Note that in this case the Euler trail is in fact an Euler path,
No nodes can be repeated, for this would imply a degree greater thanm two.

We now have the machinery to solve the generalized complementary
pivot problem 2.1. By considering the definition of G(m8,e) (2.2),
where 7 and § are as in 2.1(a) or (b), we see that each node of this
graph has degree at most two if m and § are proper. By starting at
the “artificial" node (G,G) of G(m, §,e) and uging Algorithm 2, we can
find another odd node, which will be a solution (H,H) to 2,1, If either

T or § 1is not proper, then nodes of G(m,8,e) may have degree at least

i three, and Algorithm 2 can no longer be used. We could use Algorithm 1

to solve this problem, but as noted earlier we then need a large storage
capacity to avoid cycling. We also increase the time for each iteration,

since we must search through cur list of excluded edges at each Step 2,
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Even refinements of Algorithm 1 (combinations of Algorithms 1 and 2 which
record only edges which might be repeated) require a search through such
a list.

Instead we will modify the graph G(w,§,e) in such a way as to
reduce the degree of each node to at most two. Basically we are resolving
the degeneracj of non-proper semi-primoids and semi-duoids. This modifi-
cation will not affect G(m, §,e) when = and § are proper.

By considering the rules of adjacency (1)-(4) of 2.2, we see that
a node (P,D) of G(m, §e) has degree greater than two only if pivoting
D/P into P can give more than one P' , or pivoting D/P out of D
can give more than one D' . We call these pivots non-unique. Let us

concentrate on the primal pivot step.

give us P2, P3, .,.; sz (m > 1) . Considering just the part of

G(m, 8,e) involving the nodes (Pl’ D), (P2, D), eeey (sz, D) , we see
that it is the comp¥ete graph on 2m nodes, sz (every no@e is adjacent
to every other). Our modified graph G'(m,8,e) will replace this Kém
with a graph only having m edges, say connecting (Pl, D) and (PZ’ D),
(P3, D) and (P4, D)y eeey (PZm-l’ D) and (sz, D). If m=3

o—B

9 becomes (see example 2.7)

To define G' formally, we need some added notationm.

We assume that we have a total order on S . Consgider an edge

-
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Veo,,, of asemi~primoid m which containg 2m vertices of m . Each
of these vertices is obtained by dropping one facet from V ; let these

facets be €17 €95 sey €5 with e, <e, < .¢e. < e

1 2 . Then we define

2m
Pi(V,ﬁ) as V/ei .

Dually, if an edge U ¢ o .1 of a semi-duoid & 1is contained in
2m vertices of § , each obtained by adding a facet to U s let these

facets be fl’ f2, coey f2m , with f£. < f2 < eee < f2m + Then we define

1
Di(U’ §) as U U fi .

Now we may define G'(m§,e) .

Definition 2.5, The nodes of G'(m,8,e) are just the nodes of G(m,6,e) .

The node (P,D) is adjacent to (P',D') 4iff any of (1)-(4) holds.

1N D A n D! —~ D N = N DA N Y i nl oo /MmN n eN
N=s = 2 o~ - -y e t My vy o L]

or D= D2j-1(P ND,§) and D' = DZj(P N D,8) for some j .

(2) P#Dp, D'=D, P= sz(P UD,m) and P' = (P U DM,

Pyg-1
= P2j-1(P UD,m) and P' = sz(P U D,m) for some j .

o

s

g
I

3) P=D, ec¢cP, P'=P, D= Dzj(D/e, 8) and

A
!

= D2j-1(D/e’ 8) or D= DZj-l(D/e’ §) and

o
]

_D2j(D/e’ §) for some j . -

4) P=D, eéféP, D'=D, P= sz(P Ue,m) and

Pl

P2j-1(P Ue,m) or P = P2j-1(P Ue,n) and

Pl

]

sz(P Ue,m) for some j .

It is immediate that this is symmetric,

Example 2.7 gives an illustration of G'(m,8,e) .

N
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As before, we are concerned with the degrees of the nodes of

G'(m, %e) . Let (P,D) be any such node.

Case 1. P#D. Themn D= B, (P U D,8) for just one i . So (P,D)

is adjacent to just one node viz (1). Similarly, P = Pi(P UDb,m) for
just one i . So¢ {(P,D) is adjacent to just one node via (2). These
two nodes are distinct; one is obtained by a primal pivbt, the other by

a dual pivot. Thus (P,D) has degree 2.

Case 2. P=D, If eC P, them D= Di(D/e,B) for just one i, so
(P,D) is adjacent to just one node via (3). If e AP, then
P= Pi(P Ue,m) for just one i, so (P,D) is adjacent to just one
node via (4). In either case, (P,D) has degree 1.

Thus as with G(m,8,e}) , the only odd nodes of G°(mb,e) are
shared vertices of w and § . However, in G'(m8,e) , even if m
or § is not proper, every node hac degree at most two. Thus we may use
Algorithm 2 to solve the problem.

Now we solve the generalized complementary pivot problem 2.1 by

means of:

2.6, The generalized complementary pivet algorithm

Step 1. Form w and § as in (2) or (b) of 2.1. Then pick any e ¢S,
and construct €'(7,5,e) . This construction is merely a convenience for
describing the algorithm. In practice, nodes and edges of G' are generated

only vhen they are needed.

Step 2., Starting at the "artificial" node (G,G) , use Algorithm 2 to

find another odd node of G'(m,8,e) . This will have the form (H,H) ,
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H# G, and so will give a vertex H common to both 71 and ¥, . This
solves problem 2.1,

Let us illustrate this algorithm with zn ex=mple.

Example 2.7, let S = {1,2,3,4,5,6}, with the matur=? orderfng. ILet
w = {125,126,134,136,234,235,245,246,343,336% , and let
§ = {124,126,135,136, 146,156,245,256,345,346% .

If we pick e=1, G(mb,e)=G"(md,e) is the following:

. e .. fAnr anars ) .y e e - L= I R -~ e
£3D DU LISE, VA T \deVy ey LD LUT DLaltiug HUNTy QU wSdann sl Wk ool &y Ll

-

steps will proceed as follows.

1) Find an édge incident to vy = {126,126) . By the rules of
adjacency, the only adjacent vertex is obtained by piwotimg cut L from
D =126 . The éivoé- is unique, and we obtain w, = (]126,256) -

2) Find an edge incident to v; 5 WL eg . By tke rules of adja-
cency, we must pivot 5 into P = 126 . This pivot is wmique, znd we cbtain
v, = (125,256) .

3) Find an edge incident to Vo s TOL ey . Ve mmst pivot & cut
of D = 256, This pivot is unique and we obtaim vy = (125,243) «

4) Find an edge incident to V3 3 not 2y o We mmst pivot 4 into
P =125 , This pivet is unigue and givE's us v, = (245,243) . Since b.oth
coordinates are equal,_ we stop. 245 3is the He 71 m 7y Ve were Iooking

for,
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Now let us pick e =2, to show why G(m8,e) 1is not always suf-
ficient. 1In the following diagram all edges, solid or dotted, are edges

of G(m6,e) . The edges of G'(m,8,e) are the solid edges.

(172_§_ _1&}—(246 , 146246, 346234, 3&6)—(’_ _3_93)

I

(135, 136H126 136)--(26 12@ (345 345)-—(245 34;)—(243, 245)

(126 155)-—(125 156)—{125 135235, 1ﬂ—@235 345)

Note that this example illustrates the resolving of non-uniqueness
in both primal pivots (on the right) and dual pivots (on the left).
Assume we start at Vo = (136,136). .

1) Find an edge e, incident to Vo We must pivot 2 into

d
]
pt
(V3]

(5

mh4
- a8 @

3

s unigue, giving us v = {126,138} ,
2) Find an edge e 0 » incident to v; . We must pivot
3 out of D= 136 . Here we have a choice. The edge 16 of § is con-

tained in the four vertices 126,136,146 , and 156 of § . Since

2<3<4<5, D(16,6) =126, D,(16,8) = 136 , D,(16,8) = 146 ,

fl

and D4(16,6) = 156 , Since we now have D = 136 = D2(16,6) , We see
that j =1 in (1) of the rules of adjacency in 2,5, so the adjacent
node vé = (P, D1(16,6)) or (126,126) + Since both coordinates are
equal, we stop. 126 is the H ¢ 21 n 7, We vere looking for.

During the course of applying.the algorithm to this example, note
that we did not need to construct the full graph G' except for exposi-

tion purposes. We merely generated nodes and edges as required.

For further illustration let us consider what would happen 1f we
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chose the order on § tobe 1<2<4<3<5<6 ., Then at step 2,
we would have D, (16,8) = 126 , D,(16,8) = 146 , D,(16,8) = 136 , and

D4(16,6) = 156 . 1In this case, the two edges of G' in the left hand
K& : would be those running northwest-southwest. We obtain

as our next node (126, D4(16,6)) or (126,156) . The algorithm would
then proceed along the bottom string of nodes to (235,345) . At that
stage, pivoting 4 into P=235 would not be a unique pivot. So we would
have P1(2345,‘n) = 345 , P2(2345,11') = 235 , P3(2345,ﬂ') =245, and
PZ(ZBAS,n) = 234 (recall the new ordering of S ). Thus since
P = P,(2345,m) , our mext node wouid be (P, (2345,m), 345) = (345,345) ,
and ve would stop with the solution H = 345 .,

in this case, seven steps in the graph would be required, or four
iterations, where an iteration is a primal pivot and a dual pivot. Note
that an application of algorithm 1 to G(m,8,e) might require fourteen
steps in the graph, or seven iterations (here an iteration is hard to de-
fine,‘as one primal pivot may follow another). Also, added sforage is
required.

We remark that if at each non-unique pivot it is clear exactly which

vertices can be obtained, then the non-degeneracy routine to obtain the

Di(U,a)'s ﬁr Pi(V,w)'s and make the appropriate pivot should not be
computationally burdensome. Certainiy it will be much faster than recording
edges to exclude cycling.

The generalized complementary pivot algorithm has the following

properties:
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a2) The algoritha starts at a shared vertex of m and § s the
artificizl™ vertex (G,G) , arnd finishes at a shared vertex, the solu-
tion to the preoblem,

b) At each intercediate step, we have a primal vertex and a dual
vertex vhich shzare n-1 facets. The special facet e 1is always in the
first and naver in the second.

c) The algorithn terminates when e leaves the primal vertex,
or eaters the dual vertex im a2 pivot step. |

d) Primal and deal pivot steps alternate in the course of the
algorithm,

e) Each pivot is uniquely given if we know the primal vertex, the

K

duzl vertex, and whether a primal or duazl pivot is necessary. Thus almost

e storage is needed,

All of the examples of complementary pivot theory considered so far

have been proper and could be solved by usiag just G(m,§,e) . A possible

mon-proper zprlication is the following:

Given a dipartite graph G = (V,E) , the spanning trees of G
forz a semi-primoid on E . For if an edge is added to a spanning tree,
it forms 2 vmigue cycle, with zn even number of edzes. Any one oi; these
edges can be dropped to obtain a spamning tree. This verifies (Pl).

So the cotrees {edge co=plements of the trees) form a semi-duoid.

Row let us associate with each edge of G an n-vector, where
a=|[Ef - |[v] +1, in such a way that to the edges of one cotree corres-
pond the n negative unit vectors, while every other edge corresponds to

2 pesitive vector. Iet b >0 . Tken by letting 7, be generated by
i 1
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feasible bases of [-I,A] x=b, x>0, and 7y be generated by the
cotrees, we can find a cotree which corresponds to a feasible basis.

I can suggest no use for this application; worthwhile algorithms
are at present confined to the proper case. The usefulness of admitting
non-proper primoids and duoids will become apparent in the next chapter,
where we characterize all semi-primoids and semi-duoids in a simple way,
using the simplicial primoids and duoids as building blocks. We will see
that admitting all primoids and duoids allows us to use matroid theory

to.investigate their structure.
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CHAPTER 3

THE UNDERLYING MATROIDS AND CHARACTERIZATIONS OF DUOIDS, ETC.

Now we investigate the combinatorial structure of primoids and
duoids. The characterizations for semi-primoids and semi-duoids can be
achieved by topological reasoning, as we shall see im Chapter 4, but we
prefer to use matroid theory, since our major concern is primoids and
duoids. We will show that the primoids and duoids of order n om S

form the circuits and co-circuits of a binarvy matroid. We use the exis-

tence theorem of Chapter 2 (2.3) as a major stepping stome to prove this
result,

Then we concentrate on semi~duoids and duoids (dual results of

course hold for semi-primoids and primoids) and characterize them, using
éhe matroids constructed. Semi-duoids are easy to characterize (3.9)

but it is hard to do the same for duoids without using minimality. The
last four theorems address this problem, and give a number of tests to
determine whether a given semi-duoid is in fact a duoid. These last four

theorems may be omitted on the first reading; they are used only to verify

that examples introduced in the later chapters are in fact duoids.
Our first result is important because it gives a non-geometric oper-

ation on semi-primoids and has many very useful corollaries.
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lemm= 3.1. Ef T s T, are semi-primoids of order n on S, then so

Recall that ™, is the symmetric difference of ™ and W

i.e. (mlhrz}; U (frzlnl) .

Precof: m Then V contains,

1 2
szy, 2g verticesof m ; ‘say, 2r vertices of m, ; and, say s

tmemUm,co . Nowlet Veo , .
vertieces of T n Ty e (@, r, and s are integers.) So V contains

(2 - s)+ @r -s)=2(q+r - s) vertices of ™ + T, this establishes

(FL).
The duzl result about semi-duoids holds: if 61 and 62 are semi~-

dmoids, so is & + &, . This is 3.1%,

1
;ﬁ, Crrolizry 3.Z. Lvery semi-primoid is a union of disjoint primoids,
Proof: Choose if possible the semi-primoid m with the fewest vertices

for whick the corollary does not hold, Then m 1is not a primoid, so it
contzing ome, s3ay fi’l . Tuer by 3.1, w+ ™= 1'7/'!'\'1 is a sémi-primoid
and kas fewer vertices than m ., So rr/'nl ig a union of disjoint union

of primoids Tos Tys eeey T o Then w 1is a union of disjoint primoids

Tas Mys eces T«

Corollary 3.3. The semi-primoids of order n on S form a group under +

whose every element has order 2.

Proof. We have shown in 3.1 that they are closed under + , But § 1is

% 2 wmit, and mw+m =@ shows that m is its own inverse. In Chapter 4,

we will ses that this is a well known group in combinatorial topology.
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3.3

Our third corollary imtrodures the matroids which we will use later
to characterize semi-dooids.

Matroids can be dofined in terme of severzl different primitive
notions. We will use circnits as cur primitive noticns. Then a matroid
is a pair (E,&) where & is a collectiom of subsets of E, called
circuits, such that

Cl) No circuit prorerly comtzims amother.

€2) If C; and C, are circuits, ascﬁﬂez, beCl/CZ,
then there is a circuit C; such that beC‘3§ClUCZ/{a7.

For our purposss, little meed be knowm shout matroids. Matroids
vere iatroduced by Whitmey [31] as @bstract limezr dependence structures.
It may be helpful to think of ths elememts of the matroid as vectors. Each
subset of vectors is either linzarly depemdent or not. Then the circuits
of the matroid correépond to mininal dependent sets. In terms of the pri-
mitive notion of circmit, =zn indep=mdsmt set is ome which contains no circuit;
a base is a maximal indepandent set. To each matroid there corresponds a
unique dual matroid whose basas are the cooplements of the bases of the
original matroid. Circuits of the dual matroid are called co-circuits of
the original. Thecrems about matroids will be merely quoted where necessary.
Minty £24] is a sufficient refersmee for most of the development. Tutte

[30] is a more complete refersnre.

Corollarvy 3.4. The primoids of oxder m ea S form the circuits of a

wmatreid on O’n .
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Proof: (Cl) is immediately satisfied by the definition of primoids as
minirmal semi-primoids.

To prove (C2), let T ™, be primoids, P1 e n»ﬂé ,
P, ¢ ﬂl/ﬂé . Then m + 7, 1is a semi-primoid (3.1) which is a union of
disjoint primoids (3.2), one of which, say M3 contains LP.2 « Then
Py em Cm U ﬂz/{Pl" as required.

We have now constructed two matroids--with primoids as circuits as
in 3.4; and with duoids as circuits as in 3.4%. These will be denoted by
Mnk

thean dual to each other.

and Mﬁk respectively. This notation will be justified when we prowe

S
Kk and Mnk

not on S, but on Op * Each individual primoid or duoid is a Family

First, however, we want to stress that Mn are matroids
of subsets, but these subsets do not in general form the circuits, bases,
dependent or independent sets of any matroid on S . The higher level of

abstraction is necessary to investigate the structure. As mentioned #im

Chapter 1, it is convenient in most cases to imagine the vertices as ele-
ments of the set o, s not as subsets of S . Thus when we write

6 = {12, 23, 13}, each vertex is a set (12 is really {1,2} ); but it
is less confusing to think of 12 as just a member of a set o, .

