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SUMMARY

We study two classes of stochastic systems, the limited processor sharing sys-
tem and the multi-server system. They share the common feature that multiple
jobs/customers are being processed simultaneously, which makes the study of them
intrinsically difficult.

In the limited processor sharing system, a limited number of jobs can equally
share a single server, and the excess ones wait in a first-in-first-out buffer. The model
is mainly motivated by computer related applications, such as database servers and
packet transmission over the Internet. This model is studied in the first part of the
thesis.

The multi-server queue is mainly motivated by call centers, where each customer
is handled by an agent. The number of customers being served at any time is limited
by number of agents employed. Customers who can not be served upon arrival wait

in a first-in-first-out buffer. This model is studied in the second part of the thesis.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

We consider the limited processor sharing queue (LPS) which is a generalization of
the processor sharing (PS) queue. As inferred from the name, we limit the number
of jobs that can share the server at any time by K > 1, instead of letting all the jobs
share the server. The server is shared equally by those jobs in service, i.e., at any time
each job in service is processed at a rate that is the reciprocal of the number of jobs in
service. An arriving job immediately starts receiving service if there are less than K
jobs in the server when it arrives; otherwise it waits in the buffer. When the number
of jobs in the server drops from K to K —1, the server immediately admits the longest
waiting job from the buffer if there is any. A job leaves the system immediately after
the server has fulfilled its service requirement. This is a quite general model since
letting K = oo makes the system a PS queue and taking K = 1 reduces the system
to a FCFS queue.

There is ample motivation to study this generalization. The PS model has been
widely used in the analysis of computer systems, network servers and data transmis-
sion over the Internet. The PS discipline can be viewed as an idealization of time-
sharing protocols in computer systems, as described in [37] and [49]. The advantage
is that a big job will not block the whole system as in a FCFS queue. However,
allowing too many jobs to time-share at once can lead to significant overhead (due to
switching), hence reduce overall performance. This point has already been observed
in early papers on operating systems [14, 6], as well as in more recent studies on Web

server design [16, 34], and databases [29, 50]. So in applications, a sharing limit is



normally imposed, which results in the LPS model.

1.2 Related Literature

Despite its wide range of applications, there are only a few studies on the LPS queue.
Avi-Itzhak and Halfin [3] propose an approximation for the mean response time as-
suming Poisson arrivals. A computational analysis based on matrix geometric meth-
ods is performed in Zhang and Lipsky [59, 60]. Some stochastic ordering results are
derived in Nuyens and van de Weij [42]. No rigorous analysis for general job size
distributions seems to be available.

Our study is carried out in a general setting, allowing the inter-arrival time and
job sizes to have general distributions. Due to the general distribution of job sizes,
the system is not Markovian. Since multiple jobs can be in service at the same time,
the remaining job sizes for each of them become important in studying the dynamics
of the system. For this purpose, we record all the remaining job sizes of all jobs in
service using a measure Z(t) at any time ¢. For any Borel set B C R, Z(¢)(B)
indicates the number of jobs in service with remaining job size belonging to B at
that time. Similarly, we use a measure Q(t) to describe the state of the buffer, and
Q(t)(B) indicates the number of jobs in the buffer with job size belonging to B. The
descriptor (Q(+), Z(-)), which takes values in the space of two dimensional vectors of
Borel measures, contains a wealth of information. All the usual performance processes
can be recovered from it. For example, the total number of jobs in the server is

Z(-) = Z(-)(Ry), which can be written as

Z() = (L 2(),

where the operator (f, i) in the above denotes the integration of function f against

the measure p. The workload W (-) in the system can be recovered by

W) =06 Q0) + 2()),



where x denote the identity function on R, . In fact, the measure valued descriptor
contains all the information needed to describe the dynamics of the LPS system. More
details will be discussed when we give a detailed model description in Chapter 2.
The framework of using measure-valued process has been successfully applied to
study models where multiple jobs are processed at the same time. Existing works
include Gromoll, Puha and Williams [25], Gromoll and Kruk [24] and Gromoll, Robert
and Zwart [26]. However, in most of these works, buffers are not modeled because
a job immediately starts service upon arrival. The only exception is Doytchinov,
Lehoczky and Shreve [15]; in their model only one job is processed at a time and the
buffer dynamics are described by a measure-valued process. As will be explained in
the next two paragraphs, the existence of the buffer (due to the sharing limit) creates
a big challenge in our study of fluid models and the corresponding fluid limits. One
major difficulty is that the stochastic process of jobs entering the service is not as
simple as the arrival process. When the system size is below K, that process is the
same as the arrival process; when the system size is equal to K, the amount of jobs
that enter the service in the next infinitely small amount of time equals the minimum
of the arrivals and departures in that time period; when the system size is above K,
the process of jobs entering the service equals the departure process. In short, the
input into the server depends on the state of the system. We design a set of system
dynamic equations (2.5) and (2.6) involving both the server Z(-) and the buffer Q(-).
They are powerful enough to capture the complex dynamics, and yet simple enough

to perform rigorous analysis.

1.3 Overview

The ultimate goal is to obtain insightful performance evaluation. No analytic tool is
available to date that is capable of achieving the goal. Since the model we consider

is a generalization of the G/GI/1 PS queue, and exact performance analysis of that



model seems intractable, our research focuses on obtaining approximations of the
various performance quantities via limit theorems.

In order to develop tractable approximations for performance measures of the LPS
queues, we first study the underlying stochastic processes in the heavy traffic regime,
an asymptotic regime where the system becomes critically loaded and the sharing
limit K becomes large. To study such a complicated stochastic system, we introduce
a deterministic fluid model. This model is given by a set of fluid dynamic equations,
which are deterministic analogs of the stochastic ones. After establishing several
fundamental properties, such as existence and uniqueness of fluid model solutions,
we show that the fluid model solution converges to an equilibrium state uniformly
for all initial states within a compact set (c.f. Theorem 3.3). We next show that this
fluid model arises as the limit of fluid scaled systems of LPS queues. This part of the
analysis applies to a variety of regimes, such as lightly loaded, critically loaded and
overloaded systems. The fluid model and fluid approximations are of independent
interest. More importantly, they pave the way to the study of heavy traffic limits of

the diffusion scaled processes
(00.270))= (C6*). 276
r r

as r goes to infinity. As it has been shown in Williams [57], a key step to obtain
a diffusion limit in heavy traffic is to establish a state space collapse (SSC) result.
In our setting, the SSC means that the diffusion scaled measure valued process,
which is an infinite dimensional object, is close to a deterministic functional (c.f.
Definition 3.4) of the diffusion scaled workload process, which is one-dimensional. It
is well known that the diffusion limit of the workload process is a one-dimensional
reflected Brownian motion (RBM) for any non-idling service policy, including the
LPS one. A major objective is to show that our measure valued diffusion limit is
a deterministic functional of the one-dimensional RBM (c.f. Theorem 5.1). As a

corollary, the diffusion scaled total job size process converges in distribution to a



piecewise linear RBM. Since the diffusion limit, which is denoted by (Q*(-), Z*(+)), is
a functional of RBM, it is possible to obtain various steady state properties. As we
show in (6.3), the steady state limit (Q*(c0), Z*(c0)) has a rather explicit distribution.

The general framework of the above analysis has been developed in the literature,
e.g. [57, 7]. In particular, a sequence of papers [25, 45, 23] apply the same framework
to study the processor sharing queue. Instead of being a straightforward extension
of the processor sharing queue, the study of LPS queue is quite challenging and
requires innovative ideas and techniques, mainly due to the sharing limit K. First,
the fluid model involves a complicated functional equation (after some mathematical

derivations including a time change) in our analysis:

x(u) = h(u) + /u(:zs(u —v) — K)"dF(v) + p/u(x(u —v) A K)dF,(v), (1.1)
0 0

where p is the traffic intensity, F' is the job size distribution and F is the equilibrium
distribution of F' (c.f. see Section 3.3 for background and notation). In the special
case of the standard PS queue, K = oo and this equation reduces to a standard
renewal equation. Existence and uniqueness of the solution to a renewal equation is
already known. But in general, this is not the case, necessitating new methods. The
counterpart of proving uniform convergence of fluid model solution to the equilibrium
for standard PS queues has been carried out by Puha and Williams [45]. Standard PS
queues are relatively tractable since (1.1) is essentially a renewal equation, so the key
renewal theorem can be applied. However, it requires the development of new tools
to deal with general K in the functional equation (1.1). We have developed general
tools to study the functional equation, which are new to the best of our knowledge.
Second, we need to prove the tightness property in order to establish the fluid and
diffusion approximation. Due to the fact that the process of jobs entering the service
is not as simple as the arrival process in the PS queue (due to sharing level K < oo in
LPS queue), we need new techniques to control the internal process that jobs move

from the buffer to the server. Third, since the object of study is a random measure



instead of real numbers, we need a certain type of Borel-Cantelli estimates for the
difference between the empirical distribution and the limit distribution. Again, due
to the complexity caused by the sharing limit K, we need a more general version,
which we proved from scratch. In fact, the sharing limit K caused quite substantial

difficulties throughout the thesis.

A~ ~ t—00 A~ ~

(Q(1), 27(1)) (Q7(0), 27(0))

T—00 r—00

(Q(1), 2*(1)) (Q7(00), 27(00))

t—o00

Figure 1: The interchange of heavy traffic and steady state limits.

The original stochastic measure-valued process is regenerative, and will converge
weakly as t — oo to a steady state (c.f. Theorem 6.1). However, no explicit solution
for the stationary distribution seems available. So we establish the interchange of
heavy traffic and steady state limits as depicted in Figure 1.3. The main idea is to
couple the measure valued process for the LPS queue with its corresponding stationary
version. This helps obtain a version of classical coupling inequality, cf. (6.7). The
interchange can be established after we prove the uniform convergence of the upper
bound for the coupling inequality. It should be pointed out that the framework of
using coupling to establish interchange of the heavy traffic and steady state limit
works for all single buffer single server system in workload conserving disciplines. In
particular, for the classical PS queue our technique works as well, and allows one
to recover Grischeckin’s [22] steady-state approximation from Gromoll’s [23] process
limit theorem. For networks, the interchange is more involved, cf. Budhiraja & Lee
9] and Gamarnik & Zeevi [19].

The validity of the interchange provides the necessary theoretical support for using



the tractable limit (Q*(c0), Z*(00)) as an approximation of the steady state of a given
LPS queue. Section 6.2 demonstrates how to analyze performance quantities such as
queue size, delay probability and response times via limit theorems. From a practical
perspective, the main insights are the approximation formulas (6.27) and (6.28) for
queue size delay probability, and (6.29)—(6.31) for response times. In particular, our
results show that the following two-moment approximation of the queue size F[X] is
accurate:
a2+ p A+ p

SO S i R

1+62
where d, = p<a+< . In the above display, p is the traffic intensity, ¢2 and ¢? are coef-

ficients of variation for the inter-arrival and job sizes. The value d,, can be interpreted
as the approximation for the probability that a customer cannot get service immedi-
ately upon arrival. Interestingly, our approximation is consistent with the heuristic
of Avi-Itzhak and Halfin [3] for the Poisson arrival process.

This part of the thesis is organized as follows. A detailed model description is
given in Chapter 2. Chapter 3 investigates properties of the fluid models, including
existence, uniqueness and uniform convergence to the equilibrium. Convergence of
a fluid scaled sequence of systems to fluid model solution is studied in Chapter 4.
Chapter 5 establish the state space collapse property and the diffusion limit. Several
auxiliary tools and results are proved in the appendices. In Chapter 6, we study
the steady state limit of the LPS queue, and establish the validity of interchanging
the heavy traffic and steady limit of the LPS queue. The interchange provides the
foundation for performance analysis later in that chapter.

The existence and uniqueness results in Chapter 3 and Chapter 4 have been pub-
lished in the paper [63] with Jim Dai and Bert Zwart. The uniform convergence to the
equilibrium in Chapter 3 and and Chapter 5 have been summarized in the technical
report [62] with Jim Dai and Bert Zwart. Chapter 6 is published in the paper [64]

with Bert Zwart.



1.4 Notation

The following notation will be used throughout. Let N, Z and R denote the set
of natural numbers, integers and real numbers respectively. Let R, = [0,00). For
a,b € R, write a™ for the positive part of a, |a] for the integer part, [a] for |a| + 1,
a V b for the maximum, and a A b for the minimum.

Let M, M; and M, denote the set of all non-negative finite Borel measures on R,
[0,00) and (0, 00), respectively. To simplify the notation, let us take the convention
that for any Borel set A C R, v(AN(—00,0)) = 0 for any v € M; and v(AN(—00,0]) =
0 for any v € Mj. Also, by this convention, Ms is embedded as a subspace of My,

which is also a subspace of M. For vy, vy € My, the Prohorov metric is defined to be

d[v1, 5] = inf {e >0:11(A) < 1p(A°) + € and
ve(A) < v1(AS) + € for all closed Borel set A C R+},

where A° = {b € R, :inf,ca|a—b| < €}. This is the metric that induces the topology
of weak convergence of finite Borel measures. (See Section 1.6 in [5] and Section4.3 in
[25].) For any Borel measurable function ¢ : R, — R, the integration of this function
with respect to the measure v € M; is denoted by (g,v).

Let M; x M denote the Cartesian product. There are a number of ways to define
the metric on the product space. For convenience we define the metric to be the
maximum of the Prohorov metric between each component. With a little abuse of
notation, we still use d to denote this metric.

Let (E,7) be a general metric space. We consider the space D of all right-
continuous E-valued functions with finite left limits defined either on a finite in-
terval [0,7] or the infinite interval [0, 00). We refer to the space as D([0,7], E) or
D([0, 00), E) depending upon the function domain. The space D is also known as the

space of cadlag functions. For g(-),¢'(-) € D([0,T], E), the uniform metric is defined



as

vrlg, g = OiltlgTﬂ[g(t), g'(t)]. (1.2)

Another metric we will use is the following Skorohod .J; metric,

orlg, gl = fienAfT(\|fH%\/vT[g,g’Of]), (1.3)

where gof(t) = g(f(t)) for t > 0 and Ay is the set of strictly increasing and continuous
mapping of [0, 7] onto itself and
o f t) — f S
17l = swpf1og 106,
0<s<t<T -8

If g(-) and ¢'(-) are in the space D(]0, 00), E), the Skorohod J; metric is defined as

olg, 9] = /OOO e "(orlg, g') A 1)dT. (1.4)

By saying convergence in the space D, we mean the convergence under the Skorohod
J1 topology, which is the topology induced by the Skorohod J; metric [17].

We use “—” to denote the convergence in a general metric space (E, ), and use
“=" to denote the convergence in distribution of random variables taking value in

the metric space (E, 7).



CHAPTER 11

MODEL DESCRIPTION

We first rigorously introduce the mathematical model underline the LPS queue in
this chapter. Consider a G/GI/1 queue operated under the limited processor sharing
policy, with the sharing limit equal to K. We use Q(t), Z(t), and X(¢) to denote the
number of jobs in the buffer, number of jobs in service, and the total number of jobs

in the system at time ¢, respectively. Thus,
X(t)=Q(t)+ Z(t) fort>0. (2.1)

The system is allowed to be non-empty initially, i.e. X(0) > 0. We index jobs by
i=—-X(0)4+1,-X(0)+2,...,0,1,.... The first X(0) jobs are initially in the system,
with jobs i = =X (0) + 1,...,—Q(0) in service and jobs i = —Q(0) + 1, ...0 waiting
in the buffer. Jobs arrived after time 0 are indexed by i = 1,2.... Let E(t) denote
the number of jobs that arrive to the buffer during time interval (0,¢], for all ¢ > 0.
According to the policy, a job may have to wait for a certain amount of time after
arrival to get service. Let w; denote the waiting time, and U; denote the arrival time
of the ith job for all i > —X(0). By convention, U; = 0 for ¢ < 0, and w; = 0 for
i < —Q(0). Let
7 =U+w;, 1>-X(0).

The quantity 7; can be viewed as the time that the 7th job starts service. We use v;

to denote the job size of the ith job for all i > —Q(0). We assume that {v;}$°

1=—00
is a sequence of i.i.d. random variables with distribution F. For jobs with index

—X(0) <i < —Q(0), i.e. the first Z(0) jobs that are in service initially in service, we

0

use U; to denote the remaining job size of the job. The sequence {7;}}____ is allowed

10



to be general. We call {E(-),{v;}2,} the stochastic primitives of the system, and
{Z(0),Q(0), {v:})__ ., {0:})___} the initial conditions of the system.

Now we introduce a measure-valued state descriptor (Q(-), Z(+)), which describes
the evolution of the system with given initial conditions and stochastic primitives.
Let Q(:) and Z(:) be M;-valued and Mj-valued stochastic processes, respectively.
For any Borel set A C [0,00), Q(t)(A) denotes the total number of jobs in buffer
whose job size belongs to A; for any Borel set A C (0, 00), Z(t)(A) denotes the total
number of jobs in service whose residual job size belongs to set A. Note that here
we distinguish the spaces for buffer and server descriptors. The reason is that we
allow jobs with size 0 to arrive and wait in the buffer. However, a job in service will
immediately leave the system once its remaining service time becomes 0. So no job

in service can have zero remaining service time. It is clear that we have the following

relationship
Q) =(1,Q(t), Z(t)=(1,2(t)).
Define the cumulative service amount up to time ¢ by
t
s = [ wz()r, 2.2
0

where ¥(z) = 1/z if x > 0 and ¢(z) = 0 if z = 0. A job will have received a

cumulative amount of processing time
t
S(s.1) = / $(Z(r))dr
during time interval [s, ¢] if it is in service in this time period. Let
B(t) = E(t) - Q). (2.3)

Note that at time ¢ > 0, B(t) is the index of the last job who has entered into service
by time t. Thus

B(s,t) = B(t) — B(s) (2.4)

11



represents the number of jobs which have left the buffer and entered the server during
time interval (s, t]. Using the notation introduced in this section, the state descriptor

can be written as

E(t)

QU)(A) = Y 8,(4) (2:5)

i=B(t)+1
—Q(0) B(t)

ZOA) = > SA+SO)+ S S(A+Sm).  (26)
i=—X(0)+1 i=—Q(0)+1

for any Borel sets A’ C [0,00) and A C (0,00) and ¢ > 0, where J, denotes the Dirac
measure of point a on R and A+vy = {a+y : a € A}. Due to the LPS policy, the

sharing limit K must be enforced at any time t,

Qt) = (X(t) - K)*, (2.7)
Z(t) = (X(t) A K). (2.8)

We call (2.5) and (2.6) the stochastic dynamic equations and (2.7) and (2.8) policy
constraints.

For ¢ > 0, the workload of the system W (t) is defined to be the amount of time
that the server remains busy if no more arrivals are allowed into the system at time
t. Using the state descriptor (Q, Z), we can recover the workload W (t) at time ¢t > 0
by

W(t) = (x, Q1) + Z(1)), (2.9)

where y denotes the identity function on R.
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CHAPTER II1

FLUID MODEL AND ITS PROPERTIES

To study the LPS queue introduced in the previous chapter, we first introduce a
corresponding measure-valued fluid model. For this fluid model, we establish several
fundamental properties, such as existence and uniqueness of fluid model solutions. We
also characterize the equilibrium state of the fluid model and establish the uniform
convergence of fluid model solutions to the equilibrium. It will be shown in Chapter 4
that fluid model arises as the limit of fluid scaled systems of LPS queues. Our analysis
applies to a variety of regimes, such as lightly loaded, critically loaded and overloaded
systems. The approximation properties of fluid model will help establish the heavy
traffic limit theorems.

A difficulty in our study is that the fluid model involves a complicated functional
equation, (3.23), after some mathematical derivations including a time change. In the
special case of the standard PS queue, K = oo and this equation reduces to a standard
renewal equation. Existence and uniqueness of the solution to a renewal equation is
already known. In our case, K is finite, necessitating new methods. To establish the
uniform convergence of fluid model to the equilibrium, equation (3.23) also plays a
key role. The challenge there is to obtain a version of the renewal theory with uniform
convergence base on this equation. The methodology we used to study the equation

and it’s application to the fluid model is new to the best of our knowledge.

13



3.1 Fluid Model

In this section, we propose a fluid analogue of the LPS system. Given a measure-

valued process (Q(+), Z(-)) € D([0,0), M; x M), for ¢t > 0, let

Q(t) = (1, Q(1)), (3.1)
Z(t) = (1, Z(t)), (3.2)
X(t)=0Q(t) + Z(t), (3.3)
B(t) = Xt — Q(t), (3.4)
D(t) = Xt + X(0) — X (1), (3.5)

where ) is a positive constant which is interpreted as the arrival rate. These quantities
are the fluid analogues of Q(t), Z(t), B(t), D(t) and X(¢) in the stochastic model.

Define the fluid cumulative service amount up to time ¢ by

5(t) = / 6o Z(r))dr, (3.6)

where ¢,(z) = 1/x for all z,p > 0 and

oo pe(0,1],
Cbp(o) = (3 7)
0 pe(l,00)
And for 0 < s <'t, denote
S(s,t) = ¢,(Z(7))dr. (3.8)

This is how the fluid cumulative service amount is defined, and it turns out that this
definition serves the purpose of studying the fluid model very well. Here we give
some intuitive explanation of why using the function ¢, instead of + in (2.2). In
the corresponding stochastic process, when there is no job in the system, the server
idles, implying ¥ (0) = 0. In the fluid model with p < 1, intuitively, the amount of

fluid in service Z(-) will stay at zero once it reaches zero. Since fluids flow in at a
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constant rate A, the server, instead of idling, actually finishes service immediately
when an infinitesimal amount of fluid enters service. So very naturally, 1,(0) = oo
when p < 1. However, when p > 1, intuitively, the queue size should grow if starts
at zero. To rule out the solution z(-) = 0, we define ¢,(0) = 0. Note that the
definitions of fluid model solutions for the standard PS queue also depend on the load
(cf. [25, 44]).

Let v be the probability measure associated with the job size distribution . We
call v the job size measure. An element (&, ) € My x My is called a wvalid initial

condition if

5: (<17£> + (17M> _K)JFVJ

(L) = (LE+m) NE.

Roughly speaking, validity of an initial state means that the initial state is consistent
with the limited sharing policy; initial waiting jobs have the same service distribution
as arriving jobs. Denote .# the set of all valid initial conditions.

We now introduce the following flurd dynamic equations, which are analogous to

(2.5) and (2.6). For all A, = (y,00), y >0,
Q(t)(4,) = £(4,) + (1) = Q) 1(4,), (3.9)
Z()(A,) = u(A, + S1) + /0 t (A, + S(s,1))dB(s), (3.10)

where Q(+), Z(+), X(+), B(+) and S(-) are defined in (3.1)—(3.8). They are subject to

the following constraints:

B(+) is non-decreasing, (3.11)
Qt) = (X(t) — K), (3.12)
Z(t) = (X(t) AK). (3.13)

The above equations define a fluid model, which we denote by the triple (K, A, v).
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Denote 3 = (x, v) the mean of the job size, and define
p=AB

to be the traffic intensity of the fluid model.

Definition 3.1. (Q(-), Z(-)) € D([0,00), My x My) is a solution to the fluid model
(K, A\, v) with a valid initial state (&, ) if it satisfies the fluid dynamic equations (3.9)

and (3.10), subject to the constraints (3.11)—(3.13).

Similar to the stochastic model, the fluid workload W (t) at any time t > 0 is

defined as
W(t) = (x, Q(t) + Z(1)). (3.14)

3.2 Existence and Uniqueness of the Fluid Model Solution

We first present several key properties of our fluid model solution, including the
existence and uniqueness, the workload conserving property, and criteria for stability.
The results are established by considering different cases, depending on whether initial
condition is zero or not, and whether traffic intensity is bigger than one or not. We
now state these results in the following theorems and property. The proofs can be
find at the end of this section.

The following theorem establishes the existence and uniqueness for a fluid model

solution.

Theorem 3.1. Assume that the job size measure v satisfies

(X, v) < o0, (3.15)

v({0}) = 0. (3.16)

There exists a unique solution (Q(-), Z()) to the fluid model (K,\,v) with initial

condition (&, ) € F.
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We have the following workload conserving property for any fluid model solution.

Proposition 3.1. Assume that the job size measure v satisfies (3.15) and (3.16).
The fluid workload W (-) of any solution (Q(-), Z(-)) to the fluid model (K, \,v) with

initial condition (§, 1) € & satisfies

W(t)=({(x,&+wp) +(p—1)t)" forallt>0.

We now turn to stability properties of our fluid model. Although the results are
intuitively clear, the stability properties of fluid model solutions require formal proof
in the measure-valued setup. The following definitions are analogous to the standard

fluid model as in Dai [11, 12].

Definition 3.2. A fluid model (A, K,v) is weakly stable if any fluid model solution
(Q(+), Z(+)) with initial condition (£, 1) = (0,0) satisfies (Q(t), Z(t)) = (0,0) for all
t>0.

A fluid model (X, K,v) is stable if for any initial condition (&, p) € & satisfying
0<w=(x,&+ p) < oo, there exists a finite time & (only depending on w) such that
any fluid model solution (Q(-), Z(-)) with this initial condition satisfies (Q(t), Z(t)) =
(0,0) for allt > .

Theorem 3.2. Assume that the job size measure v satisfies (3.15) and (3.16). A
fluid model (X, K,v) is weakly stable if the traffic intensity p < 1; it is stable if the

traffic intensity p < 1.

Recall that A, = (y,00) for all y > 0. Since the fluid amount of jobs in service

Z(t) = Z(Ap) for all t > 0, according to (3.10) in Definition 3.1, we have

210) = nlAsig) + [ 1= F(S(s,)laB(s) (3.17)

To further analyze the fluid model, we need to distinguish between different cases.

We first consider the case where the initial condition is non-zero. In this case, there
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exists a non-trivial interval on which the amount of fluid in service never reaches zero.
So we can do a time change to obtain the equation (3.23), which is the key equation
in our analysis. Through this analysis, we can characterize the fluid model solution
on a small interval. We then use the “restarting” lemma (Lemma 3.2) to extend the
result to a larger interval. After that case, we consider the case where the initial
condition is zero and traffic intensity p < 1. Basically, we show that the fluid model
solution will stay at zero. Finally, we study the case with zero initial condition and

p > 1. Briefly speaking, the fluid model solution will grow “linearly” in this case.
3.2.1 Starting with a Non-zero Valid Initial Condition

If the valid initial condition (&, 1) # (0,0), then Z(0) = (1, ) > 0. Let
t* =inf{s > 0: Z(s) = 0}. (3.18)

Since Z(0) > 0, by right-continuity of Z(-) we have t* > 0. The following calculations
will be performed on the interval [0,¢*), where the function S(-) as defined in (3.6)

has an inverse, which is denoted by T'(-). By the inverse function theorem,
T'(v) = Z(T(v)). (3.19)

Perform the change of variables u = S(t) and v = S(s) to (3.10), we get

Z(T(u)) = €(A,) + A / "L = Flu— o)) Z(T(w))dv
- / 1= Flu— 0)JdQ(T ().

Through the change of variable v «— v — v and integration by parts, we obtain

Z(T(w)) = €(A,) + A9 / " 2T~ v))dF.(0) — [1 — FO)JQ(T(w))
- F)]Q0) + / " QT (u — v)dF (o)
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where F, is the equilibrium distribution of F' which can be written as F,(z) = % fox 11—

F(y)]dy. By condition (3.16), F'(0) = 0. Now we obtain the key relationship

QT(w) + Z(T(w)) = E(Ay) + (A + / QT (u— v)dF(v)

(3.20)
+ ,0/0 Z(T(u —v))dF.(v)
for all 0 < u < u* = S(t*). To simplify notation, denote
h(u) = §(Au) + p(Ay), (3:21)
z(u) = q(u) + 2(u), (3.22)

where g(u) = Q(T'(u)) and z(u) = Z(T(u)). By (3.12) and (3.13), the above equation

can be written as

x(u) = h(u) + /Ou(x(u —v) — K)TdF(v) + p/ou(x(u —v)AK)dF,(v).  (3.23)

This equation would simplify to a renewal equation if K = oo or K = 0, which
corresponds to the PS queue and FIFO queue respectively. In fact, although the fluid
model in earlier works on the PS queue [25, 23] or related models [24, 26] is defined
in a different way, the mathematical analysis is essentially focused on equation (3.23)
with K = oo. In our case where K is finite, equation (3.23) is not a renewal equation
anymore. Resolving the substantial technical difficulties that arise when this is not
the case is the main task in studying the fluid model for the LPS queue.

We provide a general tool to study the integral equation (3.23) in Appendix A.
The tool represents one of our major technical contributions of the thesis. Lemma A.1
there requires even weaker conditions than we need, which may be useful in future
work. In our setting, condition (3.16) and the definition of A(-) in (3.21) imply that
all the conditions needed in that lemma are satisfied. Building on this lemma, we

establish the existence and uniqueness of fluid model solutions on a small interval.
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Lemma 3.1. Assume (3.15) and (3.16). For any non-zero initial condition (&, ) €
S, there exists a t' > 0 such that the fluid model (K, \,v) has a unique solution

(Q(-), Z(+)) on [0,t'] satisfying the initial condition and
(Q(t), Z(t)) # (0,0) for allt € [0,t).

Proof. Lemma A.1 establishes the uniqueness and existence of solution to (3.23) on

the interval [0, a], where a is positive and does not depend on initial condition. Let
a =inf{u <a:z(u) =0} (3.24)

We have that @’ > 0 since x(-) is right-continuous and the initial condition is non-zero.
Now let
T(u) = /u(a:(v) A K)dv.

0
It is clear that T(+) is differentiable and strictly increasing on [0, a’]. Let S(t) denote
its inverse function, which is still differentiable and strictly increasing on [0, a’]. Now
define

X(t) = 2(S(t))

and Q(t) = (X (t)—K)*, Z(t) = X(t)AK. Since z(-) is cadlag and T'(+) is continuous,
it is clear that Q(-) is cadlag. So are Q(-) and Z(-) as well. By the inverse function

theorem,

Lo 1 1
SO =7G0) " XOAE - 20

Since z(+) is a solution to (3.23) on the interval [0, '], Q(-) is a solution to (3.20) (and

thus to (3.17)) on the interval [0, '], where
t'=1T(d). (3.25)

Let B(t) = M — Q(t) for all t € [0,#]. Since (£, 1) is a valid initial condition,
E([0,u]) = ((1, €+ p) — K)TF(u) and (1,pu) = (1, +p) A K. Since p # 0, let
G(-) = ([0, -])/(1, u), which is a distribution function. Recall the definition of h(-)
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in (3.21), we have that h(u) = (h(0) A K)[1 — G(u)] + (h(0) — K)"[1 — F(u)]. Thus, it
satisfies the conditions in Lemma A.2. So, by Lemma A.2, B(T(u)) is non-decreasing
on the interval [0,a’]. Thus, B(t) is non-decreasing on the interval [0,#'] due to the

fact that T'(u) is strictly increasing on [0, a]. Define

Q(t)(Ay) = Qt)[1 — F(y)],

Z(t)(4y) = Z(A, + S(1) + /t v(Ay + S(s,1))dB(s).

This only defines (Q(-), Z(+)) for Borel sets of the form (y,00). By the 7-A theorem
it defines the measure for all Borel sets in R,. It is clear by the first equation that

Q(t) = (1, 9(t)). Plug Ay in both sides of the second equation in the above to get
t — — —
— 2(Asg) + [ (1= F(0) - S(s)ldrs - QL)
0

where the last equality is due to (3.17). So (Q(-), Z(-)) satisfies the definition of a
fluid model solution, implying the existence. The measure (Q(-), Z(-)) will never be
zero on [0, ") because of (3.24) and (3.25).

To prove uniqueness, assume there is another solution (Q'(-), Z(-)) for the same

initial condition. By Definition 3.1 it must satisfy (3.9)—(3.13). Let
th=inf{t >0: XT(t) > 0}.

We know that t' > 0 by right-continuity of X'(¢) and the non-zero initial condition.

So ST(+) has inverse T7(-) on [0,t!]. Let
oi(u) = XT(TT(u)) for 0 < u < TH(t1).

By (3.9)(3.13), 27(-) must satisfy (3.23) on [0,T7(¢7)]. Due to the uniqueness of

solutions to (3.23),

2f(u) = z(u)  for u < min(TT(t1),d).
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We first claim that TT(t") > /. Otherwise X'(t") < o’ < a. By (3.24),
XH(th) = 2"(TH(t1)) = 2(T7(t7)) > 0,

which contradicts the definition of ¢'. So z'(-) and z(-) agree on the interval [0,d’],
which implies that

() = g() A K = g () A K = T )

Since both T'(u) and T'(u) are absolutely continuous, T7(u) = T'(u) for all u < d’.
This means that XT(t) = X (¢) and ST(t) = S(t) and for all t < . By (3.9) and

(3.10), (Q(t), Z1(t)) = (Q(t), Z(t)) for all t < '. Uniqueness is proved. O

So far we have established the existence, uniqueness of fluid model solution on a
non-trivial interval [0, ¢']. The following “restarting” lemma helps to extend the result

in Lemma 3.1 to a larger interval.

