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We consider a class of queueing systems that consist of server pools in parallel and multiple customer classes. Customer
service times are assumed to be exponentially distributed. We study the asymptotic behavior of these queueing systems in a
heavy traffic regime that is known as the Halfin-Whitt many-server asymptotic regime. Our main contribution is a general
framework for establishing state space collapse results in this regime for parallel server systems. In our work, state space
collapse refers to a decrease in the dimension of the processes tracking the number of customers in each class waiting for
service and the number of customers in each class being served by various server pools. We define and introduce a “state
space collapse” function, which governs the exact details of the state space collapse. We show that a state space collapse
result holds in many-server heavy traffic if a corresponding deterministic hydrodynamic model satisfies a similar state space
collapse condition. Unlike the single-server heavy traffic setting for multiclass queueing network, our hydrodynamic model
is different from the standard fluid model for many-server queues. Our methodology is similar in spirit to that in Bramson
[Bramson, M. 1998. State space collapse with application to heavy traffic limits for multiclass queueing networks. Queueing
Systems 30 89-148.], which focuses on the single-server heavy traffic regime. We illustrate the applications of our results
by establishing state space collapse results in many-server diffusion limits for V-model systems under static-buffer-priority
policy and the threshold policy proposed in the literature.
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1. Introduction and literature review. Multiclass queueing networks have been extensively used to model
queueing systems arising in manufacturing and service industries (Harrison [28]). A special class of these
networks, parallel server systems, are of current interest. They are commonly used to model service systems
with many servers; see Gans et al. [21], Maglaras and Zeevi [33, 34, 35], and Randhawa and Kumar [41] for
different applications. In a parallel server system, customers are handled by a set of server pools and leave
the system after service. We also restrict our attention to systems with exponential service times. Similar to
multiclass queueing networks, exact analysis of parallel server systems is limited to a few special cases. Even
when available, the results from exact analysis provide limited insight on the general properties of performances
of these systems and rarely can be used for optimization purposes.

As an alternative, parallel server systems have been analyzed by using diffusion approximations under two
different heavy traffic regimes; see Chen and Yao [12], Whitt [48], Gans et al. [21], among others. In this paper
we focus on the many-server heavy traffic regime that is similar to that proposed in Halfin and Whitt [26]. Under
the many-server heavy traffic regime, arrival rates and number of servers in each pool grow to infinity in such
a way that the nominal load converges to one at a certain rate. As stated in §4 of Gans et al. [21], many-server
asymptotic analysis is one of the most promising research directions in the analysis of parallel server systems
with many servers, particularly for the analysis and control of call centers.

Central to any heavy traffic analysis, either for performance analysis or optimal control, is some heavy traffic
limit theorem that states that a certain diffusion-scaled performance process converges to a diffusion process in
heavy traffic. Often, the key to the proof of such a limit theorem is a state space collapse (SSC) result. In two
companion papers, Bramson [10] and Williams [51], sufficient conditions are given under which a conventional
heavy traffic limit theorem holds for a general class of multiclass queueing networks. Unlike the many-server
heavy traffic regime, in the conventional heavy traffic regime, an increase in the arrival rate is matched by an
increase in the service rate while keeping the number of servers in each server pool fixed. (Equivalently, the
conventional heavy traffic can be achieved by employing diffusion-scaling in time and space while keeping the
arrival and service rate fixed; see, for example, Williams [51].)

It is shown in Bramson [10] that to prove an SSC result in conventional heavy traffic limit it is enough to show
that a similar SSC result holds for the hydrodynamic model. His framework has been used to show SSC results
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in conventional heavy traffic limits for multiclass queueing networks and, more generally, stochastic processing
networks; see Bramson and Dai [11], Mandelbaum and Stolyar [37], Dai and Lin [15]. These SSC results are
then used to establish the heavy traffic diffusion limits of the systems under consideration.

It is apparent from the current literature that SSC results in many-server heavy traffic are also crucial for
establishing diffusion limits; see Armony [1], Armony and Maglaras [2, 3], Tezcan and Dai [46], Gurvich
et al. [25], and Tezcan [45]. However, results similar to those in Bramson [10] and Williams [51] have not been
established in the many-server heavy traffic regime yet. Due to conspicuous differences between the conventional
and many-server heavy traffic regimes (see Gans et al. [21, §4] for more details), the results of Williams and
Bramson cannot be readily extended to the many-server asymptotic analysis.

In this paper we present a general framework for establishing SSC results in the many-server regime for
parallel server systems. Specifically, we extend the framework in Bramson [10] to show that multiplicative SSC
results in many-server diffusion limits can be established by verifying that the associated hydrodynamic model
satisfies certain conditions. The hydrodynamic model is defined by a set of deterministic equations that are
similar to, but different from, the standard set of fluid model equations; see the last four paragraphs of §4.1 for
a detailed discussion on the differences of these two models. We illustrate our main result by establishing SSC
results for V-parallel server systems under two different policies. Our results have also been instrumental in the
analysis of distributed systems in Tezcan [45] and general parallel server systems in Dai and Tezcan [16].

Our approach to establishing the framework to prove SSC results in many-server heavy traffic is similar to
that of Bramson [10]. We use the hydrodynamic scaling that is obtained by slowing down the time in the many-
server diffusion scaling. Using this scaling, the events that happen instantaneously in the diffusion limits can be
observed in more detail. By utilizing the connection between the hydrodynamic limits and the diffusion limits,
we show that for a SSC result to hold for diffusion limits it must hold eventually for the hydrodynamic limits.
The general structure and definition of hydrodynamic limits are complicated. It is not clear as to how one can
check the required condition on hydrodynamic limits by using the definition directly. We overcome this hurdle
by showing that the hydrodynamic limits of a general parallel server system must satisfy a set of deterministic
equations that we call the hydrodynamic model equations. These equations possess some of the nice properties
of the standard fluid model equations, but they are different. We illustrate how fluid model tools can be used to
show the SSC results for the hydrodynamic limits in the V-systems in §7.

Our results differ from Bramson’s in the following aspects. As described above, we focus on the many-server
heavy traffic regime whereas Bramson focuses on systems under conventional heavy-traffic. The hydrodynamic
model in conventional heavy traffic coincides with the standard fluid model that is obtained from the diffusion
scaling by further scaling the space to obtain a strong-law-of-large-numbers scaling. However, we show that in
the many-server heavy traffic, hydrodynamic limits satisfy a set of deterministic equations that are similar to but
different from the fluid model equations. In addition, we introduce the notion of an SSC function to formulate
our SSC results. Bramson, on the other hand, focused on establishing a relationship between a low-dimensional
workload process and a high-dimensional queue length process.

We illustrate our approach by establishing SSC results for two systems. The first system we focus on is a
static buffer priority (SBP) V-parallel server system. In a V-parallel server system, there is only one server pool
handling several customer classes. Under an SBP policy, the classes are assigned fixed priorities. When a server
switches from one customer to another, the new customer will be taken from the highest priority nonempty class.
We show, using our framework, that under an SBP scheduling policy, the system achieves the following SSC:
all of the buffers, except the one with the lowest priority, are always empty in the many-server diffusion limit.
A special case of our SSC result for the V-model has appeared in Gurvich et al. [25], and a slightly different
model has been analyzed in Puhalskii and Reiman [40].

The second system we study is also a V-model with two customer classes but under a different policy; we
focus on the threshold policy proposed in Armony and Maglaras [3]. Under this policy, customers in class 1
have (nonpreemptive) priority over customers in class 2 unless the number of customers in the second queue
exceeds a threshold value. When this occurs, second customer class is given (nonpreemptive) priority. Under
this policy, we show that one can obtain the number of customers in either queue, given the total number of
customers in the system in the diffusion limit. More specifically, we show that the number of customers in the
second class will never exceed the threshold value in the limit. If, in the limit, the total number of customers
in the queue is less than the threshold, there are no customers in the first queue. When the total number of
customers exceeds the threshold, the number of customers in the second queue is equal to the threshold, and
the rest will be in the first queue. This SSC result is instrumental in proving that this policy is asymptotically
optimal in minimizing the wait time of the customers in the first class subject to a waiting time constraint for
the second class.
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The remainder of this paper is organized as follows. In the rest of this section, we review the related literature
and present the notation and terminology used. In §2, we first give the technical details of the systems that are
considered. We present a set of equations that these systems must satisfy, and we define the primitive processes.
In §3, we formulate a static planning problem that is similar to that in Harrison [29]. Using this formulation
we characterize a general many-server heavy traffic condition. Then we define the diffusion-scaling that will
be studied in the subsequent sections. In §4, we present the general framework to prove a SSC result in the
diffusion limits. Section 5 is devoted to the proof of our main results presented in §4. We present extensions to
our main results in §6. We establish an SSC result under the static priority system for V-models in §7. In §8 we
establish the SSC result for the V-model under the policy proposed in Armony and Maglaras [3].

1.1. Literature review. Standard references on conventional heavy traffic analysis include Harrison [28],
Chen and Yao [12], and Whitt [48]. Results from classical queueing theory for the analysis of parallel server
systems can be found in several textbooks; see, for example, Ross [43] and Gross and Harris [23]. Early
many-server diffusion approximations for GI/G/n systems have appeared in Borovkov [9], Iglehart [31], and
Whitt [47], with the limiting traffic intensity of the system converging to a value less than one. Halfin and
Whitt [26] studied the GI/M /n system in the many-server heavy traffic regime that is the focus of this paper.
We restrict the rest of our review to the literature on the Halfin-Whitt many-server asymptotic analysis.

The analysis of Halfin and Whitt has been extended in several directions. Garnett et al. [22] studied the
asymptotic analysis of an M /M /n system with impatient customers, and they established results similar to those
in Halfin and Whitt. Puhalskii and Reiman [40] established the diffusion limit of a G/Ph/n system, where
Ph stands for a phase-type service time distribution. They also established the many-server diffusion limits of
a V-model parallel server system under a static priority policy. To the best of our knowledge, the first SSC
result in the Halfin-Whitt regime appeared in Puhalskii and Reiman [40]. Whitt [50] studied the many-server
diffusion limit of a G/Hj/n/m system, where H; indicates that the service time distribution is an extremal
distribution among the class of hyperexponential distributions. He later used this analysis in Whitt [49] to
approximate G/GI/n/m systems. In Dai et al. [17], many-server diffusion limits are established for critically
loaded G/Ph/n+ GI systems and for overloaded G/Ph/n+ M systems. Reed [42] established one-dimensional
limits for the number of customers in G/G/n systems, and Mandelbaum and Moméilovi¢ [36] extended this
result to G/G/n+ G systems.

After the initial version of this paper was completed, Gurvich and Whitt [24] used an approach similar to
ours to study the diffusion limits of queue-and-idleness-ratio (QIR) controls in many-server systems. There is a
subtle difference between our approach and theirs. We provide a general framework to prove multiplicative SSC
results. Once a multiplicative SSC result is proved, there is an extra step needed to prove an SSC result. The
extra step is to prove a stochastic bound for the diffusion-scaled processes. An application of our framework for
a general parallel server system under static priority policies can be found in Dai and Tezcan [16]. In Gurvich
and Whitt [24], instead of trying to establish a multiplicative SSC result, by using a stopping time argument
and hydrodynamic scaling, they prove an SSC result for QIR policies directly. The SSC function under their
policies does not satisfy Assumption 4.1 in our paper, except when the holding cost is linear. Therefore, our
framework cannot be used to obtain their SSC result for queues operating under QIR policies and incurring a
general holding cost. It is an interesting research direction to identify whether their approach can be generalized
to a general class of control policies.

Armony and Maglaras [2, 3] studied an M/M/n system with two customer classes. The hydrodynamic
scaling we introduce in this study is based on the hydrodynamic scaling in Bramson [10] and is similar to the
scaling that is used in Armony and Maglaras [3]. The scaling in Armony and Maglaras [3] has also been used
earlier in conventional heavy traffic in Maglaras [32] and in many-server heavy traffic in Fleming et al. [20].
Gurvich et al. [25] studied a V-parallel server system with impatient customers; they show that a static buffer
priority policy with a threshold policy is asymptotically optimal. Armony [1] studied an inverted-V-parallel
server system and shows that the faster-server-first (FSF) policy is asymptotically optimal. The SSC results
established in Gurvich et al. [25] and Armony [1] can easily be proved by using our framework. In Tezcan and
Dai [46] and Dai and Tezcan [16], we showed that a greedy policy is asymptotically optimal for N-systems and
parallel serve systems, respectively. In our proofs, the framework established in this paper plays a pivotal role.

In conventional heavy traffic, Brownian control problems have been formulated to devise good policies (see
Harrison [27]). Extending this idea, Harrison and Zeevi [30] and Atar et al. [7] formulated a diffusion control
problem to study a V-parallel server system with impatient customers in many-server heavy traffic. Atar et al. [7]
proved that the policies obtained from this approach are asymptotically optimal. Atar [5, 6] followed an approach
similar to that in Atar et al. [7] to find asymptotically optimal policies for tree-like systems. In Mandelbaum
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et al. [38], they used a uniform acceleration technique to obtain the fluid and diffusion limit of a Markovian
service network. Included in their modeling framework are networks of M,/M,/n, queues with abandonment
and retrials in many-server heavy traffic.

1.2. Notation. The set of nonnegative integers is denoted by N. For an integer d > 1, the d-dimensional
Euclidean space is denoted by R, and R, denotes [0, oo). Unless stated otherwise, for x = (x, ..., x,) € R", we
will use the norm |x| = max_; _, |x;|. For the norm of an n x m matrix A, we will use [A| =max;_; _, |A],
where A, is the ith row of A. We use {x"} to denote a sequence whose rth term is x". For x e R, x™ = (—x) v 0
and x* = x v 0. For a function f: R — R? with d being some positive integer, we say that ¢ is a regular point
of f if f is differentiable at 7 and use f(¢) to denote its derivative at 7.