Let us recall again that Mnk (fok) has as circuits all primoids
(duoids) of a certain order, each éopsidered rather as a set of vertices
than as a family of subsets of S .

Now we return to the relationship between these two matroids. We
will prove them dual to each other, but perhaps even more significant is

the fact that they are both binary, a property which allows the simple
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characterization of semi-duoids (or semi-primoids) seen in 3,9. Binary

matroids are, in the simplest definition, those for which avery circuit

s LT S h 2 L e e L

intersects each co=circuit in an even number of members. It was a result

B B S an

of noticing the siﬁilarity between this property and theorem 2.3 which

first indicated to the author the possible relation with matroid theory.

Theorem 3.5. Mnk and M:k are dual matroids, and both are binary.

Since a matroid is determined by its circuits or co-circuits, Mnk

and Mik are dual if the circuits of the latter, duoids, are the co-circuits
of the former. X

ig :

% Minty's theorem 5.1 [24] characterizes the co-circuits of a matroid

as minimal non-empty sets which do not intersect any circuit in just ome

alaman
S gnent.

k Thus y € S ‘ig8 a co=circuit of M iff

nk
1) |mny|l #1 for all primoids m .
2) 7 is minimal non-empty with this property.

Before proving the theorem, we need a preliminary result:

I%
§ Lemma 3.6. If G, H ey, then there is a primoid ™ such that

r 7Ny ={GH! (where y satisfies (1) and (2) above).

Proof of the lemma: Define G ~H i1if such a primoid exists, or if G =H .

Trivially, the relation ~ is reflexive and symmetric.

Now let m m, be primoids intersecting 7y in just {G,H},

12 72
{H,I} respectively (6 , H, I distinct). Then ™ + ™, is a semi=~-primoid

intersectihg 7y in just {G,ﬂ (3.1). Pick a primoid Ty contained in
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™ + I, and containing G (3.2). Then by property (1) of 7, m, con-
tains I . So G~1I . We have therefore that ~ 1is an equivalence
k relation, To prove the lemma, we must show that the only equivalence

class is 7y itself,

Assume to the contrary that 71 is an equivalence class with

g < 71 C vy . Then we will show that ‘]/7'1 satisfies (1), so that ¥
does not satisfy (2). Once again we proceed by contradiction.

Asgume 7/71 does not satisfy (1). Then there is a primoid m
intersecting 7y in {GO, Gl’ PR Gm} where Go € 7/71 and G1 e 7
for i=1, 2, 4esy m &

Then, because %, is an equivalence class, we have primoids
1

‘!1’1, ﬂz, ceey ﬂ[m/Z] S.u(:h that ﬂi n 7 = {GZi-l’ G2i1 . Then

im/2]
T+ 2 ™ is a semi-primoid by 3.1, We distinguish two classes.
=1
m/2
Czge 1, m is even., Then w4+ T ™ intersects ¥ in just G0 s
i=l

and contains a primoid with the same property (3.2). This cpntradicts (1).
| n/2-1/2

Case 2. m isg odd, Then -+ DI o
j=1 I

intersects ¥ in just

{Go, Gm} . We choose a primoid contained in this and containing G0 .

By (1) it must also contain Gm « So GO ~'Gm , contrary to hypothesis.
We have established that 7 is the only equivalence class, thus

proving the lerma,

Proof of the Theorem: We first show that if 7 satisfies (1) and (2),

§ it ig a semi~duoid. Let us assume to the contrary, i.e. that there is a

Ue Ohul such that the vertices of ¥ containing U are odd in number,
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say GO, Gl’ ceey sz . We will show a contradictiom.

By the lemma, for i =1, 2, ..., 2m , there is 2 primoid ™ which

intersects ¥ in just {Go, Gi'i . Also let m, =>E<.

2m .
Consider m= ¥ W This is a semi-primoid by 3.1. Moreover,
i=0

for i>0, Gi is in just o and S s so mot imn w . But GO is

in all the n‘i's , soin m. By 3.2 there is 2 primoid m' contained

in 1 which intersects ¥ in just G0 » This ccatradicts (I). So ¥

is a semi-duoid.

Moreover, if ¥ contains a duoid properly, this duoid satisfies

(1); so 7y does not satisfy (2). Hence 7 =ust itself be 2 duoid. Now

it is easy to see that all duoids satisfy {1) amd (2). So M % and M’:k

are dual, The iheorem is cumpleied whes we oole thal cur thesrem 2.2, the

existence theorem for complementary pivot algorithzms, states that a circuit

and co-circuit intersect in an even number of vertices. By Minty's theorem

7.2 [24], this aésures us that both matroids are bimary.

3.6 can now be rewritten as follows:

Lemma 3.6, If § is a duoid, Dl’ DZ 2 8, then there is a primoid 1

such that mN & = {D,, D,} .

Note also that (1) and (2) provide a characterization of duoids;
however, this characterization is no advance on the defimition of duvoids.

In order to use the binary mature of these matreids to characterize
semi~-duoids, we need to have a base for the matroid awvd a set of fundamental

circuits. Since a base is a2 maximal independent set, zddimg arpy extra
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vertex will add a circuit; moreover, a simple application of (C2) shows
that this circuit is unique. This circuit is called the fundamental
circuit associated with the added vertex and the base. For each base, we
have a set of fundamental circuits, one for each element not in the base.
Luckily, some of the bases for our matroids have a very simple form, and

go do the associated fundamental circuits. let B°® demote {G e chle e G}
and ﬁe = Un/B .

lemma 3.7. For any e e¢ S, B® ig a base of M:k and for any G e Be ’

<G U e> is the fundamental circuit associated with G and Be .

Proof: First we shbw that B® contains no duoid § . If it did, let
De §;: then we should be able to pivot out e from D . But this would
5.;.\2\: a velLLEA UL U wuiLdiue o:e e Iuw wEé wusi stow ;e ib WwaAluGie DUL
for any G ¢ Be s, <G Ue> is a duoid contained in Be [§] {G] . This also
gives us the fundamental circuits.
Dually, for any e e S, Be is a base of Mﬁk , and for any
G e p® , >G/e< is the fundamental circuit associated with ¢ and Be
in the matroid Mﬁk .
We use this lemma to give us our first major result,
Theorem 3.8, let § be any duoid; then § = T <D Ue>.,
De8NB
e
Proof: Minty's theorem 7.3 [24] states that for a binary matroid, given

any circuit ¢ and base B, them C= & FC(a,B) , where FC(a,B)
2eC/B

is the unique circuit contained in B U a (fundamental circuit associated
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with a and B ), 3.8 follows immediately from the base and fundamental
circuits characterized above.

ﬁ Now we can easily characterize semi-duoids.

Corollary 3.9, 8 is a semi-duoid iff & = Y <pbUe>.

De&WBe
? Dually, we can characterize semi-primoids.
Corollary 3.9%, m is a semi-primoid iff m = T >P/e< ,
) Perp®

Proof of 3.9%, If & is a semi-duoid, then it splits into disjoint duoids

(3.2%), each of which can be expressed in a similar form from Theorem 3.8;
taking the union, we obtain the above. Conversely, if & satisfies the
relation above. it is a cemi~dunid by 3.1%,

m

Corollary 3,10, If §= 3 <Di U e> is a semi-duoid, then § is a union
i=1

of disjoint duoids as follows:

§=TD, Ue>+ T<D, Ue>@... 9D n<D, U e>
I s I

1 =2 £

where Il’ 12’ seey Iz is a partition of {1, 2, ..., m} .

Preof. Assume all the Di's are distinct (if not, we can drop any identical
pair). For each i, Di is the only vertex of <Di U e> not containing
e. So D;e 5 for each i . ILet § be decomposed into disjoint duoids,
§3F  Tyr Vs eees Ty oo '

This decemposition partitions the Di's . Let D, ¢ 7j for 1 ¢ Ij .

Since the Di’s are the only vertices of & not containing e ,
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7j = ZI*<Di U e> by theorem 3.8. This establishes the corollary.

L

Corollarv 3.11. For any fixed e , 8 1is a semi-duoid iff for all

Ue O..1 with e U, U is contained in an even number of vertices

cf &§.

Proof: We need to show that if U' ¢ .17 ec¢ U', then U' is com-
tained in an even number of vertices of § , i.e., |6 N >U'<| is even.,

But U< = T >P/e< by 3.8%; so § N SU< = T 5N >P/e< .
Pe>U'<na® Pe>U'<NBe

But each of the sets in the symmetric difference has even cardinality by
hypothesis, so their symmetric difference will have also.

Corollary 3.11 allows us to examine only a fraction of all the
possible edges to determine whether a given subset of L is a semi=duoid;
but it is often most convenient to use coroilary 3.9, which allows us to
write a duoid or semi-duoid in the following simple way.

List each vertex in 6§ N Be in a colunn. Draw a line_to the right
of this column., Then on the right of this line, and in the same row as
Ded N Be » we write the remaining vertices of <D U e>. Finally, we
draw a line through every vertex to the right of the line which appears
an even number of times. The remaining vertices are the vaertices of § ;
to the left of the line are those which do not contain e , and to the
right those that do.

For example, the duoid corresponding to the triangular prism at

i the end of 1.3 can be expressed as follows. We take e =4 ; then the

vertices of &N Be > 1.e., the vertices of § which do not contain 4,
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are {135} and {2351 . Then the simplicial duoids <D Ue> for D im
§NB, are <I345> and <2345>, or {135, 134, 145, 345} and
{235, 234, 245, 345} . Note that the symmetric difference of these is in

fact the duoid § . We can write this in shorthand as follows:

135 134 145 345
235 234 245 3435

We now turn to the question of how to identify or recognize duoids
without recourse to the minimality criterion in the definition. A number
of conditions will be presented in the next four theorems.

The first two give only sufficient conditions. They are necessary
in the case of proper semi-duoids.

We define initially two graphs, G(8) and G'(5) . (G(8) will
be used again in Chapter 7; it can be called the associated graph of the
duoid or semi=-duoid.)

The nodes of each are just the vertices of § . In G(8) , D,
and D2 are adjaceﬁt iff D1 n D2 €0 1 ° In G'(8), D1- and D2 are
adjacent iff D, N D, ¢ o, and moreover D, ND,cDed onlyif
D = D1 or D2 . Note that edges in G(8§) correspond to pivots in § ;

while edges in G'(8) correspond to unique pivots in § .

Theorem 3.12, If § is a semi-duoid, then all the vertices of any component

of G'(8) must lie together in one of the duoids in § . In particular,
if G'(8) is comnected, § is a duoid., The converse is not true in general.
However, if § is a proper semi-duoid, then G'(§) is connected iff §

is a duoid. Finally, if & dis a ducid, G(8) is connected.

..
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Proof: To prove the first part, assume & 1s a semi-duoid, D1 and D,
connected in G'(8) , but § = 81 ® 8, where &, , &, are semi-duoids

with D, ¢ 51 , 1=1, 2., We seek a contradiction, D1 is connected

i
. ] - =
by a path in G'(§) to D2 . Let this path be D1 = GO’ Gl’ ceey Gz = D2 .

let m be the smallest integer such that Gm € 62 o Then Gm-l € 51

Bt U=G _; NG eo , and USDeb only for D=6, or G .
So by considering U, we see 81 is not a semi~-duoid. This shows the
first part of the theorem.

To show that the converse is not true in gemeral, let
S=1{a, b, eo., 1} and let & = <{abede}> + <{abcef}> + <{abedf}>+ <{acdfg¥> +
<{abcdg.}> + <{abdgh}> + <{abcdh}> + <{abchi}> + <{abedi}> + <{acdij}> +
<{abedj}> + <{abdjk}> + <{abcdk}> + <{abcdll> .

Tt ig straightforward to gee that G'(8) 1is digconnected (the ver-
tices in <{abcd1?> are disconnected from the rest), but § is a duoid.
By Corollary 3,10, if it splits into duoids, the simplicial duoids are
partitioned. But if <{abcde}> is in 8 » say, so is <{abcef}> (for
let D= {abce} £ & so not in 8 ) <{abedf}> (take D = {abcf} ) eees
and <{abedk}> . The only possible partition is thus the first 13 simplicial
duoids and the last one, But {abed} is in the last one, but not in § .
So § must be a duoid.

Next note that if & is proper G(§) and G'(3) coincide, for
if ND, e .1+ D n D, can oﬁly be in D, or D, by definition.
So it remains to be proved that if § dis a duoid, G(§) is commected.

let Dl’ D2 ¢ & ; by Lemma 3.6 there is a primoid m such that

N § = {Dl, Dz} , and by Chapter 2 we have a path in G(m,8,e) from

.
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®,, Dl) to (D, D,) . Considering the duoid vertices in this path, we
have =z sequence D1 = Go, Gl’ vesy Gz = D2 where Gi-l n Gi ¢ cn~1 for
1=1,2, eoe; £, 1.y, G, and G, are adjacent in G(8) . Thug
G(5) 1is comnected.

Theoren 3.12 requires us to examine a graph G'(8) with [§] ver-
tices. Another sufficient condition will be given in the next theorem,
which examines a smaller graph, but does not give us such a strong test.

Por any fixed e ¢ S, we define two more graphs, G(§,e) and
G'(6,e) . The nodes of each are just the vertices of § n Be . Two such
vertices zre adjacent in G(§,e) iff they are adjacent in G(§) , and
adjacent in G'(§,e) iff they are adjacent in G'(8) . Note that, by
Theorem 3.8, D; and D, are adjacent in G'(§,e) 1iff D, ND, e S, 1

and Dlﬂi)zgneéﬂﬁe only if D =D, or D, .

Theorem 3.13. For any fixed e ¢ S, Theorem3.12holds if we replace

G(8) by G(&e) and G'(§) by G'(S5,e) throughout. However, it is

possibla that G'(5) 1s connected, but that G'(§,e) is not.

Proof: The first part will hold if it can be shown that if D, » Dy lie
in the szme coupoment of G'(8,e) then they lie in the same component of
G'{§) . But this is obvious from the definitions of adjacency. If
G'(6,e) is connected, all the vertices of § N Be nust lie in one duoid
in § ; but by Corollary 3.10, this must be & itself, The same example
as used in the proof of 3.12 shows that the converse is not true. If §
is prcper then G(5,e) and G'(8,e) coincide as before. So it remains
to be shown that if § is a duoid, G(§,e) 1is connected. The same argu-

ment vsed in Theorem 3.12 can be used here, since all the vertices of §
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in the path in G(m,;§;e) will not contain the facet e , so will be nodes

of G(§,e) .

1 Now we give an example of a duoid § with G'(§) connected but
G'(8,e) disconnected. lLet S = {a, b, ¢, «es, h] and let & = <{abedel> +

<{abcef}> + <{abcdf}> + <{acdfgl> + <{abcdg?> + <{abedhl> . It is readily

checked that G'(8) is comnected, but in G'(§,a) , the vertex {bcdh}
is isolated.

‘Theorems 3.12 and 3.13 do not completely identify duoids unless the
given semi-duoid is proper. They also require us to check that a given §
is a semi~-duoid=-~this can be done as the graph is constructed. Note that
if we kﬁow 8 to be a semi-duoid, we need not construct the entire graph;
we only find enough edges to show it connected.

Tha fAlTlAarrine +vva thanvrama w1911 A
Sl *’4-‘-'.7-“0 - v W T 8o B Gn SRR LS VT i v e ]

octtle th
duoids, at the cost of additional computation.

The tests require us to determine whether a given set of column vectors
is independent or not; this can be done by Gaussian elimination or more

sophisticated methods.

We say that a matrix is just-dependent if the set of its columng

is a2 minimal dependent set in GF(2) . Since the only coefficients in

GF(2) are 0 and 1, we see that a set of columns is dependent iff it containg
a subset which sums to zero mod 2. Thus a matrix is just-dependent iff

the sum of its columns is zero, but fhe sum of no proper subset of its
columns is zero,

We can verify that a matrix M 1s just-dependent by
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1) the sum of all the columns of M 1is zero.

2) if the first column of M 4is deleted, the remaining columns

of M are independent.

Obviously, if M is just-dependent, (1) and (2) hold, Conversely,
if (1) holds and M 1is not just-dependent, then there is a proper subset
of its columns which sums to zero. Then, using (1), the complementary set
of columns also sums to zero. One of these two sets of columns does not
include the first column, and so (2) does not hold,

We form a matrix M = M(S,e,n) 'as follows. The columng of M
corregpond te all vertices in ch +» The rows of M correspond to all
vertices in B% . The eatries are 0 or 1 with the entry Teo in the row
corresponding td H and the column corresponding to G being 1 iff

HES GUe . We denote by M(§) the submatrix of M consisting of all

the columns of M corresponding to vertices of § .