Lemma 3.2. Assume (3.15) and (3.16). Let (Qi(+), Z1(-)) be a solution to the fluid
model (K, \,v) on the interval [0,t] for some t; > 0. If (Qa(-), Z2(+)) is a solution to
the fluid model with initial condition (Q1(t1), Z1(t1)) on the interval [0,ts] for some

ty > 0, then (Q(-), Z()) is a fluid model solution on [0,t, + to, where

(Qi(1), 21(1)) if t €[0,t],

o)

Q). 2() = { _

(Qa(ty +1), Zo(t1 + 1)) ift € [ty 11 + 1]
Proof. The proof of this lemma is very straightforward. It is clear that (Q(-), Z(-))
satisfies the fluid dynamic equations on the interval [0, ¢]. For any ¢t € (t1,t1 + t2],
plugging t; and t; + (¢t — ¢1) in to (3.9) and (3.10) and then taking the summation

gives



for all A, = (y,00), y > 0. So (Q(+), Z(-)) satisfies the fluid dynamic equations on

the interval [0,¢; + t5]. Clearly, it also satisfies all the constraints (3.11)—(3.13). [

Lemma 3.3. Assume (3.15) and (3.16). There exists a unique solution (Q(-), Z(-))
to the fluid model (K, \,v) satisfying the non-zero initial condition (§,u) € & on
the interval [0,t*), where either t* < oo or t* = oo; in the case when t* < oo, the
existence and uniqueness can be extended to [0,t*] with (Q(t*), Z(t*)) = (0,0). In

both cases,

(Q(t), Z(t)) # (0,0) for all t € [0,t).

Proof. Lemma 3.1 establishes the existence and uniqueness on a small interval [0, ],

where

th = T(d)), (3.26)

a; =sup{u <b:x(u) >0}, (3.27)

according to (3.24) and (3.25) in the proof of Lemma 3.1, and the constant b is the
same as in Lemma A.1 and only depends on p and F. We put the subscript 1 on the
quantities corresponding to the first piece. Lemma 3.1 also says that (Q(-), Z(+)) #
(0,0) on the interval [0,¢]). If (Q(#)), Z(t})) = (0,0), then let t* = ¢, and the proof

is done and we stop. If (Q(t;), Z(t;)) # (0,0), then by (3.27),

a, = b. (3.28)

Viewing (Q(t}), Z(t})) as an initial condition, by Lemma 3.1, There exists a unique
fluid model solution (Q;(+), Z1(-)) on the interval [0,#}], and similar to (3.26) and

(3.27),

t/2 - TQ(G/Q)7

ay = sup{u < b:xi(u) >0},
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where T} (-) is the corresponding time change based on (Q;(-), Z1(-)) (defined in the
same way as T'(+) for the process (Q(-), Z(+))) and (-) is the solution to (3.23) with
h(-) generated by the initial condition (Q(#;), Z(t})) via (3.21). Again, according
to Lemma 3.1, (Q;(-), Z1(-)) # (0,0) on the interval [0,#,). By Lemma 3.2, we
obtain a fluid model solution on the interval [0,¢] + t,] by defining (Q(t), Z(t)) =
(Qu(t =), 21(t = 17))) for all £ € (), 1) + 5] If (Q(#) +15), Z(t +13)) = (0,0),

then let t* =t} + ¢}, and the proof is complete. Otherwise we have
ay=">0

and we can continue the procedure.

If this procedure never stops, then we get a sequence {t., a;}52, with a; = b for all

I lZ

1. Setting
tr=> "t
=1

we have established the existence of a fluid model solution on the interval [0, *); the
solution never reaches zero before ¢t*. If Y"° t/ = oo, the proof is complete because
the whole interval [0, 00) is covered. Otherwise, for each 0 < s < t*, there exists an
is such that >, #; > s. So

}LI?SSt Za—Zb—

By the fluid dynamic equation (3.10), lim, ;- Z(#) = 0. The constraints (3.12) and
(3.13) implies lim;_~ Q(t) = 0. So we can extend the existence to of the fluid
model solution to the interval [0,¢*] with (Z(¢*), Z(t*)) = (0,0). We have now
established the existence of fluid model solution. To prove the uniqueness, note
that the interval [0,¢*) is covered by (J;Z,[> 7 ot S0 4] (here we take g = 0
for notational convenience). The uniqueness of the solution on the interval [0, )]
follows directly from Lemma 3.1. The uniqueness on the interval [t],t] + t}] can

be proved using the same argument in Lemma 3.1 by viewing (Q(t}), Z(#;) as the
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initial condition and (Q(t; + ), Z(t, + -) as the corresponding fluid model solution
on the interval [0,t}]. Continuing with this procedure establish the uniqueness. This

completes the proof. O

The following lemma establishes the workload conserving property for any fluid

model solution before it reaches zero.

Lemma 3.4. Assume (3.15) and (3.16). For the fluid model solution in Lemma 3.5,

we have the following workload conserving property on [0,t*):

06 Q(1) + (x: Z(1) = (G 8) + 06w + (p— 12 (3.29)

Proof. By (3.9) and (3.10), we have

/ o) —Q()B,

(v 2 (1) = / u(Ay + 5(t))dy
o (3.30)
+ /0 /0 WA, + (s, 8))d[As — O(s)]dy.

Let F be the distribution function associated with the probability measure < Ty, SO
that u(A,) = Z(0)[1— F(y)]. Since the cumulative service amount S(-) has an inverse
on interval [0,#*), we can perform the change of variable v = S(t) and t = T'(u) for

all ¢ < t*. The first term in (3.30) becomes
20 [ 1= Fldy+20) [ 1FG)~ P+ uldy
—(x+ 20) [ ~[1- F)de 331

= (X, 1) — /Ou Z(A,)dv,
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and the second term in (3.30), by applying Fubini’s theorem, becomes

/ / +u— 0)dyd T () — Q(T(v))]
3 / / R y*“‘“’dyd[w(v)—@(T(v))]
— 5 / 11— F,(u— v)ldNT(0) — Q(T(v))] (3.32)

— A3T(u) — BIQ(T(u)) — Q(0)]
—@/ (1 — 0)dNT () — Q(T())).

To deal with the last term in the above, perform the change of variable u = S(t) and

t = T(u) for (3.17). Note that T"(u) = Z(T(u)) = Z(t), So we have

T/(u) = u(A) + / ' #M(v) ~ Qu(T(v))]
= 1(A,) — B / " — o) M) — Qa(T(w))].

Integrating both sides of the above equation yields

T(u) = / (A dv - / " —)dT(0) — Qu(T@))).  (333)

The proof is completed by combining (3.31), (3.32) and (3.33) and substituting 7'(u)
with ¢. ]

3.2.2 Starting with Zero Initial Condition when p <1

Intuitively, the fluid model solution should stay at zero for ever in this case. We

rigorously prove this result in the following lemma.

Lemma 3.5. When p < 1, (Q(+), Z(+)) = (0,0) is the unique solution to the fluid

model (X, K,v) with initial condition (&, 1) = (0,0).

Proof. Since (Q(+),Z(-)) = 0, Z(-) = 0. By (3.8) we have S(s,t) = oo for all
t>s>0. Sov(A, +S(s,t)) = 0 for all z > 0 since v can not have any mass

at infinity. This implies that the integral on the right hand side of (3.10) is zero.
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So (Q(+), Z(+)) = 0 satisfies equation (3.10). It is clear that fluid dynamic equation
(3.9) and constraints (3.11) through (3.13) are satisfied. So (Q(-), Z(:)) = 0 is a fluid
model solution.

We now prove that it is the only solution. If (0,0) is the unique fluid model
solution on the interval [0, K/, then by Lemma 3.2 we can extend the uniqueness
to [K/A,2K /)] and so on to [0, 00). Otherwise, there is another solution on [0, K /]
which is denoted by (Q'(-), Z7(+)). By (3.9) and (3.10), for any fluid model solution
(Q1(+), Z7(+)) starting at (0,0), we have

X'(t) = 9'([0, 00) + Z7([0, 00)

<Q'(t)B + /Ot 1d[As — QT(s)] < At.

So QT(-) = 0 on the interval [0, K/A] by (3.12). Thus, by (3.10), the workload process

/ / A, + S¥(s,t))d\sdy
_/\/ / A, + ST(s,t))dyds

for all t € [0, K/A], where the second inequality is due to Fubini’s theorem. Since

/ (A, + ST(s, 8))dy < / V(A )dy < oo,
0 0
WT(-) is continuous on [0, K/A]. This is a solution starting from zero, so
W) = 0. (3.34)

But it is different from (0, 0), so there must be a t; € (0, K /)] such that (Q7(t,), Z7(t1)) #
(0,0), which implies that
Wi(t)) > 0. (3.35)

Let to = supg<,o;, {W1(t) > 0}, then 0 < ¢y < t; by (3.34) and (3.35) and continuity

of WT(+). Again by continuity of WT(-), there exists a t; € (to,t;) such that WT(t;) =
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§ < Wi(ty) for some § > 0. On the interval [ts,t;], (QF(-), Z7(-)) never reaches zero.

So by Lemma 3.2 and 3.4,
Wits +t) = Wi(ts) + (1 — p)t for t € [0, ¢, — t5].

This implies that WT(t;) < W(ts), which is a contradiction. O
3.2.3 Starting with Zero Initial Condition when p > 1

In Jean-Marie and Robert [31] and Puha, Stolyar and Williams [44], a very nice
approach has been developed for overloaded PS queue with zero initial condition. We
can apply the same approach to the LPS queue without much adjustment, since the
fluid models of the LPS queue and PS queue behave the same until the time that
total job size becomes larger than K.

Intuitively, the fluid model solution should grow as time goes by. Let us first
assume that the fluid queue length process X (-) grows linearly on a small interval,

i.e.

Z(t) = (1, Z(t)) = mt, (3.36)

for all t € [0, K/m], where m > 0 is to be determined. The following analysis is taken

from [44]. By (3.13)

‘1 1.t
S(s,t) = %dealog; 0<s<t< K/m. (3.37)

s

Plug (3.36) and (3.37) in equation (3.17) to get

! 1.t K
mt = )\/ [1— F(—log-)lds forallt<—.
0

m S m

Perform the change of variable v = % 10g§ to obtain

1 /°° w1l — F(v) K
—mt =mt e ™ —2dv forall t < —.
A3 0 B -m
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By the definition of F, and p, we must have

/ e gE(v) = L. (3.38)

P
Note that the left hand side is the Laplace transform of the distribution F,. As a
function of m € (0, 00), it is strictly decreasing and maps onto (0, 1). Since p > 1 in

this case, (3.38) has a unique solution, which we denote by m;. Now let

Q(t)(4y) =0,

Z()(A,) = A /0 - Fly+ mi log - )Jds (3.39)

"
mp

for all t € [0, £ ] and y > 0. It is clear that (Q(-), Z(+)) is a fluid model solution on
K

the interval [0, £]. By Lemma 3.2, (Q(X + ), +-)) can be viewed as the fluid
p P
( _

K, Z(£)), which exists on [0,00). Thus,

model solution with initial condition Q(m* p—
p p

we have found a fluid model solution with zero initial condition.

Similar as in the case p < 1, the difficulty is to prove uniqueness. [44] has es-
tablished existence and uniqueness of fluid model solutions for overloaded PS queue
with zero initial condition. We can borrow the result for the reason that the total
fluid amount of jobs of any fluid model solution starting at zero is bounded by At
at any time ¢t > 0, as explained in the proof of Lemma 3.5. The sharing limit K is
never reached on the interval [0, K/)\], so the model is the same as a standard PS
queue. In fact, the fluid dynamic equation (3.10) is what is need in Theorem 4.2 and
Lemma 4.10, which implies uniqueness on the interval [0, K/A]. The uniqueness can
be extended to [K /), 00) by Lemma 3.2, since X (K/\) > 0. So we have the following

result.

Lemma 3.6. Assume (3.15) and (3.16). When p > 1, there exists a unique solution

to the fluid model (K, \,v) with initial condition (0,0).

We are now in a position to sum up all the above cases and prove all results on

the fluid model.
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Proof of Theorem 3.1. If the initial condition (&, u) = (0, 0), then the result is estab-
lished by Lemma 3.5 and Lemma 3.6. If (£, 1) # (0,0), then by Lemma 3.3 either

we have existence and uniqueness on the interval [0, 00) and the proof is done, or the

result holds on a finite interval [0, ¢*] with (Q(t*), Z(t*)) = (0,0). The result is then

established by applying Lemma 3.2 and Lemma 3.5. O]

Proof of Proposition 3.1. If (£, u) # (0,0) and p < 1, then it follows from Lemma 3.5
that W(t) = (0+ (p— 1))". If (¢, n) = (0,0) and p > 1, for any t € [0, K/m}], take

the integration of both sides of (3.39) with respect to y to get

W) = (200 =3 [ 1= P+ -2 tog Ddsdy

1
m

Performing the change of variable v = logi and applying Fubini’s theorem, we

obtain W (t) = 0+ (p— 1)t. If (£, ) # (0,0), then the workload conserving property
holds before the fluid model solution reaches zero. Note that the fluid model solution
reaches zero if and only if the workload reaches zero. So when p > 1, W(t) =
w+ (p—1)t > 0 for all t > 0 and the result holds on [0, 00), When p < 1, W (t,) =0

for t,, = w/(1 — p). By weak stability, W (t) = 0 for all t > t,,. O

Proof of Theorem 3.2. Weak stability is already proved in Lemma 3.5. Since the
descriptor (Q(t), Z(t)) equals (0,0) if and only if W (¢) = 0, the stability follows

immediately from Proposition 3.1. O

3.3 Convergence to Equilibrium States for Fluid Model

By the workload conservation property (Proposition 3.1), starting from a valid initial
state with w = (x, £ + ) < oo, the workload of fluid model solution will blow up to
infinity if p > 1; and the fluid model solution will be zero after a finite time if p < 1.
So the only interesting case to study long term behavior will be the case where the

queue is critically loaded. Now let consider the case where the traffic intensity
p=A3=1 (3.40)
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In other words, our fluid model is critically loaded.

Definition 3.3. An element (&, 1) € & is called an equilibrium state for the fluid

model (K, \,v) if the solution to the fluid model with initial condition (&, 1) satisfies

(Q(t), Z(t)) = (&, ) for allt > 0.

Denote

ﬁe = <X7 Ve>7

where v, is the equilibrium measure of v, i.e. v.([0,z]) = %fox v((y,00))dy for all

x > 0. We have the following definition.

Definition 3.4. Let Ak, : Ry — M; x My be the lifting map associated with the

probability measure v and constant K given by

(w—Kﬁe)+V w A\ K@,

Ak, w = < 3 "4, I/e) forw e R,.

The main objective of this section is to show the following long-term behavior of
the critically loaded fluid model, which helps to establish the state space collapse in
Chapter 5.

Theorem 3.3. Assume (3.15)—(3.40) and
v is non-lattice. (3.41)

The unique solution (Q(-), Z(+)) to the fluid model (K, \,v) with a valid initial state

(&, 1) such that w = (x,& + p)y < oo satisfies
(Q(t), Z<t)) — Ag,w  ast — oo.

Moreover, for fived constants p, M > 0 the convergence is uniform for all initial

conditions in the set

Ih=16e I (.E+p) <M, (X" &+p) <M} (3.42)
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Section 3.3.1 characterizes the equilibrium states for the fluid model. Section 3.3.2
presents the proof of convergence (the first half of Theorem 3.3), and Section 3.3.3

presents the proof of uniform convergence (the second half of Theorem 3.3).
3.3.1 Equilibrium States

Our first result is a characterization of an equilibrium state.

Theorem 3.4. An element (&, ) € & is an equilibrium state if and only if
(&, 1) = Ak, w  for some w € [0, 00). (3.43)

Proof. Suppose (£, ) = Ak, w for some w € [0, 00), we need show that
(w—KB:)" wAKp,
2 Ve)
p Be

is the fluid model solution. If w = 0, then by weak stability, A;,0 = (0,0) is the

(Q(). 2(-)) = Apyw = (

fluid model solution. So let us now focus on the case where w > 0. The fluid buffer

size and queue size are

Q) = (1.Qy) = R
Z@_@z@pﬁ%gﬂ

If Z(t) < K, then w < Kf3, which implies that Q(¢) = 0; if Q(¢) > 0, then w > K3,
which implies that Z(t) = K. So condition (3.12) and (3.13) in Definition 3.1 are
satisfied. Since Q(t) and Z(t) remain to be a constant, (3.11) holds trivially. This
also implies that the fluid dynamic equation (3.9) is satisfied. It remains to verify the

fluid dynamic equation (3.10). The fluid accumulative service amount

st B
S =Z0) " wrKE

since Z(t) is a constant. The right hand side of (3.10) becomes

8, t B,
oA KR T )\/0 SERETYY AR b
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which equals WAéﬁﬁye(Ay) = Z(t)(A,), for all z > 0. So (3.10) is verified and
(Q(+), Z(+)) is the fluid model solution.

Suppose that (£, ) is an equilibrium state, we need to show that (&, u) takes the
form (3.43). If (¢&,u) = (0,0), then trivially (¢,u) = Ak,0. Let us now assume
that (&, 1) # (0,0). Since (Q(+), Z(-) = (&, p) is the fluid model solution, the fluid

dynamic equation (3.10) must be satisfied. i.e.

t t t
H(A,) = Ay + ) + / v(A, +

for all x,¢ > 0. Differentiation with respect to ¢ shows that u = (1, p)v.. Since (&, p)

is a valid state, £ = (1,&)v. Let

w=(x,§+p) = (1, 1)+ (1,§)Be.

Again by validity of state (&, u), (1,&) = W and (1, u) = %Kﬁe So we conclude

that (&, p) = Ak w. O
3.3.2 Convergence to Equilibrium States

We now identify conditions under which the fluid model solution starting at a valid
initial condition (&, ) will converge to an equilibrium state.

By the fluid dynamic equation (3.9), Q(t)5 = (x, Q(t)) < w. It follows from the

workload conservation property that W (t) = w = (x, & + u) > (x, Q(t)) for all t > 0.

So
Q) = (X(t) — K)* < % for all ¢ > 0. (3.44)
Since W (¢) = 0 if and only if Z(t) = 0,
Z(t)=(Xt)ANK)>0 forallt>0. (3.45)

So the function S(-) as defined in (3.6) has an inverse on the interval [0, o), which is

denoted by T'(-).
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If the initial condition (§,u) = (0,0), then by weak stability, the fluid model
solution will always be zero. So (0, 0) is an equilibrium state. From now on, we focus
on the case where the initial condition (£, ) # (0,0). For the valid initial condition

(¢&,1) and an € € (—1,1), define the e-perturbation of it by

((1+ 5558 A g ) if (1,6) < K,
(ond =9 (&0+ e)u) if 1 £ 0,
((L+ (€A0E i+ (e=0)7) i (1,€) = K. =0,
It is clear that (&, p.) is still a valid initial condition. Let x¢(-) denote the solution

0 (3.23) with he , replaced by he_,.. We have the following comparison.

Lemma 3.7. Assume (3.15)—(3.16). For all e € (0,1),
r(u) < x(u) < z(u) for all u > 0.

Proof. Let u* = inf{u > 0 : z(u) > x°(u)}. To prove z(u) < z(u), it is enough to
show that u* = co. Note that z(0) = h¢,(0) < he, . (0) = 2°(0). By right-continuity
of z(-) and z°(-), u* > 0. Suppose u* < oo and consider the following difference at

*

u,

v

/O et —v) — K) — (a(u* — v) — K)YYdF(v) (3.46)

+ /0 (o (" — v) A K) — (a(u” — v) A K)]dF(v).

Assumption (3.16) implies that F'(0) < 1. So there exists u’ € (0, u*) such that

ul+6/ u/+6/
/ dF(v) >0, / dF.(v) >0

/_5 /_6
for all 6 > 0. Choose ¢ small enough such that 0 < up — d,ur + 0 < u*. By the

definition of u*, we have that
k=z(u" —up —0) —x(u" —up —3§) > 0.
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By right continuity of x(-) and x(-), we can choose ¢ small enough such that

z(u) — z(u) > for all u € [u* —up — §,u* — up + 0).

| =

So by (3.46), we have

P u’ 46’ u' 46’
z(u*) — x(u*) > §min(/ dF(v),/J dF.(v)) > 0.

,u/ /
This contradicts the definition of u*. So we must have that u* = oco. The proof for

the other inequality is completely analogous. O]

For the solution z(-) to (3.23) with initial condition (&, i), define

1 1
I<OO> = B(w - Kﬁe>+ + E(w A Kﬁe)7 (347)

where w = (x, £ + p). We now use the above lemma and the key renewal theorem to

show the following convergence.

Lemma 3.8. Assume (3.15)-(3.41) and (3.40). The solution z(-) to (3.23) with

initial condition (&, 1) satisfies
z(u) — z(oc0) as u — oo.

Proof. We first study the case where w = (x,& + p) > Kf.. Convolve both sides of

(3.23) with U(-), the renewal function of F(-), to get
zxU(u)=he,*Uu) + (x — K)"x FxU(u) + (x AK) x F, « U(u).

Since x = (x — K)* + (z A K), by moving all terms containing (z — K)* to the left

and all terms containing (z A K) to the right, we obtain

(z(u) — K)" =he, *U(u) — K(1 — F,) * U(u)
(3.48)
+[K —(zANK)]* (1 —F.)*U(u).
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Both he ,(-) and 1—F,(-) are directly Riemann integrable since they are non-increasing
and integrable functions. By the key renewal theorem, we have the convergence of

the first two terms on the right hand side of (3.48):

lim he, * U(u) = %,
K
lim K(1—F,)«xU(u) = ;e.

Note that 3 — Kﬁﬁ < > ( in this case, and the last term in (3.48) is always non-negative.

So there exists u; > 0 such that
(x(u) — K)* >0 forall u> u;.

Equivalently, this means that K — (z(u) A K) = 0 for all u > u;. So the last term in

(3.48) can be bounded by
[ K - R« U0 = KI0 - R) s Ut) = (- B) £ Ul =)

which converges to 0 by the key renewal theorem. So in this case we have lim;_, o, z(u) =

w—K Ge
=20 1 K = a(o0).

In the case where w < Kf,, we convolve both sides of (3.23) with U.(-), the

renewal function of F,(-) to get
zxUg(u) = heyx U(u) + (2 — K)T x FxUg(u) + (x A K) % F % Ug(u).

By moving all terms containing (z— K)™ to the right and all terms containing (z A K)

to the left, we obtain
(x(u) NK) = heyx Ue(u) — (2 — K)" % (1 — F) % Ug(u). (3.49)
Again, by the key renewal theorem, the first term in the above converges:
w

lim he % Ue(u) = —.

U—00 /86
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Note that 3> — K <0 in this case, and the last term in (3.49) is always non-positive.

So there exists uy > 0 such that
(x(u) NK) < K for all u > us.
Equivalently, this means that (z(u) — K)* = 0 for all u > uy. According to the upper

bound (3.44), the absolute value of the last term in (3.49) can be bounded by

w

ﬁ[(l—F)*Ue(u)—(1—F)>|<Ue(u—u2)]

| Gan-psvo)

which converges to 0 by the key renewal theorem. So in this case we have lim;_, ., z(u) =

Now it only remains to study the case where w = Kf.. For any € € (0,1),
let (&, pe) denote the e-perturbation of the initial condition (&, ¢€), introduced before

Lemma 3.7. Tt is clear that we = (x, & + fte) = [, he. . (u)du satisfies
0<w.—pB.K < el K.
Following from the discussion of our first case,

lim z¢(u) = K + w

By Lemma 3.7, z(u) < z(u) for all w > 0. So for all € > 0 there exists u} such that

when u > u)

o) < i+ L= DB -

Similarly, we introduce the —e-perturbation (¢_., pu_.). It is clear that w_. = (x, & c + p_) =

+e< K+ + 1)e.

fooo he ., (u)du satisfies

—eB.K <w_.— B.K <0.

Following from the discussion of our first case,

lim 27 (u) = 3
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By Lemma 3.7, z(u) > 2~ (u) for all u > 0. So for all € > 0 there exists u}, such that

when u > u),

x(u) > Wee

—e>K—(K+1)e.

€

Summarizing this case, we have lim; o, z(u) = K = x(00). O

Lemma 3.9. Assume (3.15)~(3.41) and (3.40). Let (Q(-), Z(-)) be the solution to

the fluid model (K, \,v) with initial condition (&, ). Let w = (x,p). We have as

t — 00,
_ — KB.)*
d[Q(1), %u} —0, (3.50)
- w A Kf,
sup |Z(t)(Ay) — ——F——ve(4y)| = 0. (3.51)
y€[0,00) ﬁe
Proof. If w = 0, the result holds trivially. Now assume that w # 0. Let
w— Kg,)*t
0(00) = (a(o0) — 10y = LT
w A KB,

z(00) = x(00) N K = 5,

Using the fluid dynamic equation (3.9), for all Borel set A, C R, we have
1Q(t)(A4y) — a(o0)r(Ay)] < |Q(t) — q(o0)].

By the change of variable u = S(¢) (t = T(u)) and the definition of the Prohorov

metric,

By Lemma 3.8, there exists u; > 0 such that when u > u; we have |G(u) — q(00)| < e.
So for all € > 0, there exists t; = Ku; > T(u) such that

d[Q(t), (w - ?ﬂe)Jr

It remains to study the limiting behavior of Z(-). Perform the change of variable

v] <e forallt>t. (3.52)

u=2S(t) (t =T(u)) to the fluid dynamic equation (3.10), we get

Z(T(u)(4y) = Z2(0)(4y +u) + /Ou v(Ay +u—v)dNT(v) — q(v)].
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Since z(co)ve(4,) = A [} v(A, + u — v)z(o0)dv and dT(v) = z(v)dv, the following
difference can be written as
[ Z(T(u))(Ay) — 2(00)ve(Ay)]
— 0+ [ Ay ) (359
+ A /Ou v(A, +u —v)[z(c0) — z(v)]dv.
It is clear that the first term on the right hand side of (3.53) vanishes as u — oc.
By convergence of z(-), for all € > 0 there exists a u; such that |z(v) — z(c0)| < €

if v > w;. For all € > 0, we can choose us > 0 such that 1 — F(uy) < e. When

u > uy + ug, the second term in (3.53) can be written as

/0 v(Ay +u — v)dg(v) + / _ V(A +u — v)dq(v),

which is bounded above by

< elq(u —ug) — q(0)] + 1]q(u) — q(u — us)|

< /w-+
<e— +e,
s
where the last inequality is due to (3.44). The last term in (3.53) can be written as
)\/ v(Ay +u—v)[z(00) — z(v)]dv
0

+ A /“ v(Ay +u —v)[z(00) — z(v)]dv,

u1

which is bounded by

<X sup |2(u) — 2(00)|[1 — Flu —uy)] + €A /u[1 — F(v)]dv

0<u<uy w1

< AK€ + A\fe,

where the last inequality is due to the bound z(u) < K for all w > 0. So for all € > 0

there exists a to = K(uj + ug) > T(up + uy) such that

sup |Z(t)(A,) — 2(c0)ve(4,)| < e forall t > t,. (3.54)

y€[0,00)

O
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Proof of Theorem 3.4, part I. Since the collection of subsets {(y,00) : y € [0,00)}

forms a m-system, Theorem 2.2 in [5] and (3.50) in Lemma 3.9 immediately imply

that
= N K3,
d[Z(t), wﬁ—ﬁue] — 0 ast— oo.
This and (3.51) implies the convergence result in Theorem 3.4. O

3.3.3 Uniform Convergence to Equilibrium States

The convergence in the previous subsection depends on the initial condition £&. We
now show that the convergence is uniform for all initial condition { in the set .#};
defined in Theorem 3.3.

To emphasize the dependency on the initial condition we use T(, i) to denote
the solution to equation (3.23) with initial condition (&, u), and Z(€, ) to denote the

solution to the fluid model (K, A,v) with initial condition (§, u).

Lemma 3.10. Assume (3.15)-(3.41) and (3.40). For each € > 0 there exists anl* > 0
such that when u > [*,

sup  |z(u) — z(c0)| <.
z(-)eT (L))

Proof. To prove this lemma, we need to adjust the proof of Lemma 3.8 with the
assistance of Lemma B.1.

Let 56 = {he, : (&, 1) € A4 }. By the definition of the set .#}; in Theorem 3.3,
F is the set of non-increasing functions which are uniformly integrable with inte-

gration less than M. For any € > 0, divide the set .#}; into three parts,
I = IV,
where

I ={(&n) € 2 &+ > KB(1+¢€)},

T ={En) € Ty 6§+ m) < KB(1 -6},
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and S0 = J1,\ (S U I0),
We first focus on the set £ . By doing the same algebra as in the proof of
Lemma 3.8, we see that (3.48) holds for any (&, ) € ZF. By Lemma B.1 and the

key renewal theorem, there exists a uj such that

et KD,

(
he,, *U(u) —
(g;g;jl en* Ulu) 5 5
K- F)* Ulu) - K% <

for all u > wuj. So for the first two terms on the right hand side of (3.48) we have

hen s U) — K(1— F) # Un) > 220+ b KD

3 323 ¢

for all (§, ) € £ and w > wuj. Note that the last term in (3.48) is always non-

> 0,

negative. So when u > uj we have (z(u)— K)* > 0, (or equivalently K — (z(u)AK) =

0) for all (¢, ) € ZF. So the last term in (3.48) can be bounded by
/ Kd[(1— F) « UW)] = K[(1 = F) « Uu) — (1= E) # Ulu— )],

which converges to 0 by the key renewal theorem. So there exists a uj > 0 such that

when u > u, the third term in (3.48) is bounded by I;’gee. Let [} = max(u},u}). By

(3.48) and summarizing the above, we obtain

ﬁee for all u > [7.

sup |z(u) — z(00)| <
(&nest

Next, we consider the set .. By doing the same algebra as in the proof of

Lemma 3.8, we see that (3.49) holds for any (£, ) € . By Lemma B.1, there

exists a uj such that

K
sup  |hey * Ue(u) — <X,§—+M)| < —e.

(mege Be

for all u > u3. So we have



for all (&,p) € £ and u > wuj. Note that the last term in (3.49) is always non-
positive. So when u > u} we have z(u) < K, (or equivalently (z(u) — K)* = 0) for
all (&, u) € Z. So by (3.44), the absolute value of the last term in (3.49) can be
bounded by

w

/ Al = F)» Ue(w)] = Fl0 = F) xUelu) = (1= F) # Uelu — u3)]

which converges to 0 by the key renewal theorem. So there exists a u), > 0 such that
when u > u), the third term in (3.49) is bounded by £e. Let 5 = max(u), u}). By
(3.49) and summarizing the above,
sup |z(u) — z(o0)| < Ke for all u > [3.
(Em)ese

It only remains to deal with the set .#°. For any he, € #°, consider the 2e-
perturbation (&a, poc) € Z.7, and —2e-perturbation (§_ o, pi—2c) € #.~. Denote x ()
and x~(-) the solutions to (3.23) corresponding to (s, pac) and (€_oc, fi—oe) rEspec-

tively. By Lemma 3.7,
v (u) < z(u) < 2" (u) for all u > 0.

According to the above two cases, when [ > I* = max((],[3),

Kp. Kpj.

g

z(u) <zt (oc0) +

e < x(o0)(1+ 2€) +

€,

x(u) > x” (00) — Ke > x(00)(1 — 2¢) — Ke,
for all (&, ) € #0. This means that

sup |z(u) —z(o00)| < Ce for all u > I7,
(&p)es?

where C' = max(2x(oc0) + Kfﬂ2x(oo) + K). O
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Lemma 3.11. Assume (3.15)(3.41) and (3.40). For all e > 0 there ezists an L* > 0

such that when t > L*,

_ — KB,)*
sp o), W8T (3.55)
(Q().Z())e=(sE) s
- N KB,
sup sup |Z(0)(4,) — LAE e, 4 < e (3.56)
(Q().Z())e=(sE) yel0,00) Be

Proof. The proof of this corollary is almost the same as the proof of Lemma 3.9.
Just note that by Lemma 3.10, the ¢; in (3.52) and the ¢, in (3.54) are good for all

(&, ) € 4. With L* = max(ty, t2), the result of this lemma immediately follows. [

Proof of Theorem 3.3, part II. Now we use Lemma 3.11 to show the uniform conver-
gence result. By Lemma C.1, (3.56) implies that for all € > 0 there exists an L} such
that when ¢ > L}
- . wANKp,
— v

sup d[Z(1),

e < e
(O(),2())eE(sE,) Be

The uniform convergence follows from this and (3.55). O
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CHAPTER IV

FUNCTIONAL LAW OF LARGE NUMBER LIMITS

The main motivation to study the fluid model is that it serves as the weak law of large
number limit of the stochastic process described in Chapter 2. Consider a sequence
of limited processor sharing queues indexed by r, where r increases to oo through
a sequence in (0,00). Each model is defined in the same way as in Chapter 2. To
distinguish models with different indices, quantities of the rth model are accompa-
nied by superscript r. Each model may be defined on a different probability space
(Q7, F",P"). Our results concern the asymptotic behavior of the descriptor under the

fluid scaling, which is defined by

oW = o), ()= %Zr(rt), (4.1)

r

for all ¢t > 0. We are also interested in fluid scaled versions of other quantities
like the workload and queue length processes. Note that Q"(-), Z"(-) and W' (-) are
actually functions of (Q"(-), Z7(+)), so the scaling for these quantities are defined as

the functions of the corresponding scaling for (Q"(-), Z7(+)), i.e.