For each positive integer d, D9[0, o) denotes the d-dimensional Skorohod path space (see Ethier and
Kurtz [19]). All of the processes considered in this paper have sample paths in this space. For x, y € D?[0, o0)
and T > 0 we set

lx(2) =y(@)llz = sup |x(r) = y(1)].
0=<t<T
The space D?[0, oo) is endowed with the J; topology, and the weak convergence in this space is considered
with respect to this topology. For a sequence of functions {x"} in D?[0, o0), the sequence is said to converge
uniformly on compact (u.o0.c.) sets to x € D?[0, 00) as r — oo, denoted by x" — x u.o.c., if for each T > 0

|x" (1) — x(¢)|l; >0 as n— oo.

The term FSLLN stands for functional strong law of large numbers, and FCLT stands for functional central limit
theorem (see Chen and Yao [12] for details).
A sequence of random variables {x"} is said to satisty the compact containment condition if

Clim limsup P{|x"| > C} =0. (1)

A sequence of stochastic processes {X"(-)} is said to satisfy the compact containment condition if || X"(¢)|
satisfies the compact containment condition for every T > 0.

2. Parallel server systems and the asymptotic framework. We consider a system with parallel server
pools and several customer classes. A server pool consists of several servers whose service capacities and
capabilities are the same. Customers arrive at the system exogenously, and upon arrival they are routed to one
of the buffers (or queues). Two customers that are routed to the same buffer are said to be in the same class.
Each customer is served by one of the servers. Once the service of a customer is completed by one of the
servers, the customer leaves the system. We assume that with each customer there is an associated patience
time. A customer abandons the system without getting any service if the waiting time in the queue exceeds the
customer’s patience. Once a customer joins a queue, he cannot swap to other queues, and once his service starts,
he cannot abandon the system. We refer to these systems as parallel server systems.

We use I to denote the number of arrival streams, J to denote the number of server pools, and K to denote the
number of customer classes. For notational convenience, we define .¥ = {1, ..., I} as the set of arrival streams,
F={1,...,J} as the set of server pools, and # ={1,..., K} as the set of customer classes.

The customers arriving in the ith stream are called type i customers. The arrivals of type i customers follow
a delayed renewal process with rate A;; see (18) below. Upon arrival, each arriving customer is assigned to one
of the buffers according to a routing policy (more details are provided below). Customers that are routed to
buffer k are said to be class k customers. We assume that the set of pools that can handle class k customers is
fixed and denote it by f(k). Similarly, we assume that the set of queues that servers in pool j can handle is
fixed and denote it by F(j).

After a customer is routed to a queue, say, queue k, he proceeds directly to service if there is an available
server in one of the pools in ¥(k). Otherwise, the customer joins the queue, waiting to be served later. We
assume that the service time of a class k customer by a server in pool j is exponentially distributed with rate
> 0 for all k € F(j) and that customers in class k have exponentially distributed patience with rate y,. We
denote the number of servers in pool j by N; for j € ¥ and set N = (N, ..., N;). The total number of servers
in the system is denoted by |N|.

To operate a multiclass parallel server system, control policies must also be given. A control policy must
specify a routing policy that can be used to route an arriving customer to one of the buffers and a scheduling
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policy that can be used to dispatch a server to serve a customer. Such dispatching is needed in two circumstances:
first, whenever a server completes the service of a customer and there exist multiple customers in different
classes that the server can handle and, second, whenever a customer arrives and there exist one or more idle
servers who can handle that customer class. We restrict our attention to control policies that are head-of-the-line
and nonidling. A scheduling policy is said to be nonidling if a server never idles when there is a customer
waiting in one of the queues that can be served by that server and head-of-the-line (HL) if each server can only
serve one customer at any given time and the customers in the same queue proceed to service on a FIFO basis.
We assume that our control policies are nonpreemptive; under such a policy once the service of a customer
starts, it can not be interrupted before it is finished. Although our results still hold in some special cases when
preemptions are allowed, in general they cannot be used with preemptions (see Remark 5.1 for more details).

We assume also that rerouting of customers is not allowed. We call a control policy nonidling and HL if the
associated scheduling policy is nonidling and HL. The nonidling assumption can be relaxed. Our asymptotic
results also hold when the nonidling condition is only assumed to hold in the limit (see §2.2 for more details).

We also focus on control policies that are Markovian in the sense that they only use information on the
queue length and number of customers in service to make routing decisions at the time of an arrival or to
allocate servers to customer classes at the time of an arrival or a departure (note that Markovian policies are
nonanticipative). We define a strictly increasing sequence {0}, that specifies the successive times at which an
arrival occurs to, or a departure occurs from, some class in the network. These time points depend, of course, on
the policy that the system operates under and can be constructed as described below. We assume that the policy
takes actions only when the state of the system is changed via an arrival or a departure and, hence, the server
allocations remain constant between [o,, 0, ,) for n > 1. The new allocations for the next interval [0, 0,,)
are assigned based on the state of the system during the previous interval [o,, 0,,,) and the events that happen
at time o, ;.

Let Q(1) = (Qy(2); k€ ) and Z(t) = (Z;(1); j € F, k € H(j)), where Q,(¢) denotes the number of class k
customers in queue (not including those in service) at time ¢; and Z () denotes the number of class k customers
served by a server in server pool j at time ¢. To specify the allocation scheme we assume that associated with
each policy 7 there exists a function f,_: N/ x N/*K x & — N/ x N/*K such that

f=(Q(0,-), Z(0,-), ¢,) = (Q(0,), Z(0,)) )

gives the new allocations, where € is the set of possible events, and e, is an event at time o,. When more than
one event occurs at time o, (which we show can only happen with probability zero), these events are ordered
arbitrarily, and the policy 7 makes successive allocations via (2) for each event e,. The function f,, must satisfy
a set of constraints, such as nonidling and the capacity constraint. For example, the latter constraint says that the
system cannot allocate more servers from a server pool than the number of servers available. Rather than spelling
out all constraints explicitly, these constraints will be formulated implicitly through a set of system equations in
the next section. We call f,. the transition function for policy 7, and we say that a policy is admissible if it is
nonidling, HL, nonpreemptive, and has the Markovian structure described in (2).

2.1. The dynamics of parallel server systems. In this section we describe the dynamics of a parallel server
system. Actually, we will describe in detail the dynamics of a “perturbed” system. The perturbed system is
closely related to the parallel server system, and it allows us to write down queueing network equations that are
similar to the ones in the standard multiclass queueing networks. The equivalence of these two systems, under
the exponential service and patience time assumption, will be discussed at the end of this section; note that a
control policy for routing and server scheduling is needed to operate the perturbed system. Like the parallel
server system, we assume that each control policy for the perturbed system is admissible. We denote a generic
admissible control policy by .

The perturbed system is identical to the parallel server system, except that its service and abandonment
mechanisms are modified as follows. At any given time, when n > 1 servers in pool j serve n class k customers,
the n servers work on a single class k customer. Note that in the original system a server can only serve one
customer at a time. The remaining n — 1 customers are said to be locked for service; they do not receive any
service, even though they have left queue k. The single customer in service, called the active customer, can be
chosen arbitrarily among the n customers. We assume that the service efforts from the n servers are additive in
that service of the active customer is completed when the total time spent by all servers on the customer reaches
the service requirement of the customer. When the service of the active customer is completed, the customer
departs the system, and one of the servers working on that customer is freed. At this point, the remaining n — 1
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servers choose a new active customer from one of the n — 1 locked customers in an arbitrary fashion, and the
freed server is either assigned to a class, say k’, or stays idle following a nonidling scheduling policy. In the
former case, the server locks a class k' customer, with a given service requirement, for service. If there is an
active customer that is currently being served by n’ servers in pool j that are working on class k' customers,
the new server joins the service efforts of these n’ servers on the active customer. Otherwise, the locked class &’
becomes an active customer, served by the new server.

The abandonment mechanism is modified similarly to the service mechanism. The mathematical characteri-
zation is given below by (4) and (5). We assume that whenever there are customers waiting in a queue, only
the first customer in that queue may abandon. We assume that with each customer class, there is an associated
remaining patience time. The remaining patience time associated with class k is set equal to the value of a new
exponential random variable with rate vy, at time 0 and at each time point a customer abandons from that class.
Also, at time ¢ the remaining patience time decreases with rate g, where ¢, is the number of class k customers
waiting in the queue at time ¢.

The object of study in this paper is a stochastic process X = (A, Aq, A,Q,Z,R,G,T,B, D), where X is
defined via the perturbed system, and each of its components is explained in the next few paragraphs. The
notation used in this section is inspired by that used in Puhalskii and Reiman [40] and Armony [1]. The first
component is A= (A;: i € .¥), where A,(r) denotes the total number of arrivals by time ¢ for type i customers.
We give more details about the structure of the arrival process in the next section. Here, we just mention that it
is a delayed renewal process (see Ross [43]). The second component is A, = (A;; i € .F, k € H), where A, (1)
denotes the total number of type i arrivals by time ¢ who are routed to queue k at the time of their arrival and who
had to wait in the queue before their service started. The third component is A; = (Ay; i € .7, k€ X, j € J(k)),
where A (¢) denotes the total number of type i customers who have been routed to queue k and locked for
service immediately after their arrival at server pool j by time 7. The component B is (By: j € ¥, k € f(k)),
where B, (#) denotes the total number of class k customers who are delayed in the queue and whose service
started in pool j before time 7. The components Z and Q are (Z;: j € F, k € #(j)) and Q = (Qy: k € F),
respectively, where we use Z; (t) to denote the total number of servers in pool j that serve class k customers
and Q,(t) to denote the total number of customers in queue k at time ¢. The components 7 and D are (Tj:
j€F, ke J(j)) and (Dy: je€ ¥, k € F(j)), respectively, where Tj, (¢) denotes the total time spent serving class
k customers by all N; servers of pool j, and D (#) denotes the total number of class k customers whose service
is completed by a server in pool j by time . The component R is (R,: k € #), where R, (¢) denotes the number
of customers who have abandoned queue k by time 7.

Let {Sj, j € ¥, k € 7} be a set of independent Poisson processes with each process S, having rate w; > 0.
We set S = (S;) and p = (u ). For the perturbed system, we model the total number of class k customers
whose service is completed by servers in pool j via

D (1) =8 (T; (1)), t=0. 3)

Similarly, let F, = {F,(¢): t > 0} be a Poisson processes with rate 7y, for k € #. We define

t
G()=[ Qus)ds 120 @)
0
for all k € #. For the perturbed system
R (1) =F(G (1)), 1=0, Q)

for all k e X.

The process X depends on the control policy used in the perturbed system. To emphasize the dependence
on the control policy 7 used, we use X, to denote the process. Clearly, each component of A, Aq, A, B, T,
and D is a nondecreasing process, and each component of Q and Z is nonnegative. Furthermore, the process X
satisfies the following equations in addition to (3)—(5) for all ¢ > 0.
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A=Y A+ X Y Ayln), forallie.d, (6)
ket ke je ¥ (k)
0,(t) = 0,(0) + ZAik(t) - Z B (1) — R, (t), forall ke, (7)
i€y jeJ(k)
Zy(1)=Z;(0)+ > Ay(1)+ By (1) =Dy (1), forall je ¥ and k € (j), (8)

i€y
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> Zy(t)<N,;, forall jeg, )
keZ(j)

t
T, (1) =/0 Z,(s)ds, forall je ¥ and k € H(j), (10)
Qk(t)< > (Nj— > Zﬂ(t)))zo, for all k € #, (11)

JjeJ (k) LeR(j)
t

> (Nj - > Zﬂ(s—)> dA,;(s)=0, forallic.f and k€ %, (12)

0 jerth 1e())
Equations associated with the control policy 7. (13)

The interpretation of (10) is that the busy time for server pool j working on class k at time ¢ accumulates with
rate equal to the total number of servers from pool j working on class k customers at time 7. Equations (11)
and (12) are based on the assumed nonidling property of a control policy. Equation (11) implies that there
can be customers in the queue only when all the servers that can serve that queue are busy. Equation (12) implies
that an arriving customer is delayed in the queue only if there is no idle server that can serve to that customer
at the time of his arrival. Equation (13) forces the routing and scheduling decisions to be made according to the
selected routing and scheduling policies. Other conditions are self-explanatory.

We call X, the m-parallel server system process (or just 7-parallel server system), although X is a process
defined through the perturbed system. We note that each component of X, is an element of the Skorohod space
with the appropriate dimension, and so is X.

Note that for a given admissible control policy 7, it can be applied to both the parallel server system and the
perturbed system. For the parallel system, one can define the corresponding process

X, =(A A, A,Q,Z R,G,T B,D) (14)

with each component having the same interpretation as in the perturbed system. Clearly, A’ = A. Yet, careful
readers have noticed that the corresponding Equations (5) and (3) for the abandonment and departure processes,
respectively, do not hold. Indeed, X/, is sample pathwise different from the corresponding process X, although
X! satisfies all Equations (6)—(13), except for (3) and (5). For the admissible policies described in the previous
section, under the assumptions that our service times and patience times are exponentially distributed, X is
equal to X in distribution when they are given the same initial condition.

THEOREM 2.1. Under an admissible policy m, X is equal to X! in distribution when they are given the
same initial condition.

The proof is presented in Appendix A.

2.2. Primitive processes. The main goal of this paper is to study the SSC results in many-server diffusion
limits. Therefore, we analyze a sequence of systems indexed by r such that the arrival rates grow to infinity
as r — oo. The number of servers also grows to infinity to meet the growing demand. We append “r” to the
processes that are associated with the rth system, e.g., Q;(¢) is used to denote the number of class k customers
in the queue in the rth system at time ¢. The arrival rate for the ith arrival stream in the rth system is given
by Al, and we set A" = (A], ..., A}). We assume that

Al > o0, i€, (15)

as r — oo.
Let {S;, j€ ¥, k € %} be the Poisson process defined as in the previous section and {v;({): [=1,2,...}

be the corresponding sequence of independent and identically distributed (iid) exponential random variables.

Because S, is a Poisson process, v; (/) has exponential distribution with rate y ;. We define V;: N— R by
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Vi (m) = Zvjk(l)’ meN,
=1

where, by convention, empty sums are set to be zero. The term V;, (m) is the total service requirement of the
first m class k customers that are served by pool j servers, and V;, is known as the cumulative service time
process. By the duality of S; and V), one has

S () =max{m: V,(m) <t}, t>0.
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It follows from (3) that
V(D) (1)) < T (1) < Vo (Dy() + 1), forall je ¥ and k € H()). (16)

This condition is identical to the HL condition in a standard multiclass queueing network, where each station
has a single server (see, for example, Dai [13]).