Theorem 3,14, & 1is a duoid of order n on § iff M(8) is just-dependent.

gggggi First we show that the sum of the columns of M(y) is zero iff ¥
is a semi-duoid, The sum of the columns of M(y) is zero <=> for every
H e B° s> the number of vertices of % containing H/e is even <=>

for every U e .1 with e A U, the number of vertices of ¥ containing

U is even <=> ¥ ig a semi~-duoid, by 3,11,

Now assume M(§8) is just-dependent. Then by the above, & is a
semi~-duoid. But if § contained a ducid &', the columng of M(§')
would sum to zero, so M(8) would not be just~dependent. Thus § is a

duoid .
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Conversely, if § is a duoid, then the columns of M(§) sum to
zero. If M(8) were not just-dependent, there would be a proper subset
of its columns, say those of M(§') , which would sum to zero. But then
8' would be a non-empty semi-duoid strictly contained in § . So M($)
is just-dependent.

In fact, those familiar with Tutte [30] will recognize M(S,e,n)
as just the standard representative matrix of Mik with respect to the
cobase (complement of a base; dendroid in [30]) Be . See Sections 5.2
and 5.3 of [30].

Theorem 3.14 requires us to examine a matrix with |8] columns.
Analogously to the way 3.13 is obtained from 3.12, we may simplify matters
by considering only vertices of § 0N B: :

We construct a matrix M'(S,e,n) as follows. The columns of M'
correspond to all vertices in Be . The rows of M' correspond to all
vertices in 8% . The entries are all 0 or lwith m!, =1 iff HSGUe .

We denote by M'(8) the submatrix of M' consisting of all the columns

! of M' corresponding to vertices in § N Be . We form Q(§8) from M'(8)
> ! PN ' 0
n.., 1if m =
DG He&ﬂﬁe DH
tpe =

0 otherwise

Theorem 3,15, Forany &§ and any e e S, & is a semi-duoid iff

De s$NB®<=> ¢ mw' . =1. A gemi-duoid § is a dvoid 1ff Q(5)
Ge&ﬂﬁe

is just=-dependent.
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Proof: & is semi-duaid <=> 8§ =L <HUe><=>De § iff D is con~

‘tzimed #m =m odd mrmber of such <HU e><=>D ¢ § N 8 iff D dis con-

tained im e odd nomber of such <H U e><=>D e § N 8% iff T mbo=1.
: Ge8NB
e

This proves the first part.
For the second part, first we note that the sum of the columng of

Q%) is alw=ys zero. In fact, if b} ml')H =0, then T g =
He&NB, GedNB,

> mr, =0 . If am the other hand, % mb.=1, then by the defini-
«;szamae He&ﬂﬁe

tion of Q8) , the row of Q corresponding to D is a row of zeroes.
W2 will show the second part by proving the following string of

PIOPLSIL LONS SGELVELELL.

a) & is mot 2 duoid.

D) There is 2 con-pumll semi-duoid &' strictly contained in § .

¢) There is 2 proper swbset y of 6N B, with G Ss§=>Cf TDU >
. Dey

for Cef .
d) There is = proper subset y of &N Be with Hi}chﬁ =0 for all
el .
e) Qb)Y is mot just-dependent.
(2) <> () and (d) <=> (e) are immediate from the definitions.
H) => ). Let 7 =§' ﬂBe . Then by 3.9, ¢C7C6ﬂBe .

Aisp, GEABS="CEE =>G 4 T<DUe>. Thus (c) follows.
Dey

c) => @) Let §'= T <DUe>., Then &' 1is a non-null semi-duoid.
Dey
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Moreover, 6'C 8 because G e B°/6 =>G 4 6', and §'# § because

ycens, .

(c) => (). If GesNE®, £ my=1, so Tq,= 0=0.

Heﬁﬂﬁe Hey Hey
If on the other hand, G e B%/5, then G £ 6 s SO T m' . =0. By
GH
He&ﬂBe
(c), G4 T<DUe>, so T 9oy = = méH =0 ., Thus (d) is verified.
Dey Hey Hey
@) =>(c). If G £ &, then > m"m =0 ., Then Em('m =
. He&ﬂﬁe Hey
9oy =0+ So G £ T<DUe>, and (c) holds.

Hey Dey

This completes the proof of the theorem.

let us illustrate these four tests by an example.

ixampie 3,16, Let & = {124, 126, 135, 136, 146, 156, 245, 256, 345, 346% ,

We will show that § 1s a duoid using the four tests of theorems 3,12-3,15.

a) 3,12
~G'(8) :
——— =156 ==~

P ]
e 135/ \

256

\

— e —— Gt omn m—d et G . So—
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G(8) has in addition the dotted edges.

E ' Since G'(§) 1is connected, § 1s a duoid.

b) 3.13
G'(6,1) = G(8,1) : 256 e== 245 === 345 = 346
Since G'(5,1) 1is connected, § is a duoid (note the simple form

E of G'(51) ).

¢) 3.14. Take e =1,

k We show the matrix over GF(2) , M(8) (zeroes are omitted):

124 126 135 136 146 156 245 256 345 346

123

125 o 1 1
126 1 1

134 - 1 1

It can be shown by Gaussian elimination that this matrix is just-

dependent; so § is a duoid.
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d) 3,15. Take e=1,

Finally we form M'(5§) and Q :

M'(8) Q

265 256 345 346 265 256 345 346
123 | i ) i
124 | 1 |
125 | 1 1 1 1
126 1
134 1 1 1 1
135 1
136 1
a5 1 i i . L
146 . 1

156 . 1
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CHAPTER &4

RELATIONSHIPS OF DUOIDS TO PREVIOUSLY STUDIED COMBINATORIAL STRUCTURES

In this chapter we will see how our semi-duoids and duoids relate
to various other combinatorial structures--representations of simple poly-
topes (1.3.1%*), the abstract polytopes of Adler and Dantzig [1,2,3] and
the circuits and co-circuits of some matroids introduced by Crapo and
Rota [8].

Simple polytopes are the pPrimary examples of primoids and duoids.
However, the results of the last chapter were obtained at the expense of
considerable abstraction of one basic property of polytopes. An ideal
program would be to develop a sequence of tests which would determine in
a finite number of steps whether a given semi~-duoid corresponded to a
simple polytope. Unfortunately, this is not possible if n > 3 , but
we will give a number of useful tests.

Some obvious properties cof polytopes present themselves. Firstly,
the semi-duoid must be a duoid. It was partly for this reason that duoids
were coasidered more important than semi-duoids. In fact, all useful
examples of semi-duoids are also duoids. This is why the tests at the end
of the last chapter were refined to reasonable computational efficiency.
In later chapters we will generally use only the first two of these tests.

But the last is the most powerful, and could be used in conjunction with
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3.9 to find all duoids of order n o2 a k-set. TFrom this, at least in
thecry, it is possible to find 211 cozbinatorizal types of simple polytepes
of dimension n with at most k facets; some redundant duoids will of
course be introduced, which we can perhaps discard for other reasoms. “

Another reason for the focus on ducids comes from complementary
pivot theory. A complementary pivot algorithm searches for am object with
two properties--corresponding to a vertex belonging to the semi-primeoid
and to the semi-duvoid. 3.2 and 3.2* show us that every semi-primoid or
semi-duoid is a disjoint union of primoids or duoids. Thus it seems plauw-
sible that in actual applications, a semi-priroid corraspomds to the dis-
junction of a number of properties, whereas a primoid corresponds to 2
single property. A single property will ariece more commonly im applica-
tious.,

A more compelling reason is appareat in the proper case. 3.2% and
3,12 ijaply that a proper semi-duoid is 2 unigue union of disjoimt dvoids,
given by the components of the associated graph G(&) . In a ccuplementary
pivot algoritim, the dual vertices éncountered rust 211 iis im just ome
of these componeats. Thus, in effect, the algorithm is joust appiied to
the primoid and duoid, contained in the semi-primoid and semi-ducid
respectively, which contain the starting vertex. Thus the additiemal
generality of semi-primoids and semi-duoids gains nothing in this case.

A second obvious property of semi-duoids which are generated by
simple polytopes is that they are proper. We will now presemt some other
properties of such semi-duoids, which will lead us to the comperisoms of

duoids with the abstract polytcpes of Adler aznd Danmtzig 1, 2, 3}. To
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do fhis, we will investigate the facial structure of duoids.
{
We recall that a facet is an element of the ground set S, so
named because it corresponds to a facet of a simple polytope. A face of

a polytope is the intersection of the polytope with a subset of its facets.

It is also the affine hull of all vertices of the polytope which lie on

all of the subset of its facets. Correspondingly, we can define a face

of a duoid,

Definition 4.1, For any U ¢ O _qgs 90<d<n, we define the face

§(U) generated by U by §8(U) = [D/U‘U CDe 81 . For convenience, we

vrite 8(e) for &({e}) .

lemma 4.2

N

TF !
-

3]

duoid of order d on S/U.

b) If § = 81 + 62 and all are semi-duoids, then §(U) = 61(U) + 62(0) .

In particular if §(U) is a duoid, then all the vertices of § con-~

taining U 1lie in one duoid contained in § .

: Proof.

a) let o ={Wgs/ullw|=mnl. Then §(U)CO}. Nowlet Weoy, .
Then WUUeo ;. Moreover, WUUCDe d8<=>WCD/U ¢ §(V) .

g There are an even number of such- D, so an even number of such D/U .

» b) 8(u) = {D/ujlucD e b + 6,1 =1{p/ujlucpe U {D/UjucDe 8,4

{(o/vluc D e 8 N6} =8(U)+ 8 . If 8(U) isa duoid, then

one of 81(U) R 62(U) must be empty if 61 s 62 are disjoint.

The result follows.
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We now translate some facial properties of polytopes into properties

of duoids. Obviously, every face of a polytope is itself a polytope.

ﬁ In particular, every n-l-dimensional face of an n-dimensional polytope

is a polytope.

Definition 4.3. A facet e is said to be nommal in & (or, if there

is no confusion, just normal) if &(e) is a duoid or empty.

Definition &.4. § is said to be normal if all its facets are normal.

We use this intermediate property of normality because from any
duoid it is easy to generate normal duoids which share some of their pro-~
perties, such as Euler characteristic or iarge diameter. We will use this
in later chapters to obtain results not only about duoide. hut alen ghont
the more restricted class of normal duoids. Unfortunately, it is difficult

ﬁ to generate the even more regular class of duoids introduced below. Later

i roe

we will show that these correspornd exactly to abstract polytopes.

Pefinition 4.5. § 1is said to be supernormal iff all its faces are duoids

or empty. This implies in particular that its l-dimensional faces, or
edges, are duoids; therefore, 8 is proper.
Let us now define the abstract polytopes of Adler and Dantzig [1, 2, 3].
In our terms, & is an abstract polytope iff it satisfies the following
three conditions:
AP1) 6§on .
AP2) if U ¢ O,-1 2’ U 1s contained in 0 or 2 vertices of § .

A path of vertices in 8§ 1is a sequence DO’ Dl’ seey Dm of vertices
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of . & such that ;:[Di_lfm Imi” =m-l for £=1I, 2, ..., m .

AP3) if DIL"" D, & & tthemtﬁre::eisapath_in $ from Dl to

D, vhose every wertex comtains D*l f D2 .

let 5 be an zbstract polytope. From APL and AP2, § 1is a proper
semi-duoid. But by AF3, G(8) is commected; thus by our Theorem 3.12,

§ 1is a duoid,

However, not all proper dwoids are zbstract polytopes. For example,
let us take a dodzczhedron amd label 21l of its facets differently, except
two opposite ones which share a label. We then get a proper duoid which
is not an abstract polytops, becamse the face with the duplicated label
is not connected. #bstract polytopes sre "more strongly connected" than

duoids.

Lemma 4.6. Supernormal duoids correspond exactly to abstract polytopes.

a) Given a supernormal duoid & , them, simce it is proper, it satisfies
#xioms (AP1) arnd {AF2). Fow let DF_’ DZ e & . Consider 6(Di n D2) .
This is a duoid, and so by Lemm= 3.6 there is a primoid intersecting
it in just Dl"/DZ » szﬁml - By the algorithms of Chapter 2, there
is a path from IDELJEI)2 to D?Z//Dzl_ im &5@% m Dz) . Adjoining the
symbols of Dy n D, to this path, we obtain a path in § all of
whose vertices contain Dy m HD2 .. This proves (AP3).

b) Given an abstract poly:ope & » Wwe have already seen that it is a duoid.
Moreover, by Adler’s remarks [2] each face of § 1is an abstract poly-

- tope, and hence 2 duoid. So & is supernmormal.
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Another useful result is the following:

Lemma &.7.
E a) All 2-dimensional duoids are representations of simple polygons.

b) If a 3-dimensional duoid is normal, it is proper and hence supernormal.

Proof,

a) Let 8 be a 2-dimensional duoid, and let DO = {eo, e13 € § . Pivoting
out ey > We obtain, say D1 = [el, e27 € § , where a choice is made
arbitrarily if necessary. At the mth step, we will have

D

1 T {em-l’ em} . Pivoting out e .12 ¥e obtain Dm = {em, em+13 .

Since S 1is finite, there must be repetitions in (eo, es € ; cses) 3
let the first such be e, = e G<4).

- at _ O - b = 3 wls ] e i Ay
anen C tuj, UJ.+1, ey «Uz-lr IOTmS a semi=guold Ccov.. R R 1
6 <--thus it must be § itself. But 3' is the represeri :.om i z
m’- 1 3 ﬁ v:—is’-ah r .
simple £-j-gon with sides labelled ej, ej+1, ceey €y 4 cmilat e der
b) Assume the edge f{e,f} is contained in more than two vertices of a
normal three-dimensional duoid § . Then the edge {f1 is contained
? in more than two vertices of the 2-dimensional duoid §(e) , which

is a duoid because § is normal. This statement contradicts (a);
§ therefore, § is proper.
Now we exhibit an abstract polytope which does not correspond to

a simple polytope.

Example 4.8. et § = {1,2,3,4,5,6} . Let
6 = {123,126,134,145,156,235,245,246,346,3563 . That thisg cannot be gen-

erated by a polytope in 3-space can be most easily seen by noting that
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if so, the polytope would have 10 vertices, 15 edges, and 6 facets, thus

violating Euler's well-known relation.
The boundary of this duoid can, however, be represented on the pro-
jective plane. Let this be drawn as a disc, with diametrically opposed

points of its boundary identified. Then the duoid above can be represented

as follows:

P 1is the point 126

Q 1is the point 235

The duoid is also associated with the standard triangulation of the

projective plane:
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A third way of viewing this duoid is as that generated by a dodeca-
hedron when opposite facets have the same label. That § is a supernormal
ducid is easily checked-~-in fact, its 2~faces are just pentagons.

For the three-dimensional case, a well-known theorem of Steinitz
(see e.g. [23]) can be interpreted to show that Euler's relation is suffi-
cient for a proper duoid to be representable in 3-space.

The higher dimensional case is not known and likely to be very diffi-
cult. It is easy to verify by a listing of all duoids that if k<5
or n<2, then every duoid is proper and representable., (See Appendix.)

The following picture shows our classification of duoids and semi-

duoids:
duoids
. Ny
)
suparnormal
~ &
I
proper { ITI v VII
II
.
Iv Vi VIII
J
_——
normal
L i ‘J
gemi-duoids

where the category I cerresponds to duoids which represent simple polytopes.
Lemma 4.7 shows that if n =2 , the categories II, IIL, IV, V
and VI are empty, and that if n =3 , III and IV are empty.

If n2>24 and k >ntf , then each category is non-empty. We
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must quote some results from Chapter 5 to show thig.

I contains, for example, the simplicial duoids.

II contains, for example, triangulations of n-l-manifolds other
than the sphere, such as projective n-l-space. However, not all duoids
in this category are of this type--for instance a prism erected on the
duoid of Example 4.8 (see 5.1).

III contains normal proper duoids which are not supernormal; the

existence of these is shown in Lemma 5.2.4.

IV contains normal duoids which are not proper--see 5.2.4,

V contains proper duoids which are not normal-;for example 51
in the proof of 5.2.4; in higher dimensions take prisms.

VI contains duoids which are neither normal nor proper--éee example
1,3,i0% for n =3 ; in higher dimensions, take prisms.

VII contains proper semi-duoids which are not duoids--see Example
1.3.11* for n =4 ; in higher dimensions, take prisms.