@) =(1,Q(0) =@ 01), (12)
Z"(t) = (1,Z"(t)) = %Zr(rt), (4.3)
W) = [, Q)+ Z7(0) = - (), (1.4

for all ¢ > 0. Similarly we define the fluid scaling for cumulative service amount
S”(s,t) to be
t
5'(s.t) = [ w(Z' (), (4.5

for 0 < s <t. The fluid scaling for the external arrival process is defined as

Br(t) = %Ew). (4.6)
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It follows from (2.3) that the scaling for B"(-) and should be defined by

Br(t) = %BT(rt), (4.7)

for all t > 0.
To establish results on convergence of the above sequence of stochastic processes,
we need the following conditions, which are quite general and standard. We assume

that the arrival processes satisfy

E"(:)=X- asr — oo, (4.8)

where ) is a positive constant. The job size measures v" satisfy that as r — oo

d[v",v] — 0, (4.9)
MUY — (XM v) < oo for some p > 0, (4.10)

where v satisfies
v has no atoms. (4.11)

The law of large number scaling speeds up the processes r times, so we need to scale

the sharing limit accordingly:

lim K" /r - K > 0. (4.12)

T—00

Also, the following initial condition will be assumed:

(Q7(0), 27(0)) = (&7, ). (4.13)

(TP, Q7(0) + 27(0)) = (X" + ), (4.14)
where p is the same as in (4.10) and (£*, 4*) is a deterministic element in .# and
1" has no atoms. (4.15)

The following proposition is a well known result for a single server queue operating
under a non-idling service discipline. Readers are referred to Section 5 in [25] for a

proof.
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Proposition 4.1. Assume the sequence of LPS queues satisfies (4.8)—(4.14). As
r — 00, we have
WT() = W()v

where W (t) = ({x, & + p*) + (1 — p)t)* for all t > 0.

Since the LPS is also a non-idling service discipline, the above limit of the workload
process still holds for our model.

However, the limiting of the job size process and many other performance processes
as introduced above is far from clear. Our main result establishes the fluid limit of the
measure-valued processes (Theorem 4.1), from which the fluid limit of many interested

performance processes follows directly (Corollary 4.1).

Theorem 4.1. If the sequence of limited processor sharing queues satisfies (4.8)-

(4.15), then

(Q'(),2"() = (Q(), 2(-)) asr — oo,

where (Q(-), Z(-)) is the unique solution to the fluid model (K, \,v) with initial con-
dition (&, u*).

Since all performance measures can be recovered from the descriptor (Q"(+), Z"(+)),

we have the following corollary.

Corollary 4.1. Assume the sequence of limited processor queues satisfies (4.8)—

(4.15). Asr — oo, we have
(@27 (). B (). D"()) = (Q(). Z(), B(), D(),
where Q(+), Z(+), B(-), D(-) are as defined in (3.1)—~(3.5).

Corollary 4.1 follows immediately from Theorem 4.1. So we omit the proof for

brevity. We will prove Theorem 4.1 at the end of this chapter.
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4.1 Relative Compactness

The objective of this section is to show the precompactness property, Theorem 4.2
below, for the fluid scaled processes (Q"(+), Z7(+)) defined in Section 3.1.
Consider the rth system. A fluid scaled version of stochastic dynamic equations

(2.5) and (2.6) can be written as

rET(t)

oA = S byA),
i=rBT(t)+1
) | T ) | B )
ZHA) == > G A+SW)+- > dn(A+S(n.1)),
" i=—rX7(0)+1 " i=—rQ7(0)+1

for t > 0 and any Borel sets A” C [0,00) and A C (0,00). Thus, by the above

equations, we have for 0 < s <t

1 rE”(t) 1 rB"(t)
i=rE7(s)+1 i=rB7(s)+1
1 rBT(t)
ZOA) = Z A+ T+ S (At S(m1). (4.17)
i=rBr(s)+1

The dynamics of the system is determined by the above equations. Equation (4.16)
says that the status of the buffer at time t equals the status at time s plus what has
arrived to the buffer and minus what has left from the buffer during time interval
(s,t]. Those jobs who left buffer enter service, the service process has been taken care
of by shifting the set A by the cumulative service amount S”(7;,t) that the ith job
receives. This corresponds to the second term on the right hand side of (4.17). This
plus the status at time s shifted by accumulative service amount S”(s,t) is equal to
the status of the server at time ¢, as indicated in (4.17). To simplify the notation in

this section, for all 0 < s < ¢, denote

E(s,t) = E"(t) — E(s), B'(s,t) = B'(t) — B'(s).

Note that Z"(t) € M, on each sample path for each » > 0 and ¢t > 0. Due to the

convention that My can be embedded in M; (c.f. Section 1.4), we view Z"(t) as an
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element in M, when it is convenient. In particular, Z"(¢)(A) is well defined for each
Borel set A C [0, 00).

The compact containment property is derived in Section 4.1.1. Section 4.1.2 serves
as a preparation for the oscillation bound. The oscillation bound is then proved in
Section 4.1.3, followed by the precompactness result Theorem 4.2. The framework of

the proofs is similar to that of [24, 26].
4.1.1 Compact Containment

The main objective of the section is to establish the compact containment property
in Lemma 4.4, which is the first main step to prove precompactness. First, let us
establish a bound for the arrival processes.

Fix T' > 0. It follows immediately from condition (4.8) that for each €,¢ > 0

there exists an ry such that when r > rg,

P ( sup |E"(s,t) — At — )| < e/) >1—e. (4.18)

0<s<t<T

To facilitate some arguments later on, we derive the following result from the above

inequality.

Lemma 4.1. Fix T > 0. There exists a function €g(-), which vanishes at infinity

such that

P ( sup |E"(s,t) — At —s)| < eE(r)) >1—ep(r),
0<s<t<T

for each r > 0.

Proof. For each index r let

H,={6>0:(4.18) is true for € = ¢ = §}.

Clearly H, is not empty since 1 € H,.. Let eg(r) = inf H, for each r > 0. Assume that
eg(r) does not vanish at infinity. There exists a § > 0 and a sub-sequence {r,}°%,

which increases to infinity such that

eg(r,) > 9 forallm > 0. (4.19)
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However, for ¢ = ¢ = §/2 there exists an rs such that when r,, > rs, (4.18) must hold.

This contradicts (4.19). O

Denote

O = { sup |E"(t) — M| < eg(r)}.

te[0,7)

We have that
lim P (Q%) = 1. (4.20)

r—00

It is clear from the policy constraint (2.8) that for all t > 0,

() < K"Jr < K +1, (4.21)

where the last inequality holds for all large r since K" /r — K. The following lemma

establishes a bound for the buffer size Q"(-).

Lemma 4.2. Assume (4.8) and (4.13). Fiz T > 0. For each n > 0 there exists a

constant My > 0 such that

lim inf P < sup Q" (t) < M1> >1-—n.

oo t€[0,T
Proof. Plugging A = [0,00) in (4.16) and letting s = 0, we get
Q"(t) < Q"(0) + E"(¢). (4.22)
By condition (4.13), there exists a constant M’ such that
liminf P (Q"(0) < M') > 1 —1.

r—00

By (4.20) and (4.22), we have that

r—00 t€[0,T]

lim inf P ( sup Q"(t) < M' + AT + 1) >1—n.

The lemma is proved by letting My = M’ + \T + 1. O
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Lemma 4.3. Assume (4.8)(4.15). FizT > 0. For anyn > 0, there exists a constant
My > 0 such that
lim inf P ( sup (X7, Q"(t) + Z7(t)) < M2> >1-—n,
r—00 tE[O,T]

where the positive constant p is the same as in conditions (4.10) and (4.14).

Proof. By condition (4.14),

liminf P ((x' ™7, 27(0)) < (x'*?, & +p*) +1) = 1.

r—00

Denote the event in the above by (). By Lemma 4.2, for any > 0, there exists a
constant M; > 0 such that
liminfP | sup Q"(¢t) < My | >1—n.
r—oe te€[0,T)
Denote the event in the above by 7(M;). Note that on the event €2} (M;) N QY,

[ ArT+reg(r)]

(TP + ZT() S (CTRZTO) + - Y (), (4.23)

roo
i=—rM;
for any ¢ € [0,T]. By condition (4.10), (x'™,v") < oo and (x'P,v) < co. Since we

only need to consider large enough r such that eg(r) < 1, by Lemma A.2 in [25],

[ ArT+reg(r)]
liminfP | - E (X' 0y < (AT + My + 1) (X', vy + 1] =1,
T—00 r ¢
i=—rM;

Denote the above event by €7 (M), then by (4.20), we have

lim inf P (Q5, N QG N QY (M) N Qp(My)) > 1 —1. (4.24)

r—00

The lemma is proved by letting My = (X7, &* + p*) + (A\T+ M1+ 1) (x' P, v)+2. O

Denote

QL(M) = { sup Q"(t) < M and sup Z'(t) < M}

te[0,7) te(0,7)
N { sup (X!, Q" (1) + 2" (1)) < M}.
te[0,T
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By (4.21), Lemmas 4.2 and 4.3, for any n > 0, there exists a constant M > K + 1
such that

liminf P (Q5(M)) > 1 —n. (4.25)

A set K C M, is relatively compact if supgcx §(Ry) < oo, and if there exists a

sequence of nested compact sets J,, C R, such that | JJ, = R, and

lim sup&(J5) =0,

n—00 ¢cK

where J¢ denotes the complement of J,,; see [33], Theorem A7.5. Denote
K(M) = {5 €M, : £(R,) < M and &((n, 00)) < M/n for all n € Z+}.
Clearly, K(M) is a relatively compact set for any constant M > 0.

Lemma 4.4. On the event Qp(M),
Q"(t) e K(M) and Z"(t) € K(M) for all t € [0,T]

Proof. Note that both sup,cg 7 Q" (£)([0, 00)) and sup;co 1 2 (t)((0, 00)) are bounded

by M, according to the definition of Q5 (M). By Markov’s inequality, for any ¢ > 0,

O ()((n, 0)) < <><1+:;—+Qp<t)>

Y

which is bounded by - by the definition of Q7(M). The same argument applies
for Z"(t). O

4.1.2 Asymptotic Regularity

The second major step to prove precompactness is to obtain the oscillation bound in
Section 4.1.3. Oscillations mainly result from sudden departures of a large number
of jobs. To control the departure process, we show that Z"(-) assigns arbitrarily
small mass to small intervals. Similar results have been proved for PS queues and

related models, see [24, 26]. In our model, the process of jobs entering the service is

B'(t) = E"(t) — Q"(t) instead of E"(t), which creates additional difficulties.
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Recall the Glivenko-Cantelli estimate in Lemma D.2. By the same argument as
in Lemma 4.1, for fixed M, T > 0, there exists a function egc(+), which vanishes
at infinity, such that the probability inequality in Lemma D.2 holds with € and ¢

replaced by this function. In other words, denote

O (M :{ max sup  sup |(f,7"(n, 1)) — I{(f,v")| < eac(r)y,
Ge(M) _TM<”<7’(M+2>\T)le[O,2M+2)\T]f€7|< (n,0)) = UI(f, V") (r)}
where
1n+|_rlJ
n" l = - 51}7",
oD Ti:Zn—:i-l '

and ¥ is a set of functions of the form Lz,00) and 1p; o) for all z € Ry with an

envelope function f (see Section D). We have

lim P (Qhe(M)) = 1. (4.26)

r—00

The Glivenko-Cantelli estimate helps prove the following result.

Lemma 4.5. Assume (4.8)-(4.15). Fiz T > 0. For each €,1 > 0 there exists a k > 0

(depending on € and n) such that

lim inf P ( sup sup Z"(t)([x,z + K]) < e) >1—n. (4.27)
r—oo t€[0,T] z€R 4
Proof. We first show that for any €, > 0, there exists a s such that
lim inf P <sup Z"(0)([z,z + K]) < 6/2) >1—n/2. (4.28)
r—00 zeRy

It follows from the initial condition (4.13) that Z7(0) = p* as r — co. Since y* is a

finite Borel measure, there exists an M > 0 such that
p*([M, 00)) < €/4.

By (4.15), the distribution function associated with the measure p* is continuous, thus
is uniformly continuous on the finite interval [0,2M]. So there exists a k € (0, M]
such that

sup p*([z,z + K]) < €/4.
z€[0,M]
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The above two inequalities imply

sup p* ([, x + K]) < €/4.

J?ER+
Let N = [M/k]. Denote I,, = [nk, (n+2)x] forn =0,1,..., N—1, and Iy = [M, 00).
Note that, for every x € [0,00) there exists an n < N such that [z,z + k] C [,. To

prove (4.28), it suffices to show

lim inf P (Sup Z7(0)(I,) < 6/2) >1—n/2 (4.29)

r—00 n<N

Denote A = {p € My : max, <y pu(l,) < €/2}. It is clear that u* € A. Now, let us
prove that the set A is open in the space My equipped with the Prohorov metric. Let
{mr} € My be a sequence in the Polish space My satisfying uy — p for some p € A.
Since each [, is closed, by the Portmanteau theorem, Theorem 2.1 in [5] (adapted to

finite measures, see also [26]),

limsup px (1) < p(l,) <€/2 foralln < N.

k—o00
Hence, u;, € A for all sufficiently large k£, which implies that A is open in M. Thus,

a second application of the Portmanteau theorem yields

liminf P (Z°(0) € A) = P(u" € A) =1,

which implies (4.29).
Now we need to extend this result to the interval [0, T]. Denote the event in (4.28)
by Qf. Let
QL (M) = QN QLN QL (M) N QL(M).

By (4.20), (4.25) and (4.26), there exists an M > 0 such that

liminf P (Q5(M)) > 1 —n.

r—00

In the remainder of the proof, all random objects are evaluated at a fixed sample

path in Q5(M).
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For any r > 0, t € [0,T] we define the random time

to = sup {{s <t:(1,Z"(s)) <e/4} U {O}}

If tg = 0, then by (4.28) for each x € Ry

Z2M(0)([w, = + K] + S7(1)) < €/2.

If ty € (0,¢], then for each § > 0 there exists an s such that ) —J < s < ¢y and
7Z"(s)(Ry) < €/4. Since we are only concerned with small ¢ (which should be small
enough such that Z7(s) < €/4 < K"/r), Q"(s) = 0 by the policy constraint (2.8).

Note that (2.3) implies
B'(s't) < E"(s,t) + Q" (') for all ' < t. (4.30)

Since we are on the event %, for any €; > 0, we have B"(s,t5) < AJ + ¢, for all large

enough r. For any Borel set A, by the fluid scaled system dynamic equation (4.17),
Z"(tg)(A) < Z"(s)(Ry) + B"(s,t0) < €/4+ N + €1,

which can be made smaller than €/2 by choosing €, § suitably small.
The fluid scaled stochastic dynamic equation over the interval [ty, t| can be written

as

Z'(t)([w, 7 + K]) = Z7(to) [z, 2 + K] + 5" (t, 1))
1 rB"(t)

+; Z 51;:([33,1""/{]‘{'5’ (Tiat))v
i=rB"(tg)+1

for each x € R,. By the choice of ¢y, the first term on the right hand side of the above

equation is always upper bounded by €/2. Let I denote the second term on the right

hand side of the proceeding equation. Now it only remains to show that I < €/2.
Let to,t1,--- ,ty =t be a partition of the interval [¢y,?] such that |t; 1, —¢;] <6

for all j = 0,---,N — 1, where 6 and N are to be chosen below. Write [ as the
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summation
1 _
I = - ol ) S” irt))-
dr 2 dwllmw sl TSm0

Recall that 7] is the time that the ith job starts service, so on each sub-interval

t;,t;11] those 7’s to be summed must satisfy ¢; < 77 <t,,1. This implies that
73+ 7 ) J

S™(tj1,t) < ST(1i,t) < S"(t5,1).

By the definition of ¢y, we have Z7(s) > ¢/4 for all s € [ty,t]. So

= 46
8"(tj tj) < —.
Let
Qr ar 49
Gy =[x+ 5" (t,t), w45 (G, 1) + 5+ —].
Then

J=0 " i=rBr(t;)+1
Since we are on the event 2, NQE (M), by (4.30), we have forall j =0,--- /N —1

—rM <rB"(t;) <r(AT + €1+ M) < 2XrT + 1M,

Br(tj,tj+1) < T+ €1+ M < 20NT + M.

Since we are on the event Qf~(M),

1 TB(tj41) ) B
- i (C5) = (BT () = B'(1))V (G| < 4
z:’r’BT(tj)—i-l
So
N—-1 - B
1< Y 1B (1) = BY()V(Cy) + Ne,
§=0

By (4.9), for all e > 0

d[ljray] S €2,

for all large enough 7. Note that C} is a closed Borel set, by the definition of Prohorov

metric, we have

V'(C)) S v(CF) + &
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for all large enough r. Since C? is a closed interval with length x + 4_56 +2¢y, by (4.11)

we can choose k, 9, €, small enough such that

€

) < T
Thus, we conclude that
N-1
I's(e+ =7 an 2)\T+M ]z:; tjin1) = B'(t)] + Nex
€
< — )[B” B (t N
< (et gz 3 1B~ B(to)] + ey

< €e(2\T + M) +¢/4 + Ney,

where the last inequality is because we are on the event Q7% N Q%L (M). Finally, by

choosing €7, €5 small enough, we obtain that I < €/2. O]

In addition to the asymptotic regularity for the server Z"(-), we also have the

same property for the buffer Q"(-). The proof is much easier.

Lemma 4.6. Assume (4.8)—(4.15). Fiz T > 0. For each ¢, > 0 there exists a k > 0

(depending on € and 1) such that

lim inf P ( sup sup Q" (t)([zr,z + k]) < e) >1—n. (4.31)

r—oe te[0,T] zeR4
Proof. Let
(M) = Qi N Qp(M) N Qe (M).

By (4.20), (4.25) and (4.26), there exists an M > 0 such that

lminf P (Q5(M)) > 1 —n.

r—o00

In the remainder of the proof, all random objects are evaluated at a fixed sample

path in Q5(M).
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Since we are on the event Q% N Q%L (M), |B"(-)| and E"(-) are bounded above by

M + 2)\T'. Since we are on the event Qf~(M), for any t € [0,7] and € > 0,

Q1) ([ x + w]) — (B7(t) = B ()" ([z, + )
rET(t)

LS bl a) - (B0 - BO) (0 )
i=rBr(t)+1
< €,

for all large . Thus

Q" (t)([z,z + k) < (E"(t) = B"())v ([z,2 + K]) + €&

<2MV"([z, x + K]) + €1,
for all large r. By (4.9), for any €3 > 0,
div",v] < e,
for all large enough r. By the definition of Prohorov metric, we have
Vi([z, o+ K]) Sv([r — €, 2 + K+ €)) + €
for all large enough r. By (4.11), we can choose k, € small enough such that
v([x — €, 2+ K+ €)) < €.
Thus, we conclude that for any ¢ € [0, 77,

Q" (t)[z,x + K] < 2M (€1 + €2) + €1.

The proof is completed by choosing €; and €, to be less than €/8M. O]
4.1.3 Oscillation Bound

In this section, we use the regularity result in Lemma 4.5 to obtain the oscillation

bound in Lemma 4.7. The proof technique of this lemma is a simplification of that for
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Lemma 4.14 in [24]. Consider a cadlag function ((-) on a fixed interval [0, T taking
values in a metric space (E, 7). For "> 0 and § > 0, define the modulus of continuity

to be

w(C(),0) = sup  w[((s), (1))

s,t€[0,T),|s—t|<6

If the metric space is R, we just use the Euclidean metric; if the space is My x Mo,

we use the Prohorov metric d defined in Section 1.

Lemma 4.7. Assume (4.8)-(4.15). Fiz T > 0. For each e,n > 0 there exists a § > 0

such that

liminf P (max (w;(Q"(-),8), wr(Z7(-),8)) <€) > 1—n. (4.32)

r—00

Proof. For any k,e > 0, define

Opegl,€) = { sup sup Z7(t) (w2 + x)) < ¢/5}.
te[0,T]) z€R
By (4.20) and Lemma 4.5, for each € > 0 and n > 0 there exists a x > 0 such that
liminf P (QF N Qe (k,€)) > 1.
In the remainder of the proof, we set

6 = min (e/5X, ke/5, € /25)

and all random quantities with index r are evaluated at a fixed sample path w €

O N Qeg(ris€). For 0 < s <t < T with t — s < §, consider the following two cases.
Case 1 Ifinf i X"(7) < €/5, let

to = inf{r € [s,t] : X"(7) < ¢/5}.
By right continuity, X" (ty) < ¢/5. We only need consider large enough r’s such that

¢/5 is smaller than K" /r (which converges to K > 0 as r — oo by condition (4.12)).
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On the interval [s, o), Z7(+) is larger than €/5, implying S"(s, o) < |t2/_58‘ < |t675s|. So
we have

_ t— _ _ _ _

Z7(s)(Ag + | S|) < Z7(s)(Ag + S"(s,t0)) < Z7(to)(Ao) < X" (tg) < €/5, (4.33)

€/b

where Ay = (0,00) and the second inequality is due to (4.17). Note that § < ke/5

|t_58‘ < k. Thus

implies that ;

|t — s
€/b

Z7(s) = 2 (5)(4o) < 27 (s) (Ao + ) + 27 (5) (0, w]) < 2¢/5,

where the last inequality follows from (4.33) and the definition of Q. (k,€). So we
have

Q"(s) =0, d[Z"(s),0] < 2¢/5.

On the other hand, we have

X"(t) < X"(s) + E"(s,t) for all s <t.

Since we are on the event Q% and we can choose 7 large enough such that eg(r) < €/5,
we have

E"(s,t) < X0+ ¢€/5 < 2¢/5, (4.34)

where the last inequality is due to the choice of 6. So X"(t) < X" (ty) + 2¢/5 = 3¢/5.
Again, we only need consider large enough r’s such that €/5 + 2¢/5 < K" /r. So we

have

Q'(t) =0, d[Z"(t),0] < 3¢/5.

In summary, we have that when |t — s| <4,

d[Q7(s), O"(1)] = 0, d[Z"(s), Z"(t)] < 3¢/5+ 2¢/5 = €.

Case 2 Ifinf i X"(7) > €/5, then inf,¢fs ) Z7(T) > €/5. Therefore,

5 (s,1) < Z; < 6/15 < min(k, ¢/5), (4.35)
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by the choice of §. The number of jobs that enter the service during time interval

(s,t] is

B"(s,t) < E"(s,t) + Z"(s)([0, 5" (s,1)]) < 3¢/5, (4.36)

by (4.34), the choice of § and the definition of Q.. By the dynamic equation (4.16),

we have

Q7 (s)(A) = Q(1)(A)| < max (E"(s,1), B(s,)) < 3¢/5

for any Borel set A. Thus
d[Q"(s), Q"(t)] < 3¢/5.

By the dynamic equation (4.17),

Z'(t)(A) < Z7(s)(A+ 5"(s,t)) + B'(s,1).

By (4.35), A+ S7(s,t) C A%/> where A% is the a-enlargement of the set A as defined
in Section 1.4. So by (4.36)

Z"(t)(A) < 27(s)(A%/5) + 3¢/5 for any Borel set A.

By Property (ii) on page 72 in [5], we have d[Z"(s), Z"(t)] < 3¢/5. O

For any sequences {x;} and {0;} of positive numbers, consider the following set

- 1

{ sup sup Q" (t)([z,z + k;]) < —,}
te[0,T] z€R4 J
- 1

N { sup sup Z"(t)([z,z + k;]) < —,}
te[0,7] z€R4 J

5 (), 8,), Wi(Z7(),6,)) < -
N fmax (wp(Q7(),65), wi(Z().67)) < <.

Denote the two sequences {r;} and {0} by S. To emphasize the dependency on S
and j, denote the above event by Q%(S,7). By Lemmas 4.5, 4.6 and 4.7, for any

1 > 0, there exists an § such that

2
liminf P (Q5(S, 7)) > 1 — % for each j € N.

r—00 2

60



For any finite number n € N, by the above inequality, we have

T—00

lim inf P (ﬂ Qg(s,j)) >1—1n/2.
j=1
Let r(n) denote the smallest number such that
P (ﬂ Q%(S,j)) >1—mn, forallr>r(n). (4.37)
j=1

It is clear that r(-) is a function defined on Z, and it is non-decreasing (since

M= Q&(S,7) C ﬂ?;l VR(S, 7) for any n < n’). Let

n(r) = sup {{n €Zy:r(n)<rpu {O}}

(From the definition, we see that n(r) is allowed to be infinite. For example, when
the function r(-) has an upper bound.) In fact, n(-) can be viewed as the “inverse”
of r(+). It is clear that n(-) is an non-decreasing. We claim that lim, ., n(r) = co.
The reason is as follows: for any ng > 0 there exists 1y = r(ng) such that n(r) > ng

for all » > ry. Now define
n(r)

Qp(S) = (] 2(S..5).
j=1
Note that Q%(S) is not empty for all large enough r (since n(r) > 1 for all large
enough ), and in this case,

P (QR(S5)) =2 1=

So we conclude that

liminf P (Q%(S)) > 1 —n. (4.38)

T—00
Now, denote

O"(M,S) = QN QM) NQG(M) NQR(S).

For any r, the rth system is defined on the probability space (", P", F"). The
stochastic processes Q"(-) and Z7(+) are actually measurable functions on 2". From

now on, in some statements we will explicitly write them down in the form of Q" (w, )
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and Z"(w, -) to indicate that they are evaluated at the sample path w € Q7. We are

now ready to present the precompactness result.

Theorem 4.2. Assume (4.8)—(4.15). Fiz T > 0. For alln > 0, the exists a constant

M >0 and an S such that

liminf P (Q"(M,S)) > 1 —n. (4.39)

Any sequence of functions {(Q™ (W™, -), Z" (w™, ) bneny with W™ € Q™ (M,S) for
eachn € N and {r, }nen increasing to infinity has a subsequence {(Q" (W™, ), Z™ (W™, +)) bien
such that

sup d[(Q™i (Wi, t), Zi(w™i 1)), (Q(t), é(t))] —0 asi— oo,
te[0,T

for some process (Q(-), Z(-)) which is continuous.

Proof. The probability inequality follows immediately from (4.20), (4.25), (4.26) and
(4.38).

The space M x My endowed with the metric d (defined in Section 1.4) is complete.
Lemma 4.4 verifies condition (a) in Theorem 3.6.3 of [17]. For any € > 0 there exists
a jo such that 1/j < e for all j > jy. Since we are on the event Q(S), we have that

when 0 < dj, and r is large enough such that n(r) > jo,
max (wr(Q" (W', ), 8), wr(Z"(W",),8)) <e, (4.40)

for any w” € Q"(M,S). This verifies condition (b) in Theorem 3.6.3 of [17]. So the
sequence {(Q™ (w™,-), Z"™(w™, -))}nen is precompact in the space D([0, 7], M; x
M) endowed with the Skorohod J; topology. In other words, there is a convergent
subsequence. The limit of this subsequence is continuous by the oscillation bound
(4.40). So convergence in the Skorohod J; topology is the same as convergence in the

uniform metric defined in Section 1.4. O
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4.2 Characterization of Limats

Let 2r(M,S) denote the set of limits of all convergent subsequences of the sequences
in Theorem 4.2. It is clear that Zr(M,S) is a non-empty subset of elements in the
space D([0, 7], M; x My). We have the following result (Theorem 4.3) about the set
P7r(M,S). The proof of Theorem 4.1, which builds on this result, will be provided

at the end of the section.

Theorem 4.3. (M, S) contains only one element, which is the unique fluid model

solution (Q(+), Z(-)) with initial condition (£*, u*) restricted on the interval [0, T).

To better structure the proof, we first present three auxiliary lemmas (Lemmas 4.8,

4.9 and 4.10), which characterize any fixed element (Q(-), Z(+)) in the set Zr(M, S).
By the definition of 27(M,S), for any (Q(-), Z(-)) € 2¢(M,S), there exists a se-
quence {r,} which goes to oo and w™ € Q™ (M, S) for each r, such that

sup d[(Q™(w'™,t), 2™ (W™, 1)), (Q(t), Z(t))] — 0 as n — oo.

te[0,7

With a slight abuse of notation, we drop the parameter w™ for simplicity in the proofs

of all the following three lemmas. We then have

lim sup d[Q™(¢), O(#)] = 0, (4.41)
=00 ¢tc(0,T)
lim sup d[Z™(t), Z(t)] = 0. (4.42)
N0 ¢e(0,T]

Lemma 4.8. Assume (4.8)~(4.15). For any point (Q(-), Z(-)) € 2¢(M,S), both

Q(t) and Z(t) are atom free for all t € [0,T).

Proof. For any y > 0 and k; > 0, since [y — K1,y + 2k1] is the xi-enlargement (c.f.
Section 1.4) of the set [y, y + 1], by (4.41) and the definition of Prohorov metric, we

have

Q1) [y, y + r]) < Q" ()([y — K1,y + 281]) + A1,
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for all large n. Since we are on the event Q™ (M,S), in particular Q' (S), for any

e > 0, we can choose x; small enough such that

Q™ (t)([y — K1,y + 2K1]) < €/2,

for all large n. When making x; small, we can also choose k; < €¢/2. This gives that

Q) [y, y + ) <e

This proves that Q(t) is atom free for any ¢ € [0,7]. The proof for Z(t) follows in

exactly the same way. O]

Lemma 4.9. Assume (4.8)(4.15). Fiz any point (Q(-), Z(-)) € 29(M,S) and con-

stants a,b € [0, T] with a < b. If

inf Z(t) >0, (4.43)

te[a,b]

then (Q(a), Z(a)) € & and (Q(a + -), Z(a + ) is the solution to the fluid model
(K, \, v) with initial condition (Q(a), Z(a)) on the interval [0,b — a.

Proof. Define Q(-), Z(-), B(-) and S(-,-) in the same way as (3.1)-(3.8), then (4.41)

and (4.42) imply that

lim sup |Q™(t) — Q(t)] =0, (4.44)
n=%0 tef0,T]
lim sup |Z™(t) — Z(t)| =0, (4.45)
n—00 40,7
lim sup |B™(t) — B(t)| = 0. (4.46)
00 ¢el0,17]
By (4.43) and (4.45),
1 1
up | = —=—| —0 asn— oo.

s
a<t<p | Z™ (L) Z(t)

Thus, for each € > 0 there exists an ng > 0 such that

sup |S™(s,t) — S(s,t)] <€, for all n > ny. (4.47)

a<s<t<b
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Since for all r,,, (Q™(+), Z™(-)) satisfies the LPS policy constraints (2.7) and (2.8)
and Ii—;" — K as n — oo, the limit (Q(-), Z(-)) also satisfies (3.12) and (3.13). It
is then clear that (Q(a), Z(a)) is a valid initial condition. By the same argument,
(Q(-), Z(+)) also satisfies (3.11). Now, it only remains to show that (Q(a+-), Z(a+-))
satisfies the fluid dynamic equations (3.9) and (3.10) on the interval [0,b — a].