Let {F;, k € #} be the Poisson process defined as in the previous section and {v,(/): [=1,2,...} be the
corresponding sequence of iid random variables. Each random variable has an exponential distribution with
rate y,. We define T,: N— R by

T, (m) = Xm: v (), meN.
I=1

The process T, (m) gives the total waiting time needed for m customers from class k to abandon. Similar to the
discussion for the service times, by the duality of F; and T}, one has

F.(t) =max{m: T,(m) <t}, t>0.
It follows from (5) that
T, (R (1)) < Gi(t) < TW(Ri(1)+1), forall keH. (17)

Next, we give the details of the arrival processes. Let x; = {E;(#): t > 0} be a delayed renewal process with
rate 1 and y ={x;: i € F}. We assume that y,’s are independent. Let

A7 (1) = X, (A7D). (18)

Let {u,(I): I=1,2,...} be the sequence of interarrival times that are associated with the process ;. Note that
they are independent and that {u,;({): [ =2,3,...} are identically distributed. We define U;: N— R by

U =Y u (. men,

and so
X:(6) = max{m: Uj(m) < 1}.

We require that the interarrival times of the arrival processes satisfy the following condition, which is similar
to condition (3.4) in Bramson [10]:

E[u;(2)**] <0, forall ie.¥ and for some € > 0. (19)

Condition (19) is automatically satisfied by the service times because they are assumed be exponentially dis-
tributed. This condition is needed in Lemma C.2, which is an integral part of our analysis. For the rest of the
paper, we assume that the primitive processes of a parallel server system satisfy (19). We also assume that
0Q7(0), Z"(0), E, F, and S are independent.

We require that the number of servers in the rth system in each pool is selected so that
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lim W =p;, forall jef and for some B, >0 and (20)
lim |Nir| =), forallie.¥ and for some 0 < A, < co. (21)
We set A=(A,,...,A;) and assume that {|N"|} is strictly increasing in r. Conditions (15) and (21) imply that

IN"| = o0 as r — oo.
A policy is said to be asymptotically nonidling if there exists a sequence {s"}C R, such that

0:()>0 only when (,. by (zv,. -z zj,(z))) <y 22)
Ay () —A,(t) =0 if Z (Nj — leg(:j) Zjl(s)) >, (23)

Jjed (k)
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forallie.¥ and k € #, and s € [1,, 1,], and

r

s
IN"|

-0 (24)

as r — oo. It can be shown that hydrodynamic and fluid limits of nonidling policies and asymptotically nonidling
policies satisfy the same nonidling conditions. Hence, our framework can also be used to study SSC results
under an asymptotically nonidling policy. Hydrodynamic and fluid limits are introduced in §4 and Appendix B,
respectively.

3. The static planning problem and asymptotic framework. The static planning problem (SPP) has been
used in the literature to determine the optimal nominal allocations of servers’ capacities for the service of
customer classes (see Harrison [29], Dai and Lin [14], among others). Nominal allocations determine the long-
run proportion of servers’ effort allocated to each class. We take a similar approach to determine the nominal
proportion of servers in a server pool that will be allocated to serve each class.

The static planning problem is defined as

min p
st. Y ay=2A;, foralie.¥,
ke
> Bt jeX e = > ay, foral ke, (25)
jeg k) ies
Y xp<p, foraljef,
ke (j)

Xjis O >0, forallje¥f, ke, andie.¥.

The quantity a;,/A; can be thought of as the long-run proportion of type i customers that are routed to queue k
and x; as the average long-run fraction of time for pool j servers working on class k customers. We set
a={ay:ied, jeF}and x={x,: je F, keF}.

The objective of the SPP is to minimize the average utilization of the “busiest” server pool. From this
formulation it is clear that referring to x as the “fraction of time” is a misnomer because » ;. ;) X; may be
greater than 1. We use the term “fraction of time” because of Assumption 3.1 below.

The main difference between our formulation of the SPP and the one in Harrison [29] is that we model
routing of customers to queues explicitly, as in Stolyar [44]. We pay the price by having one more constraint
than Harrison’s formulation. The main constraint is to be able to serve all of the incoming customers. This is
formulated in the first and the second constraints. The first constraint ensures that all the arriving customers are
routed to one of the queues, and the second constraint is needed to guarantee that enough service capacity is
allocated to all customer classes.

Let (p*, x*, a*) be an optimal solution to the SPP. If p* > 1, it can be easily shown that the queue length
process is not bounded under the fluid limit for r large enough (fluid limits are defined in Appendix B). We
will assume for the rest of this paper that p* < 1.

Now, consider the sequence of parallel server systems described in the previous section and the associated
SPP with the rth system:

min p”
st. Yy el =Al, forallie.¥,
ke
> Nwppxh,=> aj, forallke, (26)
JjeF(k) ie¥
> xy <p", forall jeg,
ke ()
x;k, a, >0, forall jef, ke, andie .J.

Let (p*, x™*, o™ *) be an optimal solution to (26). Note that the SPP (25) has at least one solution because the
objective function is continuous, and the constraints define a compact set. Next, we formulate the many-server
heavy traffic condition.
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ASSUMPTION 3.1.  For each optimal solution (p*, x*, o*) of the SPP (25) with A given by (21) and B given
by (20), we have p* =1 and 3 ;5 (; xp =1 forall j € J. Moreover, for any sequence of optimal solutions
{x"*} of (26) we have

yF s )C*,

as r — oo for some optimal solution x* of (25).

Even when the SPP (25) has an optimal solution with p* < 1, it is not a trivial task to come up with a
control policy that will achieve the optimal allocations in the long run. If p* is close to one, small deviations
from the optimal allocations may again cause the queue length to grow without a bound. This phenomenon is
closely related to the stability of a control policy in a multiclass queueing network setting. In this paper we only
consider control policies that satisfy the following assumption.

ASSUMPTION 3.2.  For a control policy T,
Q"(-)/IN"|—0 and Z"(\)/IN| =z wo.c as., (27)

as r— oo, if (Q"(0)/IN"|, Z"(0)/IN"|) = (0, 2) a.s., as r — oo, where z= (2, j € ¥, k € H(j)); and 7, =
B;x} for an optimal solution (p*, x*, a*) of (25).

We provide a fluid model framework that can be used to ensure that a control policy satisfies Assumption 3.2
in Appendix B. Assumption 3.1 is fairly standard in heavy-traffic analysis (usually, uniqueness of x* is also
assumed). Assumption 3.2 is on a control policy 7r. Under a control policy, when Assumption 3.2 is satisfied,
the fluid limits exist and do not blow up, even though they are critically loaded. Clearly, this condition must be
satisfied by any policy that has a “reasonable” performance (see also the discussion at the end of §4.1 for the
importance of this assumption). We assume that

Q0" (0)/IN"|—0 and Z"(0)/IN"| =z as., (28)
as r — oo, where z is given as in Assumption 3.2. Under Assumption 3.2, condition (28) implies that
Q' (-)/IN'|—0 and Z"()/IN"| = z(+) wuwo.c. as.,

as r — oo, where z(#) =z, for r > 0. In general, diffusion limits are introduced as a refinement of the fluid
limits. Under condition (28) and Assumption 3.2, we define the diffusive scaling as follows:

QD)

Z"(t) — x5 N’
Qr(t) Jk() Jk*j
IN"|

and Z;k(t)=T, for t > 0. (29)

4. Main results. In this section, we present a general framework to prove a SSC result in the many-server
diffusion limit of a 7r-parallel server system process. We first introduce the hydrodynamic model equations. The
solutions of these equations play an important role in the general SSC framework. We present our main results
in §4.2. Naturally, some of the hydrodynamic equations depend on the policy used. Examples of SSC results and
hydrodynamic equations will be discussed in §§7 and 8. The proofs of the results in this section are presented
in §5.

4.1. Hydrodynamic model equations. Consider the process §<,, = (A, Aq, A,,Q.Z,B) and the following
set of equations:
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M=) A+ Y > Au(r), forallie.?, (30)
keR ke jeF(k)
0()=0,(0)+ X Ay()— X Bu(n), forall ke, (31)
ey jef(k)
Ay, Aijk, Ejk are nondecreasing for all i € .7, j€ ¥, and k € &, (32)
ij(t) = ij(O) + ZAijk(t) +Bjk(t) - Mjijk(t)’ for all j € ¥ and k € F(k), (33)
i€y

- t

Tjk(t)zfo uds=z,t, forall je¥ and ke F(k), (34)
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0,(t)>0, forall ke and > ij(t) <0, forall je g, (35)
ke (j)

Qk(t)( >y Zﬂ(z)) =0, forall ke, (36)

jeF (k) leF(j)

t ~ ~
> ( > Zjl(s)) dA,(s)=0, forallie.¥ and ke H, (37)

0 jest) Nie()

Additional equations associated with the control policy, (38)

where A; is defined as in (21) and z; as in Assumption 3.2. Equations (30)~(38) are called the hydrodynamic
model equations, and they define the hydrodynamic model of the m-parallel server system. Any process §<w
satisfying (30)—(38) for all # > 0 is called a hydrodynamic model solution. The differences between the fluid
and hydrodynamic models are discussed at the end of this section.

Hydrodynamic model solutions are similar to the fluid model solutions; they are deterministic and absolutely
continuous, hence, almost everywhere differentiable. Absolute continuity follows from the following result.

PROPOSITION 4.1.  Any process XW satisfying (30)—(38) for all t > 0 is Lipschitz continuous.

PROOF. Assume that §(7, satisfies (30)—(38) for all ¢ > 0. First note that A,,, and Aijk are Lipschitz for all
i€, je ¥ and k€ by (30) and (32). Next, we show that B, is Lipschitz continuous.
Let t; < t,. If Q,(¢) > 0 for all 7 € [#,, t,], then by (33), (36), and the fact that A;; is nondecreasing,

> (gjk’(t2)_§jk’(t1))5 Y Mzt —1,) (39)

ke (j) K e (j)
for all j € (k). Because I§jks are nondecreasing, this implies

Ejk(tz) - éjk(tl) = > M2 (B — 1) (40)
ke (j)

for all j € ¥ (k). _ y
Now assume that Q,(t) =0 for some ¢ € [t,,1,] and let #, = inf{t € [z, 1,]: Q,(f) = 0}. We assume that
ty > t,, because otherwise the proof follows from (44) below by replacing 7, with ¢,. We prove below that

ltlTI}Ol 0, (1) = 0, (15) =0. (41)
The continuity of A,,, Equation (31), condition (41), and the fact that I§jks are nondecreasing implies that
ltlTI}()l éjk(t) = Ejk(to) (42)

for all j e ¥(k). ;
By definition of #,, we have that Q,(¢) > 0 for all ¢ € [¢,, #,). Hence, similar to (40),

Bjk(t) _Bjk(tl) <> Mo 2 (= 1))
kK eZ(j)

for all j € (k) and ¢ €[, t,). By taking limit ¢ 1 #, and using (42), we have

Ejk(t()) - Bjk(tl) < > M Zip (g — 1) (43)
kK eF(j)
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Also, by (31) and the fact that 0, (z,) =0,
Z (Aik(tz) - Aik(to)) = Z (éjk(t2) - Ejk(to)) . (44)

ic.¥ jeg(k)

Then, it follows from (42), (43), (44) and the fact that f?jks are nondecreasing that

gjk(tZ) - gjk(tl) = Z(Aik(t2) - Aik(tl)) + > M Zip (= 1). (45)
iey kK eZ(j)
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Hence, B is Lipschitz. The Lipschitz continuity of Z & and 0, now follow from this, (31), and (33).
To complete the proof of the lemma, it remains to prove (41). We now prove

lim 0, (1) =0. (46)
The result
Qk(to) =0 (47)

is proved similarly by considering ¢,, instead of #, in the proof below.

Assume on the contrary that (46) does not hold. Then there exists an increasing sequence {t,} such that 7, 1 1,
and lim,_, 0,(t,) > & for some 8 > 0. By the definition of f,, for any € > 0 there exist 7, and n large enough
such that Q,(z,) > 8, Q,(f,) =0 and 7, — 1, < €. By (31), this implies that, for € > 0 small enough,

Bj’k(fo) - Bj’k(tn) >ad/2 (48)

for a=1/|#(k)| and for some j € F(k)._
Because Q,(t,) >0, by (36), 3y c5(;) Zjw(2,) =0 for all j € ¥ (k). Hence, by (35)

> Zyll)— Y Zy(,) <0. (49)

kK eF(j) k'eF(j)

This inequality and (33) imply that
> X (Aij’k’(;o) - Aij’k’(tn)) + > (Bj’k’(;o) - Bj/k/(tn)) < X :u‘jkzjk(;o —t,).

i€ ke (j') K e () KeA(j')

Because A, j 1s nondecreasing, by selecting € small and n large enough, we have

Y Byyiy) — Byu(t,) < ad/4. (50)

Ke())

Inequalities (48) and (50), and the fact that Bj;s are nondecreasing imply that

By (fy) — By (t,) < —ad/(4|%(j)]). (51)

for some k" € % (j'), which contradicts with the fact that B '« are nondecreasing. Therefore, (46) is proved. [J
It will be proved in Proposition 5.4 in §5 that the hydrodynamic model equations are satisfied by hydrodynamic
limits under certain general assumptions; these limits are obtained from the hydrodynamically scaled sequences
such as
1 1
——0,(t/VIN"|), —=(Z,(t//IN"|) — X N.’)>, tzo} r=1,2,...; (52)
see §5 for details. Equation (38) is obtained from the policy 7. It has to be justified mathematically that the
hydrodynamic limits satisfy this equation. We demonstrate this for two systems in §§7 and 8.

Differences between fluid and hydrodynamic models. A fluid model is introduced in Appendix B. It is
defined by fluid model Equations (B3)—(B10). Unlike hydrodynamic model equations, fluid model equations are
satisfied by fluid limits obtained from fluid-scaled sequences

{<IN’|Q"() INT| ,k(t)> } r=12,....