VIII contains semi-duoids which are not duoids, not proper, and
not normal; take o if k-n 1is odd, or Be if k-n 1is even,

The appendix seems to indicate that when k and n become even
moderately large (>3, k > 6) then category VI comprises by far the
largest part of all duoids. Even if we restrict ourselves to supernormal
duoids or abstract polytopes, the examples given for category II will
probably be far more extensive than the duoids in category I. Thus either
of these two abstractions--abstract polytopes or all duoids=-=-involves a -

; large number of redundant objects if used to study simple polytopes, the

latter considerably more than the former. On the other hand, no result
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siimidar tor 3.% £ available for abstract polytopes; the test for a duoid
tx e supermormal £g likely to be much harder than our Theorem 3.12, Thus
= waudd bes much: Harder to find all abstract polytopes of a given dimen-
st tiar &1 duoids..

Wes mow: turm: to the relationship between the matroids we have con-
stractad,, and atliers on the set %, introduced by H.H. Crapo and G.=C.
Ratze [&T..

Efrst tiiere g the matroid mentioned briefly at the end of Chapter
¥ af [&.. We will denote this matroid by C-R I. It has since been dis-
coversst titets Iiv fact: C-R. L is not a matroid if n > 2 . We will show that,
E m=2Z, ther C-R L is exactly Mf;k . Thug the matroids we have con-
structet pravide a pogsible generalization of the case n = 2 sought by
G aant Rot=s,. |

Ter define C-R. I as in [8], we would need to introduce other, crypto-
morpitic: versions: of a matroid. As remarked earlier, matroids can be defined
Ir teomrss off tireds circuits, co-circuits, bases, independent sets or depen=-
dEni geiw,, Otlier definitions can be found in terms of a rank function,

& closure aperator; or the. collectién of closed sets., All of these de-
Shriiorss ares equivalent, but it is sometimes hard to translate a definition
Hr teomss of ane concept: into that in terms of another. Rather than intro-
dicctimg: moxres definitions, we will make the transformation from Crapo and
Rtz disfinitfonr of C~R I in terms of its closed sets to one in terms

o it co~cireuits., I our terminology, the co=-circuits of C-R I are

focczmadt xvgc'z (forr n =2 ) which satisfy

L) If & is a simplicial duoid, |y N 6] #1
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2) 7 4is minimal non-empty with this property.
In the presence of (1), we will show (2) to be equivalent to (2'):
+ !
2') G+(7) is connected, where G (+) is the dual notion to G (.)

introduced in Chapter 3. To be precise, the nodes of G+(7)

4
: are the vertices of 7 . Gl and Gz € 7 are adjacent in
¢ iff e UG, =mi=3 and GS6 UGy, Cev
Lb only if G = Gl or 62 o

(1) and (2) imply (2'), for if G (7) 1is not comnected, the ver-
tices of any of its componments satisfy (1), so (2) is violated. Conversely,
(1) and (2') imply (2), for if P C 73 C y , then there is an edge in
G+(7) joining a vertex of 7, say Gl and a vertex of 7/71 , say
62 « Then by considering the simplicial duvoid <G1 U G’.:> we see that
7 does not satisfy ~(1).

Trivially, every primoid of order 2 is proper, for there are only
3 2-gets contained in any 3-set. Thus the equivalence above snd 3.12%
show us that every primoid of order 2 on S 1s a co-circuit of C-R I.

| To show the converse holds, we must prove that (1) and (2) imply

3) If & is a simplicial duoid, [y N & #3.

To every 7 satisfying (1), there corresponds an equivalence rela-
tionon S, definedby e~f 1ff e=f or {e,f! £y . Trivially,
this relation is symmetric and reflexive, and if e~f, fa~g, then
by considering the simplicial dvoid <e,f,g> we must have e ~g ; so
the relation is transitive. Conversely, to every equivalence relation
on S, there corrasponds a set ¥y C o, given by {e,ﬂ ey iff ed £ .

That this 7 satisfies (1) follows from transitivity. If ¥ satisfies

J
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(1)'and (2), the corresponding relation ~ is maximal non-trivial, i.e,
there is no equivalence relation ~' #~ with e~ f =>e ~' f except
the universal relation '"everything equivalent to everything." So ~
has exactly two equivalence classes. Thus, for every three elements of
S, e, f and g, either e~f or f~g or e~g . So

|7 N <e,£,g>] # 3, and (3) holds. We have proved the following:

Lemma 4.9, If n=2, C-R I is exactly M;k o The co-circuits of either
are the primoids of order 2 on a set S, are all proper, and have the
form of 1.3.3 with m =2 . They correspond to the product of two simplices,

whose dimensions add to k-2 .

The proof of the last part of this lemma follows from the charac-

brvdmatodanm Al tbha aa. e evaTamnn aea Vil a 3o PR Y S S AR
D e TR S T} b\lu—v“-vb-\—\— S SR O Ry ey \-v&&\—ofv&;u&ta& \-v oac-a.a.l.JJ.né \+y

and (2)., These have just two equivalence classes, say S1 and 82 .

Thep the corresponding 7= {GIIG n Sil =1, 4 =1, 2} . This corresponds
to the product of two simplices of dimensions ISll =1 and |[s,[| -1,
see for example [19].

The lemma shows that the closed sets of Mgk are just those subsets
of 9, vhich do not contain exactly two of the three 2-subsets of any
3-set (see [8]). Unfortunmately, if n >2 , it is difficult to give any
of the cryptomorphic versions of th or M:k in a simple form. Note
that 3.7 identifies only some of the bases of these matroids.

Now we turn to a comparison between our matroids and those introduced
by Crapo and Rota in Chapter 6 of [8]. These matroids are based on combi-

natorial topology; we shall find a very close connection between topological

concepts and our combinatorial constructions.
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We will let § = {1, 2, ..., k¥ . Then the matroid on the n-sets
of 8 defined in Chapter 6 of [8] will be denoted by C-R II. We must
defer its description until we have introduced son;e more terminology.

We will merely use the topological concepts necessary for the de-
velopment, and we will present them in the simplest way possible. For a
complete reference on algebraic and combinatorial topology, see [1l]. The
following notation allows us to sidestep the explaration of orientation.

We denote by T the set of all m-tuples (tl, tys eeey tm) with
1< t1 < t2 < vee < tm <k. If Te om > T is the corresponding m-tuple
in U

An m-chain, @ , 1is a function from g into a coefficient group.

For the moment, we take this group to be the additive group of the integers,

£ - - ~L
r T 7 + Loacan i~

¥~

chain @ generates an m-l-chain, its boundary, denoted by Bmﬁ s given

by
3 34 = T 8(T) - T 6@
. Teo Teo
m m
cr B | o

T/U in even place in T T/Uin odd place in T

For example, if # is a 3-chain taking (123) and (234) into 1, all oéher
ordered 3-sets into 0, then B3¢ is a 2-chain taking (12) into -1, (13)
into 1, (23) into =2, (34) into -1, (24) into 1; and all other 2-sets into
0. P 1is an n-cycle on 7y if it is a chainon ¥ and 38=0.

For example, if 7 = {12,13,23} and §(12) = §(23) =1, @(13) = -1,
then @ 1is a 2-cycle on ¥ .

Now we may define C-R II.

V'
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Y 1is a circuit of the C-R II matroid if there is just one n-cycle
and its multiples on ¥y, and ¥ 1is minimal with this property.
It 13 easy to see that this n-cycle must have the property that
¢qz) #0 if T is in y , for otherwise ¥ is not minimal.
We construct a chain on a simplicial duoid <V> by letting
i . th
(-1)" if GCV and V/G is in the 1 place in V
#(c) =
0 otherwise.
It is easily seen that @ is a cycle on <V>, and moreover that 9

and its multiples are the only cycles on <V> ., Thus every simplicial

duoid is a C-R II circuit,

| Now consider B° for any e ., If there were a non-zero cycle
w on B ., then tet 'm(g) # U0 . 7Then anwggis) = i_ﬁ(g) # U . So there
is no such cycle, and Be is C-R II independent., Since the simplicial
duoids are C~R II éircuits, 8% is maximal independent, and thus a C-R II
base. Thus if the C-R II matroid were binary, it would coincide with our
dual matroid. That.it does not is seen by Example 4.8, 1If fhis had a
cycle @, then let $(235) =i # 0 . Then @(245) = -1 (taking U = (25));

$(246) =4 ; P(346) = -i and @(356) = i (each time by 3,8 = 0).

But then B3¢(35) =i «f =20 £0,
The following two theorems show the relationships between the circuits

of C~R II and duoids,

Theorem 4.10, Every C-R II circuit contains a duoid.

Proof. 1let the circuit be ¥ , and its cycle @ . We assume that @ takes

at least one n-set into an odd integer; otherwise @/2 1is a cycle.
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Let §=1{T ¢ 7|f(T) 1sodd} . 8c 7.

Reducing equation (3) modulo 2, and remembering that Bnﬂ =0,

we have

O=Bn¢(g)= 1 + T1 for each Uecl.
Ted Teb o=
U U

T/U in even place in T T/U in odd place in T

This establishes (D1); so § 1is a semi-duoid, and therefore contains a

duoid .

Theorem 4.11. If § 4s a duoid, & has at mest one cycle and its mul=

tiples.

Devul. Assuwe ihe duid § has two cycles, ﬁl and ﬁz . ﬁl and ”2
must be non-zerc on .§ ; otherwise, the support of ﬂl s 8say, is strictly
contained in 5 , ‘and containg a duoid by 4,10.

let De b, and let @ = ¢2(D)¢1 - ¢1(D)¢2 . Then P is a cycle
on §/D. Hence ﬂ‘E 0, and ¢1 and ¢2 are dependent. ‘Thus § has
at most one cycle and its multiples.

The fact that there is no cycle on the duoid of Example 4.8 is not
surprising when we recall that it corresponds to a triangulation of the
projective plane, a non-orientable surface., The existence of a cycle would
give an orientation to the surface (seze the section on simple n-circuits
at the ;nd of Chapter 3 of [11]).

There is no concept of orientability for duoids; Example 6.8 ig

a duoid that can be considered as a degenerate triangulation of either

an orientable surface, the torus, or a non-orientable surface, the Klein

o
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bottle. This fact accounts for the difference between M:k and C-R II.

We can resolve this difference by choosing the coefficient group for the

chains to be Zy, 5 the additive group of residueé modulo 2, In this
case, orientability cannot be determined from the cycle structure.

If we make this change to C-R II, it coincides with M;k . For,
by the argument of 4.10, slightly modified, every C-R II circuit contains
a duoid. On the other hand, if § is a duoid, then the n-chain taking
Ded into 1 and D £ 8§ into O is a cycle by (D2); thus every duoid con-
tains a C-R II circuit.

This relation will be clarified by a more extensive study of the

n-cycles over Z, . We may consider such an n-chain to be a function from
2

=/

o_ into Z2 . The introduction of T is no longer necessary, since

i -1 =431

[}

cunnart Af an nashaitn a
e rvew wa Ges ea waace mman »”

iz {cco l8(cy -1

(S n

zz’ . - *

2

3
In Tutte [30], this support is denoted by ||#]| ; we will use instead
7¢ « Conversely, ¢7 will denote the indicator function of ¥ . There
is obviously a 1-1 correspondence between n-chaing and subsets of O, o
This will be used repeatedly. We denote the set of 21l n-chaing ch .
There are two special functions on n~chains; the boundary operator
Bn and the coboundary operator 3: + These yield respectively an (n-1)-

chain and an (n+l)-chain.

On _Op-1 .
3 12 w2 is defined by: (3 #)(U) = T #(G) for all
n n P

Ue -1 ? where all arithmetic here and for the rest of this chapter 1is
modulo 2, It can easily be checked that this definition agrees with that

introduced earlier when the coefficient group is 22 .
Gﬁ °h+1 *
Similarly, 3* : 2 " =2 is defined by: (Bnﬂ)(v) = ¥ #(G)

n o=V

for ail v e cn+1 .
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The subscripts will often be omitted., We use Bny to denote

y , and similarly 3%y for Y.i, -
an¢7 n Bn¢7

We call @ a cycle (cocycle) iff 3¢ =0 (2*p = 0) . Correspondingly,
we call ¥ a cycle (cocycle) iff £D7 is.

We call @ a boundary (coboundary) iff 3¢ s.t. §=2% (8 =3%%) .
Correspondingly, we call 7 a boundary (coboundary) iff ¢7 is.

Now we show the relationship between these terms and semi-primoids
and semi-duoids. First we note that ¢71+72 = ¢71 + ‘!)72 where the first
+ denotes symmetric difference, the second addition in Z2 . This follows
immediately from the definitions.

Now 7 1s a cycle <=> ¢7 is a cycle <> Bﬂy = 0 <=> for all

A - P - - ~ C ee- — — — - -
PGy - U X—> {or all Ueu, 1y US G €7 Ior am evem
b

z
R ¢ =)

number of G <=> y 1is a semi-~duoid.

Similarly we can show that ¥ is a cocycle iff it is a semi-primoid.
Also, 7y 1is.a boundary <=> ¢7 is a boundary <=> 3% s.t. & = @7

<=>3¢% s.t. B_(C) = T $(V) <=>37$ S.t, 7= T <><=>y is the
7 Vo6 Ver,

synmetric difference of simplicial duoids.

Similarly, we can show that ¥ 1is a coboundary iff it is the symmetric
difference of simplicial primoids.

Thus by 3.1 and 3.1%, boundaries are cycles and coboundaries are
cocycles. Thus an_lan =0, a;lan = 0 . TFurthermore, by 3.9 and 3.9%,
the converses are true; cycles are boundaries and cocycles are cochboumdaries.

3.9 and 3,9% can also be proved using homology and cchemplogy theory,

as we indicated in Chapter 3. To see this, we must be more precise im
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our. definitions of chains, cycles and boundaries. A cimplicial complex

C 1s a subset of o Uo, ;U Uoy=2° such that 1f T e G,
UCT, them U ¢ G . An n-chain of G is a function of G N o, into
the coefficient group Z2 « An n-cycle of G is an

n-chain of G whose boundary is zero. An n-boundary of G is an n=-chain
of & ﬁhich is the boundary of an (n-l-l)-chaiq of C . What we have been
calling the boundaries are in fact the boundaries of ZS . The n-cycles
of G ~and the n-boundaries of G form two groups on ch s denoted by
én(C) and Bn(&) . It is a simple result of homology theory that
Bn(c) ‘is a normal subgroup of Zn(c,) o The nth homology group of

G s Hn(c) is the factor group Zn(c,)/Bn(C) .

A well-known result of homology theory is that the homology groups
of 25 , which can be tﬁougbt of és all simpli;es of a (k-1)~simplex,
described by their sets of vertices, are all trivial., This immediately
implies Zn(ZS) = Bn(ZS) , which when the coefficient group is 22 is
exactly 3.9. The corresponding cohomology result implies 3.9?. Conversely,
we can use 3.9 and 3.9% to give a new proof that Hn(ZS) and Hn(ZS)
are trivial if the coefficient group is 22 .

We have the following mappings (or, rather, homomorphisms):

an+1 an

n+1/—\\°’/_\\Cy -1

(o)
‘Let us now consider the composgite mappings of 2 T into itself:

* — * * — * o 'Q
* = an+10 an and 3%3 = Bn_lo Bn » We will confine ourselves to the
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case k odd to avoid complications. This involves no real loss of gen-
erality, for each semi-primoid or semi-duoid can be considered on a ground

set S of odd cardinality by trivial modifications.

letma 4,12
a) m is a semi-primoid iff m = 3*3dnm

b) & 1is a semi-duoid iff § = 337§

Proof.  We prove a); b) follows by duality. Firstly, if m=3d%3m, =«
is a coboundary and hence a semi~-primoid. So assume 1 is a semi-primoid,

and consider B*Bﬂﬂ .

a*a;bﬂ(r) = TP W) =3 TP .

X
=P USP GV
Noting that there are n (n-1l)-sets contained in P,

¥ (B) =uf_(B) + T p.G)=np (P)+ T [ ¥ g1 .
|eup|=|P|+1 eeS/P G=PUe ,G#P

If P £, then QW(P) = 0, and each of the sums in square brackets
is zero by (Pl). So B*aﬂﬂ(P) =0,

Now assume P ¢ 7 . Then ¢ﬂ(P) =1, and each of the sums in
the square brackets is 1 by (P2); so B*aﬁn(P) =n+k=-n=k=1 mod 2.

* E ] * -
Hence 9 Bﬂn ¢ﬂ or ddm=m.

A corollary to this lemma is the existence of a 1-1 correspondence
between semi-primoids of -order n and semi-duoids of order n-1, given

. % ‘
by the inverse mappings an and an_l .

We conclude with an interesting but singularly useless theorem.