By (4.16), for any Borel set A C Ry and t > 0,

Q™ (a+1t)(A) = Q™ (a)(A) + Ig" (A) — I1"(A), (4.48)

where
1 ro BT (a+t)

BA=— 3 (A,

k3

" i=rnErn (a)+1
rn B (a+t)

1
I"(A) = — Oyrn (A).
rw=n X

To verify (3.9), consider the following difference for any y > 0 (recall that A, =

(y,00)),

Q(a+6)(4,) ~ (Q)(A,) + [Qla+1) - Qlw(4,))|
< |Qa+1)(4)) — Q" (a+t)(4,)]
@@ na,) - (@A) + 14, - 17(4,))

+| (@ (@)A) + I (A4) — 17(4))) - (Q(a)(Ay> +[Qa+) - Qa)lv(4,))]
<|Qa+1)(4,) — O (a+t)(A,)| + |Q(a)(4,) — O (a)(A,)]
+[[Qa+1) = Qua(A,) — I (4,) + I(4,)

Y

(4.49)

where the first inequality is due to triangle inequality, and the second one is due to
(4.48) and another application of triangle inequality. According to Lemma 4.8, the
set A, is a O(a + t)-continuity set (i.e. a set whose boundary has zero mess under

the measure). By Property (iii) on page 72 of [5], the convergence of Q™ (a + t) to
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Q(a+1t) in the Prohorov metric implies weak convergence. By Portmanteau Theorem
(c.f. Theorem 2.1 in [5]), weak convergence implies Q™ (a + t)(A) — Q(a + t)(A) for
all Q(a + t)-continuity set A. This implies that each of the first two terms on the
right hand side of (4.48) can be bounded by e for all large n. Now, let us study the
third term. Let E(-) = B(:) + Q(-), so E(-) is the limit of E"(-). (In fact, E(-) = \-
as proved in Section 4.1.1. But it is not needed here.) So by triangle inequality, we

have that

[Q(a+1) = Q@)v(4,) — I (4,) + I"(4,)

[E(a+1) = E(@)]r(4,) - I;"(4,) — [Bla+1t) = Bla)lv(4,) + I} (4,)

<|1Bla+0) - Ba)n(4,) - [*(A,)

+ |Bla+1) = B@)v(4,) - I(4,)
Note that

[B(a+1) - B@lv(4,) - I;(4,)

< [Bla+1) = Ba)]|u(A,) — v (4,)] + ‘[E(a +1) = B(a)]v"™(4y) - Ig*(Ay)

Again, since v is atom free (by condition (4.11)), A, is a v-continuity set. So |v(4,)—
I/T”(Ay)‘ < ¢ for all large n. Since we restrict our sample path to be in the event
Q™ (M,S), and hence in Q5 N Q% (M) for each n, the limits £(-) and B(-) have an
upper bound M + 2AT and a lower bound —M on the interval [0,T]. So the first

term in the above can be bounded by (M + 2AT)e for all large n. Note that

1B +1) = B(a)v™(4,) - I5*(Ay)

< |B(a+ 1) = Ba+6)] + | (a) - E(a)

1 rnE(a+t) R R
= Do G4y — [Ba+1) = Ba)l(4,)
" i=rnE(a)+1

Since E(-) is the limit of £ (-), each of the first two terms is bounded by e for all

large n. Since we restrict our sample path to be in the event (M, S), and hence in
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QGo(M) for all n, the last term in the above can be bounded above by e for all large

n. Thus, we conclude that

)[E(a 1) — Ba)u(A,) — I (A)| < (M + 22T + 3)e,

for all large n. Using exactly the same argument, we can show that

[Bla+1) - Bla)lv(4,) - I"(4,)

< (M + 2AT + 3)e,

for all large n. So in summary, the right side of (4.49) is bounded by (2M +4AT'+8)e
for all large n. Since € > 0 is arbitrary, the left side of (4.49) must be 0. So the fluid
dynamic equation (3.9) is verified.

By (4.17), for all Borel set A C R, and t > 0,

Z'(a+t)(A) = Z(a)(A+ 8™ (a,a+t)) + I (A), (4.50)
where )
rn BT (a+t)
IrA)=— > Su(A+ 5" a+t)).

r =
" i=rnBrn (a)+1

To verify (3.10), consider the difference
) (é(a +1)(A,) — Z(a)(A, + S(a,a + t))) - / " (A, + S(r,a+ t))dB(r)
<| (2@ +0(4) - Z@)(A, + S(a.a+ 1))
— (2 (a+1)(4,) - 27 (@A, + 5™ (a,a+ 1))

| (2 + )(4y) - 27 (@) (A + 5 (@0 + 1)) - 4 (4,)

+ /aH v(A, + 5’(7’, a+ t))dB(T) — I3 (Ay)

< ‘é(a +1)(Ay) — 2™ (a +1)(4,)

+ ’Z~(a)(Ay +S(a,a+1) — 2™ (a)(A, + 5™ (a,a + 1))

_|_

9

/a+t v(A, + 5’(7’, a -+ t))dB(T) —I"(Ay)

(4.51)
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where the first inequality is due to triangle inequality, and the second one is due to
(4.50) and another application of triangle inequality. By Lemma 4.8, the measure
Z(t + a) is also atom free. So following the same argument as the one for Q(a), the
first term on the right hand side in (4.51) is bounded by € for all large n. For any

y>0and k>0,

Z(a)((y + S(a,a+1t),00)) — 2™ (a)((y + S™(a,a +t), 0))

< Z(a)((y + S(a,a+1),00)) = 2™ (a)((y + S(a,a +t) + k,0))
< Z(a)((y + S(a,a +1t),00)) — 2™ (a)((y + S(a,a +t) — k,0))
+2™(a)([y + S(a,a+1t) — K,y + S(a,a +t) + &])

<k+Zm(a)(ly+ Sla,a+1t) —k,y+ S(a,a+1t) + K]),
for all large n, where the first inequality is due to (4.47), the second inequality is
due to algebra and the last inequality is due to (4.42) and the definition of Prohorov
metric. Since we restrict our sample path to be in the event (M, S), and hence in
Q7 (S) for all n, we can choose k small enough (less than €) to make the second term

on the right hand side of the above less than e. Thus we have

Z(a)((y+ S(a,a+1),00)) — Z™(a)((y + S™(a,a +t),00)) < 2e.
On the other side, for any y > 0 and « > 0,
Z™(a)((y + S™(a,a +t),0)) — Z(a)((y + S(a,a +t),0))
< Z™(a)((y + S(a,a+t) — K,00)) — Z(a)((y + S(a,a +t), 0))
< z2™(a)(ly + Sla,a+t) — K,y + S(a,a +1t) + &])

+2™(a)((y + S(a,a+1t) + k,00)) — Z(a)((y + S(a,a +1t),00))

for all large n, where the first inequality is due to (4.47), the second inequality is due

to algebra. By the same argument, we can show that
Zm(a)((y + 5™ (a,a +1),00)) — Z(a)((y + S(a,a+t),00)) < 2.
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This implies that the second term on the right hand side of (4.51) is bounded by 2e.

To control the third term, define
N-1
I3"(A) = Y I37(A),
=0

where 0 = tg < ... < ty_; = t is a partition of the interval [0, ¢] with § = max; |t;41 —

t;| and
1 rn B (att;41)
I(A) = - _Z Sur(A+ S™ (", a+1)).
i=rp, B™ (a+t;)+1

Recall that 7, is the time that the ith job starts service in the r,th system, so on each
sub-interval [a+t;, a+t;41] those i’s to be summed must satisfy a+t; < 77" < a+t;41.

This implies that
S™(a+ti,a+t) <S™(r/ma+t) < S™(a+tja+t).
By the uniform convergence (4.47), we have for all large n,
y—e+Sa+t,a+t)<y+Sm(rma+t)<y+e+Sla+t,att)

Since we are on the event Q™ (M,S) (which is defined at the end of Section 4.1), for

€ > 0 there exists an ny such that for allm >ny; and j =0,..., N — 1,

Igj(Ay) > B (a + ti,a+ti) v (A, + e+ g(a +t,a+1t)) —e

v

B(a +tj,a+ti)Vm (A, + e+ §(a+tj,a +1)) — 2e,

v

Bla+tj,a+t;1)v(A, +S(a+tj,a+1t)) — (2M + 2XT + 2)e,

where the above three inequalities are due to that we are on the event Qf (M),
(4.46) and the definition of Prohorov metric, respectively. Please note that the above
2M + 2AT comes from B(s,t) = B(t) — B(s) < 2M + 2\T, since B(-) has lower
bounded —M and upper bound (M + 2AT) (again, because we are on the event

Q% (M)). By the same reason, for all n > n; and j =0,...,N — 1,

I5%(Ay) < Bla+tj,a+t,1)v(A, +S(a+ti,a+1)) + (2M + 22T + 2)e.
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Denoting

=z

Is(Ay) = Y Bla+tj,a+t)v(A, + Sa+t,a+1)),
=0
—1

2&5

]U,(S(Ay) = B(a —I— tj, a —f- tj+1)V(Ay —I— S(CL + tj_|_1, a —I— t)),
=0

.

we have that
I1s(A,) — N(2M 4 2XT + 2)e < I;"(A,) < Iys(Ay) + N(2M + 20T + 2)e.  (4.52)

It is clear that I 5(A,) and Iys(A,) are the Riemann lower sum and upper sum of
the integration faa+t v(A, + S(7,a+t))dB(7), respectively. This means that for all &

small enough,
a+t _ B
I 5(A,) < / v(Ay+ S(t,a+1))dB(1) < Iys(A,). (4.53)
It then follows from (4.52) and (4.53) that

S(r,a+)dB(r) — I (A,
| / ))dB(r) — I (A,)| -

< [lus(Ay) — Irs(Ay)] + 2N (2M + 20T + 2)e.
For any €; > 0, we first choose § small enough (therefore N is chosen) to make the
first term in the upper bound of (4.54) less than €;/2, and then choose € small enough
to make the second term in the upper bound of (4.54) less than € /2. So the third
term on the right hand side of (4.51) is bounded by €;. In summary, the right hand
side of (4.51) is bounded by 3¢ + €, for all large n. Since €,¢; > 0 can be arbitrarily
small, the left hand side of (4.51) must be 0. So (3.10) is satisfied. O

5). Fiz a point (Q(-),2(-)) € Pp(M,S) and a

Lemma 4.10. Assume (4.8)—(4.1
constant ty € [0,T]. If (Q(to), Z(ts)) = (0,0), then

(Q(1), Z(t)) = (0,0), for allt € [to, T] (4.55)
when p < 1;
inf Z(t) >0, forallt, € (t,T] (4.56)
telt,T)
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when p > 1. If (Q(to), Z(ty)) # (0,0) and p > 1, then

inf Z(t) > 0. (4.57)

te(to,T]

Proof. The assumption (Q(ty), Z(to)) = (0,0) implies that
Z™(tg) — 0 as n — oo. (4.58)
Note that for any constant a > 0, the workload at time ?, satisfies

W™ (to) = (x, 2™ (to))
= <X1[0,a]7 zm (t0)> + <X1[a,00)’ Zrn(tﬂ»

< afl, 27 (t0)) + - (7, 27 ().

By the definition of Q% (M), (x'*P, 2™ (t;)) < M. For any € > 0, we first choose a
large enough such that aMp < €/2. By (4.58), we then can choose n large enough such

that a(l, 2™ (ty)) < €/2. This implies that
W (to) = (x, 2™ (tp)) — 0 asn — oo.

By Proposition 4.1,
W () — W(),
where W (t) = (w* — (1 — p)t)Jr for ¢ > 0. This means that W (ty) = 0.
If p < 1, then W(t) = 0 for all t > ¢,. This means that for each t > ty, W™ (t) — 0
as n — 0o. For any k > 0, we have the following inequality,
wr(t)

Z™(t) < Z™(t)(0, k] + -

Since we are on the event Q77 (S) (which is defined at the end of Section 4.1), we can

choose x small enough such that

_ W (t
Zm(t) < e+ R( ),
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where the second term on the right hand side in the above can be made smaller than
¢ by taking n large enough. This implies that Z(t) = 0, which means (Q(t), Z(t)) =
(0,0).

If p > 1, then for any t € [t;,T] we have

W(t) > (p—1)(t — to) = ay.

Since on the event Q' (M) (which is defined in Section 4.1.1), (x**?, Z™(t)) < M for

all t € [0,T1], for any € > 0, there exists a ¢y > 0 such that
(XL(co00), 2 (t)) < € forallt €[0,T] and n > 0.
This implies that for all ¢ € [0, 7],

W (t) = (XL, 2™ (1)) + (XL(eg,00), 2™ (1))

< C()ann(t) + €.

(4.59)

Take € = a1/2, we have that Z7(t) > 3 for all t € [t1,T]. Letting n — oo,
Z(t) > g+ for all t € [t1,T).

The assumption (Q(to), Z(to)) # (0,0) implies that Z(ty) > 0. If p > 1, then for
any t € [ty,T] we have

W(t) = W(to) + (p— 1)(t — to) = W(to) = ag > 0.

Note that (4.59) holds on the interval [0, 7], we apply it to the interval [ty,T]. Take
€ = ap/2, we have that 2™ (t) > 3 for all t € [ty, T']. Letting n — oo, Z(t) > 3 for

all t € [to,T] ]

Proof of Theorem 4.3. Case 1, p > 1. By Lemmas 4.9 and 4.10 for any 0 < ¢t; < ¢,

we have that

Q(t)(Ay) = Qt)r(4,) +[Q(t) — Qtr)lv(A,), (4.60)

Z(t)(A,) = Z(t)(A, + S(t1,£) + | v(A, + S(s,))dB(s), (4.61)
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for all y > 0. Since (Q(-), Z(-)) is continuous, we have that
(Qtr), Z(h)) — (&7,u") as ty — 0. (4.62)

So letting t; — 0, (4.60) becomes

Note that

'Ahy@%,+§@¢»d3@)
< [B(t) — B(0)] = M1 — (Q(t1) — Q(0)),

which converges to 0 as t; — 0. If u* # 0, then Z(0) > 0. Lemma 4.10 implies that

inf,cp0.4 Z (s) > 0. This implies that
S(ty,t) — S(t) ast; — 0. (4.63)

By (4.62), Z(t;) — p* (in the Prohorov metric) as t; — 0. It follows from (4.63) that

Z(t)(A, + S(t1, 1)) — (A, + S(t)) ast; — 0.

If v =0,
Z(t)(A, + S(t,t)) — 0 ast; — 0.

In both cases, letting t; — 0, (4.61) becomes

Z(t)(Ay)) =p (A, +S(t) + /Ot v(A, + S(s,t))dB(s).

So we conclude that (Q(-), Z(-)) is the fluid model solution with initial condition
(€%, 1)

Case 2, p < 1. Let to = inf{t > 0: Z(t) = 0}. By Lemma 4.9, for all t € [0, ),
(Q(t), Z(t)) satisfies the fluid dynamic equations (3.9) and (3.10) with initial condition
(&%, ). By the continuity of (Q(-), Z(-)) and Lemma 4.10, (Q(t), Z(t)) = (0,0)
for all t € [to,T]. So (Q(-),Z()) is the fluid model solution with initial condition

(& 1"). O
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Proof of Theorem 4.1. 1t is enough to show that for any n,e > 0,

liminf P ([(Q" ("), 2"()), (Q(), Z(-))] <€) = 1—n,

r—00

where g is the Skorohod metric defined in Section 1.4. Fix a constant T > 0 such

that [;° e 'dt < ¢/2. By Theorem 5.3 and Theorem 4.3, we have that

T—00

lim inf P (QTKQT(-),Z’“(-)), (Q(), 2()] < ﬁ) >1-q

The result follows immediately from (1.4). O
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CHAPTER V

STATE SPACE COLLAPSE AND DIFFUSION LIMITS

In this Chapter, we study a “finer” scaling of the LPS queueing system, called the

diffusion scaling. It is defined by
r 1 r(,.2 >7 1 r(,.2
OW)=—Q ), ()=-2"(") (5.1)

for all £ > 0. As it has been shown in Williams [57], a key step to obtain a diffusion
limit in heavy traffic is to establish a state space collapse (SSC) result. In our setting,
the SSC means that the diffusion-scaled measure-valued process, which is an infinite
dimensional object, is close to a deterministic functional of the diffusion-scaled, one-
dimensional workload process. (See Definition 3.4 for the lifting map to define the
functional.) Our proof strategy is analogous to the modular approach proposed in
Bramson [7] and Williams [57].

We are also interested in other diffusion scaled quantities like the workload and
queue length processes. Note that Q"(-), Z"(-) and W7 (-) are actually functions of
(Q"(+), 2"(+)), so the scaling for these quantities is defined as the functions of the

corresponding scaling for (Q"(), Z7(+)), i.e.

(1) = (1, 9W) = Q) 52
270 = (1, 87 (t)) = %ZT(TQt), (5.3)
W70 = (6 Q')+ 27(0) = W7 (), (5.4

for all ¢ > 0.
To establish results on the convergence of the above sequence of stochastic pro-

cesses, we need the following conditions in addition to conditions (4.9)-(4.15), which
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are quite general and standard. We assume that the arrival processes satisfy

E"(r%) — \'r?.
T

= E*(-) asr — oo, (5.5)

where

lim A" =\ >0, (5.6)

and E*(-) is a Brownian motion with drift 0 and variance Ac?. And the measures of

job sizes satisfy that as r — oo.
O VT — (x*TP v)  for some p > 0. (5.7)

Define the traffic intensity of the rth system by p" = A"(x, v"). We need the following
heavy traffic condition:

lim r(1—p") =60 > 0. (5.8)

Let 8 = (x, V) be the mean and ¢? = “2;# be the squared coefficient of variation
(SCV) of the job size distribution v. The following proposition is a well-known heavy
traffic approximation for the workload process of a single queue operated under a

non-idling policy. Readers are referred to [23] for a proof.

Proposition 5.1. Assume (4.9)—(4.15), (5.5) and (5.8). The sequence of diffusion
scaled workload process

W)= W) asr — oo,
where W*(-) is a reflected Brownian motion with drift —0, variance 3(c + ¢*) and

initial value w* = (x, & + p*).

Since the LPS is also a non-idling service policy, the above result on the workload
process is still true for our model. However, the diffusion limit for job size process X ()
and many other performance processes as introduced in Chapter 2 do not follow from

this result as the queue length process does depend on the service discipline. Our main
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result establishes the diffusion limit for the measure valued processes (Theorem 5.1),
from which the diffusion limit of queue length process follows directly (Corollary 5.1).

Our main results require that the limit (£*, u*) in (4.13) satisfies
(f*v ,LL*) = AK,Vw*v (59)
where Ag , is defined in Definition 3.4.

Theorem 5.1. Assume (4.9)-(4.15), (5.5)—(5.9). The sequence of diffusion scaled

state descriptors

~ A

(Q"(-), Z2"(+)) = A, W*(-) asr — oo,
where W*(-) is the reflected Brownian motion in Proposition 3.1.

The major step in establishing the diffusion limit is the following state space

collapse result.

Theorem 5.2. Assume (4.9)—(4.15), (5.5)—(5.9). Fiz T > 0, we have

sup d[(Q"(t), Z" (1)), A, W' ()] = 0 as r — oo.
te[0,7
The state-space collapse result is appealing, since it rigorously shows that all

performance processes can be described as a simple, deterministic functional of the

workload process. We now use Theorem 5.2 to prove the main result.

Proof of Theorem 5.1. We have the convergence of the workload processes W (t) in
Proposition 3.1. Since the mapping Ak, : Ry — M; x Mj is continuous, by the

continuous mapping theorem

A

Ag WV () = A, W*(-) asr — 0.

The result of the theorem follows immediately from the state space collapse result in

Theorem 5.2 and the “convergence together lemma” (Theorem 4.1 in [5]). [
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Corollary 5.1 (Piecewise Reflected Brownian Motion). Assume (4.9)-(4.15), (5.5)—

~ A

(5.9). The sequence of diffusion scaled total job size process X" (-) = (1, Q" (-) + Z7(-))

converges in distribution as r — oo to X*(-), where

We(t) — KBt W= (1) A KB,
& Be

and W*(-) is the reflected Brownian motion as in Proposition 3.1.

X*(t) = ( fort >0,

Proof. Since X"(-) = (1,Q"(-) + Z"(-)) and the mapping ® : M — R defined by
®(-) = (1,-) is continuous, the result follows from Theorem 5.1 and the continuous

mapping theorem. O

Remark 5.1. In other words, X*(-) is a reflected Brownian motion with drift %9 and

cngcg

2 2
Gte when it is above KB, and with drift 5—0 and variance 22 when it is

132
below K f3..

variance

5.1 Shifted Fluid Scaling and Precompactness
5.1.1 Shifted Fluid Scaling

Much of our understanding of the diffusion scaled process will be derived from results

about the shifted fluid scaled process, which is defined by
_ 1 - 1
Q™M (t) = . Q" (rm+rt), Z""(t) = TZT(rm +rt), (5.10)

for all m € N and ¢ > 0. To see the relationship between these two scalings, consider
the diffusion scaled process on the interval [0, 7], which corresponds to the interval
[0, 72T for the unscaled process. Fix a constant L > 1, the interval will be covered

by the |7T'| + 1 overlapping intervals
[rm,rm +rL] m=0,1,---,|rT].

For each t € [0, 77, there exists an m € {0,---, |[rT'|} and s € [0, L] (which may not

be unique) such that r*t = rm + rs. Thus

~

O (t) = Q"™(s), Z"(t) = Z"™(s). (5.11)
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This will serve as a key relationship between fluid and diffusion scaled processes. The
above is the idea in the framework of Bramson [7] on how to translate the fluid model
SSC result into the diffusion-scaled SSC result. In this chapter, we are following this
idea.

We are also interested in shifted fluid scaled versions of other processes, like the
workload and job size processes. Note that Q"(-), Z"(:), X"(:), W"(-) and S"(-,-) are
actually functions of (Q"(+), Z7(-)), so the scaling for these quantities is defined as

the functions of the corresponding scaling for (Q"(-), Z2"(-)), i.e.

Q"™(t) = (1,97 (t)) = %Qr(rm +rt), (5.12)
Z0m () = (1, 2 (1)) = %ZT(Tm ), (5.13)
X"M(t) = (1, Z7"(t) + Z7(t)) = %X’“(rm + 1), (5.14)
Trm(e) = (y, Q' (t) + Z77()) = %W’”(rm b, (5.15)
B t _ rm—rt
STM(s,t) = / W(Z"M(T))dT = / N w(Z"(T))dT, (5.16)

for all 0 < s < t. We define the shifted fluid scaling for the arrival process as
E™™(t) = %Er(rm + ). (5.17)
for all ¢ > 0. By (2.3), the shifted fluid scaling for B"(-) is
B (t) = E"M(t) — Q" (1), (5.18)
for all t > 0. To shorten the notation, for all 0 < s < ¢, denote
E"™(s,t) = E"™(t) — E"™(s), B"™(s,t) = B"™(t) — B"™(s). (5.19)

A shifted fluid scaled version of the stochastic dynamic equations (2.5) and (2.6)

can be written as

1 rET™(t) 1 BT (t)
A =W Y @t Y s, G2)
i=rEmm(s)41 i=rBTm(s)41

rBT™(t)
Zrm($)(A) = 27 (s)(A + S™™ (s, 1)) + % ST Su(A+ ST, (5.21)

i=rBrm(s)+1
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for 0 < s <t and a Borel set A. The dynamics of the system is determined by the
above equations. Equation (5.20) says that the status of the buffer at time ¢ equals
the status at time s plus what has arrived to the buffer and minus what has left from
the buffer during time interval (s,t]. Those jobs who left buffer enter service; the
service process has been taken care of by shifting the set A by the cumulative service
amount S™™(7;,t) that the ith job receives. This corresponds to the second term on
the right hand side of (5.21). This plus the status at time s shifted by accumulative
service amount S™™(s,t) is equal to the status of the server at time ¢, as indicated in

(5.21).
5.1.2 Preliminary Estimates

We first establish some bounds which will be useful for later discussion. The following

lemma gives some bound on the arrival processes.

Lemma 5.1. Assume (5.5) and (5.6). Fix T >0 and L > 1. For all ¢, > 0, there
exists an ro such that whenever r > ry,

P < max sup |E""(s,t) — A(t—s)| > e’) < €. (5.22)

m<[rT] 5 ¢e(0,L)

Proof. Let t' = ™ and s’ = ™. Note that max,,<|,7| SUD;c[0,1] il < T+ 1 for all
large r, and 0 < s,t < L is the same as |[t' — /| < L/r. For any § > 0, there exists an
ry such that L/r < ¢ for all r > rg, so the left hand of (5.22) can be bounded above

by

1 1

P sup |=E"(r*t") — Art' — (=E"(r*s") — \rs')| > € (5.23)
st el0,T41],|s'—t'|<d r r

for all 7 > r{. By the assumptions (5.5) and (5.6) on the arrival process, {E(r?:) —

Ar-} converges in distribution to the Brownian motion £*(-). Since a Brownian motion

is almost surely continuous, we conclude that (5.23) converges to zero as 6 — 0. Then

the inequality (5.22) follows immediately. O
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By the same reason as in Lemma 4.1, the € and € in (5.22) can be replaced by

ep(r), which is a function of r that vanishes at infinity. Based on this, we construct

O ={ max sup |E""(s,t) — At —3s)| <er(r)}. (5.24)

m<|rT] s te(0,L)]

According to Lemma 5.1, we have that

lim P () = 1. (5.25)

r—oo

Recall the Glivenko-Cantelli estimate in Lemma D.2. By the same argument as
in the above, for fixed constant My, Ly, there exists a function egc(-), which vanishes
at infinity, such that the probability inequality in Lemma D.2 holds with € and ¢

replaced by this function. In other words, if we denote

QG (M, Ly) = { max sup sup |[{(f,7"(n,0)) = I{f,v")| < eqc(r)}, (5.26)
—rMi<n<r®Mi |g[0,L] fe¥

where 77"(n, 1) is defined in (D.1) and 7 is defined in Appendix D, then for any fixed
constant My, Ly,

lim P (e (M, L)) = 1. (5.27)

Now we use the above result and Proposition 3.1 to obtain a bound on the queue

length processes.

Lemma 5.2. Assume (4.9)—(4.15), (5.5)~(5.9). Fizx T >0 and L > 1. For alln >0

there exists a constant M > 0 such that

liminf P ( max sup Q"™ (t) < M) >1—n.

T—00 m<|rT| efo,L]
Proof. Since @ < T+ 1 for all large enough 7, it is enough to prove the following
inequality:

hmianP’( sup Qr(t)<M> >1—n.

T te[0,T+1]

Suppose this is not true, then for any M there exists a 7 > 0, such that

lim inf P ( sup Q" (t) > M) > 7).

r—oo te[0,7+1]

81



Denote the event in the above probability by €2]. By the stochastic dynamic equation

(2.5), we have

1 1 E"(r?t)

—_— 2 = — T

QP == YD b,
i=B"(r2t)+1

Since v is a probability measure on R, there exists an a > 0 such that v(a,c0) > 0.

We have the following inequality from the dynamic equation (5.20),

%W”(r%) > a%g(r%)(a, o) > & 621 (0, 00). (5.28)

For any r, on the event ] there exists a t; € [0,7 + 1] (random and depending on
r) such that

1

—QT(T2t1> > M.

,

By (5.24), on the event 7,

sup E"(r*t) < 2xr*(T + 1),
t€[0,7+1]

for all large enough r. Let M; = max(M,2AT) and Ly = M. By (5.26) and (5.28),

on the event Q¢ (M, L) N QN QY

A

W"(ty) > aMv"(a,00) > aMv(a,0)/2,
for all large r. By (5.25) and (5.27), we have

liminf P ( sup W'(t) > aMv(a, oo)/2> > 1.

r—oo te[0,7+1]

This contradicts the result in Proposition 3.1. O

The following lemma gives a bound on the (14 p)th moment of the measure valued

process, where p is the same as in conditions (4.10) and (4.14).

Lemma 5.3. Assume (4.9)—(4.15), (5.5)-(5.9). Fiz T > 0 and L > 1. For each

1 > 0 there exists a constant M > 0 such that

lim inf P < max sup {x'T7, Q""" (t) + Z""(t)) < M) >1-—n.

r—oo  \m<[rT 4epo.1)
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Proof. By condition (4.14),

1
lim inf P (<X1+P, —Z7(0)) < (X', u) + 1) =1
7—00 T

Denote the event in the above by €. By Lemma 5.2, for any n > 0, there exists a

constant M’ > 0 such that

lim inf P ( max  sup QT(rm—l— rt) < M’) >1—n/2.

7—00 m<|rT| tejo,) T
Denote the event in the above by Qf(M). Fix M; = max(M’', \(T + 1)) and L; =
AL+ 1) 4 2M’'. By Lemma D.2,

lim P(QEC(MhLl)) =1.

r—00

To prove the lemma, it suffices to show that there exists an M > 0 such that on the

event Qf N QT (M) N QG (M, Ly) N QY

1 1
max sup (X', =Q"(rm +rt) + —Z"(rm +rt)) < M,
m<IrT) sefo,0) r r

for all large r. In the remainder of the proof, all random quantities of the rth system
is evaluated at a sample path in the event Qf N Q7 (M) N QG (M, L) N Q.
We first find a bound for maxp,<|,z) supseo (X' 7, +Q"(rm + rt)). By the dy-

namic equation (2.5), we have that for all m < [rT'] and t € [0, L],

ET(rm—H“t

1
I+p Zor 1+P Z
007, @ (rm 4 7)) = >
BT (rm+rt)
By (5.24) and the definition of Qf(M’), we have

max sup E’(rm +rt) < M*(T + 1) < r*M;, (5.29)
m<|rT| ¢efo,1]

max sup Q"(rm +rt) <rM' <rL. (5.30)

m<|rT| ¢efo,1]

for all large enough r. So

1
max sup (L rm ) < s (P (n, L))
m<|rT| ¢e(0,L] r —rMi<n<r2M;
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By the remark after Lemma D.2, the function y'*? € ¥, which appears in the
definition of Q" (M, Ly). So by (5.26) and (4.10), for all large r,

max sup <X1+p, QTm(t» <L (XHP; VT> + 1/2
m<|rT| ¢efo,1]

< L1<X1+p, V> + 1

We now look for a bound for max,,<|,7) supsepo 1y (X' 7, LZ"(rm + rt)). It follows
from the dynamic equation (2.6) that for any m < |[rT], t € [0, L] and Borel set

ACRy,

1 1
;Z"(rm +7rt)(A) = ;ZT(O)(A + S7(0,rm + rt))
m—1 1 B"(r(m—j))
+ - Sur (A + S™(1],rm + 1))
=0 m—j

J i=B"(r(
B” (rm+rt)

1 T T
—i—; Z Our (A + S"(7],rm + 1)),

i=B"(rm)+1

j—1))+1

Given 0 < j < m—1, for those ¢’s with B"(r(m—j—1)) <i < B"(r(m—j)) we have

7 € [r(m—j—1),r(m—j).

Thus, by (5.16), the cumulative service amount that the ith job receives by time

rm -+ t satisfies

S™(r] rm 4 rt) > S"(r(m — j),rm) > ;(Jr > %,

where the last inequality is due to (4.12). For those i’s such that 7] larger than

B"(rm), we use the trivial lower bound S"(7],rm + rt) > 0. Also take the trivial

lower bound that S™(0,rm + rt) > 0. Then we have the following inequality on the
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(1 + p)th moment

1 1
(X =27 (rm 1)) < (XL —27(0))
r r
m—1 j Ly 1 B (r(m—j))
— L \H)TP S
I BT I R DR
J=0 i=B"(r(m—j—1))+1
1 B" (rm+rt)
1+p — .
+ <X ) r Z 51)2- >
1=B7(rm)+1

By (5.29) and (5.30), for all m < |rT'|, ¢t € [0, L] and all large r,
—rM' < B"(rj) < (T +1) < r’M,

0< B (rj+rt)—B"(rj) <Ar(L+1)+2rM' <rL; forallte|0,L].

So
<X1+p7 %ZT(Tm + Tt)> < 14+p IZT(O»
m—1 i
J “\1+p _p
+ sup Y — =— 7 (n, L |
—rMi<n<r?M; ;«( 2K) ) ( 1)> (5 31)

+  sup (P (0, Ly)).
—rMy<n<r2M;

The first term in the above is bounded by (x'*?, u*) + 1 by the definition of Q. The

third term in the above is bounded by
Li{x™, 0"y +1/2 < Li{(x"*?,v) + 1, (5.32)

for all large r by (5.26) and (4.10). It now only remains to deal with the second term
n (5.31). Let
Fr(x) =" (n, L1)((x,00)) for all z > 0.

The summation in the second term in (5.31) can be upper bounded by

1 pEw
mz/ﬁ_{(m—ﬁm( )dr

< — )P F(z)dxd
<0 Jy [ oo

— y)PF (z)dzd
5 [, R
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Applying Fubini’s theorem, the above can be further bounded by

— x—y)PF(x)dydx
oo [ [ @R @

1 _ 2+p _
< — 1+pFT d - 2+p’ " 7L .

It again follows from (5.26) and (4.10) that the second term in (5.31) is bounded by

2+p
(1+p)?

240
(1+p)?

for all large r. The proof of this lemma is completed by summing up all these upper

Li{x"P ")y +1/2 <

L1<X1+p7 V> + 17

bounds. O

For any r, the rth system is defined on the probability space (2",P", F"). The
stochastic processes Q"(-) and Z7(+) are actually measurable functions on 2. From
now on, we explicitly write these processes down in the form of Q" (w,-) and Z"(w, t)
to indicate that they are evaluated on the sample path w € Q".

The following proposition summarizes the bound estimates in this section.

Proposition 5.2. Assume (4.9)—(4.15), (5.5)=(5.9). For any n > 0, there exists a

constant M > 0 and an event Q5 (M) for each index r such that

liminf P (Q5(M)) > 1 —n, (5.33)

T—00

and for all w € Qi (M) and r € Ry,
max sup Q""(w,t) < M,
m<|rT| ¢ef0,1]

max sup W""(w,t) < M,
m< (1T tefo.1)

max sup (x'7*, Q""" (w,t) + Z""(w,t)) < M.
m<|rT| ¢efo,L]

Proof. The first and the third inequality follow from Lemmas 5.2 and 5.3. The second

inequality follows from Proposition 3.1. O
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5.1.3 Compact Containment

A set K C M is relatively compact if

Supé—(R-F) < 00,
¢eK
and there exists a sequence of nested compact sets J, C Ry such that JJ, = Ry

and

lim sup&(J5) =0,

n—oo {EK

where J¢ denotes the complement of J,; see [33], Theorem A7.5. We establish the

following relative compactness property using the bound estimates in Section 5.1.2.