The fluid model and fluid limits developed in Appendix B provide a practical tool for one to verify Assump-
tion 3.2. The fluid-scaling keeps the diffusion time scale but reduces the space resolution by a factor of 1/,/|N"|,
whereas the hydrodynamic scaling slows down the diffusion scaling in (29) by a factor of 1/,/|N"| (see (52)).

A comparison of hydrodynamic model Equations (30)—(38) with fluid model Equations (B3)—(B10) reveals
major differences. The most important difference is between hydrodynamic model Equation (34) and fluid model
Equation (B6). The fluid model Equation (B6) is intuitive and is a direct consequence of system dynamic
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Equation (10). The hydrodynamic model Equation (34) is subtle. It holds under Assumption 3.2 and is justified
through a hydrodynamic limit procedure (see (71) and the derivation of (C27) in Appendix C.3.1). Even under
Assumption 3.2, when the initial condition Z 1(0) # z;, it will take some time for V4 (1) to converge to z; in
the fluid model. Therefore, when Z #(0)= V4 £(0) # z;, the fluid model dynamics and the hydrodynamic model
dynamics are different.

Without Assumption 3.2, one may still attempt to develop a hydrodynamic model. In this case, (34) is false
in general, and we do not know what dynamic equation can be used to replace (34). Without an additional
dynamic equation on Tjk such as (34), the hydrodynamic model can hardly be analyzed, and thus the entire
hydrodynamic framework is likely useless.

In the single-server multiclass queueing network setting, Bramson [10] uses Equations (2.15)—(2.20) in his
paper to define a deterministic model. Using his Equations (5.10)—(5.15) for hydrodynamically scaled processes,
he shows that each hydrodynamic limit is a solution to (2.15)—(2.20). Therefore, following the terminology
of this paper, Bramson’s deterministic model should be a hydrodynamic model, although he calls it a fluid
model. The confusion is partly justified because his deterministic model (2.15)—(2.20) is also identical to the
(nondelayed) fluid model studied in Dai [13] for multiclass queueing networks. Because both scalings and both
models are simultaneously used in this paper, to avoid possible confusion, we purposely choose two different
labels for these two scalings and two models. The term hydrodynamic scaling is consistent with the usage in
Bramson [10] (see §5.1 for more details).

4.2, SSC in the diffusion limits. We need a machinery to define a state space collapse in mathematical
terms, for this we use a function with the following properties. Let g: R¥*% — R*, where d_ =, |%(j)I,
be a nonnegative function that satisfies the following homogeneity condition:

g(ax) = a’g(x), (53)

for some ¢ > 0, for all x € R¥*% and for all 0 < a < 1. Recall that d, is the dimension of the process Z. We call
g an SSC-function. Nonnegativity assumption is made for notational convenience, and one can always consider
|g| in order to have a nonnegative function if g can take negative values. We make the following assumption
about the SSC function.

ASSUMPTION 4.1.  The function g: RK*4: — R* satisfies (53) and is continuous on RX+¢:,

Assumption 4.1 is needed for a simple reason; we will consider a sequence of stochastic processes that
converges to another one, and we would like to show that the sequence that consists of the values of g evaluated
for each process converges to the value of g evaluated at the limiting process. Assumption 4.1 makes this possible
by virtue of the continuous mapping theorem (see Chen and Yao [12]). Condition (53) will be needed when
we translate the results from hydrodynamic scaled processes to diffusion-scaled processes (see Proposition 5.6).
The class of functions that satisfy Assumption 4.1 is large enough for most purposes; however, this class can
be extended as discussed in §6. Examples of SSC functions are presented in §§7 and 8.

As the machinery to state an SSC result has been set, we are ready to state the conditions on the hydrodynamic
model solutions that imply that an SSC result holds in the diffusion limit. The following assumption is analogous
to Bramson [10, Assumption 3.2].

ASSUMPTION 4.2. Let g be a function that satisfies Assumption 4.1. There exists a function H(t) with
H(t) —> 0 as t — oo such that

g(0(1). Z() <H(1) forall 1=0 (54)
for each hydrodynamic model solution Xﬂ satisfying |(Q~(0), Z(0))] < 1. Furthermore, for each hydrodynamic
model solution X, with g(Q(0), Z(0)) =0 and |(Q(0), Z(0))| <1, g(Q(t), Z(t)) =0 for t > 0.

We are ready to state the main result of this paper.
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THEOREM 4.1.  Let {X'} be a sequence of m-parallel server system processes. Suppose that Assumption 3.1
holds, T satisfies Assumption 3.2, g satisfies Assumption 4.1, the hydrodynamic model of m-parallel server
system satisfies Assumption 4.2, and

g(07(0), Z"(0)) = 0 in probability (55)
as r — oo. Then, for each T > 0,
lg(Q" (1), Z" (1))l
("l vIZr @)z v 1)

as r — oo, where ¢ > 0 is given as in (53).

— 0 in probability, (56)
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REMARK 4.1. The result of Theorem 4.1 is still valid if it is only assumed that hydrodynamic limits, not the
hydrodynamic model, satisfy Assumption 4.2. This relaxes the assumption because it will be shown that every
hydrodynamic limit over a finite time interval [0, L], for some L > 0, is a hydrodynamic model solution on
[0, L]. The set of hydrodynamic model solutions may contain processes that are not hydrodynamic limits.

REMARK 4.2. The SSC result, as stated in Theorem 4.1, is called the multiplicative SSC. If (Q’, 2’) also
satisfies the compact containment condition, then one can use this property to remove the denominator from
(56) and obtain a (strong) SSC that is more suitable for applications.

The condition (55) can be relaxed as in Bramson [10, Theorem 3] to only require that Q’(O) and Z'(0) satisfy
the compact containment condition. The SSC result in this case, however, does not hold initially at time O.

THEOREM 4.2. Let {X!} be a sequence of m-parallel server system processes. Suppose that Assumption 3.1
holds, m satisfies Assumption 3.2, g satisfies Assumption 4.1, the hydrodynamic model of -parallel server
system satisfies Assumption 4.2, and |Q"(0)| v |27 (0)| satisfies the compact containment condition. Then, for
some L" = o(\/|N"|) with L" — oo as r — oo, and for every T > 0 and € > 0,

(57)

/| i1 KOO 2O -
S“PLr/\/Wssr(lQ’(f)l Vv |Zr(t)| v 1)e ’

as r — oo, where ¢ > 0 is given as in (53).

REMARK 4.3. Let {X”} be a sequence of 7-parallel server system processes that satisfy the conditions of
Theorem 4.2. If in addition H, given as in Assumption 4.2, is bounded, then

gglgoligiilpP{llg(Q’(t), 2Dy, > C=0. (58)
The result (58) may be used to verify that

limlimsupP{ sup (|Q’(t)|v|2’(t)|)>C}=O. (59)
C=o0 oo
L"/\/IN"|<t<T

Then, similar to Remark 4.2, one can deduce a strong state space collapse result from Theorem 4.2 using (59).

5. SSC framework. In this section we prove Theorem 4.1. We begin with introducing the hydrodynamic
scaling that will be used to define the hydrodynamic limits. Once we establish the relationship between the
hydrodynamic scaled processes and the hydrodynamic limits, we translate condition (54) to a condition on
the diffusion-scaled processes. We finally show that this latter condition implies the desired SSC result in the
diffusion limit.

5.1. Hydrodynamic scaling and bounds. The hydrodynamic scaling is used by Bramson [10] to establish a
relationship between the hydrodynamic and the diffusion limits in conventional heavy traffic asymptotic analysis.
We consider a similar time scaling that slows the process down. This allows us to analyze the events that happen
instantaneously in the diffusive scale in more detail. This can be achieved by using a scaling similar to the
diffusion scaling as given in (29) but also scaling the time by 1/,/|N"|. However, this scaling is not suitable for
our purposes.

We need the more refined scaling, which we call the hydrodynamic scaling. We divide the interval [0, T'] into
T,/|N7| intervals of length 1/,/|N"| and analyze the processes in each intervals. We index the intervals by m.
For a nonnegative integer m, let
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2
VN, (60)

m 2 m N
o = Q’( ) V‘Z’( >—N’x*
* ‘ IV IV

where N is a diagonal matrix with 1\7]; = Nj if j=j" and O otherwise for j € f and x* = (x,j € f, k€ H) is
given as in Assumption 3.2. Hence, Z'(r) — N"x* is a J x K matrix with its (j, k)th entry equal to Z5 (1) — x5 N/
if k € #(j) and zero otherwise. Note that the square root of the first two terms of x, ,, gives the deviations of

these processes from their fluid limits.
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We define the hydrodynamic scaling by shifting and scaling the processes of X" as follows. For a process
X" associated with the rth process, we denote the hydrodynamic scaled version by X"". For A", Al, A;, B,
D", T", and R’, the hydrodynamic scaling is defined for ¢ € [0, L] for some L > 0 by

o= = (e OwT 7m) () o

Hydrodynamic scaled version of Q" and Z" are defined as follows;
1 X, mt m
- o))
X m N7 IN"|

1 X ml m
AIOE z AN —N"x*).
VEm INT] IN7|

Note that Q™" (-) and Z"™(-) keep track of the deviation of processes Q"(-) and Z'(-), respectively, from
their respective fluid limits during the time interval [m//|N"|, /X, ,L/IN"|+m/\/|N"|], which is also scaled
with their initial value at time m/,/|N"|. Observe that x, , must be in the order of \/|N"| for Q" and Z" to have
meaningful diffusion limits. Also, if x, ,, is in the order of /|N"|, then Q""(-) and Z""(-) is very similar to
the diffusion scaling. Although our results hold no matter how x, ,, behaves, provided conditions of Theorem 4.1
hold, this reveals the relationship between the hydrodynamic and diffusion scaling that will be used to translate
a SSC result from hydrodynamic limits to diffusion limits.
For notational convenience, with a slight abuse of notation, we set

VEm(DI (1), b) = L(v.k <Drk(M + L) +b ) k(D’k<L) + bz)), (63)
J J m J J |Nr| |Nr| J J \/W

(62)

Y/ (R (1), b) = J%_m (Yk (R;(lxN;;'l”t + ﬁ) + bl) _y, (R;(ﬁ) + bz)), (64)

and for b= (b,, b,) € R2. By (16) and (17),
V" (D" (1), (0, 1)) < T "() < Vi™(D;™(1), (1,0))  and (65)
YR (1), (0, 1) < G (1) <Y "(R (1), (1,0)). (66)

Let X" =¢t(A"", AD™, A;"”, B-m ™ Qrm o Zm R™™ G ™). We refer to X" as the hydrodynamic scaled
process. From the definition of x, , we have that

X="(0)| < 1.

It can easily be checked that X"-" satisfies the following equations for all # > 0.
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AP =Y A+ Y Y AL(r), forall i€, (67)
ke ke jeg (k)
O;" (1) = QP (0)+ AL (6)— Y BR"(H)—Ry(¢), forall ke, (68)
ey jeF (k)
Z5m () = 207 (0) + Y AR (1) + By (1) = D"(1),  forall je ¥ and ke F(k), (69)
ief
Djricm(t)— ]k(\/ rmTjk (t)+ k(m\//x_lvr )) S]k(]—ﬁc(m/\/ Nr )) for all]ej and kej(k), (70)
" (1) = N IN’ VlN’r'"[ Z7"(s)ds, forall je ¥ and ke F()), 1)
RI™(r) = F (/% G " (1) + Gr(m/\/IN"|)) — F (G (m/+/ IN’I)), for all k & %, )

xr,m
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v xr m ! r.m

Gp" (1) = |N’| / 0y "(s)ds, forall ke, (73)

0
Q,Z"”(t)( D Z;,;,’"(t)> =0, forall ke, (74)

JeF (k) ke (j)

t
> ( Z]’.,;,’"(s—)> dAL"(s)=0, forallie.¥ and ke X. (75)
0 jesk) NKex())

We have the following estimates that are similar to those established in Proposition 5.1 in Bramson [10].

PrOPOSITION 5.1.  Let {X!} be a sequence of w-parallel server system processes. Assume that (20) and (21)
hold and T satisfies Assumption 3.2. Fix € >0, L >0 and T > 0. Then, for large enough r, there exists N > 0

such that
/\r
Py max ||A""(r) — t| >ep <e, (76)
m<4/|N"|T |Nr| L
P{ max_ sup |D”'”(t1)—D"'”(t2)|>N|t1—t2|+6} <€, and (77)
m<4/|N"|T ;<L
r,m r,m 1 r,m
Py max_ |\Vi"(DR"(1),b) — —D3" ()| >e€p<e, (78)
m<A/INTIT M jie L

forall je ¥, keFH(j), and b=(1,0) or (0, 1).
The proof is given in Appendix C.2.1.

PROPOSITION 5.2.  Let {X!} be a sequence of w-parallel server system processes. Assume that Assumption 3.1
holds and m satisfies Assumption 3.2. Fix € >0, L >0 and T > 0. Then, for large enough r,

P{ max ||R;’m(t)||L>e}§e, (79)

m</IIN"|IT

keX.

The proof is given in Appendix C.2.2.
Using these two propositions, one can show that X" ™ is almost Lipschitz, as described in the next proposition.
In this section and for the remainder of this paper N without a superscript is reused to denote a general constant.

PROPOSITION 5.3.  Let {X"} be a sequence of w-parallel server system processes. Assume that Assumption 3.1
holds and T satisfies Assumption 3.2. Fix € >0, L >0, and T > 0. Then, for large enough r,

P max su X" ") = X" (¢ >N|t,—t,|+€e; < €, 80
{ B |Nr|Tt],t22L| ( 1) (2)' | 1 2| } ( )
where N < oo and only depends on (I, J, K, )\)

The proof is similar to that of Proposition 5.2 in Bramson [10] and presented in Appendix C.2.3. For conve-
nience, we assume for the rest of the paper that N > 1 and L > 1. Let
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%5={ max_ sup |x“m<r1>—x“m<t2>|5N|r1—r2|+e<r>}, (81)

m<a/|N"|T t1,12=L

where L, N, and T are fixed as before and €(r) with €(r) — 0 as r — oo is a sequence of real numbers.
Similarly, we can replace € in (76), (78), and (79) by e(r). We denote these new inequalities obtained from
(76), (78), and (79) by (76'), (78'), and (79"). Let Z" denote the intersection of F#; with the complements of
the events in (76'), (78'), and (79’). As in Bramson [10], when €(r) — O sufficiently slowly as r — oo, one can
show that P(#") — 1 as r — oo.