)
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Theoren 4.13, If yC a, s then 7 = B*B‘y + 33*y and this is the only

way 7 <can be expressad as the symmetric difference of a semi-primoid

and a2 semi-duoid.

Proof. I (y + W¥y) = 3%y + ¥A(F*y) = Fr + ¥y = § since 3y isa
coboundary, hence a semi-primoid. So ¥ + 33*7 is a cocycle, hence a
semi-primoid. Similarly, ¥y + 33y 1is a semi-duoid. Thusg Y can be
expressed as the symmetric difference of a semi-primoid and a semi-duoid.
Now let 7y = ™ + 51 =1, + 62 where M 5 T, are semi-primoids and

61 ’ 62 are semi-duoids, Then T = mtm, = 61 + 52 is a semi-primoid
and a semi-ducid, So JI3T =T but dT =@ ; thus T=¢ and ™=y,
51 = 62 . Since the decomposition is unique, ¥ = 3%3y + 3%y . This

cau v uriaiuced ;.u’uut:d.;.d.i.clj by Y - .O(‘J\"[ - -OJ".O('] -+ OZJJ.T) = 5"’67 T -O-":(EJZJ.)EJ:':T

=3*37+¢=a*3‘)'.

-
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CHAPIER 5

OPERATIONS ON DUOIDS

We have already mentioned the most useful operation on duoids--

symuetric difference. This has the drawback that from a pair of duwoids,

the result may not be a duoid; the operation is closed on semi-duoids,
but not on duoids. The operations we consider here are gll closed on
duoids. They also have a simple geometric interpretation. In other words,
the operations are analogues Ol operacions closed on Polyropes.

The product and the wedge arc based on operations used by Klee and
Walkup [19]); the éum operation was introduced by Adler [3].

These operations will be used in the following two chapters to con-
struct dvoidsg with éertain properties. |

Note that all these operations can be performed on primoids duaily.

5.1. Products of Duoids

Definition 5.1.1. If Si is a semi-duoid of order n, on S i=1, 2

i i’
and §, Ns, = 9 , then we define the product 8, ® 8, by & ® 5, =

{D1 U 1):,_[1)i e b, 1=1, 23} .

Lemma 5.1,2. If § 5 &, are (semi-) duoids, then so is 8 ® 8, of

order n, + n, on SI'U S, =8; 1if 5, 62 are proper, so is §; ® &,
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51® 62 is normal (supernormal) iff both 61 and 62 are.

Proof: From the definition it is immediate that §,®6 < Op 4q. © Now

172

let Uecnl+n2_1, and let U1=Uﬂsi, i=1,2,.

Case 1. [U;| =n,, lu,| = ny= 1. Thenif U, £6, , there are no
vertices of 61® 52 containing U . If U1 € 61 s then
Ucp,UD, e6,® 8y <=>U, D, ¢ §, and D, =7U, . There are an even

number of such D, , thus an even mumber of such D, u D, .

Case 2. |U] = n; =1, |U)] =n,. Proceed as in Case 1.

vage 3. neitner oI the above. Then either [U.| >n; or Ml >n

[3S)

Thus there are no vertices of 61 ® 62 containing U .

Hence §; ® 8, 1is a semi-duoid of order n;+mn, on 5, US,=5.
Moreover, we see that if 61 and 62 are proper, so is 61® 62 .

Let D,eb , i=1,2, and Diesi, i=1, 2, Then
(81 ® 62)(D2) = 8 1is a face of 61® §, which is a duoid. Thus by
lemma 4.2, all vertices containing D2 lie in the same duoid contained
in 61 ® 8, « Repeating the argument for (61 ® 62)(Di) , we see that
Dj'_ U Dé is in the same duoid as Di UD, , which is in the same duoid
as D; UD, . But the D, , Di were arbitrary; thus 61®62 is a
duoid. '

Now (61® 52)(U) = 81(U n Sl)® 52(U n Sz) for any UCS S . By
taking U first as all one-element subsets of § , then as all subsets

of S, we see that §,® 6, is normal iff §. and §, are, and super-
1 2 1 2

normal 1iff 61 and 62 are.
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Exemple 5.1.3. If §, = <{t,b¥> (for top, bottom) the l-dimensional duoid,

then 5, @ 8, just corresponds to a prism erected on §; « Let
§ = {13,23, {2,3}, 3,41, {4,1}} cthe 2-dimensional square. (In fact,
with some relabelling we could consider §;-= 62® 8, +) Then

61® 52 = {12¢t, 23t, 34t, 41t, 12b, 23b, 34b, 41b} which is just the cube:

We already have some examples of the product for semi-primoids; let

i e fr= —~ 71 = - 1 2 m

i
of 1.3.4 = & @Gj X ees ®c§‘ » each of the constituents being semi-
1 2 m :

primoids as remzrked in corollary 2.4%,

5.2. VWedzes of Duoids

Definition 5.2.1. Given a semi-duoid § of order n on S and a facet

e of S, two syxzbols and b mnot in S, then the wedge of § on

t
é

e is defised by WH(§,e) = (5 @<{t,b}>) + (G(e)®<{t,b,e]>) . Note that

the definition depends on t and b, but this will not be confusing,

lerma 5.2.2, If § is a (semi-) duoid, then W(§,e) is a (semi~) duoid

of order n+l on S' =35 U {t,b}/e o It is proper if § is proper. ¢t

i
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and b are normal facets in W(§,e) . A normal facet of § remains

normal in W (5,e) .

Proof: By Lemma 5.1.2, W(§,e) is a semi-_duoid if & is. Furthermore,
it is of order n¥l , and we note that every vertex comtaining e is
eradicated by the symmetric difference. Note also that every vertex con-
tains either t or b or both. let § be a dvoid, and comsider
(W(5,e))(t) , the face generated by t . From the definition it is easily
seen tﬁat: ®(5,e))(t) = 5 + (5(c) ®@<{b,e}>) , and hence it is isomorphic
to § with e replaced with b . Thus it is a2 duoid. So by Lemma 4.2,
all vertices containing t 1lie in the same dvoid comtained in W(§,e) ;
the same is true for b . Moreover, let D be a vertex of W(5,e) on t
bul uul U, ihex Lie u-ser D70 is coutained in JUuSt U and YU U D/T .
Thus these must lie together in one of the duoids of W(§,e) . Putting
these facts together, we see that W(5,e) must itself be a duoid. We have
also seen above that t and b are normal facets in H(5,e) . Moreover,
if f ¢ Sle (W(8,e))(£) = W(5(£),e) ; thus a normal facet of § remains

normal in W(§,e) . Now assume § is proper and let UCS', |O] =n.

Case 1. t e U . Then the vertices of W(§,e) containing U correspond
to those of W(§,e){t) containing U/t . But ¥(§,e)(t) is isomorphic

to § with relabeling. So these vertices are 0 or 2 in number.
Case 2, b ¢ U. Proceed as in Case 1.

Case 3. t £U, b AU. Since every vertex of W(§,e) contains either
t or b, the only ones which can contain U are TU ¢t » BUb . So

again there are at most 2.
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Hence W(S,e) is proper if § is.

Example 5.2.3, Let & = {{1,2}, {2,3}, (3,4}, {4,5}, {5,1}} . fThen

w(s,5) = {12t, 23t, 34t, 4tb, 1tb, 12b, 23b, 34b}

6 w({s,5)

We can uece this construction to chow that Temma 4.7 1e the efrancact nnecoihla

in the following sense,

Lemma 5.2.4.,

a) For n >4, there is a normal proper duoid of dimension n
which is not supernormal.

b) For n >4, there is a normal duoid of dimension n which

is not proper.

Proof: a) Let 81 = {123, 124, 134, 156, 157, 167, 235, 346, 247, 356,
467, 257} . It can be checked that 61 is a proper duoid and that each
of its facets except 1 is normal. Then W(Sl, 1) will be a normal proper
duoid of dimension 4, but its {t,b} face will be 81(1) s which is not
a duoid, So W(Gl, 1) 1is not supernormal. For higher dimensions, erect

prisms on W(51, 1) asg in 5.1.3.
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b) lLet §, = {124, 126, 135, 136, 146, 156, 245, 256, 345, 3461 ,
let 7, = 82®<{7,8}> . let &, = {81, 19, 9, ef, f6, 68} . Iet
7, = <{2,3>@ W45(63,e) where the subscript 45 means that we use 4 and
5 instead of t and b . Then let Yy = 71 + 72 . We can check that ¥
is in fact a duoid by Théorem 3.13. It is not proper, because U = {167}
is contained in 126?, 1367, 1467, and 1567, all vertices of Y « So we

must show ¥ to be normal., Notice that if we switch the labels 2 and 3

and also the labels 4 and 5, then all the duoids, in particular ¥
remain fixed. So ¥(2) is just a relabelling of 7(3) ; the same isg true
i for 7(4) and ¥(5) . We can also switch 2 and 3, 1 and 6, and 9 and f ;
thus (1) is a relabelling of y(6) and ¥(9) a relabelling of (£f) .
It is fairly simple to check the six remaining cases and verify that ¥

is normal. For higher dimensions erect prisms on ¥ .,

5.3. Sums of Duoids

S

Definition 5.3.1. ILet 61 P 62 be semi-duoids of order n on S1 ’

I Relabel if necessary, obtaining 6{ R 65 s Si , Sé s to ensure that

2 L ]

‘at L] - 1 |} t | ]
[Sl Nsjl=n, and §; N's; is a vertex of both 6] and 6] . Then
Sum (8, §,) = 61 + 65 . Once again the labelling is arbitrary, and the

vertices of si and 6& chosen to coincide are algo arbitrary.

Lerma 5.3.2, If 61 ’ 62 are (semi~) duoids, then Sum(ﬁl, 62) is a

(semi-) duoid of order n on § = Si'U Sé ; it is proper if 8 and

52 are proper, and normal if 81 end 62 are normal,
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Proof: let D;» Di e 6{/6' « Since Si is a duoid on Si

a duoid on S . Let T be a primoid on S with mN 8 = {Dl, Di} .

it is alsgo

Consider G(m, Sum(sl, 62), e) where e e Si n Sé-. The component of
this graph that containg (Dl, Dl) can contain no (DZ’ Dz) for D2 € 65
since this component contains only (P, D)'s with e £ D except for its
odd nodes., So it contains as odd nodes just (Dl’ Dl) and (Di, Di) .
Thus any duoid contained in Sum(&l, 62) must contain D1 and Di or
neither. The same holds for any D,, Dé e 6{/6' « Thug the only way in
which Sum(&l, 62) could gplit into semi-duoids is if these were

6{/{8{ n Sé} and 65/{8{ N Sé} ; but these cannot be semi-duoids becauge
they are strictly contained in i R 65 . Thus Sum(sl, 52) is a duoid.

Now assume 81 and §, are proper, then so are 6{ R 65'. let

Ueea : et U =ung! U, =ufne

2 L ]
=@ . Then the vertices of Sum(8,, §,) containing

U are just those of 5{ containing U ; and there are 0 or 2 of these.
Case 2. U, =0, U = # . Proceed as in case 1.

Case 3. U=1, = Up o Then USS5/NS; . U is contained in just D, ,

say, and Si n Sé of 8; s 1i=1,2, So U is contained in just bl ’

D2 of Slml(bl, 62) .

Case 4, U1 cu, U2 C U . Since all vertices of Sum(&l, 62) are con=-

tained in either Si

taining U, which has facets of Si/Sé and Sélsi .

or Sé , there are no vertices of Sum(&l, 62) con=

So Sum(al, 62) is proper.

Now let 81 ’ 62 be normal. Let e e S .
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Cagse 1. e ¢ Si/Sé ; then (Sum(&l, 62))(e) = Bi(e) and this is a duoid.

Case 2. e ¢ Sé/S]'_ . Proceed as in Case 1.

Case 3, ee Si n Sé . (Sum(&l, 52))(e) = {Si(e) + Si(e) . The same argu-
ment that was used to show that Sum(b‘l, 62) was a dvoid will show that

(Sum(&l,' 52))(e) is a duoid., Hence Su:m(&l, 62) is normai.

Example 5.3.3. Let &, =W(§5) as in 5.2.3 and et 8, =<{1,2,3,4> .

We will consider two different Sums, to show the choices involved.
a) Let 5 =28 , & = <{4,t,b,51> . These satisfy the hypotheses

of definition 5.3.1, and Sum(§;, §,) = {12t, 23t, 34t, 45t, 5tb, 1tb, 12b,

9 - A . -
s 34b, 45b; ; geometricaiiy,

Sum(c’sl, 62) is the duoid obtained by selecting ?1 and Pz 5 and joining

the edges as shown to obtain:
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b) let si =6, 65 =<{1, 2, t, 57> . Then sum(s,, 6,) =

{125, 15¢, 25t, 23t, 34t, 4tb, 1tb, 12b, 23b, 34b} . It can be seen that

e e

thacoa fwn enme ara aceantiallu Aiffarontami a thatyr ara nAatr Jwuad wao
e P - - -y -y —— -
labellings of each other, However, our use of Sums does not depend on

the choice=- Sum(&l, 62) can be chosen to be any Sum so obtained.

I
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t
8
t
61
Sum(&l, 62)

Note that the sum of a duoid § and a simplicial duoid corresgponds

to truncating one vertex of the duoid § .

4
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CHAPTER 6

THE RANGE OF EULER CHARACTERISTICS OF DUOIDS

AND SOME TOPOLOGICAL PROPERTIES OF DUOIDS OF DIMENSION 3

In Chapter 4 we showed the relationship between our duoids and ab-
stract polytopes. In [1, 3] Adler studied the range of Euler characterig-
tics of the latter. We will comment on his results and obtain corresponding

results for duoids, normal duoids, and proper duoids., In the three-dimen-~

olanal caea vwa will ha led o atndv Qemanifalda
o1 2 204 2 = A 2 -0 oindv man3iralds

In Chapter 4 we defined a face of a ducid; now we are interested

in the number of faces of a given dimension.

Definition 6.1. et § be a semi-duoid of order n on § ., For

0<d<n, define £,08) = [{u e %-d'a" € & s.t. UCDY .

In particular, £,(8) = ls] , the‘mmber of vertices, and fn_1(6) =k,
if we exclude superfluous facets from § - From the definition, fn(G) =1;
we may consider that this represents the one face of dimension n, i.,e.,

6§ itself. 1In terms of the f d(6) » We may now define the (modified)

Euler characteristic as follows.

n
Definition 6.2. X*(8) = % (-l)dfd(é) ]
=0

Note that, for a polytope, the normal definition is
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n-1

X(P) = T (-l)dfd(P) =1« (-1)n be the Euler-Poincaré relation. Using
=0

d
X* instead enables us to replace this with X*(P) =1, a much gimpler
relation. This definition of X* corresponds to Adler's; it has other
advantages in terms of simpler results als&.

Example 4.8 has already shown us that X*(§) is not necessarily
1, even for normal proper duoids. This example is the same as that used
by Adler ([3].

'As remarked in that paper, 3-dimensional abstract polytopes corres-
pond 1l-1 to triangulated 2-manifolds. It is also easy to see that triangu-
lated n-l-ménifolds give rise to n-dimensional abstract polytopes in higher
dimensions also. This is because the liﬁk of any face will be a triangulated
manifold. and the reenlt will fallaw hy induntiaon

This will enable us to settle Adler's remaining question. In fact,
S2 b4 82 is a 4-dinmensional manifold with Euler characteristic 3; it can
be triangulated, to givé a 5-dimensional abstract polytope, also with Euler
characteristic 3, From fhis all Euler characteristics can be obtained by

an argument similar to that in [3] or in our Theorem 6.6.
Lemna 6.3, X*(5; ® 8,) = X*(3,)%*(s,) .

Proof. It is easily seen from the definitions that U generates a d-face
of 61 ® 62 iff un S; generates a di-face of 6i with d1 + d2 =d .
d

Thus fd(61 ® 62) = jz;fj(sl)fd-j(62) . Then
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n1+n2
F6@5)= = 1Y 08,)
1@ 8)= % (8, ® &
n,in, d
= 5 1% £ £ (8)f (5)
d=0 d dy=d d,"17d,72
Y d ) d,
= (T (D' (60T (D 2 (5,))
d,=0 1 d,=0 2 277

X*(8,)X*(8,)

Lemma 6.4. X*(W(5,e)) = X*(65) .

Proof, For 0<d <ntl, we consider the d-faces of W(§,e) generated

by U's eo

n+leq 10 four categories,

Case 1. teU, b£U. Then U generates a d~face of W(§,e) iff

U/t , with e § U/t generates a d-face of § .