Lemma 5.4. Assume (4.9)—(4.15), (5.5)~(5.9). Fiz T > 0 and L > 1. For each
n > 0 there exist a constant M > 0 and a compact set K(M) C M such that for all

w € (M) (which is introduced in Proposition 5.2) and r € Ry,
Q" (w,t) € K(M) and Z"™(w,t) € K(M) for allt € [0,T] and m < [rT].
Proof. Let
K(M) = {g € M: £(R,) < M and £((n, 00)) < M/n1+P}.

Clearly, K(M) is a compact set for any constant M > 0. Note that Q"™ (w,t)(R,)
is bounded by M for all m < |[rT|, t € [0,7] and w € Q(M). By the Markov

inequality, for any ¢t > 0, m < [rT| and w € Q5 (M),

<X1+pa Qr,m(w7 t)>
nl+p

Q" (w,t)((n,00)) <

)

which is bounded by -4 by the definition of Qf;(M).

Note that Z"™(w,t)(R,) is bounded by K”/r by the policy constraint (2.8). By
condition (4.12), K"/r < K + 1 for all large r. The same argument applies for
Zmm(w, t). O
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5.1.4 Asymptotic Regularity

Similar result as in this section was proved in Chapter 4. However, here we consider
a much longer time horizon [0, |77 | + L] instead of interval [0, T]. The proof of the

following result use a combination of ideas in Chapter 4 and [24].

Lemma 5.5. Assume (4.9)—(4.15), (5.5)=(5.9). Fiz T > 0 and L > 1. For each

€,n > 0 there exists a k > 0 (depending on € and n) such that

lim inf P ( max sup sup Z""(t)([x,z + K]) < e) >1—n. (5.34)

T—00 m<|rT] te[0,L] z€Ry

Proof. To prove (5.34), it suffices to show

r—oo te[0,|rT |+ L] x€ER4

lim inf P ( sup  sup Z"(t)([z,x + K]) < e) >1—n.
First, We have that for any €, > 0, there exists a x such that

lim inf P (sup Z™0)([z,z + K]) < e/2> >1-—n/2. (5.35)

r—00 z€R

The proof of this inequality is exactly the same as the proof of (5.14) in Chapter 4,
so we omit it for brevity.

Now we need to extend this result to the interval [0, |#T'| + L]. Denote the event
in (5.35) by Q7. Let

Q5 (M) =Q] N QLN QM) NQG(M). (5.36)
By (5.25), (5.27) and (5.33), there exists an M > 0 such that
liminf P (Q5(M)) > 1 —n.

In the remainder of the proof, all random objects are evaluated at a fixed sample
path in Q5(M).

For any r > 0, t € [0,T] we define the random time
to = sup {{s <t:(1,2s)) < ¢/4} U {0}}.
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Let
2MK
€

).

t1 = max(to,t —

We have the following three cases for discussion.

If t; = 0, then by (5.35) for each xz € R
Z0(t)) ([, + K] + ST, 1) < €/2.

If t; = to, then for each 6 > 0 there exists an s such that ¢t; — 0 < s < t; and

Z™0(s)(Ry) < €/4. Since we are only concerned with small ¢ (which should be small
enough such that Z"%(s) < €/4 < K" /r), Q"°(s) = 0 by the policy constraint (2.8).

Note that (2.3) implies
B™0(s,t) < E™(s,t) + Q™(s) for all s < t. (5.37)

By (5.24), we have B™%(s,t;) < A + ¢;. For any Borel set A, by the fluid scaled

system dynamic equation (5.21),
ZM0(t)(A) < Z79(s)(Ry) + B™(s,t1) < €/4+ AJ + ey,

which can be made smalled than €/2 by choosing €;, ¢ suitably small.

It ¢ =t — 22K then S™™(ty,t) > 2. So
=Z7,0 qr,0 =7,0 2M
27 (t)(lz, @ + 8] + 571, 1)) < Z7(0)([—— 00)) < €/2

where the last inequality is due to the Markov’s inequality and the definition of

Q5 (M). To summarize, we have
ZM0t)([o, x + K] 4+ S™0(t1, 1)) < €/2. (5.38)
By the fluid scaled stochastic dynamic equation (5.21),

Z0(t)([w, 2+ w]) = Z"(to) ([, + K] + 5™ (t0, 1))
1 rB™O(t)

D DR (TR CRO)

i=rBr0(tg)+1
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for each z € R,. By the choice of #;, the first term on the right hand side of the above
equation is always upper bounded by €/2. Let I denote the second term on the right
hand side of the proceeding equation. Now it only remains to show that I < e/2.
Let t1,t9,--- ,ty =t be a partition of the interval [t,¢] such that |t;41 —¢;] < ¢
for all j = 1,---, N — 1, where 6 and N are to be chosen below. Write I as the

summation )
= B0 (tj41)
I=5% - Spr S™0(75,t)).
> - 72 pr(fx, @+ K]+ 87°(7;, 1))
J=1 " i=rBm0(t;)+1
Note that by the definition of #;,

2MK

N <
- Je

(5.39)

Recall that 7 is the time that the ith job starts service, so on each sub-interval

[t;,tj41] those i’s to be summed must satisfy t; < 7/ < t;;;. This implies that
ST(tj41,t) < S™0m,t) < 8708, ).

By the definition of ¢, we have Z"%(s) > ¢/4 for all s € [t1,t]. So

G 49
Sno(tjatj—i-l) < ?
Let
Qr,0 ar.0 20
C]:[:E_"S’ (tj+17t), l""S’ (tj+1’t)—|—/ﬁ;—|—?]
Then

By (5.24), (5.37) and the definition of Q% (M), we have for all j =0,--- N —1

—rM < rB™(t;)) <r(\T + e, + M) < 2\T +rM,

Br(ty ty1) S AT+ + M < T+ M.

Thus by (5.27),

rBTO(tj41)

S (@) - (B - BO)v(C))

i=rBm0(t;)+1

< €.
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So

P

I <Y [B™(tj11) — B"(t;)]V"(C;) + Ney.

J

I
o

By (4.9), for all e > 0
V'(C5) < v(C)) + e
for all large enough 7. Since Cj is a close interval with length /<a—|- 9 by (the condition

that v has not atoms) we can choose &, small enough such that

€

V(Cj) <

42AT + M)’
Thus, we conclude that
N-1
rO
I<(e+ omrm 2AT+M ;B tir1) — B™(t;)] + Ney
€ _ _
< —————)[B"(t) — B"(t N
< (e + g ) 1870 — B0+ Ne
e 2MK

< e(2\T+ M) + -
< el * >+4+ deeq

where the last inequality is again due to (5.35), (5.37) and (5.39). Finally, by choosing

€1, € small enough, we obtain that I < €/2. ]
5.1.5 Oscillation Bound

Consider a cadlag function ((-) on a fixed interval [0, L] taking values in a metric

space (E, 7). The modulus of continuity is defined to be

wi(C(),0) = sup  w[((s),C(2)].

s,t€[0,L],|s—t|<é

If the metric space is R, we just use the Euclidian norm; if the space is M or M x M5,
we use the Prohorov metric d defined in Chapter 1. We have the following bound on

the oscillation of the shifted fluid scaled measure valued processes.

Lemma 5.6. Assume (4.9)—(4.15), (5.5)=(5.9). Fiz T > 0 and L > 1. For each

e,n > 0 there exists a 6 > 0 (depending on € and n) such that

r—co  \m<[r7)

lim inf P ( max max (wz(Q"™(-),8), w(Z"™(),d)) < 6) >1—n. (5.40)
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The proof of this lemma, which builds on the asymptotic regularity (Lemma 5.5),
using the exactly same argument to prove Lemma 5.6 from Lemma 5.5 in Chapter 4.
We omit this proof for brevity.

For any sequences {k;} and {9;} consider the following set

_ 1
max sup sup Z"(t)(|z,x + K, §—_}
{WSLTTJ t€[0,T] z€R ¢ Ol i) J

) _ ) (5.41)
N {mrgﬁ?}J max (WL(QT(-), 8;), wr(Z"(+), 5j)) < 3}

Denote the two sequences {k;} and {d;} by S. To emphasize the dependency on S

and j, denote the above event by Q% (S,j). By Lemma 5.5 and Lemma 5.6, for any

n > 0, there exists an S such that

lim inf P (Q5(S, 7)) > 1 — ;lj for j=1,2,-- . (5.42)

r—00

Now define o

O5(S) = ﬂ Q5 (S, ). (5.43)

It follows from (5.42) that

liminf P (2%(S)) > 1 —n. (5.44)
Denote
Q"(M,S) = QN QM) NQG(M + 20T, M + 2XL) N QR(S). (5.45)

We are now ready to present the precompactness result.

Theorem 5.3. Assume (4.9)-(4.15), (5.5)~(5.9). Fiz T > 0 and L > 1. For each

n > 0, the exists a constant M > 0 and an S such that such that

liminf P (Q2"(M,S)) > 1 —n. (5.46)

7r—00

Suppose {ry, tnen is a sequence in Ry which goes to infinity. Any sequence of functions

(@ (@, ), 25 ) b with w € (M, S) and my, < |r,T] for each
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n € N has a subsequence {(Q ™ (wy,., ), Z ™ (wp., ) bien such that
r[(Q ™ (i, £), 27 (wny 1)), (QU2), Z2(2))] — 0 as i — oo,

for some process (Q(-), Z(+)) which is continuous, where vy is the uniform metric

defined in (1.2).

Proof. The probability inequality follows immediately from (5.25), (5.33), (5.27) and
(5.44).

The space M x My endowed with the metric d (defined in Section 1.4) is complete.
Lemma 5.4 verifies condition (a) in Theorem 3.6.3 of [17]. For any € > 0 there exists
a jo such that 1/j < e for all j > jo. By (5.41) and (5.43), we have that when § < §;,
and r > jo,

max (wr(Q"™(W", ), ), wr(Z"™(w", ), 8)) <, (5.47)
for any w” € "(M,S) and m < [rT']. This verifies condition (b) in Theorem 3.6.3
of [17]. So the sequence {(Q ™n(w™, ), Zrnmn (™ ))},cn is precompact in the
space D([0, 7], M; x Mjy) endowed with the Skorohod .J; topology. In other words,
there is a convergent subsequence. The limit of this subsequence is continuous by the
oscillation bound (5.47). So convergence in the Skorohod Ji-topology is the same as

convergence in the uniform metric defined in Section 1.4. O

5.2 State Space Collapse

In this section, we introduce the set of fluid limits. We prove each fluid limit is a
fluid model solution. We then show that the set of fluid limits is “rich”. Finally, we

present the proof of the state space collapse result, Theorem 5.2.
5.2.1 Fluid Limits

Let 21,(M,S) denote the set of fluid limits of all convergent subsequences of sequences

as in Theorem 5.3. It is then quite clear that we have the following property.
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Lemma 5.7. Assume (4.9)-(4.15), (5.5)(5.9). The set of fluid limits D1(M,S) is

non-empty. Pick an element (Q(-), Z(:)) € Z.(M,S), for any € > 0 and ry € R,

there exists anr > ro, m < |[rT| and w € Q" (M,S) such that

vr[(Q@7"(w, ), 2" (w, ), (), 2(-))] < e.

Roughly speaking, this lemma says that any element in Z,(M,S) can be approx-
imated by a shifted fluid scaled process of the rth system evaluated at some sample
path in Q"(M,S) with arbitrarily large index r. This helps prove the following prop-
erty of the fluid limits.

Fix a constant 0 < ¢ < p, where p is the same one as in (4.10) and (4.14). Recall

the subset .7, of all valid initial conditions defined in (3.42).

Lemma 5.8. Assume (4.9)—(4.15), (5.5)=(5.9). Fizx L > 0 and 0 < ¢ < p. Any

element (Q(-), Z(+)) € D1(M,S) is a critically loaded fluid model solution with initial

condition belongs to I3, .

Proof. We first prove the initial condition (Q(0), Z(0)) € .#,. By the definition of

the fluid limit, there exists a subsequence
(Qri™i(w;, 0), Z7™i (w;, 0)) — (Q(0), Z(0)) as i — oo,
where the above convergence is in the Prohorov metric. By (5.33) and (5.45), we have

(1, Q"™ (w;, 0) + 2" (w;, 0)) < M,

(X?, Q"™ (w;,0), 2" (w;, 0)) < M.
This implies that,

(X", Q"™ (w;, 0) + Z7™ (w;, 0))
< (1, Q"™ (w;, 0) + Z"™ (w;, 0)) + (xF, Q"™ (wy, 0) + Z"™i (wy, 0))

< 2M.
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By the corollary of Theorem 25.12 in [4], we have that for any 0 < g < p

(x?, Q"™ (wy, 0) + 27 (wy, 0)) — (x?, Q(0) + Z(0)),

(¢, Q7(0) + 27 (wi,0)) — {x, Q(0) + 2(0)),

as i — oo. This implies that (x9, Q(0) + Z(0)) < 2M and (x, Q(0) + Z(0)) < M,
which yields the result.

By Lemma 5.7, for any fluid limit (Q(-), Z(-)) can be approximated by a shifted
fluid scaled process of the rth process evaluated at some sample path in Q"(M,S)
with arbitrarily large index r € R, it satisfies the stochastic dynamic equations (2.5)
and (2.6). It then follows from the same argument Lemmas 4.8-4.10 in Chapter 4 that
each fluid limit satisfies the fluid model equations (3.9) and (3.10) and constraints

(3.11)—(3.13). O
5.2.2 Uniform Approximation

The following lemma is analogous to Lemma 4.1 in [7].

Lemma 5.9. Assume (4.9)-(4.15), (5.5)=(5.9). For each ¢ > 0, there exists an
ro € Ry such that for any r > ro, m < [rT] and w € Q"(M,S), we can find a

(Q(),Z()) € 91(M,S) satisfying

ULKQT’WL(W’ ')7 ZT’W(”? ))7 (Q()7 Z())] < €.

Proof. Assume it is not true. Then there exists an ¢ > 0 such that for any natural

number ¢ there exist an r; > i, m; € [rT] and w; € Q" (M, S) such that
wp[(Q ™ (wi, ), 27 (wis ), (1), Z2())] 2 €,
for all (Q(-), Z(-)) € 21(M,S). However, by Theorem 5.3, the sequence
{(Q ™ (wi, ), 27 (wi, 1)) }iZo

contains a convergent subsequence, the limit of which must be in Z,,(M,S). This is

a contradiction. O
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In contrast to Lemma 5.7, this lemma says that any shifted fluid scaled process
of the rth system evaluated at some sample path in Q"(M,S) with index r large
enough can be approximated by some element in 2, (M,S), which has been proved
to be fluid model solution in Lemma 5.8. This result will help prove the state space

collapse result for diffusion scaled processes.
5.2.3 Proof of State Space Collapse

Proof of Theorem 5.2. By (5.46), it suffices to show that for each € > 0, there exists
an ro such that when r > rq,
sup  sup d[(Q"(w, 1), Z"(w, 1)), Ag AW (w, )] < e. (5.48)

weQr(M,S) te[0,T]

By Lemma 5.8, any (Q(-), Z(-)) € Z(M,S) is a critically loaded fluid model solution

with initial condition (&, 1) € #3,,. Denote

It follows from the workload conservation property in Proposition 3.1 that W() =

(x,€ + p). By Theorem 3.4, there exists an L* > 0 such that when s > L*|
d[(Q(s),f(s)),AK,VW(S)] < €/3, (5.49)

for all (Q(-), Z(-)) € 2(M,S). Now, fix a constant L > L* 4 1. Note that

|+7]
[0,7°T) C [0, L] | [mr + L*, mr + L.

m=0
By the definition of diffusion and shifted fluid scaling, to show (5.48) it suffices to
show
sup  max sup d[(Q"™(w,s), 2" (w,s)), AgaW" ™ (w, s)] < e, (5.50)
weQr(M,S) mM<IrT| se[L* 1)

sup  sup d[(Q"(w,s),Z"%(w,s)), AxkaW ™ (w, s)] < e. (5.51)
weQr (M,S) s€[0,L%]
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We first prove (5.50). By Lemma 5.9, for any ¢ > 0, there exists a (Q(-), Z()) €
P1(M,S) (depending on r,m and w) such that

vr[(Q7(w, ), 27" (w, ), (Q(), Z())] < €.

for any r > rg, w € Q"(M,S) and m < |rT'|. By the definition of 2"(M,S) and
Proposition 5.2, we have that for each fixed 0 < ¢ < p, both (x'*, Q() + 2()) and
(X', Q™ (w, ) + 2" (w, -)) are uniformly bounded. It then follows from Lemma C.2

and by taking ¢ small enough that

sup [W(t) — Wr™(w, t)| < €/3. (5.52)

tel0,L]
Note that for any real numbers w;, ws, by the definition of the lifting map Ag,, we
have

d[AK,,wl,AK,l,wg] < ’U)l — ZU2’. (553)

So (5.50) follows from (5.49) and the above three inequalities.
It now remains to show (5.51). By Lemma 5.9, for any ¢ > 0, there exists a

(Q(), 2(-)) € 2,(M,S) (depending on r and w) such that
UL[(QM)(WJ ')7 ZT’O(W’ ))7 (Q(>’ 2())] <¢. (554)
By conditions (4.13) and (5.9), we have that

(Q(0), 2(0) = Ag,W(0).

In other words, the initial condition (Q(0),Z(0)) is an equilibrium state. Since
(Q(-), Z(+)) is a fluid model solution, by Theorem 3.4,

o

(Q(1), Z(t)) = Ak, W(t) forall t > 0.

So (5.51) follows immediately from (5.53), (5.54) and the above equation. O
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CHAPTER VI

STEADY STATE OF LIMITED PROCESSOR SHARING
QUEUES

It is clear that the measure-valued process (Q(-), Z(-)) for the LPS queue is a re-
generative process. Let Ry = 0 and define the regenerative points R,, n > 1 as the

following;:

R, =inf {¢t > R, : W(t—) =0 and W(t) > 0}. (6.1)

The regeneration points are those time epochs that the workload jumps from 0. It is
clear that the jump happens because of the new arrival. By the definition of workload,
(Q(t), Z(t)) = (0,0) if and only if W (t) = 0 for any ¢ > 0. So the process starts
from empty at time R, with a new job just arrives at R,,. Thus, the evolution of the
process from time R, onwards does not depend on any information of the process
before that time.

Note that the workload process of a single buffer single server system is the same
for all non-idling policies. It is well-known that the workload process (for any non-
idling policy) is a delayed regenerative process if W (0) > 0, and the above definition
of R, is one way to define the regenerative points. By Proposition 3.1 in Chapter X
of [2], the mean of the regenerative cycles Y;’s (Y; = R; — R;—1) with ¢ > 1 is finite if
p < 1. By Proposition 3.2 in Chapter X of [2], the distribution of them is non-lattice
if the service time distribution F' is non-lattice.

In summary, the process (Q(:), Z(-)) can be modeled as a delayed regenerative
process. Denote Eqy(-) = E(:|(Q(0), Z(0)) = (0,4,,),U; = 0), that is, the expectation
operator given that the queueing process start from empty and there is an arrival

at time 0. We write Y = Y] for the length of the first cycle. Now, we define a
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distribution 7 on the polish space M; x My by

1 Y
m(A) = EO_YEO /0 Low),z(t)eards,

for any Borel set A € M; x M,. The following result about the steady state distri-

bution of the LPS queue follows directly from Theorem 1.2 in Chapter X of [2].

Proposition 6.1 (Stochastic Stability of LPS). Suppose that the traffic intensity
p < 1 and the service time distribution F' is non-lattice. The above defined distribution
7 is the unique stationary distribution for the measure-valued process (Q(+), Z(-)).

The distribution of (Q(t), Z(t)) converges to m as t — oo.

The above theorem establishes the convergence of the regenerative process to the
steady state limit, which has the stationary distribution w. In fact, there exists
a stationary version (Qi(-), Z:(+)) of the regenerative process (see [51]) such that
the marginal distribution at any time ¢ > 0 is m. The stationarity of the process

(Qx(+), Z-(+)) will help to obtain a coupling inequality later.

6.1 Validity of Heavy Traffic Steady State Approximations

As we see in Theorem 5.1, the heavy traffic limiting process (Q*(-), Z*(-)) is the
image of the workload process W*(-) under the continuous mapping Ak ,. The limit
is in the sense of weak convergence of probability measures, so the limiting process
may not be in the same probability space where each process with index r is defined.
Denote (Q2*, F*,P*) the probability space where the weak limit is defined. It is well-
known that the marginal distribution W*(¢) of the reflected Brownian motion W*(-)
converges weakly to that of the steady state random variable W*(o0), which has the

stationary distribution,

P* (W*(00) > ) = exp (ﬁ(j—f"é)) | (6.2)

By the continuous mapping theorem, the measure-valued process (Q*(-), Z*(-)) con-

verges weakly to Ak ,W*(c0). Denote the distribution of Ag ,W*(oc0) by 7*. For
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any open set B € M; X Moy,
m(B) = P* (Ag,W*(<) € B) = P* (W*(0) € Ay, B). (6.3)

On the other hand, for each r, since the traffic intensity p” < 1 and the ser-
vice time distribution is non-lattice, the diffusion scaled process (Q'(-), Z"(-)) is a
regenerative process. By Proposition 6.1, (Q"(t), Z"(t)) converges to the steady state
(Q(0), £"(c0)) which has distribution 7" as t — oo.

Now, the question is: does the stationary distribution 7" converges to 7*, which is
obtained by first taking heavy traffic limit and then steady state limit? We have the
following theorem, which validates the interchange of steady state limit and heavy

traffic limit.

Theorem 6.1. Assume (4.9)—(4.15), (5.5)=(5.9). The sequence {7"} converges weakly

*

to m*.

The major steps of proving the above theorem are, first, obtaining inequality (6.7)
via coupling, and second, establishing the uniform convergence on the right hand side
of (6.7) (i.e. the uniform bound of the coupling time) in Lemma 6.1. The proof of
Theorem 6.1 will be presented at the end of this section.

Following the discussion in at the beginning of this chapter, we can construct a
stationary version of the regenerative process (QL.(-), Z%.(-)) such that at any time

t > 0, it has distribution 7", i.e.

P ((Q5 (1), 25 (1) € B) = #'(B), (6.4)

for any open set B € M, x M. Let WZ,(-) = (x, Q%.(-) + Z5.(-)) denote the corre-
sponding workload process.

Let us now couple the stationary process (Q%, (), Z%.(-)) with the corresponding
process (Q5(+), Z5(-)) which starts with a zero initial condition. In other words,

both (Q%.(-), ZL.(-)) and (Qj(-), Z5(-)) are driven by the same stochastic primitives
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(E7(-), {v!}s=1). The only difference is the initial condition. Note that the stationarity
assumption forces the renewal arrival process to be a stationary delayed renewal

process. Define

& =inf {t > 0:(Q%L (), Z5(t)) = (0,0)}. (6.5)

Note that the workload of (Q}(-), Z5(-)) starts at 0, which is less than or equal to
W;}(O). Since the LPS policy is work conserving, and both processes have the same

stochastic primitives, for any ¢t > 0
(Q-(1), Z5.(t)) = (0,0) implies (Q(1), Z5(t)) = (0,0). (6.6)

Since both systems are driven by the same arrival process, (QL.(t), ZL.(t)) and
(Qi(t), Z5(t)) are identical for all ¢ > t.. It then follows from Corollary 2.2 in Chapter

VII of [2] that
’IP’ ((Qg(t),zg;(t)) c B) - fr’"(B)‘ <P(f>t) forallt>0. (6.7)
We now show that the probability P (tAZ; > t) converges to 0 as ¢ — oo uniformly in r.

Lemma 6.1. Assume (4.9)-(4.15), (5.5)~(5.9). We have that

supP (£, > t) — 0 as t — oo. (6.8)

T

Proof. Let C"(t) = %ZZfﬂt) vf —rt for all ¢ > 0. The summation in the above
denotes the total amount of arrived work (under diffusion scaling) by time ¢, the
second term —rt denote the amount of work the server has finished by time ¢ without
idling. So the first time the process (Q%, (), ZL.(+)) reaches zero is the first time that

Wr.(0) + CT(t) = 0. By the definition of 7 in (6.5),

ir=inf{t >0:C"(t) = —WL.(0)}.
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So for any M > 0,

P (& > t)

P (C’T(s) > —WZ.(0), for all s < t)
<P (é’“(t) > —W;;T(O))
(C"’(t) > —WI(0), —~WZL.(0) > —M> 4P (—W;T(O) < —M>
<P (C‘T(t) > —M) +P (W;(O) > M) .
Since the regenerative process (Q%,(-), Z=.(+)) is stationary, the corresponding work-
load process W;() is also stationary. By Corollary 7.5 in Chapter X of [2], the

stationary distribution of the workload converges weakly to an exponential distribu-

tion as r — oo. This implies that for any e > 0, there exists M’ > 0 such that
sup P (W;;T(O) > M) <e forall M > M. (6.9)

From now on, we fix a constant M € [M’, 00). Note that the process C(-) converges
weakly to a Brownian motion B(-) with drift —6 and variance 3(c2+c¢?). This implies
that

lim P (C”“(t) > —M> —P(B(t) > —M),

which goes to zero as t — co. So for any constant M, there exists ¢(M) such that
limsup P (CA”(t) > —M) <e€/2, forallt>t(M).
This means that there exists ry > 0 such that for all r > ry
P (C‘T(t) > —M) <e, forall t > t(M).
For each r < 1o, we can choose t,(M) large enough (depending on ) such that
P (ér(t) > —M) <€, forallt>t.(M).

Since there are only finitely many of those r’s that are less than rg, let to(M) =

max, ., t,(M). We now have that

sup P (C""(t) > —M) <e, for all t > max(t(M), to(M)). (6.10)
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The lemma follows immediately from (6.9) and (6.10). O
Proof of Theorem 6.1. For any closed set B € M; x M, we have

#(B) — m*(B) <

#(B) ~ B ((Q5(1). 25(1) € B)|
+B((G0.20) € B) ~P (@ (). 2'0) € B)  (611)
+P*((Q*(t), 2*(1)) € B) — 7*(B).

By the coupling inequality, the first term on the right hand side of in (6.11) is bounded

by

sup P (fz > 1),

which vanishes as t — 0o, as proved in Lemma 6.1. According to the definition of 7*
and Portmanteau Theorem (c.f. Theorem 2.1 in [5]), the lim sup of the third term on
the right hand side of (6.11) equals to 0 as t — co. So for any € > 0, there exists a

t1 > 0 (may be very large, but still finite) such that
sup P (fz > tl) <,
P* ((Q*(t1), 2*(t1)) € B) —m"(B) < e.
For this fixed 1, by Theorem 5.1 and Portmanteau Theorem, we have that
lim sup P ((Qa(t), Z5(0)) € B) <P*((Q'(11), 2*(1)) € B).
So there exists o such that when r > rg,
P((Q5(t). Z5(1) € B) —P*(Q'(1). 2"(1)) € B) < ¢
So we have that for any € > 0, there exists ry such that when r > r,
7"(B) — m(B) < 3e.

This implies that limsup, 7"(B) < 7*(B) for any closed set B. The result of the

theorem follows from Portmanteau Theorem. O
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6.2 Performance FEvaluation

So far, we have obtained results for the measure-valued description of the LPS queue.
We now establish some more concrete results on the queue size, delay probability and

response time.
6.2.1 Queue Length and Delay Probability

It follows from Corollary 5.1 that X*(+) is a reflected Brownian motion with drift _79

N Cg+c§ . . . —0 : IB(C§+C%)
and variance 2= when it is above K and with drift 7= and variance === when

it is below K. Define the map f: R, — R, by f(w) = %(w — KpB.)" + i(w/\Kﬂe)

for all w € Ry. It is clear that f(-) is a continuous mapping with inverse

_ ﬁex xT S K7
fH(w) =
BeK+p(zr—K) > K.
By the continuous mapping theorem, X*(t) converges weakly to the steady state
X*(o0) = f(W*(0)) as t — oo, and P (X*(c0) > x) = P(W*(c0) > f~(z)). By
the definition of equilibrium distribution, it is easy to see that % = 12—62 Since the

stationary distribution of the reflected Brownian motion W*(-) is explicitly known as

in (6.2), it is easy to compute the distribution of X*(c0),

exp ( — %JJ) r < K,
P(X*(o0) > x) = ar (6.12)
exp (- GEVK - 22~ K)) 2> K.
Let
d*(00) = P (X*(00) > K) = exp ( e K) (6.13)
P 2+ 2

be the steady state probability that the limiting queue size X*(+) is above the sharing
level K. As we see, the steady state limit of the heavy traffic limit is so tractable that
the stationary distribution can be explicitly written down. Since we have established
the interchange of steady state limit and heavy traffic limit, the following result is a

direct implication of Theorem 6.1 and the continuous mapping theorem.
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Corollary 6.1. Assume (4.9)-(4.15), (5.5)(5.9). We have that

X7 (00) = X*(0),

d,(00) = dy(o0),

as r — oo, where d;(oo) =P <X’T(oo) > KT/'r> is the steady state delay probability

for the rth system.
6.2.2 Response Time

Let R(t,v) denote the total time (including both waiting and service times) a job will
stay in the system if it arrives at time ¢ and with job size v. Since at a time ¢, there
may not be an arrival or the arrival may not have job size v, the quantity R(t,v) is

often referred as the wvirtual response time. It contains two parts,
R(t,v) = Rp(t) + Rz(t,v), (6.14)

where Rp(t) is the time that this virtual job spend waiting in buffer (which does
not depend on its job size) and Rg(t,v) is the service time of this virtual job. Let
Wgs() = (x,Q(-)) and Wg(-) = (x, Z(-)) denote the workload in buffer and the
workload in server respectively. From the time this virtual job enters the system ¢
until it is about to enter service t + Rp(t), the server never idles. So the workload
the server processes during this time period is equal to Rg(t). Since the LPS policy

is workload conserving, we must have that
Wg(t) + Wz(t) = Rp(t) + Wz (t + Rp(t)). (6.15)
It is clear that the service time of this virtual job should satisfy
S<t+RB(t),t+RB(t)+Rg(t,v)> — (6.16)

We now study the heavy traffic limit of the diffusion scaled virtual response time

Rr(t,v) = LR (r?t,v).
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Proposition 6.2 (Heavy Traffic limit for virtual Response Time process). Assume
(4.9)—(4.15), (5.5)~(5.9). For any fixzed v > 0, the diffusion scaled virtual waiting time
<R’é(),fi}(,v}> converges weakly to (R*B(-),R*Z(-,U)), where

RL(t) = B(X*(t) — K)*, Ry(tv) =v(X*()AK), t>0.  (6.17)

Proof. Since W5(-) = (x, Q"()) and WZ(-) = (x, Z"(-)), by Theorem 5.1 and the

continuous mapping theorem,
(WE(), W5 () = (W*() = KB (W () ANKB)) (6.18)
as r — 00. The diffusion scaled version of the equation (6.15) can be written as
WE(t) + Wh(t) = Ry(t) + Wy (t + %R;(t)). (6.19)

It is clear that Rl () < W7 (t), which converges to a reflected Brownian motion as

r — 00. So on any finite interval [0, 7], for any € > 0 there exists M > 0 such that

r—00 t€[0,T]

lim sup P ( sup R (t) > M) < €.
Since W4(-) converges to W*(-) A K 3., which is almost surely continuous, we have

that

N 1 N
sup )Wg(t +-M) — Wg(t)‘ = 0asr — oo.
te[0,T] r

So for any € > 0,

N 1~ A
lim sup P ( sup )W}(t + ;RTB(t)) - Wg(t)‘ > 6) < e

r—00 t€[0,T]
It then follows from (6.19) that
sup \J%g(t) - va(t)‘ = 0 as r — oco. (6.20)
te[0,7
The diffusion scaled version of the equation (6.16) can be written as

S (r2t R (8), 2+ PR (E) + ég@,v)) _ (6.21)
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Due to the sharing level K", the processing time of a job with size v has bound

T

Ry(t) <

v,

which is less than Kv+ 1 for all large enough r. By Theorem 5.1, the number of jobs
in service Z7(-) converges weakly to (X*(-) A K3.) as r — oo. Again, the limiting
process is almost surely continuous. So
~ 1 - ~
sup sup |Z"(t+—-Rp({t)+s)—Z"(t)| = 0asr — oo.
te[0,7] s<K(v+1)/r r
In other words, the number of jobs in service will not oscillate much during the whole

service time. Thus

r—00 te[0,T) x<kv+1

lim sup P ( sup sup |S” (7’215 + R (1), r2t 4+ rRy(t) + x) Z"(t) — x’ > 6) <e.