We summarize the above discussion in the following corollary for future reference.
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COROLLARY 5.1.  Let {X!} be a sequence of mw-parallel server system processes. Assume that Assumption 3.1
holds and w satisfies Assumption 3.2. Fix L >0 and T > 0 and choose N and €(r) as above. Then, for H"
defined as above

li_)m P(#E")=1. (82)

REMARK 5.1. If preemptions are allowed, (80) does not have to hold in general. More specifically, the

problem is bounding the number of customers whose service start, the term B;;('”, in a given interval. When

preemptions are not allowed B};"(,) — Bj;"(t,) is bounded by the maximum of total number of arrivals to this

class in this interval, Y ;(A;"(#,) — A;"(t,)), and the total number of departures from server pool j in this
interval, >°, D" (t,) — D" (t,)). If preemptions are allowed, this bound is not necessarily valid any more.

5.2. Hydrodynamic limits of 77-parallel server systems. In this section, we define the hydrodynamic limits
of m-parallel server systems. First, we define a set of functions that contains all of the hydrodynamic limits.
The following definitions are similar to those in Bramson [10, §6], and the notation is adapted from that paper.

Fix L > 0. Let E be the set of right continuous functions with left limits, x: [0, L] — R?. Let E' denote those
x € E that satisfies

Ix(0)] =1

and
|x(t,) —x(t))|<N|t,—t,| forall ¢, t,e|0,L],

where constant N is chosen as in Proposition 5.3. We set
E={X"", m<IN'|T, o€}

and
E={E" reN},

where T is fixed, and F” is defined as in the previous section. (These quantities are not correlated to the external
arrival processes E introduced in §2.2.)
We define a hydrodynamic limit x of % to be a point x € E such that for all € > 0 and ry € N, there exist
r>ryand y € E", with ||x(-) —y(-)|l, <€
Because
IX="(0) <1 (83)

for all m < /|N"|T and r € N, the following result is a corollary in Bramson [10, Proposition 4.1] and is similar
to Proposition 6.1 in that paper. It shows that the hydrodynamic limits are “rich” in the sense that for r large
enough, every hydrodynamic scaled process is close to a hydrodynamic limit.

COROLLARY 5.2. Let {X'}bea sequence of m-parallel server system processes. Assume that Assumption 3.1
holds,  satisfies Assumption 3.2. Let E, E”, and € be as specified above. Fix € >0, L >0, and T > 0, and
choose r large enough. Then, for w € X" and any m < \/|N"|T

IX () =X, <€ (84)

for some hydrodynamic limit X(-) of € with X(-) € E.
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The next result is mainly needed to translate the condition on the hydrodynamic model solutions to hydrody-
namic limits given in Assumption 4.2. It also reveals the origin of hydrodynamic model equations.

PROPOSITION 5.4.  Let {X } be a sequence of w-parallel server system processes. Assume that Assumption 3.1
holds and  satisfies Assumption 3.2. Choose L > 0 and let X, be a hydrodynamic limit of € over [0, L].
X, satisfies the hydrodynamic model Equations (30)—(38) on [0, L].

The proof is given in Appendix C.3.1.
Observe that by (53) and definitions of hydrodynamic and diffusion scalings

lg(Q"°(0), Z"°(0))| < (0’ (0), 2" (0))!. (85)
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If condition (55) holds, (85) implies that g(Q"°(0), Z"°(0)) — 0 in probability as r — oo. Therefore, we can
choose €(r) with €(r) — 0 as r — oo such that for &” = F"NG", where

G ={1g(0"°(0), 2"°(0)| = e(r)},

we have
lim P(£") = 1. (86)
We set
ro__ r,0 r
E;={X"(,0), weZ"}
and

€, ={E;, reN}.
The following proposition is similar to Bramson [10, Proposition 6.4], a proof is presented in Appendix C.3.2.

PROPOSITION 5.5.  Let {X"} be a sequence of w-parallel server system processes. Assume that Assumption 3.1
holds, m satisfies Assumption 3.2, g satisfies Assumption 4.1, and the hydrodynamic model of the -parallel
server system satisfies Assumption 4.2. Fix € >0, L >0, and T > 0, and assume that r is large. Then, for
weH,

g(Q"" (1), Z"" (1) <H(1) +e€ (87)

forall t €0, L], and m < /|N"|T, with H(-) is given in Assumption 4.2.
Furthermore, for w € £"

lg(@"* (1), 2" (1) <e. (88)

If, in addition, condition (55) holds, then (86) holds.

5.3. SSC in the diffusion limits. In this section we change the scaling from hydrodynamic to diffusion
to prove Theorem 4.1. Once the scaling is changed, a few complications needs to be dealt with regarding the
change in the range of the time variable.

We begin with changing the scaling. One can check by employing (29) and (62) that

0" (1) 'Nr'Q’( xr’mtﬂﬁm ) 1 Q”( Lt t >) d
' = = —— tt+m an
k Xom O\ |NT| INT) ™ Yew \JVINT]

erkm(t): |N’|erk< xr,mt+ m ):LZ;I(( 1 (yr mt—|—m)>,
Xy m IN"| Nl Yem N7

X A m A m
yr’mz V' - Qr<—>‘\/ ‘Zr(—>‘\/1. (90)
VINT| INT| INT|

By changing the scaling in Proposition 5.5 as above, we can rephrase (87) and (88). However, the domain
of the time scales will change and the domain 0 < ¢ < L for the arguments on the left-hand side of (89) will
correspond to

(89)

where

m 1
<t=<

VINT T T VIV

(Ve.mL+m) (91)

for the arguments on the right.
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PROPOSITION 5.6.  Let {X"} be a sequence of w-parallel server system processes. Assume that Assumption 3.1
holds, m satisfies Assumption 3.2, g satisfies Assumption 4.1, and the hydrodynamic model of the -parallel
server system satisfies Assumption 4.2. Fix € >0, L >0, and T > 0, and assume that r is large. Then, for
w € A" and for H(-) given as in Assumption 4.2

N A 1
«Q 0.2 0) =35 H (ST =m) ) et ©2)
for all t €0, T] and m satisfying (91). Also
8@ ). 27, i < €55 (93)

forwe <.

Proor. The bounds (92) and (93) are obtained from (87) and (88), respectively, by applying (89) and
using (53). O

If we can show that (/|N”|t—m)/y, ,, is large, where |N"| is the total number of servers in the rth system, we
can conclude the proof of Theorem 4.1 by using the convergence property of H(-), as given in Assumption 4.2.
It will be shown that it is enough to have /|N”"|¢t —m and L large.

Because the value of L is a matter of choice, we can take L sufficiently large and redefine " with the
reselected L. Let H be given as in Assumption 4.2. Because H (1) — 0 as t — oo, independent of L, for € > 0
fixed, there exists s*(€) > 1 such that for r > s*(€), H(t) < €. We assume for the rest of the paper that

L > 6Ns*(e), (94)

where N is chosen as in (81).

To make /|N"|t —m large, for a fixed ¢ € [0, T], we take the smallest m that satisfies (91), which we denote
by m,(t). We need the following lemmas, whose proofs are given in Appendix C.4, to show that /|N"|t —m,(¢)
is large.

LEMMA 5.1. Let {X"} be a sequence of m-parallel server system processes. Assume that Assumption 3.1
holds and  satisfies Assumption 3.2. For fixed L >0 and T > 0, and large enough r

yr,m-H 53]\]yr,m (95)

for o € X" and m < \/|N"|T, with the constant N chosen as in (81).

Let yr(mr(t)) = yr,m,(t)'
LEMMA 5.2. Let {X"} be a sequence of m-parallel server system processes. Assume that Assumption 3.1
holds and m satisfies Assumption 3.2. For fixed L > 0 and T > 0, and large enough r
IN"|t = m, (1) = Ly,(m,(1))/6N (96)

for e A" and t € (Ly, o/+/IN"|, T], with the constant N chosen as in (81).

PROOF OF THEOREM 4.1. Assume that Assumption 3.1 holds, 7 satisfies Assumption 3.2, g satisfies Assump-
tion 4.1, the hydrodynamic model of the 7r-parallel server system satisfies Assumption 4.2, and condition
(55) holds.

Fix £ > 0. By (82) and (86), there exists r, > 0 such that
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P(H) = P(L) > 1—&)2 (97)

for all r > r,. Fix € > 0 and take L > 6Ns*(€). Then, by (92) and Lemma 5.2, for w € ", t € (Ly, o/+/|N"|, T],
and r large enough

SO0, 2 (1) 22600, (m (1) ©8)
However, by (90),
s 0) = |0 () v |2 (S ) 1 <10 Ol A2 Ol 1 ©9)
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From (93) and (99), for t € [0, Ly, ;/+/|N"|] and w € &£”

g(0"(1), 2" (1) < €(y,.0) < €(10°()llr VIZ"()llz v 1) (100)

Combining (98), (99), and (100) gives
207 (1, 27 (1) =2€(11 0" () V12" ()llr v 1)° (101)

for all + € [0, T] and w € &£". Finally, by (97) and (101), for large enough r,

A IECONAONE S
(10"l v 127 ()l v 1)

This clearly implies (56) because € > 0 and & > 0 are arbitrary. [

PrROOF OF THEOREM 4.2. Suppose that Assumption 3.1 holds, 7 satisfies Assumption 3.2, g satisfies
Assumption 4.1, the hydrodynamic model of the 7-parallel server system satisfies Assumption 4.2, and |Q’(O)| \
|Z7(0)] satisfies the compact containment condition:

Let

u ™™ =max{u;(m): U(m—1) <2IN'||]\|/L, m=1,2,...},
i€y

where A = (A,...,A;) is given by (21). In words, u™™ is an upper bound, for r large enough, for the
maximum interarrival time for those events that started before time L of the process {A;: i € .7}, because
Al <2|N"||A| for large enough r. Assume for the moment that

u”™ /\/IN"|—0 in probability as r — oo (102)

and that for some sequence {L’} that satisfies the conditions given in the theorem

~f L S L
g(Q’( >, Zr( ))’ — 0 in probability as r — oo. (103)
‘ VIN| N7

Consider the sequence of processes {Y’} defined by Y"(-) = X"(L"/{/IN"| +-). Then, {Y"} satisfies (55)
by (103). Also by (102), distributions of the first interarrival times of the processes A and S after L"//|N"|
satisfy the conditions needed for Proposition 5.1 to be valid. Because the other conditions of Theorem 4.1 are
satisfied by {Y"}, the proof above can be repeated to show that (56) holds for {Y”}. However, this shows that
(57) holds for {X"}. Hence, it suffices to show that (102) and (103) hold.

The limits (102) are proven in Lemma C.2.

Next we prove (103). We show that there exists a sequence {L"} with L” — oo as r — oo and L = o(y/|N"])
such that for any € > 0 and ¢ > 0, there exists r’ such that

R L’ . L’
P Q’( )z( >>l>e}<§, (104)
()2 (G
for all r > r'.

Set 8, =1/n and L" = (N"*)"/* for all n=1,2,... . Define %, as in §5.1; see (81) and the discussion
succeeding it, with L being replaced with L”. Note that by the definition of % 7. and Proposition 5.6, there exists
r, such that for r > r,
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P{F}>1—1/n (105)

and

(07 (1, 2" (1) < yf,mH(yL( [Nt = m)) + 0.5, m (106)

r,m

holds for all 7 € [0, T] and m satisfying (91).
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Set L' = L' and F" = %21 forr<r, L'= I:”, and 7" = %En for r € (r,, rnH], and for n=2,3,.... Note
that L" = o(y/|N"]), and L” — oo as r — oco. Furthermore,

lim P(F") = 1.
Fix €, £ > 0. Let
Ue={10"(0)| V[Z"(0)| < C}. (107)

Choose ry and C > 1 such that for r > r,
P(UL)>1—-¢€/2.

We fix C to this value for the rest of the proof.

Let rj be the smallest integer greater than r, that satisfies 6,, < €/ (2€C¢). Choose r; > r; such that for all
r>ry, L">25%(8,)C, where s* is defined as in (94).

For 1 € [C7'L"y, o/v/IN"|, Ly, o/+/IN"|], m,(t) =0 from (91) and

VINT|t=C™ 'Ly, ,.

Hence, for r > r;, by (106),
8(Q"(1), 27(1)) <28, y; g < € (108)

for all t € [C7'L"y, o//IN'[, LY, o//IN'|] and w € " N UL.
Now observe that for w € #" N UL, L"//[N"| € [CT'L"y, //IN"|, Ly, o//IN"|] for all r > 1. Hence, by
(5.3) and (108) there exits r’ > r; such that for r > r’

Ple(0"(L"/VINTD), 2/ (L[ VIN'])) > €} < £

This gives (104), thus completes the proof of (103). O

PrOOF OF REMARK 4.3.  Assume that {X’} is a sequence of wr-parallel server system processes that satisfy
the conditions of Theorem 4.2. Also, assume that g(Q"(0), Z’(0)) satisfy the compact containment condition
and H is bounded.

Fix L > 0. By assumption there exists a constant B, > 0 such that sup,, ., H(?) < B,. By (87)

8(Q""(1), 2""(1)) < 2B,
for all ¢+ € [0, L]. This implies, similar to (92), that
le@" (). 27, ., /w1 < 2Bodro- (109)
for all w € . Let UL be defined as in (107). Since |07 (0)| v |27 (0)] satisfy the compact containment condition
by assumption, for € > 0 fixed, there exists C > 0 and r, > 0 such that P(%[.) > 1 — €, for all r > r,. For each

fixed L, on U NIA"

(@' . 270, i = @ 0. 270D, , s =R
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Now choose the sequence {L"} as in the previous proof. Then,

lirris;lpP{"g(QAr(t)a Z'(1))

Lr/m>C}<e.