Case 2. t U, beU. Then U generates a d-face of W(§,e) iff

U/b , with e # U/b generates a d-face of § ,

‘Case 3. t, b e U. Then U generates a d-face of W(§,e) iff u/{t,b}

‘generates a d-face of §(e) .

Case 4. t, b £ U . Then U generates a d-face of W(§,e) 1ff U U t
generates a d-l-face of W(§,e) 1iff T, with e 4 U, generates a d-1~

face of § .

Condensing, we obtain, for 0<d < ntl :

i
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£30(6,0)) = [£,(8) = £;(8(e))] + [£4(8) = £,(8(e))] + [£,(5(e))]
+[£,_1(8) = £,_;(5(e))]

= 26,(8) = £4(8(e)) + £,_1(8) ~ £, (8(e)) .

nt+l
Thus X0I(3,0)) = T [26,(8) = £4(5(e)) + £, (8) - £, (b(e))] (-1

= 2x%(8) - X*(8(e)) - X*(6) + X* (o))

= X*(§) .

lerma 6.5. X*(Swa(s;, 6,)) = X*(6,) + x*(&z) -1,

Pranf. Tat M o -far N AdAcn
n=g - -

Case 1. UN (S';IS’{) #P . Then U does not generate a face of 8;‘ and

generates a face of Sum(él, 62) iff it generates a face of 5’; .

Case 2. UN (S;’/S"i).sé # . Then U does not generate a face of 6’; and

6*

generates a face of Sum(&l, 62) iff it generates a face of 5

Case 3. UC S"’{ NSy . Then let U'C S’i’ n S;‘ contain U and |U'| = n-1.
U' is comtained in a vertex of 6’i‘ besides S’; n S'g y 80 U generates
a face of Sum(él, 52) . There are ( nf-ld) of such faces, and each is

* & - ' n
a face of 51 and of 62 + Hence fd(Sum(Sl, 82)) fd(sl) + fd(sz) - (n—d>

Also £q(sum(8;, 8,)) = £,(8,) + £,(5,) - 2

= £0(8;) + £,(8,) - (n‘_‘o) -1
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So ‘~ X*(Sum(8., § )) = ; (-l)df (Sun(8,, 5,))
N 17 "2 d=0 d 17 =2
n
- dzo(-l)déi(sg + £,(5,) - ( 2N

x*(sl) + x*(az) + -1 -1

% *
X*(8) + X¥(5,) - 1,

Iheorem 6.6.

é) All 2-dimensional duoids have Euler characteristic 1.

b) All 3-dimensional duoids have Euler characteristic <1 ; and for any
integer m <1, there is a normal proper 3~-duoid with Euler charac-
teristic m ,

¢) All 4-dimensional normal duoids have Euler characteristic <1 ; for
any integers £ <1 and m, there is a normal proper 4-dimensional
duoid with Euler characteristic 2 and a proper 4-dimensional duoid
with Euler characteristic m .

d) For n>5, and m any integer, there is a normal proper duoid with

Euler characteristic m .

Proof. The first parts of b) and ¢) are difficult and will be deferred to
lemmas; it is there that we investigate the tcpological nature of 3-dimen-
sional duoids.

Part a) follows from Lemma 4.10. For higher dimensions, more notation
will be useful. Let 18 =58, and let m§ denote S {(m-1)5, §) .

1

let 8 =4 and let &" denote 8" @& where & isa relabelling

it

of 6 so that the required grourd sets are disjoint.
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et 7 denote <{e0, €1y seey en}> > let & be as in Example
4.8, and let 8, =<{1,2,3,4,5}> + <{2,3,4,5,61> +<(3,4,5,6, 71> +
<{4,5,6,7,8%> + <(5,6,7,8,9%> + <{6,7,8,9,11> . We can check that 8,
is a duoid by considering G'(62, 5) and using 3.13.

Second part of b). X*(TB) =1, X*(Sl) = 0, and by repeated use
of 6.5, X*(mél) =1-m forall m>1,

Second part of ¢) x*(74) =1, X*Gn&lﬁbii) =1-m by6,3 for
all m>1,

Furthermore, all of these are normal and proper by 5.1.2 and 5,3.2.

Third part of ¢). It can be verified that X?(&z) =2 . Hence
X*(msz) = 4m by 6.5 for all m > 1 . Since 8, 1is proper, so is ms,
for all m>1,

Part d) X""'('rs) =1 ; X""'(m61®'ri') = l-m ; and X*(W(Sz, 1)) =2
by 6.4. Iletting 63 denote W(sz,l) s we first see that 63 is normal,
since every facet of 62 except 1 is. Then all the duoids above are normal
;md proper, and X* (m8y) = l4m

For dimension n > 5, we use T m61® 72-3 s and 53®'r;'5
for Euler characteristic 1, l-m and I+m respectively,

We must now settle the remaining parts of b) and ¢).
Lemma 6.7. If 8 is a 3-dimensional duoid, then X*(§) <1.

Proof. We first prove the lemma in the case when § 1is proper. The argu-
ment for the gemeral case is similar, but relies more on topological results.,
From our proper 3~-dimensional duoid § s We proceed as follows to

obtain a normal duoid &% . For each facet e of 6§ , define g(e) to

/

A
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i be the smallest number of duoids whose disjoint union is 8(e) . (So if
e is normal in §, g(e) =1 .) Then we define the abnormality of §,

Ab(8) £ T {g(e) - 1} .
eeS

If, say, g(e)>1, Ilet 61(e) be one of the g(e) duoids con-
tained in 6§(e) , and let f £ S . We obtain 6: from 8 by relabelling
e by £ on §(e) ; more formally, &' = §+ Bl(e)ca<<{e,f}> . It can
be easily seen that &' 1is a duoid (G(8') is stiil connected), In
addition Ab(8') <Ab(§) , since g'(f) =1, g'(e) < gle) and
g'(e') <ge') for e'# e where g' refers to §' . We can also verify
that £,(8') = £,(8) , £,(8") = £,(8) , £,(6") = 1+ £,(5) ,

f3(6') = f3(5) ; so X¥(8') > x*(s) . Continuing, we must arrive at a

mavmal deaadd XA ZeRN L AN Lliat v se®N o wiksen
e e siiea e ve wens mene v Ntaw v g v 7 tawss = \V g oz e Uy e

Now &% is a duoid on some set S* containing S . Let us put
points in general position in E6 in 1-1 correspondence with §* =-in
fact, let Pe correspond to e ¢ §* , let AD be the closed triangle

vwhose vertices are {P |e ¢ D}, and let M = 1! b, . The operations
€ De&* :

shown thus far are illustrated in Exampie 6.8.

We now show that M2 .1s a 2-manifold. First note that since the
points are in general position in E6 » no triangles can intersect except
at shared vertices or edges between them. Thug if Q 1is interior to one
of the triangles, it has a neighbo;hood homeomorphic to a 2-disc. If Q
is on the line joining Pé and Pf ,' then @ is in two such triangles
because &% ig Proper, so once again Q has a neighborhocod homeomorphic

to a 2-disc. Finally if Q is Pe » then since &% is normal 5% (e)

is duoid, hence a simple polygon. Thus the triangles containing Pé occur

o~
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Iin a2 single circoit rownd Pe: + again Q has a neighborhood homeomorphic
to a 2-~disc. Also xmz fs corrmected because G{8*) is.

Now Z*tmz ) = £°(8*) because the vertices, edges, and facets of
& correspond I-1 to regions, edges, and vertices of the triangulation
of NZ « Thns by a well-known result, X*('MZ) <1, so x*(5) <1,

We hawve also showm that proper 3-dimensional duoids correspond 1-1
with trizmoulated 2-menifolds, with possibly some vertices identified,

Having proved that X(8) <1 for § proper and 3~-dimensional,
we may go to the gemer=] case where 8 is possibly improper. By the pre-
ceding argment, we mzy obtain 2 normal duoid & from § by splitting
its non~normal fzcets. This normal duoid &% corresponds to a triangu-
lation T of a 2—11@1":@]1& M.z - To obtain a representation of §, we

]
must do some smrgery em M . Since vertices of § correspond exactly

l to vertices of & , we need only four operations:

1) TIdeotrify two wertices of T .

2) Tdemtify two edges of T with separate end-points.

3) Tdentify two edges of T sharing one end-point,

4) Idemtify two edges of T with common end-points.

We will tims pmceedl te construct surfaces Mz = ag 855 esey @
where eath surfzce is obtained from the last by one of the operationé above,
and there is a trizpgwlation of a corresponding exactly to §, so
that X (&) = E*(am) . YNow we need some relation between the Euler charac-
teristics of the =2's .

Demote by W(z) the connectivity of a ; then #%(a) is the number

of penerators of the fundsmentsl group of a , or more simply, the number

of Indepevdemt cycles winich do not separate a . Then by a well-known
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result in topology, X*(Mz) + ﬁ(Mz) =1, see, for example, [4].
To illustrate, the sphere has Euler characteristic 1 and no non-
separating cycles; the torus has Euler characteristic ~1 and two non-

geparating cycles:

We wish to show that X*(am) + é(am) =1 ; then x*(s) = x*(am) <1.

L a4 *e% " v - - .-* - . - - . e - - - - - - - -
WE Wiir Suuw Liab A T Y A3 uutLaugeu Oy d4lil Lide UperaiLious iistex aoove;
the result will then follow.

First note that each a is pathwise conmnected, since M? ig; this

follows from Theorem 3.12 applied to §° .

Operation 1. X* 1is reduced by 1 since there is one less vertex, the same
number of edges, and the same number of triangles. But the two vertices
were previously connected by a path, and under the identification this

path becomes a new independent cycle; so ¢ is augmented by 1.

Operation 2. X* is reduced by 1 since there are two less vertices, one
less edge, and the same number of triangles. But if we take one vertex
of each edge and connect them by a path, this path becomes a new independent

cycle; so % i1s augmented by 1.

A
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Operation 3. X* is unaltered since there is one less vertex and one less
edge, and the number of triangles is unchanged., It is easy to see that

¥ dis also unaltered,

Operation 4. X* is increased by 1, since ;he mumber of edges is reduced
by one while the number of vertices and triangles is unaltered. We wmust
show that ¢ is reduced by 1; this will be truve if the old cycle con-
sisting of the two edges to be identified was a non-separating cycle.

But if this cycle did separate, then consider ail the triangles on one
side of it, These will form a semi~duoid, since the boundary is just a
repeated edge whose vertices have the same labels in 8§ . By relabelling

this semi-duoid, we obtain a non-null semi-duoid strictly comtained in § 4

histe ehidn vodaTaban cha heemaslaoor_ oL _a ®  2_ _ 3.__
- weswer TR T we wehtw s Ve MecUeaT wiita v -0 T MUV LW e

Thus X*(a,) + ¥(a ) = X*0F) + $02) = 1, and the lema is proved,
hence proving 6.6(b).

Before proceeding to the 4-dimensional case; we note that thke pani-
fold obtained from § is not unique; in fact, we can construct either

an orientable or a nom-orientable manifold from the following duoid:

Example 6.8, Let § = {124,125,127,128,134,135,137,138,246,256,279,289,
345,378,458,4617,478, 569,589,679}
i) & is a duoid. It ean be checked that § is a semi-duoid; and
it is a duoid because G*(5,1) is cormnected.
1i) &(Q1) = {24,25,27,28,34,35,37,38} 1is not a duoid. It can be
checked that all cther facets of § are normal. &(1) can be

split into two duoids in two ways:
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a) 8(1) = {24,27,34,37} @ {25,28,35,38}
b) &) = {24,28,34,38) @ {25,27,35,37?

% * .
let us form 6a and &b by taking the two decompositions; let
the new facet in each case be 1',
Then 6; R eg correspond to triangulations of a) the torus,
b) the Klein bottle (the surfaces are represented by rectangles with

identified edges):

a)

1' 6 9 1!
! 2 . > - 2
b)
2 ,
4 7 z
1.
1'
A
A 8
3 3
A
1! 6 9 1
2 SN
4 - 7 2
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The first paxt of Theorem 6.5(c) mow follows from:

Ie—z £.9. If § is a mormal 4~dimensionel duoid, then X¥($) <1 .

Proof. Simee § is tormzl, each fzcet fs a 3-dimensioral duoid; we will

count the faces of § by countieg the fzces of these facets. Note that
zch vertex of § will =ppear in & facets of § ; each edge in 3 facets

ef & ; each plane in 2 Zacets of 8§ znf eazch facet in one facet of § .

L3 s
=1zt ﬁi‘))-i"'f (6’e))‘-l"‘*’ (&{e)) TEB{e))+ 1
& =ty 3% T2 =72 - o=
eeS eeS eeS eeS 3
4 N\
- —]in B £ AN i ¥ [ ¥ o= » ;: -
= e‘is z gy — 3 L{8es) + 3 S8 - 58&ED b+

=z {% (5()) - 7 (5@ + £ £,(5)) - L ¢ (a(e))}

How since sach 8{e) is a dwoid. X*(S(e)) <1 by 6;7 and

53 (8(e)) =1 . Also, each vertex of &{e) is on three edges of §(e) ;

&nd each edge contains at least two vertices of §(e) . Thus,

355(8(e)) 2 2£,{8(e)) , and :- £,{8()) - —f (8(e)) < 0 . Combining

these resclts, we obtzim X°(8) <i.
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CHAPTER 7

LOWER BOUNDS ON THE MAXIMUM DIAMETERS ©F

This chapter will demonstrate the importance of dimmsters of dapidiy
in complementary pivot theory. Indeed, these :diametez;s Provide bormils em
the number of iterations required in compiementa::y Pivot algoriithns im the
same way that diametérs of simple polytopes give bounds on tthe mmber af
iterations required in non-degenerate bounded linear Proprans. Qmr mzim
result gives lower bounds for the maximum diameter oF all dupids of erder
n on a k-set, by exhibiting duoids which do in fact amttain these lowsr
bounds.

The distance between two vertices of a polytope P is the lexgth
of any shortest path conmnecting them, measured by the mmiber of edfzes
traversed. The diameter of P ig the largest such distance. Crrresgpondingly,
the distance between two vertices of a duoid § is the length of zmy
shortest path in G(§) (see p. 3.11) connecting them; and the dizmeter
of &, A(8), is the largest such distance. Also, 2‘3(5@1931» will regpre—-
sent the maximum diameter of ail duoids of order = onasstof § of
cardinality k . The superscripts P, N » and NP correspond to the
restrictions that the duoid must be proper, ncrmal, znd mormail smd progper

TGRS
respectively. Trivially, we have A,(n,k) > 2> @k) . W
3

Reprod.uced with permission of the copyright owner. Further reproduction prohibited without permission.



A

7.2

are interested in these restricted measures mainly because almost all ex-
amples of complementary pivot algorithms are based on primoids and duoids
which are in fact normal and proper.

The diameter of a polytope is of great interest in the study of the
number of iterations required in linear programming, Any variant of the
well known simplex algorithm proceeds from vertex to vertex of the poly-
hedral feasible region. The cases when this polyhedron is unbounded or
not simple can be reduced to the case of a simple polytope by adding a
bounding artificial constraint or by perturbing the constraints. Thus
the diameter of the resulting simple polytope is the number of iterations
necessary when the starting vertex and the optimal vertex are at maximum
distance and when the Pivots are chosen to minimize their number. Of
course these pivots may not be those indicated by the operational rules
of the algorithm; in fact, Klee [18] has an example where the standard
rules take one through every vertex of the polytope.

Of course, neither the diameter nor the number of vertices of a
polytope is very important on its own. What is important is the expected
number of iterations for a linear programming problem of a certain size,
say one with k-n equality constraints on k non-negative variables,
(This gives a feasible region which is isomorphic to an n-dimensional
polytope with k facets,) Vast computational experience indicates that
the expected number of iterations for such problems is of the order of
2(k-n) or 3(k-n) . These values are nmuch closer to the conjectured
maximum diameter of all polytopes of this size (see below) than to the

maximun number of vertices. We hope that complementary pivot algorithms
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will exhibit similar behavior. The only evidence for this optimism is that
im Scarf®s Iimited experience in using his algorithm, he has observed that
the primftive sets encountered usually lie approximately on a straight
Iime from the starting position to the solution obtained. Obviously in

this case the number of iterations is close to the shortest distance between

these points. In the worst possible case, when the solution is maximally
distant from the starting position, the number of iterations will bé close
to the diameter of the duoid generated by the primitive sets.

The maximum diameter of all n-dimensional polytopes with k facets
is demoted by Ab(n,k) « Hirsch conjectured that Ab(n,k) < k=n (see

r
('8

\D

¥, pp. 160 znd 168)., This conjecture has been confirmed for the case
n <3 by Klee [17]; and for the case k-n < 6 by Klee and Walkup [19].
Adler znd Dantzig [2] extended this last result to abstract polytopes.
The comjecture has aléo been confirmed for all n,k for the very special
cases when the polytope a;.rises from a shortest route problem [26]) or a
Leootief substitution system [12]. No negative results have been obtained.