It then follows from (6.21) that, for any v > 0,

A

Ry (t,v) — Z"(t)v| = 0 as r — oco. (6.22)

sup
t€[0,T]

By Corollary 5.1, as r — o0,

~

Z'() = (X7() N K),

where X*(-) = (W*(');Kﬂe)+ + W*(%K’ge. In fact, this convergence is also a direct

application of Theorem 5.1 and the continuous mapping theorem. So the convergence

of Z"(-) holds jointly with the convergence in (6.18). In particular,
(W5(), 27(-)) = (B(X*(t) = K)*, (X"() A K)) as t — oc. (6.23)

So the joint convergence of Ry, (+) and Ry (-, v) follows immediately from (6.20), (6.22)

and the above convergence. O]

From this proposition, we see that the limiting response times are piece-wise linear

and continuous function of the limiting queue size process. It follows from (6.12) and
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the continuous mapping theorem that the steady state distribution of the response

times are
. (1+c%)0 20 =z
IP’(RB(OO)>x):eXp<— oo K_c?ﬂrc?ﬁ)’ x>0, (6.24)
]P)(RZ(OO7U) >ZL’) :exp<— W(;/\K)), T > O, (625)
(1+C2)0x
exXp|\ — =rz o ) 0<z< Kv
P (R*(co,v) > ) = < ates > (6.26)

exp ( — (gﬁéef( — chfcg x*BK”>, x> Kv.
Similar as in Section 6.2.1, we can obtain the result below as a corollary of Theo-
rem 6.1. The difference is that the linear and continuous relationship (6.17) only
holds for the heavy traffic limit, not for each rth system, so we can not apply the
continuous mapping theorem. However, the coupling inequality (6.7) holds for the
response times as well as the measure valued process. (The reason is that if two
queues are the same, then the virtual response times will also be the same.) So the

following result can be proved following the same approach of proving Theorem 6.1.

We omit the proof for brevity.

Corollary 6.2. Assume (4.9)-(4.15), (5.5)-(5.9). For any v > 0,

~

(R (00), Ry (00,v)) = (Rj(00), Ry (00, ),

6.3 Approxrimations

In this section, we apply our limit theorems to obtain approximations for the steady-

state queue length and response time.
6.3.1 queue size

Since we have validated the heavy traffic steady state approximation, we can use the

steady state random variable X*(o0) to approximate the steady state of the diffusion
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scaled rth system X7 (co). It follows from (6.12) that

. c+cil \
E(X"(00)) = S5 51— di(00)) +

A+,
a 5 Sadp@o)a

where dj(oc0) is given in (6.13). According to the heavy traffic conditions (5.8) and

1—p"
pro

(4.12), L can be approximately written as and 0K can be approximately written

as 1;—ny . So we obtain the following approximation for E(X"(c0)):

2 2 T 2 2 T
Ca+cs p Ca+cs P

E(X"(00)) & G5 72 (1= dhfo0)) +

d’/‘
2 1 _pr p(oo)7

where the delay probability d7(co) could be taken as exp ( — ;;CEQ 1;fr K™). Since
1;—f ~ —lInp", we prefer to use the asymptotically equivalent description d;(oo) =
1+02
S KT

()
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Figure 2: A comparison of the approximation formulas with simulation estimates
of steady state response times of the M /G /1 LPS Queue.The sharing level K = 15,
service time distribution is log-normal with ¢? = 9 and traffic intensities range from
0.05 to 0.95.

In practice, only one system with certain sharing level K and traffic intensity p < 1

will be given. So we can drop the index r and obtain the following approximation

formula:
A+t op A+ p
EX|~2—35_" (1—d a 5~ d 6.27
1+c§
d, ~ pard’ (6.28)
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The resulting approximation (6.1) reduces to Kingman’s formula for the FIFO queue
when the sharing level K = 1, and the formula in [22] for the PS queue when the
sharing level K = oco. Although the approximation formulas are derived from heavy
traffic theorems, they are actually explicit if the arrival process is Poisson and ei-
ther K =1 or K = oco. In addition, the quality of the approximations is actually
reasonable for all traffic intensities, cf. Figure 2.

The approximation formulas are derived in the context of the G/G/1 LPS queue,
and use the first two moments of inter-arrival time and service time distributions.
Table 1 demonstrates the quality of our approximations for various combinations of
inter-arrival time and service time distributions. As suggested by the formulas, no
matter how we change the combination of distributions, the approximation will be
the same as long as the coefficient of variation ¢ for inter-arrival time distribution
(and ¢? for service time) are fixed. This is also reflected by the numerical results in
Table 1.

Table 1: G/G/1 LPS Queue. The sharing limit K = 20, traffic in-
tensity p = 0.9. The coefficient of variation of inter-arrival time and
service time distribution are fixed at ¢2 = 4 and ¢? = 8 respectively.

Arr. Dist. Ser. Dist. E[X] d,
HyperExp2p || 20.5378 £ 0.3148 | 0.2519 + 0.0022
HyperExp2p | Log-normal || 20.6243 4+ 0.2753 | 0.2798 £ 0.0019
Hyper2star || 20.5642 4+ 0.1619 | 0.2066 4= 0.0014
HyperExp2p || 19.6028 £ 0.2957 | 0.2334 £ 0.0020
Log-normal | Log-normal | 19.3615 4 0.1894 | 0.2562 £ 0.0017
Hyper2star || 19.5913 4+ 0.2435 | 0.1981 £ 0.0018
HyperExp2p || 20.9429 4 0.3561 | 0.2676 4 0.0027
Hyper2star | Log-normal | 21.1600 4 0.2136 | 0.2972 £ 0.0015
Hyper2star || 20.8725 4 0.2505 | 0.2089 + 0.0018
Approximation Formulas 20.6474 0.2059

HyperExp2p is the hyper-exponential distribution with 2 phases.
A Hyper2star random variable has probability p to be 0 and prob-

ability (1 — p) to be an exponential distribution.
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6.3.2 Response time

As for the response time, we can use the steady state Rj(co) and R} (oo, v) to ap-
proximate the steady state of the diffusion scaled response time of the rth system,
i.e. Ry(oo) and R (co,v). By (6.24) and (6.25), the following expectations can be
easily computed,

2, 2
c,+cil

E[Rp(00)] = Tgpﬁ,
. A+ 321
(R (o0, 0] = S5 20—

Now, we approximate % using 1_Tp7" This way of approximating % is equivalent in the

1—p"
pro

limit to using based on the heavy traffic condition (5.8). The main reason for
the difference is to make the approximations of waiting time and buffer queue size
consistent with Little’s law. So we obtain the following approximation formulas for a

given system:

A+ 1
E ~N L 2
2+ 1

where d, is the same as in (6.28).

Table 2 shows the quality of approximations (6.29) and (6.30) for the M/G/1
LPS queue with various service time distributions. Again, our approximations use
up to the second moment of the service time distribution, so the simulation gives the

similar performance for different distributions with the same coefficient of variation

2.
Let Rz be the unconditional steady state service time, then

2 2
et 1

ElRz| = —(1—4d,)p5.
So we obtain the unconditional response time
2+ B 2+ B
E[R] ~ +—= d = 1—4d,). 6.31
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Table 2: M/G/1 LPS Queue. The sharing limit K = 30,
traffic intensity p = 0.95. The coefficient of variation of
service time is fixed at ¢? = 19.

Distribution E[Rg] E[Rz(v)/v]
HyperExp2phase || 42.1670 £ 2.0085 | 15.7579 + 0.0871
LogNormal 37.2947 + 1.6338 | 15.9390 + 0.0942
Hyper2Star 41.0397 + 1.6116 | 15.6039 4+ 0.0851
Bimodal 41.8724 + 1.3550 | 15.6162 4+ 0.0958
Approximations 42.9278 15.7072

Finally, we show in Tables 3 a comparison of all our performance approximations
with simulations of the M /G /1 and the G/M /1 LPS queues. All the numerical results

show that the two-moment approximations are reasonable fit, with the exception of

log-normal service times (in Table 2).

This is in accordance with other numerical

studies on the quality of two-moment approximations, see for example [27].

Table 3: G/M/1 and M/G/1 LPS Queues. The sharing limit K = 10,
traffic intensity p = 0.9.

Perf. meas. - M/G/l . G/M/l
simulation approx. simulation approx.
d, 0.3437 £ 0.0025 | 0.3478 || 0.2436 £ 0.0026 | 0.2580
E(X) 8.2459 + 0.0569 | 8.2155 || 6.8441 4+ 0.0555 | 7.0000
E(Rp) 2.6591 + 0.0466 | 2.6151 || 1.8629 4+ 0.0426 | 2.0070
E(Ry) 6.4958 £ 0.0146 | 6.5132 || 5.6779 £0.0171 | 5.7708

The service time distribution for M/G/1 is Erlang with 2 phases
(E,), mean is 1 and ¢? = 1/2. The inter-arrival time distribution for
G/M/1 is Ey with mean 1/0.9 and ¢2 = 1/(2 x 0.9).
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CHAPTER VII

INTRODUCTION

Recently, there has been a great interest in many-server queues with a large number
of servers. Such queueing systems have been used extensively to model customer call
centers; see for example, survey papers Aksin et al. [1] and Gans et al. [20]. Since
a customer can easily hang up after waiting for too long, abandonment is a non-
negligible aspect in the study of many-server queues. As pointed out in Garnett et al.
[21], customer abandonment is a key factor for call center management. In our study,
a customer can leave the system (without getting service) once has been waiting in
queue for more than his patience time. Both patience and service times are modeled
using random variables. A recent statistical study by Brown et al. [8] suggests that
the exponential assumption on service time distribution, in many case, is not valid.
In fact, the distribution of service times at call centers may be log-normal in some
cases as shown in [8]. This emphasizes the need to look at the many-server model
with general service and patience times.

In this paper, we study many-server queues with general patience and service
times. The queueing model is denoted by G/GI/n+GI. The G represents a general
stationary arrival process. The first GI indicates that service times come from a
sequences of independent and identically distributed (IID) random variables with
a general distribution. The n denotes the number of homogeneous servers. There
is an unlimited waiting space called buffer, where customers wait and can choose to
abandon if their patience times expires before their service starts. Again, the patience

times of each customer are IID and with a general distribution (the GI after the ‘+’

sign).
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Useful insights can be obtained by considering a many-server queue in limit
regimes where the number n of servers increases along with the arrival rate A" such
that the traffic intensity

/\n
n

pl=— —pasn— oo,
np

where the pu is the service rate of a single server (in other words, the reciprocal of
the mean service time), and p € [0, 00). Since the abandonment ensures stability, the
limit p in the above need not to be less than 1. In fact, according to p, the limit
regimes can be divided into three classes, namely, the Efficiency-Driven (ED) regime
when p > 1, the Quality and Efficiency-Driven (QED) regime when p = 1 and the
Quality Driven (QD) regime when p < 1. The QED regime is also called the Halfin-
Whitt regime due to the seminal work Halfin and Whitt [28]. With this motivation,
we establish the fluid (also called law of large number) limit for the G/GI/n+GI
queue in all three regimes.

We show that the fluid model has an equilibrium, which yields approximations for
various performance quantities. These fluid approximations work pretty well in the
ED and QD regime where p is not that close to 1, as demonstrated in the numerical
experiments.

One of the challenges in studying many-server queues with general service times
(as well as general patience time) is that a simple Markovian analysis is not feasible. In
a system where multiple customers are processed at the same time, such as the many-
server queue, how to describe the system becomes an important issue. The number of
customers in the system does not give much information since they may all have large
remaining service times or all have small remaining service times, and this information
can affect future evolution of the system. So we choose finite Borel measures on R
to describe the state of the system. At any time t > 0, instead of recording the total
number of customers in service (i.e. the number of busy servers), we record all the

remaining service times using measure Z(t). For any Borel set C' C (0, 00), Z(t)(C)
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indicates the number of customers in server with remaining service time belongs to
C' at that time. Similar idea applies for the remaining patience times. We first
introduce the virtual buffer, which holds all the customers who have arrived but not
yet scheduled to receive service (assuming they are infinitely patient). We record all
the remaining patience times for those in the virtual buffer using finite Borel measure
R(t) on R = (—o00,00). At time ¢ > 0, R(¢)(C) indicates the number of customers in
buffer with remaining patience time belongs to the Borel set C' C R. The descriptor
(R(-), Z(-)) contains very rich information, almost all information about the system
can be recovered from it. Note that a customer with negative remaining patience

time has already abandoned. So the actual number of customers in the buffer is
Q(t) = R(t)((0,00)) for all t > 0.

More details will be discussed when we rigorously introduce the mathematical model
in Section 8. In the literature, another descriptor that keeps track of the ages of
customers in service and the ages of customers in waiting have been used, e.g. [35, 56;
The age processes have the advantage of being observable, without requiring future
information, though their analysis is often more complicated. Both age and residual
descriptions of the system often results in the same steady state insights. In this part
of the thesis, we focus on residual processes only.

The framework of using measure-valued process has been successfully applied to
study models where multiple customers are processed at the same time. Existing
works include Gromoll and Kruk [24], Gromoll, Puha and Williams [25] and Gromoll,
Robert and Zwart [26], to name a few. Most of these works are on the processor shar-
ing queue and related models where there is no waiting buffer. Recently, Zhang, Dai
and Zwart [63, 62| apply the measure-valued process to study the limited processor
sharing queue, where only limited number of customers can be served at any time
with extra customers waiting in a buffer; see also the first part of the thesis. Many

techniques in the present part of the thesis closely follows from those developed in
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[63]. There has been a huge literature on many-server queue and related models since
the seminal work by Halfin and Whitt [28]. But there are not many successes with
the case where the service time distribution is allowed to be non-exponential. One
exception is the work of Reed [48], in which fluid and diffusion limits of the customer-
count process of many server queues (without abandonment) are established where
few assumptions beyond a first moment are placed on the service time distribution.
Later, Puhalskii and Reed [46] extend the aforementioned results to allow noncritical
loading, generally distributed service times, and general initial conditions. Jelenkovié¢
et al. [32] study the many-server queue with deterministic service times; Garmarnik
and Mom¢ilovi¢ [18] study the model with lattice-valued service times; Puhalskii
and Reiman [47] study the model with phase-type service time distributions. Man-
delbaum and Mom¢éilovié [39] study the virtual waiting time processes, and Kaspi
and Ramanan [36] study the fluid limit of measure-valued processes for many-server
queues with general service times. For the many-server queue with abandonment, a
version of the fluid model have been established as a conjecture in Whitt [55], where
a lot of insight was demonstrated, which help greatly in our work. Recently, Kang
and Ramanan also worked on the same topic and summarized their result in the
technical report [35]. Although we focus on the same topic, our work uses different
methodology from that in [35] and requires less assumptions on the service time dis-
tribution. Our approach mainly based on tracking the “residual” processes, while
[35] tracks the “age” processes for studying the queueing model. In our work, the
only assumption on the service time distribution is continuity, while the service time
distribution in [35] is required to have a density and the hazard rate function must
be bounded. Also, in our analysis, we use a fluid model which is defined in a simpler
way. This facilitates the analysis. In addition, we verify in the appendix of this thesis
(c.f. Appendix F) that our fluid model is consistent with the special case where both

service and patience times are exponentially distributed, as established in Whitt [55].
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Additional works on many-server queues with abandonment includes Dai, He and
Tezcan [13] for phase-type service time distributions and exponential patience time
distribution; Zeltyn and Mandelbaum [58] for exponential service time distribution
and general patience time distributions; Mandelbaum and Moméilovié¢ [40] for both
general service time distribution and general patience time distribution.

This part of the thesis is organized as follows: We begin in Chapter 8 by for-
mulating the mathematical model of the G/GI/n+GI queue. The dynamics of the
system are clearly described by modeling with measure valued processes; see (8.4)
and (8.5). In Chapter 9, we explore the fluid model and its properties. Chapter 10 is
devoted to establishing the convergence of stochastic process which includes the proof
of pre-compactness and the characterization of the limit as the fluid model solution.

This part of thesis is summarized in the technical report [61] .
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CHAPTER VIII

STOCHASTIC MODEL

In this chapter, we first describe the G/GI/n+GI queueing system and then dscribe
a pair of measure-valued processes that capture the dynamics of the system. On
the service side, similar as the LPS queue, we use a measure valued descriptor to
keep track of every unfinished work. The new idea in this study is to use measure
valued descriptor to keep track of residual patient time of each waiting customer. In
the following, we first introduce necessary notations and then show how to use the
measure-valued descriptors to describe the dynamics of the system.

There are n identical servers in the system. Customers arrive according to a
general stationary arrival process (the initial G) with arrival rate A. Let a; denote
the arrive time of the ith arriving customer, i = 1,2,---. Arriving customer enters
service immediately upon arrival if there is a server available. If all n servers are busy,
the arriving customer waits in a buffer, which has infinite capacity. Customers are
served in the order of their arrival by the first available server. Waiting customers may
also elect to abandon. We assume that each customer has a random patience time.
A customer will abandon immediately when his waiting time in the buffer exceeds
his patience time. Once a customer starts his service, the customer remains until
the service is completed. There are no retrials; abandoning customers leave without
affecting future arrivals.

The two Gls in the notation mean that the service times and patience times come
from two independent sequences of iid random variables; these two sequences are
assumed to be independent of the arrival process. Let u; and v; denote the patience

and service time of the ith arriving customer, ¢+ = 1,2, ---. In many applications such
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as telephone call centers, customers cannot see the queue (the case of invisible queues,
c.f. [41]), thus do not know the experience of other customers. In such a case, it is
natural to assume that patience times are iid. Denote F(-) and G(+) the distributions
for the patience and service times, respectively.

To describe the system using measure-valued process, we first introduce the notion
of virtual buffer. The virtual buffer holds all customers in the real buffer and some of
the abandoned customers. An abandoned customer continues to wait in the virtual
buffer when he first abandons until it were his turn for service had he not abandoned.
At this time, he leaves the virtual buffer. At any time ¢t > 0, R(¢) denotes a measure in
M such that R(t)(C) is the number of customers in the virtual buffer with remaining
patience time in C' € Z(R). Please note that this way of modeling requires R(-) to

be a measure on R, not just R,. It is clear that

Q(t) = R(t)(Ry) and R(t) = R(t)(R) (8.1)

represent the number of customers waiting in the real buffer and number of customers
in the virtual buffer, respectively.
We also use a measure to describe the server. At any time ¢ > 0, Z(¢) denotes
a measure in M, such that Z(¢)(C) is the number of customers in service with
remaining service time in C' € Z(R,). Different from the virtual buffer, the servers
only hold customers with positive remaining service times, so we only care about the
subsets in R,. The quantity
Z2(t) = Z()(R,), (8.2)

represents the number of customers in service at any time ¢ > 0.

The measure-valued (taking value in M x M) stochastic process (R(:), Z(-))
serves as the descriptor for the G/GI/n+GI queueing model. Before we use this to
describe the dynamics of the system, let us first talk about the initial condition, since

the system is allowed to be non-empty initially. The initial state specifies R(0), the
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number of customers in the virtual buffer as well as their remaining patience times
u; and service times v;, i = 1 — R(0),2 — R(0),--- ,0. The initial state also specifies
Z(0), the number of customers in service as well as their remaining service times v;,
i =1—R(0)— Z(0),---,—R(0). Briefly, the initial customers are given negative
index, in order not to conflict with the index of arriving customers. Those initial
customers in the buffer are also assumed to have i.i.d. service times with distribution
G(-). For each t > 0, denote E(t) the number of customers that has arrived during
time interval (0,¢]. Arriving customers are indexed by 1,2, -- - according to the order
of their arrival. By this way of indexing customers, it is clear that the index of the

first customer in the virtual buffer at time ¢ > 0 is B(t) + 1, where
B(t) = E(t) — R(t). (8.3)

Denote w; the waiting time of the ith customers; then 7; = a; +w; is the time that the
ith job starts service for all i > 1 — R(0). When i < 0, a; may be a negative number
indicating how long the ith customer had been there by time 0. We will impose some
conditions on a;’s with 7 < 0 later on. Let 0, and d(,,) denote the Dirac point measure
at * € R and (z,y) € R?, respectively. Denote C+x = {c+z : x € C'} for any subset
C C R and C, = (x,00). For any subsets C,C" C R, let C' x C' denote the Cartesian
product. Using the Dirac measure and the above introduced notations, the evolution
of the system can be captured by the following stochastic dynamic equations:
E(t)
RU(C)= > 6, (C+t—a;), foralCecBR), (8.4)

i=14+B(t)
—R(0)
ZW(C) = > 6,(C+1)
i=1—R(0)—Z(0)
B(t)
+ Z 5(“1’#’1‘)(00 + 71— ai) X (C’ Tt — Ti),
i=1—R(0)

for all C € Z(Ry), (8.5)

at any time ¢ > 0. Denote the total number of customers in the system by

X(t)=Q(t)+ Z(t) forallt>0. (8.6)
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The following policy constraints must be satisfied at any time ¢ > 0,

Q(t) = (X(t) = n)",
Z(t) = (X(t) An),

where n, as introduced above, denotes the number of servers in the system.
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CHAPTER IX

FLUID MODEL AND ITS PROPERTIES

To study the stochastic model, we introduce a determinisitic fluid model. This fluid
model will be shown later to be the approximation of certain scaled stochastic pro-
cesses. Similar to the fluid model for the LPS queue, the major challenge from the

mathematical point view is the function equation (9.21), which is derived from the

fluid model.

9.1 Fluid Model

Denote the means of the marginal distributions F' and G to be 1/a and 1/p, re-
spectively. To simplify notations, let F'°(-) denote the complement of the probability
distribution function F(-), i.e. F¢(z) = 1 — F(x) for all x € R; G°(-) is defined

similarly. We introduce the following fluid dynamic equations:

R(t)(Cy) = A/t o Folztt—s)ds, t>0, z€R (0.1)
Z()(Cy) = Z(0)(C, + 1) +/0 FC(R;Q

(9.2)

where C, = (x,00) and B(s) = As — R(s). Here, all the time dependent quanities
are assumed to be right continuous on [0,00) and to have left limits in (0, 00); fur-
thermore, the integral fot g(s)dB(s) is interpreted as the Lebesgue-Stieltjes integral
on the interval (0,¢]. The quantities R(-), Q(-), Z(+) and X (-) are defined in the same

way as their stochastic counterparts in (8.1), (8.2) and (8.6). The following policy
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constraints must be satisfied

Q) = (X()-1)", (9:3)

Z(t) = (X(t) A D). (9.4)

The fluid dynamic equations (9.1) and (9.2) and the policy constraints (9.3) and (9.4)
define a fluid model, which is denoted by (A, H).

Denote (R, Zy) = (R(0), Z(0)) to be the initial condition of the fluid model. For
the convenience of notations, also denote Qy = Q(0), Zy = Z(0) and X, = Qo + Z.
We need to assume that the initial condition satisfies the dynamic equations and the

policy constraints, i.e.

Ry

Ro(C) = )\/X F(z +s)ds, ©€R, (9.5)
Qo= (Xo— 1T, (9.6)
Zy=(XgA1). (9.7)
We also require that
Zy({0}) =0, (9.8)

which means that nobody with remaining service time 0 stays in the server. We call
any element (R, Zo) € M x My a valid initial condition if it satisfies (9.5)—(9.8).

We call (R(-), Z(+)) € D([0,00),M x M) a solution to the fluid model (\, H)
with a valid initial condition (Ro, Zo) if it satisfies the fluid dynamic equations (9.1)
and (9.2) and the policy constraints (9.3) and (9.4).

We need to assume that the patience time distribution F'(-) has density f(-). Let
Mp =inf{z > 0: F(z) = 1}. (9.9)

By the right continuity of F', it is clear that F(z) < 1 for all z < Mp and F(z) =1

for all z > Mp. Define the hazard rate hg(-) of the distribution F(-) by
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Theorem 9.1 (Existence and Uniqueness). Assume that the service time distribution

G(-) satisfies

G(-) is continuous, (9.10)

0 < p < oo, (9.11)

and the patience time distribution F(-) has a density f(-) such that the hazard rate

satisfies

0 <a<oo, (9.12)
sup hp(z) < co. (9.13)
z€[0,00)

There exists a unique solution to the fluid model (X, H) for any valid initial condition

(Ro, 20).

The above theorem provides the foundation to further study the fluid model. A
key property is that the fluid model has an equilibrium state. An equilibrium state

is defined as the following:

Definition 9.1. An element (Ry, Zo0) € M x My is called an equilibrium state for
the fluid model (\, H) if the solution to the fluid model with initial condition (Reo, Zoo)
satisfies

(R(t), Z(t)) = (Reo, Zo0) for all t > 0.

This definition says that if a fluid model solution starts from an equilibrium state,
it will never change in the future. To present the result about equilibrium state, we
need to introduce some notation. For the service time distribution function G(-) on

R, the equilibrium distribution associated with G is given by

Ge(z) = u/ G(y)dy, for all z > 0.
0
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Theorem 9.2. Assume the conditions in Theorem 9.1. The state (Roo; Z00) 45 an

equilibrium state of the fluid model (X, H) if and only if it satisfies

Reo(Ch) = A / F(z+s)ds, x€R, (9.14)
0

Zo(Cy) =min (p, 1) [1 — Ge(x)], = €Ry, (9.15)
where w 1s a solution to the equation

F(w) = max (%, 0) . (9.16)

Remark 9.1. If equation (9.16) has multiple solutions, then the equilibrium is not
unique (any solution w gives an equilibrium). If the equation has a unique solution

(for example when F(-) is strictly increasing), then the equilibrium state is unique.

The quantity w, when it is unique, is interpreted to be the offered waiting time
for an arriving customer. If his patience time exceeds w, he will not abandon. Thus,
the probabilty of his abandonment is given by F'(w), which is equal to (p—1)/p when
p > 1; the latter quantity is the fraction of traffic that has to be discarded due to the

overloading. From (9.14), R (C,) = Aw for & < —w. Thus, the average number of

customers in the virtual buffer is
Ry = Reo(R) = A,

which is consistent with Little’s law. From (9.15), the average number of busy servers
is

Zo = 2(Ry) = min(p, 1),
which is intuitively clear. These observations and interpreprations were first made by

Whitt; these fluid model based performance measures have been used to approximate

performance measures in the stochastic system in [56].
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9.2 Existence and Uniqueness of Fluid Model Solutions

It follows from (9.1) that

0

Let F.(-) denote the equilibrium distribution associated with distribution F(-) (de-

fined in the same way as G.(-)). So we get

_ A R(t)

Qt) = - e(T)' (9.17)

Recall the support Mp defined in (9.9). It is clear that Fi.(z) is strictly monotone
for # € [0, My). Thus, F;(y) is well defined for each y € [0,1). When Mp is finite,
F,(Mp) = 1, and we we take F.1(1) = Mp. Thus, (9.17) implies that aQ(¢)/\ < 1
for all t > 0, and

Rt)/\=F., ' (aQ(t)/\) fort>0. (9.18)

It follows from (9.2) that

o At L R(t—s)
Z(t)_ZO<Ct)+E/0 F( 3 )dGe(s)

t (9.19)
- QUG + QUG + [ Qlt = 5)iGs).
We wish to represent the term FC(R(&_S)) using Q(+). By (9.18) we have that
e = pe (5 Q) (9.20)



for all ¢ > 0. Note that G°(0) = 1 by assumption (9.10). Combining (9.3), (9.4),
(9.19), and (9.20), we obtain

X(t) = Zo(Cy) + QuG“(t)

i % / P (F R (= 5) — 1)) 6o

—l—/o (X(t—s)—1)"dG(s).

For technical reason, we need to extend the domain of function F,!(-) from [0, 1] to
[0,00) by defining F,'(z) = Mp for all z > 1.  To simplify the notation, denote

Go(-) = 20(Co + ) + QoG(-) and H(z) = F°(F, ' (%x)). It follows that

X(t) = Got) + p/OtH(()_((t —s) = 1)*)dG.(s) + /Ot()_((t —§) — 1)*dG(s). (9.21)

Please note that (y(-) depends only on the initial condition and H(-) is a function
defined by the arrival rate A and the patience time distribution F(-). The equation
(9.21) will serve as a key to the analysis of the fluid model.

We establish the existence and uniqueness (Theorem 9.1) of the fluid model solu-
tion. This provides the foundation on which we can further explore the properties of

the fluid model.

Existence Although we have established the existence of the solution to (9.21) in
Lemma E.1, some technical issues still exist in establishing the existence of fluid model
solution. So we can not construct a fluid model solution via the similar method as in
Chapter 3 for the LPS queues. In this thesis, we establish the existence of the fluid
model solution via fluid limits.

In Lemma 10.6, we show that every fluid limit satisfies the fluid model equations
(9.1) and (9.2) and the constraints (9.3) and (9.4). Thus this already establish the

existence.
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Uniqueness Suppose there is another solution to the fluid model (A, H) with initial

condition (Rg, Zo), denoted by (R'(-), Z7(+)). Similarly, denote

Ri(t) = R1(R),

Zi(t) = ZH(R,),

for all ¢ > 0. It must satisfy the fluid dynamic equations (9.1) and (9.2) and con-

straints (9.3) and (9.4). For all ¢t > 0, let

Dt
()

Q'(t) =

o>

According to the algebra at the beginning of Section 3.2, XT(-) must satisfy equation

(9.21). By the uniqueness of the solution to the equation (9.21)

XT(t)=X(t) forallt>0.

By (9.3) and (9.18), Rf(t) = R(t). By the dynamic equations (9.1) and (9.2), we
must have that

(RY(1), Z2'(t)) = (R(t), Z(t)) for all t > 0.

This proves uniqueness.

9.3 Equilibrium State of the Fluid Model Solution

In this section, we first intuitively explain what an equilibrium should be. Then
we rigorously prove it in Theorem 9.2. To provide some intuition, note that in the

equilibrium, by equation (9.1), one should have

Reo /2
Roo(Cr) = )‘/ F(z + s)ds,
0

for the buffer. This immediately implies that
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So the rate at which customers leave the buffer because of impatience is:

ROO<CO> - ROO<Ca:) — )\F<R_OO>
N

lim
z—0

T

In the equilibrium, intuitively, the number of customers in service should not change

and the distribution for the remaining service time should be the equilibrium distri-
bution G.(-), i.e.

The rate at which customers depart from the server is:

ZOO(CO) — ZOO(Cz) 7

sold-
T

lim
x—0

The arrival rate must be equal to the summation of the departure rate from server

(due to service completion) and the one from buffer (due to abandonment), i.e.

A= AF(TOO) + Zoo . (9.22)

It follows directly from (9.17) that

Qoo_

- 2@(%). (9.23)

If Ry > 0, then according to (9.23) we have Q, > 0. Thus Z,, = 1 according to

policy constraints. By (9.22), p > 1 and RTW is a solution to the equation F'(w) = ijl.
If R, = 0, then according to (9.22) we have p = Z,, < 1. In summary, we have that

- A
Qoo - EFe(w)7
Zs = min(p, 1),

where w is a solution to the equation F(w) = max(2=1,0). This is consistent with the

one in [56], which is derived from a conjecture of a fluid model. Now, we rigorously
prove this result.
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Proof of Theorem 9.2. If (Roo, Zo0) is an equilibrium state, then according to the

definition, it must satisfies

Roo

¢
Reo(Cy) = /\/  FYx+t—s)ds, t>0, (9.24)
t—

A

zoo(cx):zoo(cx+z>+/t (2G4 1 s)dhs, £ 0. (9.25)

It follows from (9.25) that

2.0(Cy) — Zoo(Cy + 1) = pF(

/Gca:+t—s

)Ge(z+1t) — Ge(x)], t>0.

Iy‘gl

= pFe(===
p(A

Taking ¢ — o0, one has

ZOO(Cw) - pFC(TOO)[l - Ge(x)} (926)

Thus Z,, = pFC(%). According to (9.17), we have that

- A Ry
Qoo = TN

).

First assume that R, > 0. Then Q. > 0, and thus Z,, = 1 by the policy constraints
(9.3) and (9.4). Therefore, pFC(%) = 1, which implies that F([%“) = % and p > 1.
Now assume that R, = 0. Then Z,, = p, which must be less than or equal to 1 by
the policy constraints. Summarizing the cases where p > 1 and p < 1, we have that

the equilibrium state must satisfy (9.14)—(9.16).

If a state (Reoo, Zo) satisfies (9.14)—(9.16), then let

(R(1), 2(1) = (Roo, Z0),

for all t > 0. If p < 1, then R(:) = 0 and Z(-) = p; if p > 1, then R(-) = Aw and
Z(-) = 1, where w is a solution to equation (9.16). It is easy to check that (R(-), Z(-))

is a fluid model solution in both cases. So by definition, the state (R0, Zo0) is a

equilibrium state. O
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CHAPTER X

FLUID APPROXIMATION OF THE STOCHASTIC
MODELS

We consider a sequence of queueing systems indexed by the number of servers n, where
n — oo. Each model is defined in the same way as in Chapter 8. The arrival rate of
each model is assumed be to proportional to n. To distinguish models with different
indices, quantities of the nth model are accompanied by superscript n. Each model
may be defined on a different probability space (™, F™,P"). Our results concern the

asymptotic behavior of the descriptor under the fluid scaling, which is defined by

R = 2RM8), Z(1) = Lz, (10.1)

n n

for all £ > 0. The fluid scaling for the arrival process E"(-) is defined in the same
way, 1.e.