Since € and C is arbitrary, this completes the proof. [

6. Extensions. In this section we present two extensions of our main result. In the first extension, we
weaken the homogeneity assumption (53) on the SSC function. In the second extension, we only assume that the
SSC function is continuous but make an additional assumption that Q" and Z" satisfy the compact containment
condition.
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6.1. A weaker homogeneity condition. Theorem 4.1 can be generalized by relaxing condition (53) on the
class of SSC functions. We replace condition (53) with the following condition: there exist ¢, > 0 and ¢, >0
such that

a‘g(x) < g(ax) <a“g(x) (110)
for all x e R¥*%: and 0 < < 1.

COROLLARY 6.1.  Under condition (110), Theorem 4.1 holds with ¢ replaced with c,.

The proof is placed in Appendix D.1.

6.2. When the homogeneity condition does not hold. When the SSC function g does not satisfy homo-
geneity assumption (53) or (110), the framework in Theorem 4.1 does not directly apply. In this section we
present a framework without requiring the homogeneity assumption on the SSC function g. We show that when
g is only continuous but (1) holds, a relationship between SSC in hydrodynamic model solutions and diffusion
limits still exists.

One of the models we are interested in studying is presented in Armony and Maglaras [3], where a threshold
type policy is proposed. For this kind of policies conditions (53) or (110) prove to be too strong. More details
will be discussed in §8.

Now we consider a general parallel server system and extend our main result, Theorem 4.1, to prove SSC
results when the SSC function satisfies a weaker condition. For the extension we only assume that the SSC
function satisfies the following condition.

ASSUMPTION 6.1.  The SSC function g: R4 — R* is a nonnegative and continuous function.

When the SSC function g only satisfies Assumption 6.1 but not Assumption 4.1 we need the following
compact containment condition on the queue length and number of busy server processes.

_ASSUMPTION 6.2. For every T > 0, (1) holds for the sequence of random variables KO ()l Vv
127l

When the SSC function g does not satisfy (53), we replace Assumption 4.2 with the following stronger
assumption.

ASSUMPTION 6.3.  There exists a constant C, such that for every C > C, there exists a function H(t) with
H(t) = 0 as t - oo such that
8(C(O(1). Z(1))) < Hc(r) forall 120 (1)

for each hydrodynamic model solution X, satisfying |(Q(0), Z o)l=<1. ~ 5 y
_ Furthermore, for each hydrodynamic hydrodynamic solution X, with |(Q(0), Z(0))| <1 and g(C(Q(0),
2(0))) =0, g(C(Q(1), Z(1))) =0 for t = 0.

We are ready to state the main result of this section.

THEOREM 6.1. Let {X_} be a sequence of w-parallel server system processes. Suppose that Assumption 1
holds, m satisfies Assumption 3.2, g satisfies Assumption 6.1, Assumption 6.2 holds, the hydrodynamic model of
m-parallel server system satisfies Assumption 6.3, and

g(Q’(O), 2’(0)) — 0 in probability (112)
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as r — oo. Then, for each T > 0,
lg(O’ (1), Z"(1))||; — O in probability, (113)

as r — oo.

The proof is presented in Appendix D.2.

REMARK 6.1. Because we will use a slightly different hydrodynamic scaling in the proof of Theorem 6.1, the
hydrodynamic Equations (38) used in Assumption 6.3 can be different from those in Assumption 4.2. We remark
that an equation can be added into the hydrodynamic model only when it is satisfied by each hydrodynamic
limit. See the proof of Theorem 6.1 for more details.
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Al Ay Ar

FIGURE 1. A V-parallel server system.

7. SSC for V-parallel server systems. In this and the following section we illustrate the applications of
our main results. Additional (more complex) applications of our main results can be found in Tezcan [45]
and Dai and Tezcan [16]. The first system we consider is known as the V-parallel server system. A V-parallel
server system consists of multiple customer classes and a single server pool (see Figure 1 for an example).
We study this model when the scheduling decisions are made according to a static buffer priority (SBP) policy
and we call the resulting queueing system the SBP V-parallel server system. We show that in the diffusion
limit of an SBP V-parallel server system all the buffers except the one with the lowest priority is empty. This
model has recently been studied by Gurvich et al. [25]. They prove an SSC result that is similar to our main
result of this section (Theorem 7.1 below) by assuming that the service rates of all classes are the same; see
Proposition 3.2 in that paper. A slightly different model with phase-type service time distributions is studied by
Puhalskii and Reiman [40].

As explained above, in a V-parallel server system there are I arrival streams and a single server pool. The
number of customer classes is equal to the number of arrival streams, hence I = K. Upon arrival, a type i
customer joins queue i, so there is no routing decision to be made.

We make the following assumptions about the service and the arrival rates. For the arrival rates, we assume
that (15) holds. For the number of servers, condition (20) is automatically satisfied. We assume (21) holds with
p* =3 A;/uy; = 1. Furthermore, we assume that

Al
[N — —\; )= b, asr— oo, (114)
IN"|

for b, € R, which implies that

r

lim |N’|<1—Z Al >=9 (115)

iy IN"|wy;
for some 6 € R. Let the traffic intensity p” be defined by
1
AT
pr — 1 .
,;: IN" |y
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Condition (115) implies that p” — p* =1 as r — oo. Clearly (25) has a unique solution with x}; = A;/w,;,
p* =1, and {p"} satisfies Assumption 3.1.

Under an SBP policy, each classes is assigned a fixed priority. When a server needs to choose a new customer
to serve, that server chooses the longest waiting customer in the highest priority nonempty class. We assume
that there is no tie in the priorities and for simplicity that every class has priority over all the classes that have
a lower index. The following result shows that the diffusion limits of all the queue length processes except the
one with the lowest priority is zero.

THEOREM 7.1. Let {X§;,} be a sequence of SBP V-parallel server system processes. Assume that (15), (21),
and (114) hold. Also assume that (28) holds and

(07(0),2'(0)) = (0(0),2(0)) (116)
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for a random vector (Q(O) Z (0)) and
1
> Qf (0) = 0 in probability (117)
i=2
as r — oo. Then, for each T >0, as r — oo

— 0 in probability. (118)

T

>0

We provide a proof in §7.1.
REMARK 7.1. If (116) is replaced by the weaker condition

|07(0)| v |Z(0)| satisfies the compact containment condition (119)

then (118) still holds because (??) is only used in the proof to show that (119) holds.
If assumptions (116) and (117) are replaced by (119), the following holds by Theorem 4.2; for any T > 0

>0/

i=2

sup — 0 in probability, (120)

7' <t<T

where {7”} is a sequence of real numbers with 7" > 0 and 7" — 0 as r — oco. Note that this result is weaker
than (118) because the SSC result does not hold initially but holds after time zero.

7.1. Establishing the SSC results for the SBP V-parallel server systems. In this section we present the
steps involved in proving Theorem 7.1 and provide a proof at the end of the section. The proofs of the results
presented in this section are placed in Appendix E. As discussed above, by (15), (21), and (114), Assumption 3.1
holds. To use Theorem 4.1, we verify Assumptions 3.2—4.2 hold below.

Next we show that under the SBP policy, Assumption 3.2 is satisfied.

PrOPOSITION 7.1.  Let {X{,} be a sequence of SBP V-parallel server system processes. Assume that (15),
(21), and (114) hold. Then {Xy,} satisfies Assumption 3.2.

Next, we present the SSC function and the additional hydrodynamic equations for the SBP V-parallel server
systems. Let

8(¢,2) =2 lail, (121)

where ¢, z € R!. Note that, g(Q’(t), Zr(1)) = > |Q{(t)| =>', Al.’, and hence g is the desired SSC function.
Clearly g is continuous and satisfies Assumption 4.1 with ¢ =1.

We now verify that Assumption 4.2 holds. First we need to identify the additional equations satisfied the
hydrodynamic limits of the SBP V-parallel server systems. For an SBP V-parallel server system, if there are
customers waiting in a queue whose class has priority over another class, then all the customers in the lower
priority class have to wait until those customers of higher priority class are served. This property is also preserved
in the hydrodynamic limits as given by (122) in the following result.

PROPOSITION 7.2, Let {X{y,} be a sequence of SBP V-parallel server systems described as above that sat-
isfies the conditions of Theorem 7.1. Fix L > 0. Then, in addition to (30)—(37), each hydrodynamic limit Xggp
of {X§gp} on [0, L] satisfies
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A2+ BS(N=0  when  0F,(1)>0, (122)

for all t €0, L] and k € F, where
=1

A (1) =¥A111(I)’ BRi()=3By(). and  QF(1) =;Qj(t)-

We next show that Assumption 4.2 is satisfied by the hydrodynamic model of the SBP V-parallel server
systems. Note that by Proposition 7.2, the hydrodynamic model equations consist of (30)—(37) and (122).
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ProPOSITION 7.3.  Let {X{p,} be a sequence of SBP V-parallel server system processes. Assume that (15),
(21), and (114) hold. The hydrodynamic model of the SBP V-parallel server system satisfies Assumption 4.2 with

H(t) = —ppzpt)™
Now we are ready to prove a multiplicative SSC result for the SBP V-parallel server systems using
Theorem 4.1.

THEOREM 7.2. Let {X§,,} be a sequence of SBP V-parallel server system processes. Assume that (15), (21),
and (114) hold. Then, for each T > 0,

I, 0; ()

A 5 — 0 in probability (123)
el vzl v 1

as r — oQ.

Proor. Let {X{zp} be a sequence of SBP V-parallel server system processes. Assume that (15), (21) with
p* =1, and (114) hold.

It can easily be checked using (15) and (21) that Assumption 3.1 holds. Assumption 3.2 holds by Proposi-
tion 7.1. By definition, g given by (121) satisfies Assumption 4.1. Assumption 4.2 holds by Proposition 7.3. By
virtue of Theorem 4.1, we have that (123) holds. O

Following Remark 4.2, we obtain Theorem 7.1 by virtue of the following result.

LEMMA 7.1. Let {Xp} be a sequence of SBP V-parallel server system processes and assume that the
conditions of Theorem 7.2 hold. Then, 7" and Q’ satisfies the compact containment condition.

8. Armony-Maglaras threshold policy. In this section we focus on the model studied in Armony and
Maglaras [3]. Our purpose is to illustrate the extension of our main result presented in §6.2. In Armony and
Maglaras [3], a V-model system has been used to study a contact center with two channels; one for real-time
telephone service and another for a postponed call-back service offered with a guarantee on the maximum delay
until a reply is received. We assume that the second customer class consists of those customers who call for the
call-back option.

Armony and Maglaras [3] proposed the following policy.

Threshold Rule. If O,(¢) > /|N"|0, give priority to class 2, otherwise give priority to class 1.

Let
)\’=|N’|M<1—L). (124)
N7
We assume that the arrival rates for each customer class is given according to
Al =mA" and A =(1—-mA". (125)
for some n € (0, 1). Let
X" (1) = 01 (1) + O5(0) + Z{, (1) + 25, (1) (126)
and assume that
(0°(0).2°(0) = (2(0). 2(0)). (127)

as r — oo. By Theorem 2 in Halfin and Whitt [26], X" converges weakly to a diffusion process X as r — oo.
We show that the following SSC result holds.

ProPOSITION 8.1.  Let {X"} be a sequence of V-parallel server system processes working under the Armony-
Maglaras threshold policy. Assume that (127), (124), and (125) hold and

(07(0), 05(0)) = ((X(0)—6)", (X(0)* A 6)) (128)
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as r — oo. Then
(01(), 05(+)) = ((X()=0)", (X()" 1))

We provide a proof in §8.1. Proposition 8.1 was first presented in Armony and Maglaras [3]; see Propo-
sition 3.1 there. The proof presented in Armony and Maglaras [3] contains a step that cannot be rigorously
justified, see inequality (29) in that paper. In this section, we will present an alternative proof using Theorem 6.1.
Using Proposition 8.1 one can prove the asymptotic optimality of the threshold policy; see Proposition 3.4 in
Armony and Maglaras [3].
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8.1. Establishing the state space collapse results for the V-systems under the threshold policy. In this
section we prove Proposition 8.1 and illustrate the steps involved proving this result. The proofs of the results
presented in this section are placed in Appendix F. We use Theorem 6.1 to prove Proposition 8.1. By (124)
and (125) Assumption 3.1 holds. Below we verify Assumptions 3.2, 6.1, 6.2, and 6.3 hold.

First we show that Assumption 3.2 holds.

PrOPOSITION 8.2.  Let {X"} be a sequence of V-parallel server system processes working under the Armony-
Maglaras threshold policy. Assume that (127), (124), and (125) hold. Then {X"} satisfies Assumption 3.2.

Next we define the SSC function for this setting. Let ¢ = (¢q,, ¢,) € R?, 2= 1(zy,2,) €R%, x=¢q, + ¢, + 2, + 25,
and g: R* — R be defined by

8(¢.0)=q—(x=0)" (129)
Clearly |g| is continuous but it does not satisfy Assumption 4.1 but satisfies Assumption 6.1. Therefore, we use

Theorem 6.1.
Next, we show that Assumption 6.2 holds.

ProposITION 8.3. Let {X"} be a sequence of V-parallel server system processes working under the Armony-
Maglaras threshold policy. Assume that (127), (124), and (125) hold. Then,

lim Tim P{I0" () v 12 ()]l > R} =0, (130)
i.e., {X"} satisfies Assumption 1.
Next we present the additional hydrodynamic equations. For R > 0 and 7 > 0 and let s¢%(7T") be defined by
(1) ={(10" ()l V127 ()ll7) < R} (131)

ProPOSITION 8.4. Let {X"} be a sequence of V-systems under the threshold policy described above that
satisfies the conditions of Theorem 8.1. Fix T >0, R >0, and L > 0. Then, in addition to (30)—(37), each
hydrodynamic limit X of {X"} on {d%(T)} satisfies

By(t)=p  when  FR(O(1),Z(1)>0 and 0,(1)>0 (132)

Bu(ty=p  when  GR(O(1),Z(1))) <0 and 0y(1)>0 (133)
fort€][0, L]

Now we are ready to prove Proposition 8.1.

PrOOF OF ProPOSITION 8.1. Let {X"} be a sequence of V-parallel server system processes working under
the Armony-Maglaras threshold policy. Assume that (124), (125), (127), and (128) holds.

From Propositions 8.2 and 8.3 and the definition of g in (129), to invoke Theorem 6.1, it is enough to show
that Assumption 6.3 holds.