Our results show for the first time 2 generalization of polytopes
for wirich the Hirsch conjecture fails. Indeed, we construct normal and
proper duvoids which violate the generalized Hirsch conjecture by an order
of magnitude. A further justification for congidering the restricted
mMeISTres Ag(n,k) and Agp(n,k) is th_at we thereby provide stronger
evidence that the Hirsch conjecture may Be false. Unfortunately, we have
been umable to comstruct supernormal duoids, or abstrict polytopes, which
violace the Hirsch con jecture,

The general results of Klee, Walkup, Adler and Dantzig are in fact

very Limited. If k-n <6 , an n-dimensional polytope with k facets
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is just an n-simplex with a few vertices truncated. Our results are much
more general, although they only give lower bounds on Ad (n,k) .

We now show that maxféd(n,k), Ad(k-n,kﬂ gives a lower bound on
the number of iterations required in a complewmentary pivot algorithm applied
to the 'worst" prizoid and duoid of order n on a k-set. Here "worst"
means that the primoid and duoid achieve the maximum diameters for their
sizes and share only two maximally distant (in both m and § ) vertices.
Also, we use iteration to wmean a primal pivot step and a dual pivot step;
in some cases (for example, the lirear complementarity problem) one type
of pivot step is much easier to perform than the other. Thus the basic
step is-a primal pivot step followed by a dual pivot step, or vice versa.

It is immediately cbvious from Chapter 2 that the sequence of primal
vertices forms a path in &°(m) (the definition of thie graph ie analagous
to that of G(8§) ; it is isomorphic to G(Sﬂ)), and the sequence of dual
vertices forms 2 path in G{8) .

If we start and finish at maximally distant vertices for both
and § (the worst case), then the nuwber of iterations requiréd is at
least mex{i*(m), A(8)} . (A*(z) is defined in the obvious manner:

A*(ﬂ) = A(Sﬂ’) .) 1If, moreover, w and § achieve the maximum diameter
for their sizes, A(8) = A;(a,k) and A*(m) = &) = 4 (k-n,k) . In
this case the number of iterations required is at least

max{a, (a,%), 4, (k=0,k)} . |

When w and § are both proper, we can obtain an upper bound on
the number of iterations. In this case it is easy to see that the number

of nodes of G(m,6,e) is at most 2 min{im|, |6/} . since no node is

i
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E Theorem 7.1.

P 2 (!
2) 8,3,k) > EG' LEZJ' k' - 2/

I L

-
b) A2,k 3 %(k' AERE

L=

[ :
) A5(5,%) 2 g:(k [‘-‘é-]-_kv - 4)
d) Ag(n,k) 2 as'(ac-ms) [:1‘-'9-!‘—‘3] - 5)] if n>6

) w1 > A§<n -k +[12‘-:[, [{D if n-k +B‘-:[> 1.

We now introduce the special class of duoids of large diameter.

A

Hy
"3
"
J
3
(]

We restrict ourselves initiaily- to. the cace n >3, and

Our ground set: S is again a set of k elements, but for ease of
exposition it is convenient to take S to be the cyclic group on k
elements, Ck « It will often be convenient, at least mentally, to have
a pictorial representation of S or various subsets of it., Thus if

S = Ck = {co, cl, ceey ck-13 3

we represent ch by exp<32H¥£:€> , 1.e.
our points are evenly set around the unit circle in the complex plane,
with c0 represented by the point 1,

The gap between two such points cj and ch will be the points
contained in the smaller arc joining them in the picture. Thisg gap 1is
adjacent to its two endpoints cj and ch 3 its size is
win{|h-j|, k- [h=3]} .

As an example, let us look at the pictorial representation of 05 :

l
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The gap between c4 and c1 is

4 0
{c’y ¢, V. 1t is adjacent to

c4 and c1 o« Its size is 2.

The comstructed duoids will also depend on an r-tuple P= (pl, veey pr)
of integers 211 < k-1,

®e now define &nk(g) as follows:

Definition F.2.

ken _dp,  (i+l)p; (t4n)p, s

5,.@ = t<fc
2= 50

b c , ..., c

n-I  -(n-j)p -p P jp
. 1

+ cg <{c , .." c 1, co’ c 2’ .CO, c 2}>

& >

kn ip (i+l)p (i+n)p
+ o<fe 2, c 2 ..., 235
i=0
a1 -(o-j)p -p P ir
2 2 0
+ E<£c ’ ...’ c ’ c ’ c 3, ..., c 3}>+ L
§=t
k-n ip (i+l)p (i+n)p
+ E({C r, o3 r, seey C r}> .
i=0
6mk@ is 2 semi-duoid since it is the symmetric difference of

simplicial duoids--these are called itscongtituent simplicial duoids

A
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(ces.d.'s) and are generated by itsconstitwmenmt simpiicial sets (c.s.s.'s).
These are arranged in blocks as shown. The top block fs called the |
block, the next the pl-pz-bloc’k, and so om.

Let us restrict p as follows (more restrictions will be placed
on it later): all p; distinct, amd all p, <% - Them, By looking
at the c.s.5.'s, we note that tugy ate & sat of evenly spaced points on
the circle (unless the c.s.s. is in the pi-piéi—l block, in which cage
the step size changes from P; to Pyyq at the poimt c@ . Consecutive
gaps are of the size Py (pi <5§_‘—3 ), and there are &l points, so some-
where around the circle there will be a single recogmizable gap of size
> 3—;_% « By congidering the followimp gap, we will Be able to recognize
the c.s.s.'s. Thus all the c.s.5."s are distinct.

It may be 'nelpfx;l to refer to the em=mmple at the end of this chapter,
7.10, to see the way in which the c.s.d.'s it together, This example
does not satisfy the conditions already placed om the pi”s » nor those
to be placed on them later. However, it serves cur purpose as a small
counterexample to the generalized Hirsch conjectuwe, and the structure of
the duoid does illustrate that of the whole class of duoids of the form
6~nk(P-) *

Ve now define the height of 2 C.5.d. @r eguivalently of the cor-
responding c.S.s. The formal definition iz rathsr inelegant; but it cor-
responds exactly to listing vertizally all c.s.d.’s as givenr in the defini-
tion, starting with the pl-b'lock, and writimg exch summand in the order

in which the sum (or rather, symmetric differemee) is made. The lowest

height is 1,
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Definition 7.3.

ip, (Hlp, (i+n)p,
hfe 7 ¢ s eeey C ) = (r-)k+k-n-1+1
-(n-j)p Py o P e
h(<{c 'e, veey C I', c, ¢ ZH', essy € ‘%1}>) ES (r=2)k=-j+1 .,

Two heights are neighboring if they differ by 1. Notice that height

is well defined when p satisfies the conditions mentioned above.

Theorem 7.4

If p satisfies

i) all Py distinct and <%

ii) pl < p2 XX < pm and 2p£ >pz+1 for f; = 1, 2, eoey m-l

iii) if n<4, all p, odd
2.\ e o9 albio .- fo. 9 fn_ 1 fo 7 | S 9
AVy Ak un = o L€ S€LS Lyzg 9 L"Pz’ 9 ’L-lyz_( Fy *u.cz-r yz+1; 3

{2pz+ pm_l} and {pz+ 2p£+1} are all disjoint;
then every vertex of a c.s.d. lies in either just one, or in two of
neighboring heights. Furthermore, Snk(n) is proper.
Note that a vertex of snk(g) is just a c.s.s. minus one point.
We will find it convenient in this proof and in the description of the

adjacencies in énk(g) later to classify vertices by type.

Definition 7.,5. A vertex of a c.s.d. has type h 1ff it is obtained from
& CeSes. by omitting the hth symbol of the c.s.s., in the natural order

in which they appear in definition 7.2.

_
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Proof* of 7.4. For the first part, we will show that a vertex of type 1

is equal to the vertex of type nt+l omne lower, but that otherwise all

vertices are distinct. To prove this, we take any vertex of a c.s.d.
i i i
1 2

D=1{c ", ¢ 9 ...,cn} say, where 051'1<i2<...<in§k-1, and

=1 =1

cons:.de? the n gaps b, =i, - 115 by =iy -y ..., S T N P

and b =i, +k=~4i . Subscripts of the b.'s and i.'s will be con~-
n 1 n J J
sidered modulo n , thus b ol = bl s &tc,

Since D is a c.s.s. minus one point (we can picture D ag a set

of spokes in a wheel) and since all the pi's are all < £ just one

n+3 °
of the b.'s is > 3k The other b.'s are all < 2k
S n3 ° j nt3 °

We will show that each vertex, except those of type 1 or =ntl,
has a different set of bi's s and ii's » ILet b be the "large" b .

let D be a type i vertex in the ph-block. Then if i =1 or

ntl , we have bm =k = (n-l)ph, bm-l-l = bm_*_2 cos bm+n-1 =P .
If 1<i<nil, we have bm=k-npj’bnri-1=bm+2='"=bur!-i-2
buﬂ'i"l = zph and bm-i = eee = bln'*‘n'l = Ph °

Now let D be the type i vertex in the jth summand of the
ph-ph+1-block (see definition 7,2).

If i = 1 s we have bm = -(n-j"l)ph - jph+1(m°d k) ) bm"‘l = see

" Poin-je1 TPy @md B os.=b o =p .

If 1<i<n~j, we have bm = -(n-j)ph - jph-i-l(mOd k) ,

Putd T vt = ppgp TPy s b T2, B . Putnej-1 = Py o and
Pwtnej = *** T buynay = Py o

n=j+l (i.e. co is missing from the vertex) we have

~

Fh

e
]

*This proof may be omitted on a first reading.
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b = @30y - 3By Ged k), By, = .. = Prtn-jo1 = P 7 P

TP TPy @d b g T eee =B TP

If n=3#1<i<ntl, we have bm = -(n-j)ph - jph+1(mod k),

=b

Pty = e T botnej = P 2 Potn-je1 = 0t T Ppy0 = Py s

Popgel S 2Ppyy e @ b= .=b, =p .
"(n.j)ph - (j-l)ph_*_l(mOd k) s

Potl T Tl TRy wd b S e =) T Ry

Now we show that all vertices are distinct, except types 1 and ntl

Hh
il

jod
.
&
:
<}
L}

of neighboring heights.

Case 1. n=3, Then b the size of the gap after the single "large"

otl ?
(> =k ) gap, is of the fom Py s 2ph or ph+ph+1 for some h ;

-~ . - coost f wmgem Fan 2 L
anad Bu "e-nno +ha }a:r:v_\i_-ﬂ-uoa-- (i‘."}’ VS &= LpTss ¢ +1 [o% "‘:I““‘l e Ohne

of these forms.

Now the argument is straightforward; basically, when we have iden-
tified one of the gaps, we cam find "where the vertex is." (and in just
one way). This arguzent will hold for the higher dimensional cases also.

It b N then the vertex can c¢asly be in the Ph-1 = Py
block, the ph-block, or the P, " Pryg block. We consider cim-l':l s the

L mod k) = 1, say.

point following the large gap, and calculate
If i =0, then the vertex is in the 0th summand (1 = 0)
of the ph-block, and possibly the (n-I)St summand of the Pha1”™ Py
block.,
If 0<i<k-n, the vertex ig in the ith summand, and possibly
the (@{H-1)SY, of the p, ~block.

If i=5k-mntl, the vertex is in the 1°° sumand of the Py = Py

Y
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of the form Py » th or ph-l-ph+1 . But at most one is of the latter
two kinds., Since Py < 2ph“_1 (i1), the smallest of these three b's is
a p, - Hence, working backwards is necessary, we can express hm+1
uniquely as P, s th or phi-ph+1 . The rest of the proof is contained
in Case 1.

This completes the proof of the first part.

To prove the second part, we will use the same reascning. Note
that if an edge (a (n~1)-set) is contained in any vertex of Gnk(g) 3
then it is a c.S.s. minus two points. Once again we find the associated

b's , the sizes of the gaps in the edge; there are now n-1 of them,

As before, one of the b's is larger than i%%-. “All other b's will

be smaller than this (even if the two missing points are next to each
other). So we can distinguish, say, bm , the large one. Subscripts of
the b's and i's will now be modulo (n-1) .

As in the first part, we will try to identify bm+1 uniquely as

a ps 2 2ph s @ 3ph , a ph+ph+1 , @ th-i-ph+1 or a phi-th+1

-=thage are all possible gaps in an edge, by an analysis similar to that for

vertices.

1f we have determined which of these b_,, must be, then we know

%m+1

h

be contained only in a vertex in the ith summand of the ph-block, ard

h . Once again, let i = (mod k) . Then if i < k-n , the edge can

possibly the two c.s.d.'s immediately.higher (since the edge is a c.s.S.
minus two points). If 1 > k-n, then the edge can be contained only in

a vertex in the (i-k+n)th summand of the P Phi block and possibly
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the two c.s.d.'s immediately higher. Within this range of three c.s.d.'s
of consecutive heights, the edge can only be contained in two vertices,

as can be easily checked. 1In fact, the symmetric difference of three such
c.s.d.'s corresponds to a simple polytope, an n-simplex truncated, and
then truncated again at one of the vertices created by the first trunca-
tion. Reference to example 7.10 will clarify this. So it remains to show
how to determine b uniquely as one of the expressions shown in the

mt1
last paragraph.,

Case 1. n =3 ., Then all these expressions are distinguishable, by

hypothesis (iv). Thus bm+1 can be identified.

Case 2. n =4, (Consider bm+1 and bm+2 o As in the proof of the first
paci, 1f mw # n=2 , bnr!-l must be a P, a th 5 ora 3ph o 1f
o= ni2 , bm+2 must have one of these forms. Since no Py is even

(iii), the only confusion possible is when, say, bm+1 =p; = 3pj ¢ (The

preoof for b is similar.) We will show that no confusion can arise.

mt2

We will use the loose expression "if bm+1 were 'really' Py "

as shorthand for "if the edge were contained in a vertex in the pi-block

or the pi--pi'_*_1 block, so that b could be naturally expressed as

i1

11

pi .
We distinguish three cases:

(1) Neither im+1 nor ih+2 |

pi s bm+2 would be pi R 2pi y 3pi R pid-pi+1 s 2p14-pi+1 sy OFr

is 0, Then if bm+1 were 'really"

mt2 2 bm—t-l ¢

would be pj < bm+1 » So no confusion can arise in thig case,

L) 1"
pi-i-2pj_+1 o In all cagses, b If bm+1 were ''really 3pj ,

then bm+2

and we may express bm+1 uniquely.
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i) 1If 4 a1 = 05 then if b ] Were "really" Py, b

-2
would be Py > 2pi or 3pi , and bm_*_2 me-!-l . If bm_,_1 vere "really"

3pj » then bm+2 would be pj < bm+1 o No confusion is possible.

= ". "
(iii) 1If %n+2 0, then if bm+1 were "really P; » bm+2

would be Piyy 2pi+1 or 3pi+1 ; and bm+2 > hm+1 . If bm+1 were

1t 1t
really 3pj » then bm+2 would be pj+1 < bm+1 .

determine the proper expression for bm+1 uniquely,

Once again we may

Case 3. n =5, We have at least 4 points in the edge, and go at least

3k
3 small (K o3 ) gaps bm+1 s bm+2 ,» and bm+3 .

2 c.s.s. minus two points, one of these b's is unchanged from its eize
3

Since the edge is

in the c.s.s., and equal to P, » say. Moreover, P is smaller than

all the other gaps which might occur in the same edge, i.e. 2p, , 3p, ,

P10 Ppy s 285 3p s Phe1™Ph s Puopt2p 5 29 P,
Pt Phe 2 PPy tRyyy s and pd2p

So the smallest of b b b

whl 7 Pm2 2 Pm3
backwards to Hn+l if necessary, we can express bm+1 uniquely as one

is equal to P - Working

of the possible forms,

The theorem is now complete. By showing how to identify vertices
and edges as arising from just one or possibly two blocks of the duoid,
we have also shown that the vertices appear only once in the descrintion
of the dﬁoid. The vertices that appear more than once appear just twice
in c.s.d.'s of neighboring heights, and cancel each other out in the
symmetric difference.