(1) = _E"(1),

for all t > 0. We assume that

E"(-)=X- asn— o0. (10.2)

Since the limit is deterministic, the convergence in distribution in (10.2) is equivalent

to convergence in probability; namely, for each 7" > 0 and each ¢ > 0,

lim ]P’"( sup |E™(t) — M| > e) ~0.

n—00 0<t<T
Denote v and v the probability measures corresponding to the patience time distri-

bution F™ and the service time distribution G™, respectively. Assume that as n — oo,
Vg — Up, V& — Vg, (10.3)
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where v and v are some probability measures with associated distribution functions

F and G. Also, the following initial condition will be assumed:

(R™(0), Z2™(0)) = (Ro, Z0) as n — oo, (10.4)
where, almost surely, (Rg, Zp) is a valid initial condition and
Ry and Z; has no atoms. (10.5)

Theorem 10.1. In addition to the assumptions (9.10)—(9.13) in Theorem 9.1, if the

sequence of multi-server queues satisfies (10.2)—(10.5), then

(R"(), 2"(-)) = (R(), 2()  asn— oo,

where, almost surely, (R(-), Z(-)) is the unique solution to the fluid model (A, H) with

initial condition (Ro, Z).
10.1 Precompactness

We first establish the following precompactness for the sequence of fluid scaled stochas-

tic processes {(R"(:), Z"(-))}.

Theorem 10.2. Assume (4.8)—(4.15). The sequence of the fluid scaled stochastic
processes {(R"™(+), Z"(+))} ven is precompact as n — oo; namely, for each subsequence
{(R™(+), Z™(-)) }n, with ny — oo, there exists a further subsequence {(R™ (+), Z"*s ())}nk]
such that

(R™5(-),2"™(-) = (R(-), 2() as j — oo,
for some (R(-), Z(-)) € D([0,00), M x M_).

The remaining of this section is devoted to proving the above theorem. By
Theorem 3.7.2 in [17], it suffices to verify (a) the compact containment property,

Lemma 10.2 and (b) the oscillation bound, Lemma 10.5 below.
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Similar to (2.3), let

B"(t) = E"(t) — R"(t). (10.6)

It follows from (8.4) and (8.5) that the dynamics for the fluid scaled processes can be
written as
1
RY((C)== > 6w(C+t—ap), foralCeBR), (10.7)
i=Bn (t)+1

ZMt)(C) = Z"(s)(C +t —s)

X for all C € Z(R,),
Z 5(“?#’?)(00 + 71 —a}) x (C+t—1"),
i=B"(s)+1
(10.8)

forall 0 < s <t
10.1.1 Some Preliminary Estimates

To better structure the presentation, we first present some preliminary results, which
are built on the Glivenko-Catelli estimates inn Appendix D.

For each n, let {ul'};cz be a sequence of i.i.d. random variables with probability
measure v(+), let {ul};cz be a sequence of i.i.d. random variables with probability
measure v3(-). For any n,m € Z and [ € R, define

m+ [nl]

L3 (m,1) Z Sur, (10.9)

i=m+1

Zg(m,l)zﬁ > b, (10.10)

Cra(m, 1) = " Z Our 1) (10.11)

where J, denotes the Dirac measure of point z on R and d(,,) denotes the Dirac
measure of point (z,y) on R x R. So L%(m,[) and £%(m,[) are measures on R and

" a(m,l) is a measure on R x R.
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Denote C, = (z,00), for all z € R. We define two classes of testing functions by

¥ ={10,() : 2 € R},

7/2 = {1Cz><C’y('7 ) XL,y € R} .

It is clear that ¥ is a set of functions on R and 75 is a set of functions on R xR. Define
an envelop function for ¥ as follows. Since v — vp, by Skorohod representation
theorem, there exists random variables X™ (with law v%) and X (with law vg), such
that X™ — X almost surely as »r — oco. Thus there exists a random variable X* such

that almost surely,

X* =sup X"

Let v}, be the law of X*. Since Lq(v}.) (the space of square integrable functions with
respect to the measure v},) contains continuous unbounded functions, there exists a
continuous unbounded function f,, : Ry — R that is increasing, satisfies f,, > 1 and
(f2.,vr) < oco. Similarly, based on the weak convergence vg — v, we can construct
a function f,, that is increasing, satisfies f,, > 1 and (f} ,ve) < co. Now, define
function f: R, — R by f(z) = min (f,,.(7), f,.(z)) and function f, : R, x Ry — R
by fa(z,y) = min (f,,(7), f,.(y)) for all x,y € R,. Note that we have to following

properties,

f is increasing and unbounded, (10.12)
f<fforal fe?, (10.13)
f < foforall fevs. (10.14)

So we call f and f, the envelop function for # and ¥ respectively. Finally, let
YV ={fU? and ¥ = {fo} U ¥5.

Lemma 10.1. Assume that
n n
Vg — Up, Vg — Vg asn — 00.
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Fix constants M,L > 0. For all e, > 0,

limsup P max sup Sup‘ f7 L m, 1)) —1 f, o
n—00 —nM<m<nM 1€[0,L] fer < F( )> < F>

limsup P max sup Sup‘ FLm(m, 1)) — U(f,

>e><n,

lim sup P max  sup sup ’(f, Lho(m, 1)) — U f, (VR Vg)>’ >e | <.
n—oo —nM<Im<nM lE[O,L} f€772 ’

This kind of results have been widely used in the study of measure valued pro-
cesses, see [24, 26, 63]. The proof of the first two inequalities in the above lemma
follows exactly the same way as the one for Lemma B.1 in [63], and the proof of the
third inequality in the above lemma follows exactly the same as the one for Lemma 5.1
in [26]. We omit the proof for brevity. By the same reasoning as for Lemma 4.1, there
exists a function egc(-), which vanishes at infinity such that the € and 7 in the above
lemma can be replaced by the function egc(n) for each index n. Based on this, we

construct the following event,

O¢e(M, L) = { max sup sup ‘(f, Lh(m, 1)) — I{f, V?7>‘ < ch(n)}

—nM<m<nM 1€0,L] fe ¥

N { max sup sup ‘(f, LL(m, 1)) — I{f, 1/@‘ < ch(n)}

—nM<m<nM 1€0,L] fe ¥

ﬂ{ max sup sup
—nM<m<nM ZE[O,L] f6772

(s Lilm, D) = 1(F, (v, vE)| < eac(m)}.
(10.15)

It is clear that for any fixed M, L > 0,

lim P (QLe(M, L)) = 1. (10.16)

n—oo

Intuitively, on the event Q% (M, L) (whose probability goes to 1 as n — oo for
any fixed constants M, L), the measures Lp(m, 1), L&(m, 1) and L} (m, 1) are very

“close” to v}, lvg and (v, v), respectively.
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10.1.2 Compact Containment

A set K C M is relatively compact if supgy {(R) < 0o, and there exists a sequence

of nested compact sets A; C R such that UA; = R and

lim sup {(A7) =0,

J—0 teK

where A§ denotes the complement of Aj; see [33], Theorem A7.5. The first major step

to prove Theorem 10.2 is to establish the following compact containment property.

Lemma 10.2. Assume (4.8)-(4.15). Fiz T > 0. For each n > 0 there exists a

compact set K C M such that

liminf P ((R"(¢), 2"(t)) €e K x K for all t € [0,T]) > 1 —1.

To prove this result, we first need to establish some bound estimations. For the
convenience of notation, denote E"(s,t) = E"(t) — E"(s) for any 0 < s < t. Fix
T > 0. It follows immediately from condition (4.8) that for each e > 0 there exists

an ng such that when n > ny,

P < sup |E"(s,t) — At —s)| < (—:> >1—e (10.17)

0<s<t<T

To facilitate some arguments later on, we derive the following result from the above

inequality.

Lemma 10.3. Fiz T > 0. There exists a function eg(-), with lim, ., €g(n) = 0 such

that

P < sup  |E"(s,t) — A\t — )| < eE(n)) >1—eg(n),

0<s<t<T

for each n > 0.

The derivation of the above lemma from (10.17) follows the same as the proof of
Lemma 4.1. We omit the proof for brevity. Based on the above lemma, we construct

the following event,

Q% ={sup |E"(s,t) — At — 5)| < ep(n)}. (10.18)

te[0,T
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We have that on this event, the arrival process is regular, i.e. E"(s,t) is “close” to

A(t — s). And this event has “large” probability, i.e.

lim P (Q2) = 1. (10.19)

n—oo

Proof of Lemma 10.2. By the convergence of the initial condition (4.13), for any € >

0, there exists a relatively compact set Ky C M such that

liminf P (R"(0) € Ko and 2"(0) € Ko) > 1 — . (10.20)

n—oo
Denote the event in the above probability by €2j. On this event, by the defini-
tion of relatively compact set in the space M, there exists a function rg(-) with

lim, o Ko(z) = 0 such that
R™0)(Cy) < ko(z), Z™(0)(Cy) < Ko(x), (10.21)

and

RM(0)(C;) < #o(2), (10.22)

for all x > 0, where C;; = (—oc, —z) for any y € R. (Remember that Z"(0) is a
measure on R, so we do not need to consider its measure of C.) It is clear that on

the event (2% N €Y, for any ¢ < T and all large n,

R™(t)(R) < sup R™(0)(R) + 2AT,

ZMH([Ry) < 1,

where the last inequality is due to the fact that Z"(-) < n. Again, by the definition of
relative compact set in M, we have that sup, R"(0)(R) = M, < oo. It follows from

the dynamic equation (10.7) and (10.8) that for all z > 0,

RM(1)(Ca)

A
=l
3
e
&
_|._
=
NG
3
&
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Denote L7(t) = ZE ) dyr and L3 (t) = %Zf;(t) dyn. Let us first study these two
terms. Recall the definition of the event Q&% (M, L) and the envelope function f
(which increases to infinity) in (10.15). For the application here, it is enough to set
M =1 and L =2XT. On the event Q% N Q&-(M, L), we have

2)\Tn
(f. L} Z Sun) < 2NT(f, vp) + 1,
for all large enough n. Similarly, on the same event we have that
2)\Tn
(f,. L <(f,= Za < INT(f,ve) + 1,

for all large enough n. Denote Mp = 2AT max((f,vr), (f,vq)) + 1. By Markov’s

inequality, for all x > 0 (again, on the same event and for all large n)
L()(Co) < My/ f(x), L5(t)(Co) < My/f(a).

Unlike the measure Z(t) € M., the measure R(t) € M. So we need to consider all

the test set C; = (—oo, —x) for x > 0. The following inequality again follows from

(10.7),

/—\

(1)

R*()(C;) < R™M0)(Cy +1) + Oup (C +1).

i=1
So we have that

LS
n
Note that if we take x > T', then §,»(C; +1t) = 0.
R*(t)(Cy) < R™0)(C, +T) =R"0)(C; ), forallt<T. (10.23)
Now, define the set K C M by
- {fesz(R) <1+ My+ 22T,
£(Cy) < Ko(w) + My/ f(z) for all x > 0,

E(C)) < Ro(x —T) for all z > T}.

It is clear that K is relatively compact and on the event Q% N Q&~(M, L) N QF,
(R™(t), 2"(t)) € K x K for all t € [0, T].
The result of this lemma then follows immediately from (10.19), (10.20) and (10.16).

O
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10.1.3 Oscillation Bound

The second major step to prove precompactness is to obtain the oscillation bound
in Lemma 10.5 below. The oscillation of a cadlag function ((-) (taking values in a
metric space (E, 7)) on a fixed interval [0, T is defined as
wi(C(-),0)T = sup  mw[((s),¢(t)].
s,t€[0,T7],|s—t|<d
If the metric space is R, we just use the Euclidean metric; if the space is M or M, we
use the Prohorov metric d defined in Section 1.4. For the measure-valued processes
in our model, oscillations mainly result from sudden departures of a large number of
customers. To control the departure process, we show that Z"(-) and R"(-) assign

arbitrarily small mass to small intervals.

Lemma 10.4. Assume (9.10), (10.2)—<(10.5). Fiz T > 0. For each ¢, > 0 there

exists a k > 0 (depending on € and n) such that

n—oo te[0, 7] z€Ry

lim inf P ( sup sup Z"(t)([z,z + K]) < e> >1—n. (10.24)
Proof. First, We have that for any €,7 > 0, there exists a x such that

lim inf P (sup Z™M0)([z,x + K]) < 6/2) >1—n. (10.25)

n—00 z€Ry
This inequality is derived from the initial condition. The derivation is exactly the
same as in the proof of (5.14) in [63], so we omit it here for brevity.

Now we need to extend this result to the interval [0,7]. Denote the event in
(10.25) by Q, and the event in Lemma 10.2 by Q%(K). Fix M =1 and L = 2\T,
Let

QY (M, L) =Qf N QLK) N QL NQL(M, L). (10.26)

By (10.25), Lemma 10.2, (10.19) and (10.16), for any fixed M, L > 0,

liminf P (Q} (M, L)) > 1—n.

n—oo
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In the remainder of the proof, all random objects are evaluated at a fixed sample
path in Q} (M, L).

It follows from the fluid scaled stochastic dynamic equation (10.8) that

Z"t) [z, z + &]) < ZM0)([z, 2 + K] + t)

1 B(t)
+= > el ]+t — D),

" BO)+1
for each z,k € Ry. By (10.25), the first term on the right hand side of the above
equation is always upper bounded by €/2. Let S denote the second term on the right
hand side of the preceding equation. Now it only remains to show that S < €/2.
Let 0 = tg < t; < --- < t; =t be a partition of the interval [0,¢] such that
|tjis1 —tj| <dforall j=0,---,J—1, where § and N are to be chosen below. Write

S as the summation

J—1 1 B(tj+1)
S = - n — 7).
- E Oun ([T, 0 + K]+t —7]")

§=0 " i=B(t;)+1

Recall that 7" is the time that the 7th job starts service, so on each sub-interval

[t;,tj41] those i’s to be summed must satisfy t; < 7/* < ¢;44. This implies that

t—thrlSt—Tigt—tj.

Then
J—1 1 B(tj+1)
s<) - S bt =tz Ht—t+5]).
j=0 " i=B(t;)+1

By (10.6), we have for all j =0,---,J — 1

By Lemmas 10.2 and 4.1, R"(0) < My and E™(T) < 2\T on Q%(K) N Q% for some
constant My. Take M = max(My,2AT) and L = My + 2AT, it follows from the
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Glevenko-Cantelli estimate (10.15) that
1
E Z 5U:z([x—|—t—t]+1,x—|—t—t]+/<;])

< (B”(th) - B”(g)) x4+t —tj, o+t —t;+ k) + 4J,
for each j < J. By condition (10.3), for any e; > 0,

d[vg, ve] < e,
for all large n. By the definition of Prohorov metric, we have

Vg([$+t—tj+1,x+t—tj+/€]) SVg([$+t—tj+1—62,1‘+t—t]’+/ﬁ2+62]),

for all large n. Since [x + ¢ — tj 11 — €3, 0+t —t; + K + €] is a close interval with

length less than k + 0 4 2€5, by condition (9.10), we can choose k, d, €3 small enough

such that
€
V([$+t—tj+1 62,I+t—t +Ii+€2]) m
Thus, we conclude that
€
S < —[B™(T) - B"(0 < €/2.
< SIBT) - BrO)]+ S < of

This completes the proof. O

Lemma 10.5. Assume (9.10), (10.2)-(10.5). Fiz T > 0. For each e, > 0 there

exists a 0 > 0 (depending on € and n) such that

liminf P (wr((R", 2")(),0)T < 3¢) > 1 —n. (10.27)

Proof. Define

QRegl€ K1) = { sup sup Z"(t)([z,x + K]) < 6}.

te[0,T) z€R ¢

By (10.19) and Lemma 10.4, for each €, > 0 there exists a k > 0 such that

lim inf P (Q7 N QReg(6, K k) >1—n. (10.28)

n—oo
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On the event Q% N Qg (€, k), we have some control over the dynamics of the system.
First, note that the number of customers (in the virtual buffer, including those who
have abandoned but ought to get service if they did not) that enter the server during

time interval (s,t] can be upper bounded by

B"(s,t) < E™(s,t) + Z"(s)([0,t — s]).

When t — s < min(55, k), by the definition of Q% and Qf_ (¢, ), we have

E"(s,t) <e (10.29)

B™(s,t) < 2. (10.30)

Second, by the dynamic equation (10.7), for any s < t and any set C' € B(R),

R™M1)(C) — R™(s)(C*)) < B"(s,1) + E"(s,1)
E™(s)
1 > PBup(CHt—af) = 0, (C* + 5 —al)],

1+Bn (1)
where C° is the a-enlargement of the set C' as defined in Section 1.4. Note that when
t—s<3e C+t—al CC3*+s—a? for all i € Z, which implies that the second term

in the above inequality is less than zero. By (10.29) and (10.30),

R™()(C) = R"(s)(C™)) < 3e.
By Property (ii) on page 72 in [5], we have
d[R™(t), R"(s)] < 3e. (10.31)

Finally, by the dynamic equation (10.8),

Z"t)(C) < Z™(s)(C +t—s5)) + B"(s,t).

Note that when t — s < 2¢, C 4+t — s C C?%, where O is the a-enlargement of the set

C' as defined in Section 1.4. By (10.30), we have

ZM(t)(C) < Z™(5)(C*) + 2e.
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By Property (ii) on page 72 in [5], we have

d[Z2"(s), Z"(t)] < 2e. (10.32)

The result of this lemma follows immediately from (10.28), (10.31) and (10.32). O

10.2 Convergence to the Fluid Model Solution

We have established the precompactness in Theorem 10.2. So every subsequence of
the fluid scaled processes has a further subsequence which converges to some limit.
For simplicity of notations, we index the convergent subsequence again by n. So we

have that

(R™(-),Z2"(")) = (R(:), Z(-)) asn — oo. (10.33)

By the oscillation bound in Lemma 10.5, the limit (R(-), Z(-)) is almost surely con-

tinuous. We have the following result that further characterizes the above limit.

Lemma 10.6. Assume (9.10)~(9.13) and (10.2)~(10.5). The limit (R(-), Z(-)) in
(10.33) is almost surely the solution to the fluid model (A, H) with initial condition
(Ro, Zo)-

The rest of this section is devoted to characterizing the limits. To better structure

the proof, we first provide some preliminary estimates based on the dynamic equations

(10.7) and (10.8).

Lemma 10.7. Let {t;}]_, be a partition of the interval [s,t] such that s =ty < t; <

.. <ty=t. We have for any x € R,

J—1 E™(tj+1)

DN 1 n Dn

R™(t)(Cy) < ZE > Gun(Co+t—t) + |E"(s) = B'(t)], (10.34)
1=0 i:l—l—E"(t]')

- J—1 1 E"™(tjt1) - -

RUB(C) =)~ > Gun(Cott—tin) — [E"(s) — B"(1)]. (10.35)
i=0  i=1+En(t;)
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If in addition that sup, ¢, o |E"(1) — A7| <€, then for any z > 0,

Sl Bt S (10.36)

1 R? . — 2¢
+D - 5u?(00+L”T)5vf(0x+t—tj),

J—1 B™(tj+1) Pn (10.37)
R .+ 2¢
U,J/\ )0un (Co +t — tj41),

tj,tj+1} Rn (t) .

Proof. Note that 0 < 6u?(0) < 1 for any Borel set ' and any random variable .

where R} ; = infyeq, 4 ) R*(t) and Ry, ; = SUDyef

So by the dynamic equation (10.7), we have

For those i’s such that E™(t;) <i < E™(t;j;1), we have that
tj < CL;1 < tj—i-l' (1038)

This implies that Cy +t —a; C C, +t —t;. So we have

E(tj+1) E™(tj+1)
i=14+Em(t;) i=14+Em(t;)

This establishes (10.34). Also, (10.38) implies C, +t —t;4+1 € C, +t —a;. So (10.35)
follows in the same way.

For those i’s such that B"(t;) < ¢ < B"(t;4+1), we have that

tj < T]n < tj+1.

Note that R"(7") = E™(1]") — E™(a?) for each i. So, by the closeness between E"(-)

and A-, we have

144



So

WEJ —2e <A1 —al) < R?J’j + 2,

for all ¢’s such that B"(t;) < i < B"(t;+1). Thus,

B"(tj+1) Bn(tj+1)

R - — 2
Z Our (Cot+7"—a; ) 0yr (Cott—7]") < Z Our (CO‘FL’]T)&,? (Cott—t,).
i=14+B"(t;) i=1+Bn(t;)
This implies (10.36). And (10.37) can be proved in the same way. O

Recall the notations £"(m, 1), £ (m, 1) and L&(m, ) are defined in (10.9)-(10.11)

in the appendix. Using these notations, Lemma 10.7 can be written as the following:

Lemma 10.8. Let {t;}]_, be a partition of the interval [s,t] such that s =to < t; <

... <ty=t. We have for any x € R,

<
—

RI)(C) < (Licurt—ty) Lo (E"(t), E"(t), tj41)) + | E™(s) = B"(t)],  (10.39)

N
Il
o

<
—_

RM(C) = 3 (Ucwsimtyins Lo E" (1) B (t5,t00)) = |E"(s) = B'(0)]. - (10.40)

J-1 (10.41)

1 mr oo LB (t:), B (t;,t; ,
o BB ) B H )

J-1 (10.42)

R™ . ’Zn Bnt,Bntyt .
(CO+ 7)\ )X(Cz+t—tj+1) ( ( J) ( J j+1))>

Fix a constant 7" > 0 and let M =1 and L = 2\T. Denote the random variable

L7 (m, ) (C x Cy) = Wi(Cr)vis(Cy)]
Vits = LS00, S0 R 0C2) — () 1043
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By Lemma D.2, for any fixed constants M, L > 0,
Vire =0 asn— oo.

By the assumption (10.2), we have

E"(-)=X- asn— oo.

Since both the above two limits are deterministic, those convergences are joint with
the convergence of (R"(-), Z"(+)). Now, for each n > 1, we can view (E"(-), R"(-), Z"(-), Var.L)
as a random variable in the space E;, which is the product space of three D([0, c0), R)
spaces and the space R. And (L"(m, ), L%(m, "), L%(m,-) : m € Z) in the prod-
uct space Ej of countable many D([0,00), M) spaces. It is clear that both E;
and E, are complete and separable metric spaces. Using the extension of Skoro-

hod representation Theorem, Lemma F.1, we assume without loss of generality that

E™(), R™(-), Zn(‘)7vﬁ,L>Zn(m; Y, L(m, ), L&(m,+),m € Z, and (72(), 2,;()) are de-
fined on a common probability space (Q F,P ) such that, almost surely,
((7_3"(-),5”(-)) Vit E"(: ) ( ),0,\- ) as 1 — 0o, (10.44)

and inequalities (10.39)—(10.42) and equation (10.43) also hold almost surely. Note
that the convergence of each function component in the above is in the Skorohod J;
topology. Since the limit is continuous, the convergence is equivalent to the conver-

gence in the uniform norm on compact intervals. Thus as n — oo,

sup d[R"(t), R(t)] — 0, (10.45)
te[0,7
sup d[Z"(t), Z(t)] — O, (10.46)
t€[0,T]
sup |E” )\t‘ — 0. (10.47)
te[0,T]

Same as on the original probability space, let

R'()=(LR"(), Q"()={(loe)R"(),



and

According to (10.45) and (10.47), we have

sup |B"(t) — B(t)] — 0. (10.48)
t€[0,T]

For each n, let QM be an event of probability one on which the stochastic dynamic
equations (10.7) and (10.8) and the policy constraints (8.7) and (8.8) hold. Define
Qo =N (ﬂffzoﬁzvg), where Q; is the event of probability one on which (10.44) holds.
Then € also has probability one. Based on Lemma 10.7 and the above argument

using Skorohod Representation theorem, we can now prove Lemma 10.6.

Proof of Lemma 10.6. For any t > 0, fix a constant T > t. Let us now study

(R(-), Z(:)) on the time interval [0,7]. It is enough to show that on the event €,
(R(t), Z(t)) satisfies the fluid model equation (9.1)-(9.2) and the constraints (9.3)-
(9.4). Assume for the remainder of this proof that all random objects are evaluated
at a sample path in the event €.

We first verify (9.1). For any € > 0, consider the difference

RH(C,) — /1t o Pl =)

A

= R(t)(C,) — R™(t)(CE) + R™t)(CE) — /t_ﬁ‘(” F(z 4+t —s)dAs,

A

where (7 is the e-enlargement of the set C, as defined in Chapter 1.4, which is
essentially C,_.. Let to =t — R(t)/\. According to (10.39), we have that
B t
R(t)(CI)—/ o Eo £ = 5)dAs
B0

< R()(C.) = R (t)(C5) + |E" (to) — B"(t)] (10.49)

<

t
<1(C;+t_t].),£;(En<tj),En(tj,tj+1)> —/ FC(Z'+t—S)d)\S,

to

[en]

1=
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where {t;}7_, is a partition of the interval [t,¢] such that t, < #; < ... <t; =t and
max;(tj 1 —t;) < d for some § > 0. By the definition of Prohorov metric and the
convergence in (10.45), the first term on the right hand side of (10.49) is bounded by
¢ for all large n. By (10.45) and (10.47)

|B"(t) — E"(to)] = |E"(t) — R"(t) — E"(to)|
< |E™M(t) — M|+ |R™(t) — R(t)| + | E™(ty) — Mo| < 3e,

for all large n. So

t
R(t)(Cy) — / - Fé(x 4+t —s)d\s
1 R
I ’ . (10.50)
<de+ Y (Lcgsity), Lp(E" (), E" (4,1 11)) — / Fé(z +1t = s)dAs,
=0

to
for all large n. Similarly, according to (10.40), we have

R(t)(C,) — /tm) F(x +1t—s)d\s

A

J—1 . (10.51)
> —de+ > (cerimt; ), Lp(E" (1), E™(tj, 1)) — / Fe(z 4t — s)d\s,
=0 to

for all large n. Note that for each j, we have

(Lcamrt—ty), Ly (B (t5), E™ (5, t511))

< (Lcpri—ty), Ly (B (t5), AMtjp1 — t5) + 2¢)

N

N

[)\(tj+1 — tj) + 26}1/?(0; + t— tj) + €

IA

[)\(tj+1 — t]) + 26} [VF(CI +t— t]) + 6] +€

A

>\(2fj_|_1 — tj)VF(Cm +t— tj) + (3 + )\6)6

for all large n, where the first inequality is due to (10.47), the second one is due to
(10.44) (the component of Vy; ), the third one is due to (10.3), and the last one is

due to algebra. Similarly, we can show that

<1(Cz+t—tj+1)7 EZ(En(t])7 En(t]7 t]+1)>

> Atja1 — ) vp(Co+t —ti1) — (34 Ad)e
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for all large n. Note that Zj:_ol A(tjp1—t))Fe(r+t—t;) and Zj:_& Mtjp1 —t;) F(x+
t—t;41) serve as the upper and lower Reimann sum of the integral fti Fe(z4t—s)dAs,
which converge to the integration as n — oo. So by (10.50) and (10.51), we have that

for all large n,

t
R()(C,) - / o Fo(o et )| < (34 A0) e+ 5e
e
We conclude that R(t)(C,) — f:_@ F¢(x+t— s)d\s = 0 since € in the above can be
A

arbitrary. This verifies (9.1).

Next, we verify (9.2). For any € > 0, consider the difference

(2(15)(0,0) — Zy(Cy - t) — /0 FC(@)GC@ +t— s)d[\s — é(@]]

<[Z(1)(Ce) = ZM()(C5)| + [Z20(Co + 1) — 2"(0)(Cs + 1)

Rg\s))Gc(fE 4t — S)d[/\s — R(S)]

)

+|zrien - 2o+ - [ o

(10.52)

where the above inequality is due to the fluid scaled stochastic dynamic equation
(10.8). Again, by the definition of Prohorov metric and the convergence in (10.46),
each of the first two terms on the right hand side in the above inequality is less
than e for all large n. Let {t;}7_, be a partition of the interval [0,¢] such that

0=ty <ty <...<t;=tand max;(tj4; —t;) <6 for some § > 0. Let

Ry;= sup R(t), Rp;= inf R(t).
tE[tj,thrﬂ te[tj,tj+1}

By (10.45), we have that

‘Rg,j - RU,J" <e¢, IRZj - RLJ| <€,
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for all large n. So for each j, we have

1w s C(B™(t;), B"(t;,t;
( (CO+RL,§'\ 2 )x(Cngtftj)’E ( (])7 (J’ J+1>)>

<

,LM(B™(t;), B(tj11) — B(t;) + 2¢))

[
L (O t— ) + €
RLJ 3€

DAY

Ry -3
(Cot —E4—)x (Co+t—t;)

o5

< [B(tj11) = Blty) + 2evp(Co +

< [B(tj1) = B(t;) + 2e][vp(Co + e (Co +1 = 1) + € +e

for all large n, where the first inequality is due to (10.48), the second one is due to
(10.44) (the component of Vy; ), the third one is due to (10.3). Let Mp be a finite

upper bound of B(t;) — B(ty), the above inequality can be further bounded by

- . Ry, 3
[B(tj_H) B( )]VF(C()+ T)V@(C +t—t; ) (X+2)MB€+3€
Similarly, we can show that

1 A o  L"(B™(t;), B"(t;,t;
< (CO+RU,§+2 )3 (Catt—t ;1) ( ( ]) ( J ]+1))>

> [Blty2) ~ Blt)Wr(Co T2 )ug(Ca bt — 1) — (5 +2) Mpe — 3e

Note that 372 [B(t )~ B(t)] Fe(") G (a-t—t;) and 3720 [B(ty1)— B(t)) | F("4)Ge o+

t —t;41) serve as the upper and lower Reimann sum of the integral fto Fe( g\s) )G (2 +

t—s)dB(s), which converge to the integration as n — oo. So, by (10.41) and (10.42),

we have that for all large n,

20 -2 0(Ci+0)- [ FED e @ i-9aB6)| < G

+2)Mpe+3e+e.
to A

In summary, the right hand side of (10.52) can be bounded by a finite multiple of e.
We conclude that the left hand side of (10.52) must be 0 since it does not depend on

¢, which can be arbitrary. This verifies (9.2).
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The verification of fluid constrains (9.3) and (9.4) is quite straightforward. Basi-

cally, it is just passing the fluid scaled stochastic constraints

Q"(t) = (X"(t) - 1),

Z'(t) = (X"(H) A 1),

to n — oo. We omit it for brevity. m
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APPENDIX A
A CONVOLUTION EQUATION

Lemma A.1. Suppose F(0) < 1, p> 0 and h(-) is a cadlag function. There ezists a

b >0 (only depending on p and F') such that the two-side convolution equation (3.23)

z(u) = h(u) + /Ou(x(u —v) — K)"dF(v) + p/ou(x(u —v) A K)dF,(v).

has a unique solution x(-) on [0,b]. Furthermore, x(-) is cadlag.

Proof. The space D([0,b],R) (all real valued cadlag functions on [0, 4], c.f. Section 1.4)
is a subset of the Banach space of bounded, measurable functions on [0, b], equipped
with the sup norm. One can check that this subset is closed in the Banach space.
Thus, the space D(][0, 5], R) itself, equipped with the uniform metric v, (defined in
Section 1.4), is complete.

Since F(0) < 1, there exists b > 0 such that
k= pFu(b) + F(b) < 1.
For any y € D([0, 8], R), define U(y) by
V)w) = hw) +p [ (=) AKWEG) + [ (ofa— o) = K) aF ()

for any u € [0,b]. By convention, the integration [ y(u — v)dF(v) is interpreted to
be f(o,u} y(u —v)dF (v) (c.f. Page 43 in [10]).

First, we show that ¥ is a mapping from D([0,b],R) to D([0,b],R). Since the
function h is a cadlag function, essentially we only need to show that the convolution
z(u) =[5 y(u—v)dF(v) is a cadlag function for any cadlag function y and distribution

function F'. By Theorem 12.2.2 in [54], there exists a sequence of piece-wise constant
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cadlag functions y,, such that v,|y,, y] — 0 as n — co. By piece-wise constant cadlag,

we mean a function of the form

J-1
Z Cilia; b;) + Caliay b
=0

where ¢; € R, a;,b; € [0,b] with a; < b; for all j =0,...,J —1 and a; < b. Note

that the convolution of indicator function 1, 4.,

/ Lo 5, (1 — 0)dF(v)
0

equals 0if u < a;, equals F'(u—a;)—F(0) ifu € [a;,b;) and equals F(u—a;)—F(u—b,)
if w > b;. Since F is cadlag, the convolution of 1j, 5, is also cadlag. Similarly, the

convolution of indicator function 1j,, 4,

/Ou Lia, 5 (u —v)dF(v)

equals 0 if u < ay and equals F(u—ay) — F(0) if u € [ay,b]. Again, this convolution
is a cadlag function. It is now easy to see that z,(u) = [ yn(u—v)dF(v) is a cadlag
function for each n since it is a linear combination of cadlag functions. For any n, we
have that
lens < sup [ =) = ylu— 0)|dF(@)
u€[0,b] J O

SAZMMmmwSmema.