We prove that

T1s(@ (0. 27| <0 (134)

for every regular point 7 of |g| whenever | g~(QA’(t), ~2’(t))| > 0, which implies Assumption 6.3.
Let X;(¢) = Q;(t) + Z,;(¢t) and X(r) = X,(¢) + X, (). Then, by (33) and (33), X;(r) = X,(0) for all r >0,
hence

X(1)=0 forall r>0. (135)
First assume that g, (R(Q(1), Z(¢))) > 0. Then, by (132)

0=\ —p=—(1—n)r.
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Hence,

&R, Z(0) = RO,() ~ £ (RR(1) — )" = (1 = )1

by (135). o
Similarly, if g,(R(Q(?), Z(¢))) <0, then

& (R(O(1), Z(1)) = 0, (£) = mt.
This proves (134). O




Dai and Tezcan: State Space Collapse in Many-Server Diffusion Limits
Mathematics of Operations Research 36(2), pp. 271-320, ©2011 INFORMS 297

Appendix A. Equivalence of the original and perturbed systems. This appendix is devoted to the proof
of Theorem 2.1. The proof will be presented at the end of this section. In Pang et al. [39, Lemma 2.1], the
authors show a similar result for M /M /n+ M systems. Our setting is significantly more complicated because
arrivals are general, and scheduling decisions affect the system evolution.

For notational simplicity we focus on systems with no routing and abandonment. We assume that a type i
customer will be automatically routed to queue i at the time of his arrival. Therefore, / = K, and we omit the
subscript k from the notation. For the rest of this section we fix a policy . Recall that each policy is associated
with a transaction function f,.. For simplicity, we assume that f,. is a deterministic function, but it can be taken
as a random variable that only depends on the state of the system at the decision instant.

To prove the equivalence of the original system with the perturbed system we model both systems as
piecewise-deterministic Markov processes (PDMP’s) that are introduced by Davis [18]. In §A.1 we give a brief
overview of PDMP’s. In §A.2, we construct a PDMP for our parallel server system. In §A.3, we construct a
PDMP for our perturbed system and complete the proof of Theorem 2.1.

A.l. Piecewise-deterministic Markov processes (PDMP) and parallel server systems. A thorough treat-
ment of the subject and examples of how to model M/G/1 and G/G/1 queues as PDMPs can be found in
Davis [18].

For our purposes, it is enough to define a PDMP on a state space E C R” that is closed in R” for some
positive integer p. A portion of the state space, denoted by Ej, is designated as the topological boundary. Then,
E, = E\E; is the “interior” of E. We let € denote the Borel subsets of E, and we will let P(E) be the space
of probability measures on the measurable space (E, €); the space P(E) is endowed with the topology of weak
convergence. Under suitable regularity conditions a PDMP can be uniquely determined by a function h: E — R?,
an intensity function y: E — R,, and a transition measure w: E — P(E). We assume that w(E, | x) =1 for
each x e E.

By convention, each sample path {x(¢), t > 0} of a PDMP is right continuous on [0, o) and has left limits in
(0, 00). For each time ¢ > 0, the state x(¢) always lives in the “interior” E, of the state space E. For t > 0, we
use x(7—) to denote the left limit at #; namely, x(1—) = lim,, x(s) € Ej. It is possible that x(t—) goes outside
of the “interior.” When x(z—) € E;, a jump occurs at time #, moving the state instantaneously into the “interior.”
While x(z) is in the “interior,” it can also make jumps. Such a jump is governed by an exponential clock with
rate y(x) when x(7) = x, independently of the process history. Between jumps x(¢) obeys dx(t)/dt = h(x(t)).
If a jump occurs at time 7 with either x(t) = x € E, or x(t—) = x € Ej, the process is transferred immediately
to a new state in E, that is randomly chosen following probability measure w(dx | x). We use o, to denote the
nth jump time of the PDMP process x(t). Let N(t) =", I, _,. Under the assumption that

E[N(?)] <oo for all 7, (A1)

it can be shown that {x(¢), ¢ > 0} is a strong Markov process, see Davis [18]

For parallel server systems, function & will be used to model the fact that once an interarrival time is generated
the remaining interarrival time will decrease linearly at rate 1 until it reaches zero. Once it reaches zero a new
interarrival time is generated. This will be modeled as defining the boundary E; and the transition measure @
appropriately. The intensity function y defines the service rate at each instant. The transition measure @ will
be defined to govern the behavior of the system when a new customers arrives to the system or a service is
completed. When a new customer arrives, a new interarrival time for that class is generated, and the system’s
state is updated to this new state according to the interarrival time distribution. If there are idle servers in the
system, the arriving customer may be assigned to one of these servers according to the scheduling policy. When
a service is completed by a server, the server starts a new service from a customer waiting in queue (if there are
any) according to the scheduling policy or stays idle. Both types of jumps are modeled by defining @ properly.
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A.2. Construction of parallel server systems. In this section we construct the processes associated with
a parallel server system. Recall that arrivals to class i are given by a delayed renewal process A; (see §2). For
notational simplicity we assume A; is a renewal process and we assume that the interarrival times of A; are
given by the i.i.d. sequence {u;(m): m=1,2,...} for each i € .¥. We also assume that P{u;(1) >0} =1 and
that the probability of having two or more simultaneous arrivals is zero. The latter assumption holds, e.g., when
each u;(1) has a density.

Let X (1) = (O(t), Z(¢), b(t)) denote the state of the system at time ¢, where Q and Z have the same
interpretations as before (see §2) and b(t) = (b,(?), . .., b,(¢)) with b,(¢) is the remaining time before the next
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class i customer will arrive at time 7. Although we appended “/” in §2 to processes associated with the original
system, we ignore it in this section for notational simplicity.

Note that Q(r) e N, Z(r) e N™/, and b(r) € R’.. Hence X(r) € N\ x N>/ x R’ . In terms of the PDMP
characterization in §A.1, we define the state space E for X by E =R’ x R™/ x R’ with the boundary E; =
R’ x R/ x dR’, where

R, ={x=(x;,...,x)eR: x,;=0forsome i=1,...,1}.

Let E, = E\E;. It is clear that E, =R/ x R™/ x R/

++2
R, ={xeR:x,>0fori=1,...,1}.

We assume for simplicity that X (0) € E,, which means b,(0) >0 fori=1,...,I. We also assume b,(0) # b,(0)

for i # £. Recall that, we use {o,} to denote the increasing sequence of event times, either an arrival to or

departure from the system.
Next we explain how we can model a parallel server system as a PDMP. Between jump points

dQ(t)/dt=dZ(t)/dt=0 and db(t)/dt = —e, (A2)

where

where e is a I-dimensional vector of ones. In terms of the PDMP characterization in §A.1, the function h: E —
R x R x R! is given by h = (hy, h,) with h;: E— R x R"/, and h,: E — R!, where

hi(x)=0 and h,(x) = —e, (A3)

for any x € E.

The boundary Ej is reached when one of the remaining interarrival times b,(¢) reaches zero. At that instant, an
arrival to class i occurs. A new interarrival time, u;, for class i is generated following interarrival distribution F;.
At this time ¢, b; jumps with b,(f) = u; and the other components of » do not change at time ¢. Also, Q and Z
are updated at time time according to the scheduling policy, in our setting according to function f, (see §2 for
a definition), as explained next.

Because service times are assumed to be exponentially distributed, the total service rate at any time is equal
to summation of service rates of all customers in service at that instant. Therefore, for any x = (¢, z,b) € E,,
the intensity function is given by

yx) = > ZjrM - (A4)
ke, jef(k)

To complete the formal definition of the PDMP for the parallel server system, we need to specify the transition
measure @. Recall that the transition measure must be defined in two circumstances; (i) when the system reaches
the boundary at ¢, i.e., X(r—) € E;, (ii) when a jump occurs at ¢ in the interior, i.e., X(¢) € E,,.

First, we focus on the case when the system reaches the boundary at time 7. Denote x = (g, z, b) = X (t—).
It is necessarily true that x € E or equivalently one of components of b is zero. Assume b, =0 for some i. We
define the probability measure @ on (N x N/*K x RK) x (NK x N/ x RX) as follows:

(B, x B, | x) = 1f,,(q,z,e,-)(B1)I'LF,~(B2)’ (AS)

where B, C N/ x N/ B, € B(R!), e; denotes the event that a customer arrived to class i, and u F. is the measure
associated with interarrival distribution F;. The distribution given in (AS) specifies the behavior of the system
when there is an arrival to class i.
We next specify the transition measure when a jump occurs at ¢ in the interior. Let x = (g, z, b) = X(¢). This
time @ (- | x) is a discrete distribution: at (¢’, 7/, b), it has mass
Zjilji

D ke, tefF(k) TekMek

(A6)
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where (¢”,z") = f,(q.z. e;), where e, denotes the event that a server in pool j finishes serving a class i
customer. The right-hand side of (A6) gives the probability that the service of a class i customer is completed
in server pool j, given that there is a service completion in the system. In addition, once a service is completed,
the remaining service time of each customer who is still in service can be generated according to that customer’s
service time distribution. Because service times are exponentially distributed, it is possible to define a parallel
server system this way.

It is clear that X () = (Q(¢), Z(t), b(t)) is a PDMP with intensity function vy, transition measure @, and
evolution Equation (A2). Also, because E[A,(7)] < oo for all 7> 0 and remaining service times at event times
have exponential distribution, E[N(¢)] < oo for all ¢ > 0. Therefore, (Al) is satisfied and {X(z),t > 0} is a
regular strong PDMP.
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A.3. Construction of perturbed systems. Next, we focus on our perturbed system and show that it has the
same intensity function, evolution equation, and the transition measure with the parallel server system described
in the previous section. We again fix an admissible policy 7.

Note that in the perturbed system, the total service rate is equal to the number of customers in service
times their service rate. Also, service times are still exponential, hence, the remaining service times are also
exponential after an arrival or a service completion. Therefore, the service rate is given by (A4). In addition,
(AS) still holds because arrivals are governed by the same process as in the parallel server systems. Also, (A6)
still holds because service times are exponential.

PrOOF OF THEOREM 2.1. Note that the perturbed system has the same PDMP characterization as the original
system; that is, they have the same transition measure, intensity function, and evolution equation. Also, by
an argument similar to that at the end of the last section, E[N(#)] < oo for all 7 > 0 for the perturb system,
too. Hence, in Davis [18, Theorem 5.5] both Markov processes, the parallel server system and the perturb
system have the same generator. Therefore, they have the same finite-dimensional distributions in Ethier and
Kurtz [19, Proposition 1.6, Chapter 4]. O

Appendix B. Fluid limits. In this section we study the fluid limits and present the fluid model equations of
parallel server systems. Also, we establish a general framework that can be used to check whether Assumption 3.2
is satisfied by a control policy.

Let s/ C  be such that {Q”(0)} is bounded and the following FSLLN holds:

E(N"]) Si(IN"]) E(N"])

—-TI.(-) uwo.c (B1)
N7 N7 N7 ¢

v(-), —a; (), and
as r — oo, where a; (t) = wt, [ (t) = y,t, for all j € ¥,k € F(j), and v(t) = te, where e is the /-dimensional
row vector of ones. Note that we can take P(5{) =1 from (15). For the rest of paper we only consider sample
paths in .

Let {X”} be a sequence of m-parallel server system processes and

XL(1) = X0 (0)/IN']. (B2)

We call this scaling the fluid scaling and 3_(; the fluid scaled process. }_{,T is called a fluid limit of {X7 } if there
exists an w € 9/ and a sequence {r;} with r, - oo as [ — oo, such that X (-, w) converges u.o.c. to X as [ — oc.
The following theorem is analogous to Dai [13, Theorem 4.1]. Its proof is given at the end of this section.

THEOREM B.1. Let {X} be a sequence of m-parallel server system processes. Assume that (20) and (21)
hold and {Q"(0)} is bounded a.s. as r — oo. Then, {X"} is a.s. precompact (i.e., every subsequence has a
convergent subsequence) in the Skorohod space D?[0, 0o0) endowed with the u.o.c. topology. Thus, the fluid limits

exist, and each fluid limit, X_, of {X;} satisfies the following equations for all t > 0:

s

o~
&,
p .

o
23
=

5 E
© o
L
o c
=
©
2
=
@2
23
> 2
O +
o <
=
© ©
n 2
© O
>£
=+
O ®©
2
£y
32
=
._QQ.
= C
® 9
S 3
o2
2 E
T O
o2
o2
T ©
T
12
0 £
c .2
e

o
==
— O
£ 3

o) O
= £
E -
c
(]
8 e
S =
o O
<E
w_

[
= C
e o

=
Q35
z-c
=<

M= A ()+ Y Y Ay(r), foralield, (B3)
keX keX jeg (k)
0, =0,0)+ X Ay () — Y Bu()— v, f Ou(s)ds, forall ke %, (B4)
ey jeF(k)
Zu(1)=Z30)+ > Aplt) + By (1) — wy Ty (1), forall je § and k € F(j), (B5)
ie¥
Ty (t) = /tzjk(s) ds, forall je¥ and ke H(j), (B6)
0
Y(t)=B;t— Y. Tu(1), forall jeg, (B7)
ke (j)
Qk(t)< 3 (ﬁj— > Z,,(r))) =0, forallke, (BS)
JjeF (k) leF())
/t S Oi(s)d¥,(s)=0, forallje¥, (BY)
O kew(j)
t > <Bj— » Zﬂ(s)> dA,(s)=0, forallie.¥ and ke X, (B10)
0 jeg 1€7(j)
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A, A, A, T, and B are nondecreasing, (B11)
0(1)>0,Z,(1) >0, and Y Zy(t)<PB;, forall je ¥ and k€ K(j). (B12)

ke (j)

DEFINITION B.1.  We call the vector (g, z) a steady state of the fluid limits if for any fluid limit X_, Q(0) = ¢
and Z(0) = z implies Q(r) = ¢ and Z(t) =z for all £ > 0.

We denote the set of all the steady states of the fluid limits of {X”} by /.. The following result presents a
condition that is equivalent to Assumption 3.2.