Also, we have seen that edges are essentially "local" in that a

vertex is only adjacent to others of fairly close heights, This is what

P
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accounts for the large diameter of this class of duoids--we canmnot jop

a large distance. In fact, any pi-block of the duoid, considered as a
duoid itself, is a representation of a simple polytope, obtained as
follows. Take an n-dimensional simplex and truncate one of its vertices
(this vertex corresponds to the type 1 vertex of maximum height im the
block). This truncation gives n new vertices (corresponding to the
vertices of types 1, 2, ..., n of height one lower in the block).
Trunca;e one of these vertices (the one corresponding to the type 1 vertex).
The process continues, and we finally obtain a simple polytope iscmorphic
to that used by Klee in [ ]. The pi-block is obtained from this polytope
by labeiling the facets all differently, except that the facet created by
the last truncation and the facet opposite the first vertex trumcated

shara the lahel ¢~ . We can gee thie most clearly by congidering Iz

-

7.10,

To describe the adjacencies of Snk(g) (i.e. the adjacencies in
G(Gnk(g))), we use our classification of vertices by type; from 7.4 we
have that the c.s.d. of minimum height has vertices of types i, 2. eweay m 3

that of maximum height has vertices of type 2, 3, ..ay ntl ;3 and all

others just have those of type 2, 3, eeay n .

Theorem 7.6. Under the hypotheses of 7.4, the adjacencies of the vertices
of Snk(g) can be described as follows:
| The type 1 vertex is adjacent to
1) type i vertex of same height i = 2, 3, veay 0

ii) type 2 vertex one higher

e
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The type n+l vertex is adjaceht to
i) type 1 vertex of same height 1 =2, 3, eeey, N
i1) type n vertex one lower
For 2<i<n: Atype i vertex is adjacent to
1) type j vertex same height for 1 # j =2, 3, ..., n
ii) type i+l vertex one higher, or if none, type 2 vertex two
higher, or if none, type ntl vertex same height
iii) type 1-1 vertex one lower, or if nonme, type n vertex

two lower, or if none, type 1 vertex same height,

Proof: Consider 5 heights of c.s.d. and their associated vertices, which

all have the following form:

<{a1, az, ceoy am_]‘})

<{a2, a3y seey an+2}>
We will consider the vertices of

<fa,, a,, ceey a_,. 1>
3 "4 n+3 ? this c.s.d.

<{a4, gy sees anb4}>

<{a5, 86, seey an+5}>J
The type 1 vertex of the middle c.s.d, for 3 <1< n-1 is

{83, seey Byt Bgiay eeey an*B} .

It can be seen that this is adjacent to all vertices of the same height, to

{ags 23 «uey 31,10 Bgygr eves )

V' Q
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the type i+l vertex one higher, and to

{a4, gy seey By1s 353y eeey an+4}

the type i-1 vertex one lower. If i =2, the latter is not a vertex

of § ; we replace it with
{as, 8gs eees A an+5}

the type n vertex two lower, If i =n, the former is not a vertex

of 8§ ; we replace it with

the type 2 veritex two ﬁigher. The special cagses at either end of the

height scale are easy to check.

Corollary 7.7, If p satisfies the conditions of 7.4, then these are

the only adjacencies, and 6nk(2) is a duoid.

Proof: 1In this case, 5nk(2) is proper, so each vertex is adjacent to
exactly n other vertices. But theorem 7.6 exhibits n adjacent vertices,
so these are the only adjacencies.

Secondly, since Snk(g) is proper, by theorem 3,12, we need only
check that G(&nk(g)) is connected. But this is trivial from the adjacencies

mentioned above.

Corollary 7.8, If p satisfies the conditions of 7.4, the shortest path

between the type 1 vertex of minimum height and the type ntl vertex of

maximum height in snk(g) gains height ‘n every n-l1 steps.

I
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Proof: Obviously the shortest path joining these two vertices must be
the "steepest" such path. The path type 1 of height 1 = type 2 of
height 2 = ... - type n of height n = type 2 of height n¥+2 gaing
height 1 in every step but the last, which gains 2; this path gains an
average of height n every n-l steps. (The cases of extreme height
are very slightly different.) But by corollary 7.7 the only adjacencies
are those stated in the theorem. So the only way to improve on an average
steepness of 1 is to incorporate the step type n = type 2. On the other
hand, any time we stay at the same height to get to this type n, we
have a height gain of 0 adjacent to our height gain of 2, so an average
of just 1. Thus the procedure mentioned is optimal.

We are now in a position to show some duoids of large diameter.
For n2>235, 1;:1‘: BE= (% 3, ees, m) where m is the largest
integer smaller than ;_%3 o Then the total height of Gnk(g) is
ken+1+ (m=2)k ,

' )
So its diameter is at least [(k-n+1) + (m-Z)k)( P';_l' )_J or

[( B%)G' n+ 1+k<l:£’§] - 2>>] where [a] denotes the largest integer

not larger than a . For n=4, let p= (3, 5, 7, eesy m) vhere m

is the largest odd number less than L.k Then the total height of

o3 7°
8, () 1s k-n+ 1+k(r_n__]= ) ; 80 its diameter is at least

vss(he0)] o [EGorn )] oo oo

let p = (11, 13, 29, 31, ..., m) where m is the largest number of the
form 18n + 11 or 18n + 13 lesg than 16& o It can be checked that p

satisfies the conditions of theorem 7.4, Then the total height of 53k(2)
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18

3o (B1-2)] cmsoon o [3(ecnon ([ )] -

We now indicate how to adjust this construction for the case when

is k=-2+k < nﬁ]+ T——-Ss:[ - 1> . Thus its diameter is at least

k 1is not a prime., This adjustment will be valid when n 1is sufficiently
large to allow us to make all identification of vertices and edges. For
example, if n > 6 , then there will be two genuine gaps (see Theorem 7.4)

of which at most one is destroyed by the construction. The problem that

o Py 2py 0
arises is that the sequence c¢, ¢ » © 5 «e. may return to c¢  before

having covered all of § . Ilet j be the gmallest number such that

c =c . If i=k. there ic nn nrohlem, 7f 3 <l | then wua Weadant

-——~

| iy (3+l)p,  l4p,
our arithmetic by letting ¢ =c , ¢ =c and so on.

When we return to c1 (at 2j ), we make the same "fudge"--we let

szz
c =

¢ and so on. The same analysis will give us similar bounds,
We now show how to obtain normal duoids of large diameter. Note

that every facet of ank(g) is abnormal. To see this, note that each

facet appears in each one of the pi-blocks. However, no edge connect;

any two vertices of two distinct p,-blocks. Thus, each facet gives rise
i

to a disconnected fsce, which cannot be a duoid (3.12). However, let

61 = W(&nk(g), co) s and in general

Bipg =Wy <Ny for 1=1, 2, ..., k-l .

b
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Then Di

tance is at

either equal

Dl and- D2.

b
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11 be a duoid of dimension ntk and 2k facets, by induc-
uging Lemma 5.2.2. Moreover, 61 has only k-1 abnormal
c2, cesy ck'l) ’ 52’ only k-2, and Gk is a normal duoid.

is proper, Gk is also., We now show that A(&k) > A(Gnk(g))

by means of the following technical lemma, based on a similar result of

Klee and Walkup [19].

Lemma 7.9, a) AQW(8,e)) > A(8)
by Ay(nl, k1) > A, (n,k)

c) Ad(n, ktl) > Ad(n,k) .

c) also hold when the superscripts P, N, or NP are

added throughout,

Proof: Let two maximally distant vectors of § be D1 and D2 o Let

D, Ut if eél)i

i .
for i=1;, 2,
D, U {t,bYe if e e D;

and Dé are vertices of W(6,e) . We now show that their dis-

s | S ] 1) 1 - '
least the diameter of 6§ . Let D1 = GO’ Gl’ coey Gm = Dz-

be any path in W(§,e) connecting them. Let

('
t s 1 !
G;/t if teG , big
G1=JG£/b if téGi, beGi for i=1, 2, ¢oe, m .
6! Ue/{t,b} if t, b ¢ G!
1 , i
Then G0 =D, Gm =D, and for i=1, 2, ..., m, Gi-l' apd Gi are

or adjacent., So we have a path of length at most m joining

« This proves part (a).
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Part (b) follows immediately from (a) if A(§) = Ad(n,k) .

For part (c) let A(5) Ad(n,k) as before. Let T denote a

simplicial duoid, and let &' sm(s; 'rn) . Then §' corresponds to a
truncation of a single vertex of § . An argument similar to that for
part (b) shows that A(8') > A{§) . Then (c) follows immediately.

Part (a) of this lemma shows by an inductive argument that the

Sk which was introduced just before the lemma has diameter at least that

of the § nk(P) which generated it.

Proof of Theorem 7,1, We will refer continually to the duoids of large

diameter introduced on page 7.19.

(a) follows from lemma 7.9(c) and 63k(2) introduced on page 7.19,
simplifying.

(b) and (c¢) similarly follow from 7.9(c) and 64k(2-) and 85k(2) .

(d) follows from repeated use of 7.9(b) and 56,k- n+6® on simpli-
fying the resulting expression for the diameter.

This bound is generally better than that given by Gnk(p_) ; com~
plications arise because of the integer part function, but if this is
ignored, we can show by straightforward calculus that A(sé,k- 6 @) >
A(6_, ()) . We are also using the required modifications if k-nt6 is
not a prime. ‘

(e) follows from the construction of normal proper duoids given at
the bottom of page 7.20, sf:arting with a duoid 8 of order
n-k+ [122] on 2 set S of cardinality [}:{ with maximum diameter.

The smallest example of a duoid violating the generalized Hirsch

conjecture known to the author is 63 19(1_,4) . That this is of the required
. >

'Y
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form does not follow from the theorems above, since p = (1,4) does not
satisfy the conditions of 7.4. But these restrictions are not necessary,
as this example shows. It is worthwhile to exhibit this duoid as a
simple illustration of the adjacencies involved.

The duoid will be presented in a way showing clearly the height
and type of each vertex. To be concise, we will rciabel, letting

0o 1 18

a, b, ¢, ..., 8 Tepresent ¢ ; ¢, ...; €

sa s =S 7 H

Then 53 19(1,4) has the following form:
2

Example 7.10
Constituent Vertices

Height Simplicial St Type 1 2 3 4
36 abcd A Bad acd abd abe
35 heda e hdo hera Ted
34 cdef Jaf cef cdf 2de
33  defg 28 dfg deg Quf
32 efgh sk egh efh efg
31 fghi Bhi fhi fgi oy
30 - ghij hiy gly  ghj BRI
29 hijk Mk  hjk  hik My
28 ijkl ) pyblock KL ikl ij1 Nk

27 jkln o jlm jkm
26 klmn g kmn kln  Rig
25 Imno Mo 1no mo Img
24 wWnop ep mop mnp hs\o
23 nopq dRg npq noq ep
22 opqr Psr oqr opr org
21 Pars s prs pas bar
20 qrsa ) Psa qsa qra dxs

A

B
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: Constituent Vertices

Height Simplicial Set Type 1 2 3 4

19 rsae } p,~P,-block sat rae rse rsa
18 saei ael sei sai sat
17 aein ) ein aim aem aet
16 eimq - #6q emq eiq L0
15 imqb nqb igb imb i
| T/ mqgbf gbt mbf mqf aqb
13 qb£j b3 qfj qbj gbt
12 bfin B bin bfn b3
i1 ' finr Jotr fnr fijr Ha
- 10 jore pec jre jne jar
9 nrecg > pz-b lock z<g neg nrg % o}
8 regk egk - rgk rck reg
7 cgko gko' cko cgo cgk
6 gkos koS gos gks &k6
5 kosd osd ksd kod kes
4 osdh sdit odh osh osd
3 sdhl el shl sdl séh
2 dhlp hip dlp dhp a1
1 hlpa ) lpa  hpa  hla ki

From this chart we can see very clearly the type and he‘ight of each
vertex; the fact that there are only type 2 and type 3 vertices for all
heights except 1 and 36; and the shortest path which has maximum length,
the diameter, This last is:

lpa ~ dlp = sdl - ksd = gks = rgk = nrg = fnr — bfn = mbf - jmb =

aim - sai - qsa = pqs - npq —'lmnp =+ kmn - jkm - hjk = ghj - egh =

deg - bde - abd - abe
of length 25 > 19 =~ 3, the bound given by the Hirsch conjecture. We remark
that this path alternates between vertices of type 2 and those of type 3,
except at its ends, and that it gains height 1 and 2 alternatively except
at its ends.

j\ ,
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Note also that this duoid hag 74 vertices. The Upper Bound Theorem

for polytopes (see [25]) states that an n-dimensional polytope with &k

<[5, -3
"1 72 1 T2

facets has at most + <f vertices. For
k=n

k=-n
k=19, n=3, this number is ( ig>+ Gg) = 34 , Thus proper duoids
do mot satisfy the theorem, and the duoids we have congtructed give lower
bounds on the maximum number of verticeg of duoids. The normal duoid gen-
erated from this example as at the bottom of page 7. does not violate
the theorem; it is an open question whether normal and proper duoids satisfy
the theorem., We will not pursue this line; we will just remark that ob-
viously these results relate to the worsf possible behavior of complemen-
tarv pivot aleorithms..

It can also be verified that this duoid is Hamiltonian, i.e. there
is a2 path passing through every vertex of the duoid exactly once. Thig
path consists of three disjoint "spirals," joined at the top and bottom.

In fact, every 6 1 (B) satisfying the conditions of 7.4 is Hamiltonian.
We will not prove this incidental result,

In conclusion, we have shown a class of duoids which indicates that
the maximum diameter of duoids increases at least as fast as the square
of k-n times a constant., This follows from part (d) of 7.1, Further=
more, 1f k<2n - 12, duoids of this large diameter can be both normal
and proper (7.1(e)); in any case, they can be proper.

As topice for further study, we would be interested in knowing how
sharp this bound is-~can we find a Flass of duoids whose diameters increase

as the cube of k-n ? Another important subject is supernormal duoids or
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absgract polytopes. What is their maximum diameter? Do they violate the
Hirsch conjecture? I would think that an operation on proper-=-or normal
and proper=--duoids, which would yield supernormal duoids, would be a great
step in this direction. Unfortunately, to construct such an operation
seems to be very difficult; the operation of iterated wedging, as performed
to obtain normal duoids on page 7.20, does not "normalize' any of the
smaller dimensional faces of a duoid.

The results of Adler and Dantzig for supernormal duoids with
k.-n < 5 [2] are much more restricted than ours for proper duoids. Poly-
topes with only at most five facets more than dimensions are mainly just
simplexes with a few vertices truncated. ' Our results are much more general,
and seem to me very worthwhile for the study of both polytopes and the

more general systems which arise in complementary pivot theory.
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APPENDIX

DESCRIPTION OF ALL PRIMOIDS AND DUOIDS FOR SMALL =n , k

We will list, apart from permutations, all primoids and duoids with
n<3, k<6, indicating whether they arise from polytopes. If the
corresponding matroid Mnk is cographic (i.e. if its circuits correspond
to the polygons of a graph), we show the associated grapli. This will give
a compact description of the structure of the matroid. In each case,

s={1, 2, ..., k¥,

Primoids Duoids Graph
ayn=1
1) k =1 .Just one==ii1}} ar {1} None O
{point or O-simplex)
i1) k = 2 Just one--[l,ﬂ Just one--{1,23 ]
(line-segment or 1-simplex) (l-simplex)
1ii) k = 3 Just one--{1,2,3} 3 permutations of §1,2?}
(triangle or 2-simplex) (1-simplex)
iv) k = 4 Just one--{1,2,3,4} 6 permutations of {1,2?
(tetrahedronor 3~simplex) (1-simplex)
v) k =5 Just one--{1,2,3,4,5) 10 permutations of {1,2%
(4=simplex) - (l-simplex)
vi) k =6 Just one--[1,2,3,4, 5,61 15 permutations of {1,2?
(5-simplex) (1-simplex)

1
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A3
Circuits Co-circuits Graph
c)n=3
i) k=3 Just one--{123} None

(O-simplex)

ii) k =4 "Complement" (in the sense of the statement
in case n=2, k =3 ) of the case

n=1, k=4,
iii) k =5 "Complement" of the case n=2, k=75,

iv) k = 6 Primoids arz just the "complements" of duoids.
We will list just duoids.,
15 permutations of <1234> (3-simplices)

20 permutations of <1234> + <2345> (triangular prisms)

10N cace—ccbnblaene of ~1AD/LN . AND )N Pt XIS
- r uuuuuuuuuuu 1¥ 3 W hT T T AN E 4 L e T il I P ) A B g LV

(pentagonal wedges)
15 bpémutations of <12> x <B4> x <56> (cubeg)
*360 permutations of <1234>+<1345>+ <1456>+<1562>
(These are triangular prisms, truncated at two non-
adjacent vertices by facets with the same label, "

as shown below.) 4

3

1/

12 permutations of Example 4.1, (These can be
thought of as dodecahedra with opposite facets

having the same label.)

4
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Of all these duoids, only those of the asterisked type are abnormal

or improper--but this type contributes over half the duoids (and similarly

primoids).

A
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