So Up[Yn,y] — 0 implies that v,[z,, 2] — 0. Since the space D([0,b],R) is complete
under the uniform metric, the limit z is a cadlag function.

Next, we show that the mapping V¥ is a contraction. For any y,y" € D([0,0],R)
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we have that

(), W) < sup p / = o) AK) — (4 (u— ) A K)|dEL(v)

u€[0,b]
s [ (olu— ) - K)F = (4 —v) — K)*|F(0)
u€(0,b] JOo
<p / ubly, ' )AF (0) + / ubly, ' JAF (v)

< kuply, y'].

Since k < 1, the mapping V¥ is a contraction.
By the contraction mapping theorem (c.f. Theorem 3.2 in [30]), ¥ has a unique
fixed point z, i.e. x = ¢ (x). This implies that = is the unique solution to equation

(3.23). 0

Lemma A.2. Assume the same condition as in Lemma A.1. Let z(-) € D([0,al],R)
be the solution to equation (3.23) on some interval [0,a] with F(a) < 1 . If h()

satisfies the following condition
h(u) = (h(0) A K)[L = G(u)] + (h(0) — K)*[1 — F(u)], (A1)

where h(0) > 0, F(-) is the same probability distribution function as in (3.23) and

G(+) is a probability distribution function, then the function

A /Ou(x(v) A K)o — (2(u) — K)*

is non-decreasing in u on the interval [0, a].

Proof. To simplify the notation, let ¢(u) = (z(u) — K)*, z(u) = x(u) A K and

b(u) = )\/Ou z(v)dv — q(u) (A.2)

for all uw € [0,a]. We need to show that b(-) is an non-decreasing function on the

interval [0,a]. It follows from the definition of F.(-) that p [ z(u — v)dF.(v) =
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A fo v)dv — )‘fo F(u — v)dv. Plugging it into (3.23) gives

x(u) = h(u) + )\/Ouz(v)dv
+ /0 a(u — v)dF(v) — A /0 (0)F(u — v)dv.

Applying Fubini’s Theorem (c.f. Theorem 8.4 in [38]) to the last integral in the above,

A/O” Flu—v)d )\/0/0
)\// v)dvdF (x

we have

So we obtain

o(u) — A/OU 2(v)dv = h(u) + /0 [q(u —v) — A/OH 2(u — v)dv] dF (v).

According to the definition of b() in (A.2), we have

b(u) = (u) — h(u) + /0 b — v)dF (). (A.3)

It now remains to use (A.2) and (A.3) to argue that b(-) is non-decreasing on
the interval [0, al, i.e. for any u,u’ € [0,a] > 0 with v < «/, we have b(u) < b(u').

Applying (A.3), we have
b(w') — b(u) = 2(u/) — 2(u) — [h(w) — h(u)] + /0 § b(u' — v)dF(v) + /0 " b(u — v)dF(v)
= z(u) = z(u) = [A(u) — h(u)]
—i—/uulb(u —v)dF (v +/Ou W —v) — bu — v)]dF(v).
Note that by condition (A.1), we have

=[h(u') = h(w)] = = (h(0) A K)[G(u) = G(u)] = (h(0) = K)[F(u) - F(u)]

= (h(0) A K)[G(u) = G(u)] = bO)[F'(u') — F(u)],
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where the last equation is due to (3.23) and (A.2). So

b(u') = blu) = 2(u') = 2(u) + (h(0) A K)[G(u') = G(u)]

/

+ /u [b(u" —v) —b(0)]dF (v) + /Ou[b(u' —v) — b(u —v)|dF (v).
(A.4)

Since b € D([0,al],R), according to Theorem 6.2.2 in the supplement of [54], it is

bounded on the interval [0, a]. Let

b = inf b(u") — b(u).

{(u,u")€[0,a] x[0,a]:u<u’}

If z(u') < K, then ¢(u’) = 0. Thus, by (A.2),

bmq—wm:A/‘amm+qm%
which is always non-negative; if z(u') = K, then z(u’) — z(u) > 0. So it follows from

(A.4) that

/

b(u') — b(u) > /u [b(u —v) — b(0)]dF(v) + /Ou[b(u' —v) — b(u — v)|dF(v)

2/&Mﬂm:mmm.
0
Summarizing both cases, we have

b(u') — b(u) > min(0,b* F(u'))

for all u,u" € [0,a] > 0 with u < «’. Suppose that b* < 0, taking the infimum on both
sides over the set {(u,u') € [0,a] x [0,a] : u < W'} gives b* > F(a)b*. This implies
that [1 — F'(a)]b* > 0. Since F'(a) < 1, it contradicts to that b* < 0. So we must have

b* > 0, this implies that b(-) is non-decreasing on [0, al. O
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APPENDIX B

A KEY RENEWAL THEOREM WITH UNIFORM
CONVERGENCE

Let 77 denote the set of non-increasing functions A : [0, 0c0) — R which are uniformly
integrable. In this section, we show the following uniform convergence of the key

renewal theorem.

Lemma B.1. Assume that F' is a non-lattice probability distribution function with
finite mean 3, and U 1is the associated renewal function. For each € > 0 there exists
an xp  such that when x > xp ,
o0
sup |hx U(z) — / h(y)dy| < e.
heAt 0

Proof. The gap between h x U(z) and [ h(y)dy can be written as

/ " hly)dy + / "z — y)dU ()~ ). (B.1)

The first term in (B.1) converges to 0 uniformly for all h € J# by uniform integrability.
For any x > 0 and N € N, let N, = [z — N|. Then for all z > N the second term

equals I} (z) + I}’ (z), with

IM(z) = / " b - U y) - 1)
Ne—1  p—Ny+it+1
B@=X [ e - )
Then we have
') <av) [ V) - L) < he - N)C.
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for some Cy p since h(-) is non-increasing. By uniform integrability, for any ¢ > 0,

there exist an x4, such that when x > x4,
I?(.T) S ECN’F,

where Cn r only depends on F' and N. By Blackwell’s renewal theorem (cf. The-
orem 4.4 in Chapter 5 of [2]), for each ¢ > 0 there exists an N > 0 such that

|U(£B—|—1)—U(:)ﬁ)—%| < € whenever x > N. So

Nz—1

() <e ) hlx—Ny+i)
=0
Ne—1 x4+ Ny+i

<ed [ by
i=0 z+Nz+i—1

= 6/:_1 h(y)dy

—Ngz—1

x—1
Se/ h(y)dy,

N-2
since h(-) is non-increasing and N, = |zy|. By uniform integrability, we can choose
N big enough such that f]\x,:; h(y)dy < e for all h € 7. Choose xp_» = max(N,x ),

then for all x > xp » we have
I} @) + I (2) < (Cwe + ).

This completes the proof. O
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APPENDIX C

SOME RESULTS ON THE PROHOROV METRIC

We prove some results on the Prohorov Metric. They are used in Chapter 5.

Lemma C.1. Let u and py be finite Borel measures on [0,00). Denote A, = (y, 00)

forally > 0. Let M = (x,p). Forall0 <e<1if

sup [u(Ay) — pa(4y)] < e, (C.1)

y=>0

then

dfp, ] < (M +2)e'’?.

Proof. Let «, 8 be positive constants to be determined later. Note that by Markov’s
inequality

p(e™%, 00) < Me®.

For any real number a, denote I, = (a,a + ¢°]. Condition (C.1) implies that

sup [p(La) — pu(la)| < 2e.
a€R4
For any Borel set A C [0, 00), there exist ay,--- ,ay such that
AN[0, e c Ul 1.,
and I,, N 1,, = 0 for all i # j, and I,, N A # () for all i. These conditions imply that
N <o h
and

UN, I, C A,
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where A" is the é%-enlargement of the set defined in Section 1.4. So we have

1(A) < p(AN0,e]) + pu(AN e, 00))
S M(Ui]illai) + Mea
<y (UM 1) + N2e + Me*

< i (A7) + 2¢1 7078 4 M
Now choose a = # = 1/3 to obtain
p(A) < (AN 4 (M + 2)e

The result of this lemma now follows from Property (ii) on page 72 in [5]. O]
Lemma C.2. Suppose 1 and p are finite Borel measures on R, satisfying

dlp, p] <e< 1, (C.2)
and (X' u1) < M, (X' u) < M for some positive constants q and M, then

[0 1) = O )| < €2+ 2M e,

Proof. By Markov inequality, u1(A;) < ml%q and pu(A;) < xl—]\{q for all z > 0. For any

C > 0, we have the following inequality

[ 1) — (X 1)

< [ peaniae+ [T [

C C

* M 1
SCe—i—Z/C x1+qu:Ce+2Ma.

[N
L]

The result follows by letting C' = e~ 2.
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APPENDIX D

GLIVENKO-CANTELLI ESTIMATE

o0
1=—00

For any r, consider the sequence of i.i.d random variables {v] with law v". In our
setting, those v’s with ¢ > 1 correspond to the service requirement of the arriving
jobs in the rth system; those with ¢« < 0 correspond to the service requirement of

initial jobs waiting in the buffer. For any n € Z and | € R, define

n'(n,l) = - Z Our - (D.1)

The objective of this section is to obtain the Glivenko-Cantelli Estimate, Lemma D.2
below, for 77" (n,1). Very similar result was shown in Lemma 4.7 [24]. For completeness,
the proof which follows the one in [24] is provided here.

To present the result, we introduce some notions from empirical process theory.
Our primary references are [24] and [53].

A collection C of subsets of R? shatters an n-point subset {z1,---,z,} C Ry if
the collection {CN{xy, -+ ,z,} : C € C} has cardinality 2". In this case, we say that
C picks out all subsets of {x1,--- ,2z,}. The Vapnik-Cervonenkis index (VC-index)
of C is

Ve = min{n : C shatters no n—point subset},

where the minimum of the empty set equals infinity. The collection C is a Vapnik-
Cervonenkis class (VC-class) if it has finite VC-index. Let ¥ be a family of Borel
measurable functions f : Ry — R. We call 7 a VC-class if the collection of the
collection of subgraphs {{(z,y) : y < f(z)} : f € ¥} is a VC-class of sets in R?.
VC-classes satisfy a very useful entropy bound. Let I' be the set of all Borel

probability measures 7 on R,. for all v € I', denote L;(7y) the space of all Borel
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measurable functions f : R, — R equipped with L;(+y)-norm

[f 1l = (Lf])-

For any f € Li(v), let B,(f,e) ={g € ¥ : |lg — flls1 < €} denote the L;(7y)-ball
in L;(7), centered at f with radius e. For a family of functions ¥, N(e, ¥, L1(7)) is
the smallest number of balls B,(f,€) needed to cover ¥. Since ¥ is the set of index

functions over a VC-class C,

suplog N (€| fll,.1, ¥, L1(7)) < oo (D.2)

~el
see Theorem 2.6.4 in [53].
We call a family of functions ¥ a Borel measurable class if, for each n € N and

(617 T 76n> € {_1, 1}717 the map

(X1, ,xn) — supZeif(xi)

fev |
is Borel measurable on R}. The condition requires that, for all § > 0 and r € R,
the families 7" = {f —g: f,g € V. [|f —glr2 <0} and V2 ={(f —9)*: f.g€ ¥}

are Borel measurable, where

1£llor2 = (IFI7, %),

denotes the Ly(v")-norm.

We call a Borel measurable function f : R, — R an envelope function for # if
any element in # is bounded by f. A VC-class with an envelop function satisfies a
very useful entropy bound. Let I' be the set of finitely discrete probability measures
v on R, such that | f|l,2 > 0. For any Borel measurable function f : Ry — R
satisfying || f|l5.2 < oo, let By(e) ={g € ¥ : ||g — f|l,r2 < €} denote the Ly(v")-ball
in 7, centered at f with radius e. For a family of functions ¥, N(e, 7, La(7)) is the

smallest number of balls By(e) needed to cover #'. Then ¥ satisfies

/ sup \/log N(ellfllr2, 7, La(7))de < oo; (D.3)
0 ~yel
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see Definition 2.1.5, (2.5.1) and Theorem 2.6.7 in [53].
The Skorohod representation theorem implies the existence of R, -valued random
variables Y ~ v" and Y ~ v such that Y — Y almost surely. Thus there exists an

R -valued random variable Y such that

Y = sup Y, almost surely. (D.4)

reRy
Let ¥ be the law of Y. Since Lo(77), the space of all Borel measurable functions
f : Ry — R equipped with Ly(#)-norm ||f|lz2 = (|f|* 7), contains a continuous,

increasing and unbounded function f such that
E[f(Y)?] = (f* ) < cc. (D.5)

Since 1¢ < f for all C' € C, f is an envelope function for ¥. Finally, denote ¥ =
Y U{f}
The objective of this section is to obtain the following Glivenko-Cantelli Estimates

for 7" (n,1).

Lemma D.1. Assume that d[v",v] — 0 as r — oo, where v is a probability measure.

Fiz constants My, My, L > 0. For all e,n > 0,

lim sup P ( max sup sup [(f, 7" (n,0)) —I{f,v")

r—o00 —rMo<n<rM; 1€[0,L] fe7

> €> <. (D.6)

Lemma D.2. Let ¥ be a VC-class of Borel measurable functions such that ¥2 and
V5 are Borel measurable classes for all € Ry and 6 > 0. Assume there exists an

envelop function f of ¥ such that

lim sup (flpy, ") = 0. (D.7)

N—o0 reR,

Fix constants My, Ly > 0. For all ¢, > 0,

r—oo —rMi<n<r2M; lE[O,Ll} fev

lim sup P ( max sup sup |{(f,7"(n,0)) = I{f, v (A.))| > 6') <e. (D)
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Proof of Lemma D.1. Define

| —rMo+|rl]

TO=- Y 4

1= I_—’I”Moj-i-].

<

By (D.1), it suffices to show that

lim sup P ( sup sup ‘(f, "))y = I{f, V")

>€/2] <, (D.9)
T—00 le[o,L'] fev
where L' = L + My + M;.
We now apply Theorem 2.8.1 in [53] to show (D.9). Observe that for all n € N
and (e, - ,e,) € R", the function
(T1, 20) = SUBZ eif (@)
fev i=1
is measurable on the completion of (Ri,%’, V)", for all r € Ry. Thus ¥ a v'-

measurable class for all 7 € R, ; see Definition 2.3.3 in [53]. Moreover, ¥ is uniformly

bounded above by the envelope function f and

lim sup(fl{f>M}, vy =0, (D.10)

M—o0 reRr
by Markov’s inequality, (D.4) and (D.5). Lastly, 7 satisfies the finite entropy bound
(D.2) because N(e, 7, Li1(y)) < N(e, ¥, Li(v)) + 1 and C is a VC-class. These three
observations imply that the assumptions of Theorem 2.8.1 in [53] are satisfied. Con-
sequently, ¥ is Glivenko-Cantelli, uniformly in 7. That is for every 6§ > 0, there exists

an ng such that

—rMo+m
1
lim sup P (sup sup | — Z f@I) = (f,v")| > 5) < 0. (D.11)

r—00 m2ns fey m Mot
Note that the probability on the left side of (D.9) can be upper bounded by

—rMo+|rl]

%Zf f)

rMop+1

Pl sup sup— > e/4

e, fey T

+P (1 sup(f,v") >

T rev

»-bl(‘h
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By (D.4) and (D.5), the second term in the above vanishes as r — co. The first term

can be upper bounded by

ns 1 —rMo+m ) )
P(™ sp sup| - 3 s~ (f)] > e/

" meons] e 'V

Mot (D.12)
+IP’<L sup sup 1 Z fh) —(f,v" >6/4>

me[n(;)L,T] fE? m —rMp+1

To see this, one can replace m by |rl| and devide the interval [0, L'] into [0, ns/r] and

[ngs, L']. Denote

1 —rMo+m
X(f)= suwp |— D> f]) = (v
me[0,ng] | T rMo+1

When f € ¥, it is clear that X(f) < 2. By (D.4) and (D.5), X(f) is a random
variable with finite mean and variance. So there exists a constant M3 such that
P (supX(f) > M3> <n/2.
fev
So the first term in (D.12) is bounded by n/2 for all r > 4Mjsns/e. According to
(D.11), the lim sup of the second term in (D.12) will be bounded by 7/2 if we choose
§ = min(;%7,1/2). O

To better structure the proof of the second result, we present the following auxil-

iary lemma.

Lemma D.3. Forn € Z and k € N, define

n+k

1
& = —= (Opr — V7). (D.13)
Then for any ¢ > 1, y > 2 and n € Z there exists My, < 0o and ky such that k > ko
implies
T Mq
supP | sup(f,&) >y | < —. (D.14)
r fev yq

The constant M, does not depend on y.
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Proof. Let us first fix n = 0 and look at &, which will be denoted by &; for simplicity.
The property of the envelop function f (D.7) and the uniform entropy bound (D.3),
together with the sets 7§ and 7, to be Borel measurable, imply that 7" is Donsker
and pre-Gaussian uniformly in v", r € R;. (See Theorem 2.8.3 in [53].)

Let [*°(7') be the space of all probability measures on R, equipped with norm
| - [l = supsey(f,-). ¥ being Donsker uniformly in v" means that & converges
weakly as n — oo in [*°(¥) to a tight, Borel measurable version of the Brownian

bridge " uniformly for all v". According to Chapter 1.12 in [53], this is equivalent to

sup |E"h(&) —ER(E")] — 0. (D.15)

heBL,
uniformly for all v", where BL; is the set of functions h : [*°(¥) — R which are
uniformly bounded by 1 and satisfy |h(z1) — h(z2)] < ||z1 — 22||». Pre-Gaussian

uniformly in " means that

sup E"[sup(f,£")] < oo. (D.16)
r fev

Define hy : [*°(?) — R by
hy(-) = (sup(f,) —y+1)" AL
fev
Then it is clear that h, € BL;, and
sup P (sup(f, &) > y) <supE" [hy(ﬁg)].
r fev r
By (D.15) and the above inequality, there exists ky € N such that k& > ko implies
sup P <§u13<f, &) > y) < supE’ [hy(é*’“)] +y .
r €7 T
Applying the definition of h, and Markov inequality to obtain
sup P <sup<f, &) > y) <supP (sup<f, £ >y — 1) +y !
r fev r fev
<y <2q sup E" [sup(f, ,fr)]q + 1).

fevr
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Let M, be the last term in parentheses, which does not depend on y. For each r € R,
the Brownian bridge is separable and Gaussian with sup ., (f, ") finite almost surely.
Thus, there exist a constant M such that for all » € R,
Er[sup(f, 5’”)}"" < M[E’” sup(f, 5’”)]‘1,
fev fev

see Proposition A.2.4 in [53]. Conclude from (D.16) that M, < cc.

So far, we have shown that the result (D.14) is true for n = 0. Note that for any
n € Z, &, is defined on the shifted sequence vy 1, vy, -+ By the i.i.d property of
the sequence, if we fix k then £ ; has the same distribution for all n € Z. So we can

conclude that (D.14) is true for all n € Z. O

Proof of Lemma D.2. Note that

(£ (. 1) - <L Z fory L

r

ﬂ

Since for each ¢ > 0, 1/r < ¢ /2 for all large r, so the probability in (D.8) can be

bounded by
n+|rl] ,
lim sup P max sup sup |- Z [(f,bur) — (f, )] > <. (D.17)
r—00 —rMp<n<r2M; le[o,L] fev r it B 2

Pick § > 0, when r is large enough (r > M;/§) the interval [—rM;,r?M;] will be

covered by intervals

728,010,120+ (1511 = 1028, T 5%0).

When 7 is large enough (26 > |rLi]), (D.17) can be further bounded by

) Vk VE , e
hmsupp< max  max sup | S G = S gl > 5 |

r—00 ,1<]<(M1‘| 1 0<k, k’<7“25f€1/

Since ¢, = has stationary increments, the previous term can be bounded above by

nmsup(%m( max sup|@<f Gl > E—’)

r—00 0<k<r2s fey 2
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By Ottaviani’s inequality (see Proposition A.1.1 in [53]) and by stationary increments

of &, , this can be bounded above by

| [P (supjey (.65 y2s)) > 155)
lim sup

. (D.18)
r—oo 1 — maXOSkSTQJ]P (Supf€7/<f’ 56’k> = ﬁ)

Assume ¢ is small enough so that 45/3 > 2. By Lemma D.3, there exists M3 and

ko € N such that k£ > kg implies

/ 4/57\3
SgpP <§1€1£<f7§6,k> > 4;3> < ( f) M3

Since |726] — oo as r — oo, the limit superior of the numerator in (D.18) can
be bounded above by [M;/87(4v/8/€')® Ms, which can be made arbitrarily small by
choosing ¢ sufficiently small. By the same reason, those terms in the maximum of the
denominator with index k > ko are bounded above by (4v/8/¢')3Ms. For those terms
with index k& < ko,

/

P (§2$<f7 fO,k) > 4\/%> < P (?‘161712<f7 50,k> > 4\/%0) )

which converges to zero as r — 0o. By choosing § small enough, (D.18) can be made

arbitrarily small for all large 7. [
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APPENDIX E
ANOTHER CONVOLUTION EQUATION

Lemma E.1. Assume that G(-) is a distribution function with G(0) < 1, ((-) €
D([0,T],R), H(-) is a Lipschitz continuous function, and p € R. There exists a

unique solution x*(-) € D([0,T],R) to the following equation.:

z(t) = C(t) + p/ H((z(t —s) — 1)")dGe(s) +/ (z(t —s) — 1)"dG(s), (E.1)
0 0
where, G, is the equilibrium distribution of G.

Proof. Suppose H () is Lipschitz continuous with constant L. The equilibruim dis-
tribution has density u[l1 — G(+)], so |Ge(t) — Ge(s)| < p|t — s| for any s,t € R. Since

G(0) < 1, there exists b > 0 such that
5 1= pLIGL(b) — G(0)] + [G() — G(0)] < 1.

Now consider the space D([0,b],R) (all real valued cadldag functions on [0,b]) is a
subset of the Banach space of bounded, measurable functions on [0, b, equipped with
the sup norm. One can check that this subset is closed in the Banach space. Thus,
the space D([0, b], R) itself, equipped with the uniform metric vy, is complete.

For any y € D([0,b],R), define W(y) by

W(y)(t) = (1) + p / H ((y(t — 5) — 1)*) dGu(s) + / (u(t — 5) — 1)*dG(s).

for any ¢ € [0,b]. By convention, the integration fg y(t — s)dF(s) is interpreted to
be f(O,t] y(t — s)dF(s) (c.f. Page 43 in [10]). We prove the existence and uniqueness
of the solution to equation (E.1) by showing that W is a contraction mapping on

D([0,5],R). According to the proof of Lemma A.1 in [63], the convolution of a cadlag
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function with a distribution function is still a cadlag function. So V¥ is a mapping
from D([0, b], R) to D([0,b],R). Next, we show that the mapping VU is a contraction.
For any y,vy" € D([0,b],R), we have that

) W) < s g [ L]0 = ) = 1) = (/=)= )G

T sup / (y(t —5) — 1)* — (4t — ) — 1)*|dG(s)

te(0,b]
b b
<L / woly, y)dG.(s) + / woly, y')dG(s)
0 0

< kuply, y'].

Since k < 1, the mapping W is a contraction. By the contraction mapping theorem
(c.f. Theorem 3.2 in [30]), ¥ has a unique fixed point z, i.e. x = ¥ (z). This implies
that = € D([0,b],R) is the unique solution to equation (E.1) on [0, b].

It now remains to extend the existence and uniqueness result from [0, b] to [0, 7.
Denote a3(t) = x(b+t), G(t) = C(b+t) + p [T H((x(b+1t—5) — 1)7) dG.(s) +
ftbﬂ(a:(b +t—s) — 1)"dG(s), then we have for t € [0,T — 0],

xp(t) = G(t) + ,0/0 H ((zy(t — s) — 1)7) dG.(s) —i—/o (zp(t — s) — 1)"dG(s). (E.2)

It follows from the previous argument that there is unique solution x;(-) to the above
equation. Thus, we obtain a unique extension of the solution to (E.1) on the interval
[0,20]. Repeating this approach for N time with N > [T/b] gives a unique solution

on the interval [0, 7. O
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APPENDIX F

THE SPECIAL CASE WITH EXPONENTIAL
DISTRIBUTIONS FOR MULTI-SERVER QUEUES

We verify here that the fluid model developed in Chapter 9 for the general patience
and service time distributions is consistent with the one in [55], that was obtained in
the special case where both distributions are assumed to be exponential.

Our fluid model equations implies the key relationship (9.21). Now, we specialize

in the case with exponential distribution, i.e.
Fity=F.(t)=1—¢e G{t)=G.(t)y=1—¢e*, forallt>0.

Now (9.21) becomes

X(t) = Colt) + /)/D [1- %((X(t —s) = 1)F) e "ds _|_/O (X(t—s) — 1)t pe"ds.

In the case of exponential service time distribution, the remaining service time of
those initially in service and the service times of those initially waiting in queue are

also assumed to be exponentially distributed. So we have
Co(t) = Zo(Co + 1) + Qo™ = Xoe ™,

where Xy = Zy + Qg is the initial number of customers in the system. By some

algebra, the above two equations can be simplified as the following,

— — t -

X(t) = Xoe ™™+ p[l —e ™ + (u — a)/ (X (t —s)—1)Te "ds. (F.1)

0
By the change of variable t — s — s, the above integration can be written as
t _ t _
/ (X(t—s5)—1)Te "ds = e_“t/ (X(s) —1)*Tetds.
0 0
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Taking the derivative on both sides of (F.1) yields
X'(t) = —uXoe ™ + ppet
= e [ (R(6) — 1) s 4 e () — 1)
0
= —pXoe M — pp[l — ] + pp
e a)e (X6 = 1) s + (= ) (X(0) - )
= —pX(t) + pp+ (0 —a)(X(t) = 1"

Using the notation in [55], a~ = — min(0, a) for any a € R. Note that a« = min(a, 1)+

(a—1)"=1—(a—1)" + (a—1)*. So the above equation further implies
X't =pp—1) —a(X#) - D" +pu(X(t)—1)", forallt>0.

This equation is consistent with Theorem 2.2 in [55] (u is assumed to be 1 in that

paper).
F.1 An Extension of Skorohod Representation Theorem

In this section, we present a slight extension, Lemma F.1 below, of the Skorohod
Representation Theorem (c.f. Theorem 3.2.2 in [54]). The proof of Lemma F.1 is
built on the proof of Theorem 3.2.2 provided in the supplement of [54], with slight
extension to deal with the product of two matric spaces.

Let (E1,m ) and (E, ) be two complete and separable metric spaces. Let (Eq x
E,, ) denote the product space of them, with the product metric 7 obtained by the

maximum metric.

Lemma F.1. Consider a sequence of random wvariables {(X,,Y,),n > 1} in the
product space E1 x Ey. If X,, = X, then there exists other random elements of
E; x E,, {(f(n,f/n),n > 1}, and X, defined on a common underlying probability
space, such that

v 4

(X Vo) £ (X, V,)n>1, X<X
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and almost surely,

X,—X asn — oo.

Proof. In order to present the proof, we first need some preliminaries. A nested

family of countably partitions of a set A is a collection of subsets A; indexed by

5ok

k-tuples of positive integers such that {A4; : i > 1} is a partition of A and {Aih,_’ik+1 :
ix+1 > 1} is a partition of A;, _;, for all k > 1 and (iy,...,i) € N'i. Let IP; denote
the probability measure on the space where X lives on. Since the space (Eq,m) is

separable, according to Lemma 1.9 in the supplement of [54], there exists a nested

family of countably partitions {E} _; } of (Ey,m) that satisfies

1 —k
rad(Eil,...,ik> < 2 ) (F2>

P,(OE! ) =0, (F.3)

Ul yeenylk

where rad(A) denotes the radius of the set A in a metric space, and 9(A) denote the

boundary of the set A. Since the space (Eq, m5) is separable, by the same lemma, there

exists a nested sequence of countably partitions {Ef,1 o+ of (g, my) that satisfies
yers b
rad(B; ) <27¥. (F.4)
(AR Y

Note that for space (Eg,ms), we only need a weaker version of Lemma 1.9 in the
supplement of [54].

The first step is to use this nested sequence of countably partitions to construct
random variables {(X,,Y,),n > 1} with the same distribution for each n. For n > 1,
we first construct subintervals I . C [0,1) corresponding to the marginal proba-

1oyl

bility of X,,. Let I = [0,P"(E] x Ey)) and

[ZIP’”E % Es), ZIP’” ><E2> i>1,

where P is the probability measure on the space where (X,,, Y,,) lives. Let {I

Tyl
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ix+1 > 1} be a countable partition of subintervals of I} . . If I} . = [ay,b,), then

) ‘)ik
fpr1—1 Tht1
1 1
Iy i = [an + Y PUEL L X Ba)ian+ Y PUEL E2)>‘
j=1 j=1
The length of each subinterval I}' ; is the probability P"(E} ; x Ey). We then
construct further subintervals I . . ol C I, corresponding to (X,,Y,). If
I o= lan,by), then let I | = [an, ay +P”(E}1Mik x E?)) and
i1 i
I3 = |an+ DPUEL L X E3)an+ Y PU(BL L, x E)), > 1.
j/_l jl:].
Let {IZ7_._71,W,17__7i;€/+1 : },, > 1} be countable partition of L iyt If L iyt =
[an, by,), then
n
i17~--7ik;i/17~-7i;€/+1
i1 o1
1 2 1 2
_ [an + Z PYE; i X Ef i jr)san + Z P(EL X Ei,l,_v,,m,))
j'=1 7'=1
The length of each subinterval IZ,...,ik;z"l,...,i;C, is the probability P"(E}, ; X Efﬁ@;/)

1 2 .
Now from each nonempty subset £, X Ei’l,...,i;g we choose one point (x;, ., yiiw.,i;)'

yennyd

For each n > 1 and k > 1, we define functions (2, y¥) : [0,1) — E; x Ey by letting

wp(w) = x4y, g, and yh(w) =y o for w e I7 . By the nested partition

.
n LLyeeeslhe 30y 5eenyly

property and inequalities F.2 and F .4,

m((zF (W), 2k (W), (25 (w), 25 (w))) < 27% for all j,k,n

n

and w € [0,1). Since (E; x Ey, ) is a complete metric space, the above implies that

there is (z,(w), yn(w)) € E; x Eq such that

m((@h (W), 2k (W), (zp(w), 2,(w))) — 0 as k — oo.

We let (X’n,}}n) = (Zn,yn) on [0,1) for n > 0.
The next step is to construct X and show that X, — X almost surely. For

each n > 1, let P} denote the marginal probability of X™. It is clear that I} ; is
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.....

..... 1k

the interval I;, . ; , which is defined in a similar way as for I}

ipp1—1 Tg41

if I;, i, = [an,b,). Now from each nonempty subset E;, _; we choose one point
Zi,.. .- For each k > 1, we define functions 28 :[0,1) — E by letting 2*(w) = x;, ... i
for w € I}, . By the nested partition property and inequalities F.2,

m(aF (W), " (w)) < 27F  for all j, k

and w € [0, 1). Since (E1,m ) is a complete metric space, the above implies that there

is x(w) € E; such that
(¥ (W), r(w)) = 0 as k — oo.
We let X =z on [0,1). Since

(X (W), X (@) < m(Xn(w), X3(@)) + m (X3 (@), X)) + m(X*(w), X ()

<3x27F
for all w in the interior of I;,

lim 7 (X, (w), X(w)) <3 x27F,

Since k is arbitrary, we must have X,(w) — X(w) as n — oo for all but at most
countably many w € [0, 1).

It remains to show that (X,,Y,) has the probability laws P". Let P denote the
Lebesque measure on [0,1). It suffices to show that P((X,,Y,) € A) = P*(A) for
each A such that P"(9A) = 0. Let A be such a set. Let A* be the union of the sets
2

..... )

X Elz/1 s € Aand let A’* be the union of the sets

i A

,,,,,,,,,,
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E'il1 X E12’1 i such that E'il1

.....

the construction above,

P((X,,Y,) € A¥) = P*(A*) and P((X,,Y,) € A") = P"(A™")
Now let C* = {s € By x By : w(s,0A) < 2%}, Then A" — AF | 9A as k — oo. Since

P"(0A) = 0 by assumption, P*(C*) | 0 as k — oo. Hence

P((X,,Y,) € A) = lim P((X,,Y,) € A*) = Lim P (AF) = P"(A).

k—o0

Following the same way, we can show that X has probability law P;. O]
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