LeEmMA B.1. Let {X"} be a sequence of w-parallel server system processes that satisfy the conditions of
Theorem B.1 and Assumption 3.1. A control policy  satisfies Assumption 3.2 if (0, z) € M, where z;, =B X
and x* is given as in Assumption 3.1.

PrOOF.  Assume that (Q"(0)/|N"|, Z"(0)/|N"|) — (0, z) a.s. as r — oo and (0, z) € M. We prove the result
by contradiction. Assume that Assumption 3.2 does not hold. Then we can find w € $¢ and a subsequence,
denoted again by r for notational simplicity, such that 3_(; is convergent. Because every fluid limit satisfies the
fluid model equations this implies Q"(-) — 0 and Z’(-) — z as r — oo u.0.c., which contradicts our initial
assumption. [

PrOOF OF THEOREM B.1. Assume that (20) and (21) hold. Consider a sequence of numbers that we again
denote, with a slight abuse of notation, by {r}. We show that {X"(-, @)} has a convergent subsequence, for all
w e . We fix w € 3 for the rest of the proof.

Observe that

T (ty, w) T7(t, w)

<|t, — 1],
v v | =l

for all 0 < ¢, < t,. Hence, {T" (-, w)} is tight; there exists a subsequence {r;} such that T"(-, w) converges u.0.c.
to some continuous function 7. We define the fluid scaled idle time process Y; for the jth server by

r

HORTSTED S A0 (B13)
NI iy
for all > 0 and set Y =(/,..., Yj’). )
Now, because D (1) = (1/N")S; (N"T; (1)),
D;}C( -) converges u.0.c. to Djk( ), (B14)

where D, (1) = u; T() in Ata and Kumar [4, Lemma 11]. By (B1), A"(-, ) converges w.o.c. to A(f) = At;
hence, it is precompact in D/[0, co). However, for all 0 <t, < ¢, and j € ¥,

A:}c(l‘% w) — A:r/i(tl , @) <A"(t, w) — A(t), w).

By Billingsley [8, Theorem 12.3], this implies that {A: (-, )} is also precompact. By the same argument, so is
{AL (. w)), forallie.7, ke, and j € F(k).

Fix je ¥, ke #(j), and 0 <1, <t,. We omit w from the notation below. Note that B;}C can only increase
when a service in pool j is completed. On the other hand, some of the servers in pool j will receive customers

right after they arrive at the system. Hence, by (8), we have that

Bji(1,) = B (1) = 3 (D (1) = Dy (1)), (B15)

K e (j)
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Because é;;c is nondecreasing, by (B14) and again by Billingsley [8, Theorem 12.3], (B15) implies that
{B}(-, @)} is precompact. This implies by (8) and (B14) that {Z] (-, w)} is precompact.
Assume without loss of generality that

(A"(). AT() AT (). D (). T(-). Y'(+). B, Z"(+))
= (AC) A, A (). D). T(-). Y(-). B. Z(")) (B16)
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u.o.c. and

0"(0) - 0(0) (B17)
as [ — oo. We next show that {Q"'(-)} is precompact. Fix T > 0 and choose 7, large enough so that

1A () lly <M

for r > r, and M < oo. Note that such M exists by (B16). Then, for 0 <s<r<T

/()IQ;l(u)du—[OSQ,:’(u)dug (t—s)M.

for all k € &. Hence, the sequence of processes

{/OAQ,C(u)du} (B18)
is precompact for all k € 7. This, by (B1) and Ata and Kumar [4, Lemma 11], implies that the sequence

F(IN"| 5 Oil (5)ds)
IN"]
is precompact for all k € . By (B16)-(B19) and (7), we conclude that

{0"()}

(B19)

is precompact. B
Next, we show that every fluid limit satisfies (B3)—~(B10). Let X be a fluid limit and for notational convenience
assume that

X"(-, ) = X(+) (B20)

u.0.c. as r — oo for some w € sf. X satisfies (B3) by (6), the convergence of A!(-, ®) to A,(r) = ;¢ and the fact

that A7 (-, w) and Ai’jk(‘, w) are both convergent.

Note that because Q"(-) — O(-) u.o.c. as r — oo,

f- 0 (s) ds— f 0.(s)ds u.o.c.as r — oo
0 0
by Lemma 11 in [4] and so by (B1) and again Lemma 11 in [4]

E(IN"| J; Oil(s) ds)
IN"]

Therefore, fluid limits satisfy (B4) by (7) and (B20). Equation (B5) follows from (B14), the convergence
of Z3(0, w), A (-, w), and B} (-, w). Equation (B6) follows from (10) and the convergence of Z (-, ) to
Zy(+) woc. . .
_ We next show that X satisfies (B8). Fix ¢ > 0. If Q,(¢) =0, then (B8) is satisfied trivially, so assume that
Q,(t) > 0. By the continuity of Q,, there exist # > § > 0 and & > 0 such that Q,(s) > & for all s € [t — &, +5].
Because Q) converges u.o.c. to Q,, for large enough r

0i(s,w)>¢g/4 forall se(t—3§,t+8]

— )’foh Qk(s) ds u.o.c.as r — oo.

By (11), this gives

N! _
> ( Ly Z;,(s,w)>=0 for all s [r—8,1+8].

Jjey (k) IN"] 1eA(j)

Using the fact that X’ converges u.o.c. to X again, we have that

> (Bj - > Zj,(s)) =0 forall se[r—3d,1+0],
Jjeg (k) LeR(j)
thus proving (B8). It can be shown similarly that X satisfies (B9) and (B10). O

REMARK B.1. It follows from (B3)—~(B6) and the proof of Theorem B.1 that each component of X is Lipschitz
continuous, and so they are absolutely continuous and differentiable almost everywhere with respect to the
Lebesgue measure on [0, c0).
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Appendix C. Proofs of the results in §5

C.1. Bounds on hydrodynamically scaled processes. We need the following lemma to prove that the
departure process of a hydrodynamic limit satisfies the associated hydrodynamic model equation and the number
of customers abandoning from the queues are negligible in the hydrodynamic limits. Recall that we denote by &/
the subset of () whose elements satisfy (B1) and P(sf) = 1.

LEMMA C.1. Let {X"} be a sequence of m-parallel server system processes. Assume that Assumption 3.1
holds and T satisfies Assumption 3.2. Fix € >0, L >0, and T > 0. Then, for large enough r and w € A

max ~|N’m |Z;,;m(s)|ds<s, VjeFJ and ke K(j).
m</|N"|T 0

and

max |Nrrm/ |0; ™" (s)|ds <e, Vked.
INTIT

ProOOF. Fix w € o and & > 0. Let z be given as in Assumption 3.2. For m < /|N"|T, by (60),

1
v )
T |N"|

*

N ’Q (1)
IN’I N

Z’(t) N
|Nr |Nr

Because 7 is assumed to satisfy Assumption 3.2, Lemma B.1 implies lim sup,_ _ ||Q"(t)/|N"|||+ V1 Z"(¢)/|N"| —
N”/IN"|x*||; = 0. Hence, for r large enough and m < /|N"|T,

v rm 1)

<e.
N7
Similarly, for r large enough,
(1 zZ'(ny N’
’Q() H o N | e -
|Nr| Le+T |Nr |Nr| Le+T L

Choose r large enough so that (C1) and (C2) hold. Then, for such r and for j € ¥, k € ()

m r (t) x* er
max - / r s+— —x N/ |d T X <&
wir INT IN IN] IN INTI Losr
and
NS "(t
max / Qk( s+ m )‘dsSL‘Q() 0
|N’T|N | |Nr| IN7| INT[ l posr
REMARK C.1. Let {€(r)} be a sequence with €(r) — 0 as r — oo. Define
@f:{ max (V ’"/ 1257 (s)| ds v Y ’”/ |Q"”(s)|ds> <e(r)} (C3)
i \ N7 IN"|
For €(r) — 0 slowly enough as r — oo, lim,_,  P(®") =1, by Lemma C.1. Hence,
lim P(@" NF") =1, (C4)

by Corollary 5.1, where #” defined as in §5.1. With a slight abuse of notation, we set X" = " N H" for
simplicity.
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C.2. Proofs of the results in §5.1

C.2.1. Proof of Proposition 5.1. 'We observe as in Bramson [10] that it is enough to investigate the processes
with index m = 0 and then to multiply the ensuing error bounds by the number of processes in each case;
VINT|T. To see this, note that

o (ol (v I ) ) () )

Let u;"(1) be the first residual interarrival time of y; after time A[/|N"|\/|N"|m.

AP ()=

P{ max _|A""(2) — t >2€L}
NI INI
Pl | Gt i) x (g ) - o 2]
= max Xt " " i . "m || — > 2€
INT|T |N INT| Xrom WL myns /N7 |
Al Al
§P{ max )(i<t+ IN"|m r) (o |N’|m)—(t—u[”"(1)) >vxr,meL}
INT|T |N| INI L /X A /INT|
S
+P{ max u’—()>eL}. (C5)
|NT|T \/'xr,m

To show that is enough to focus on m = 0 first we claim that the second term goes to zero as r — oco. This
follows by Lemma C.2, because it is enough to show that {u; " (1), i € .7} satisfies

u"(1)/y/IN"|— 0 in probability as r — oo, for all i € .7 (C6)

for all m < ,/|N"|T. Note that
(VI AL ) < (VI ) = (1 VI AL ) = xR I =) )
f "lm m "lm "lm —u
IN"| INT| INT| IN"|

Also, by definition of A’ (see (18)) and because 7 is an admissible policy, x;(¢ + /|N'|mAl/|N"|) —
Xi(A[/|N"|/IN"|m) is independent of x, ,. Hence, for a random variable X, , which has the same distribution
as x, ,, and i;""™, which has the same distribution as u;"", and both of which are independent of X", and because
X; 1s a renewal process, we have

) (I a0 ) = )

IN"|

P{ max
INT|T

Xt(t+ |Nr|m 2\/‘xr,mEL}

LT Al /INY]

:pz{ e oo 0) = ()0 = = O = Vel 207 (€T

IN"|T

Also, observe that

o~
&,
p .

o
23
=

5 E
© o
L
o c
=
©
2
=
@2
23
= 2
O +
o <
=
© ©
n 2
i
b
58
O ®©
2
£y
32
=
QQ-
= C
® 9
S 3
o2
2 E
T O
o2
o2
T ©
T
12
0 £
c .2
e

o
==
— O
£ 3

o) O
= £
a -
c
(]
8 e
S =
o O
<E
w_

[
= C
e o

=
Q35
z-c
=<

PLmax [x " (0) = () (D) 47" (1) = (= @D,y = Vel 2 0

[ | | =V

= X PO =t g > Vel }+ PG +€) = Ol > VINILE], (C8)
INT|T

for € — 0 in probability by Lemma C.2. Let x/(t) = x;(|N"[t)/+/IN"| —1/4/|N7|. Then by FCLT, x; converges
weakly to a Brownian motion as » — oo. The second term in (C8) converges to 0 as r — co. To conclude the
proof, we show below that for each m

PUXO) ~ 1], e > ¥ meL} < €/ (LYIN'])
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Similarly, for each departure process too, it is enough to investigate the processes with index m = 0, because

we have 1 - " .
0= = (3 (5 (W 7)) -5 (5(77)) ©

for j € ¥, k € #(j). Hence, by restarting the process at time m//|N"|, we have that the only condition to be
checked is whether the residual time of the first arrival for S, after time T}, (m//|N"|) € [0, [N"|T] satisfies a
similar condition to (C6).

The following lemma, taken from Bramson [10], shows that (C6) holds. Let

ul "™ = max{|u,(1)]: U(I—1) <2|A||N"|T}, forallie.  and

2

Vi = max{|v, (D]: Vi (I—1) < |N"|T}, forall j€ ¥ and k € #(j).

LEmMMA C.2. Assume that u;(1)/~/N" — 0 in probability as r — oo and (19) holds and that A"/|N"| is
bounded. Then, for given T,

u- T’max/\/ IN"| — 0 in probability as r — co, forallie ¥ and
v;,;T’max VIN'|— 0 in probability as r — oo, for all j€ ¥ and k € F(j).
Proor. The proofs immediately follow by taking r = /2|A||N"| and r = /|N7"|, respectively, in
Bramson [10, Lemma 5.1]. O
Fix € >0, L >0, and T > 0. We prove each bound separately.

PROOF OF (76). Fix i€ .7. Because x, , > |[N"| by (60), similar to (5.31) in Bramson [10], using Lemma C.2,
for given € > 0 and large enough r,

P(I1xi (1) = tllajz s = 2|1Al€L /X, ) =/O P(Ix:(t) = tlone s = 21A€LVx) dF,  (x)

€
< —-.
2A|LV/|N7|

The first inequality follows from the fact that arrivals after a time point ¢ are independent of the state of the
system at that point. Again for r large enough,

1 Al (/X ot/INT) A
1x6(1) = e s = ”—— i
\/'xr,O xr,O |N| L
AY
= ‘A{’O(t)— 1
N7,
Hence,
AL 2
P{HA{’O(t)— Ly >25L}§—€
INTI . LJ|N"]
and so
AT 21€
PYA™O(1) — t L}s—.
{H IN[, 2|A|L/N]

Multiplying the error bounds by [/|N"|T| and enlarging € by a factor of 2I(L v T) we obtain (76). O
ProorF of (77). Fix j€ ¥ and k € H(j). We first show that for r large enough

P{ sup (Sjk(zﬁj\/r,otZ)_Sjk(zﬁjmt]))ZZBjm(tz_tl

0=t =n=<L Jjk

)+4m jLe}s—4E . (C10)
’ B;Ly/IN"|

By Proposition 4.3 of Bramson [10] and Lemma C.2, for large enough r,

g

t
Su(t) — —
Mk

€
>2B.L /_xryoe} <2
2B,L T ! BLyIN"|
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Then,
2B, /%, ot

jk

2ﬂj\/ xr,Otl

jk

P{ sup ((s,k(zﬁjmrz)— )— (S,k(zﬁjmtl)— )) >4 /%, jLe}

0<t;<t,<L

< 4e
~ BiLVIN]
This gives (C10). Next, we show that

P{ sup (Sjk <Tﬁc< |);\r,’r0|t2>> = S <Tﬁc( |);\r,’r0|tl >>> = ijxr,o% +5mBjLe}

0<t;<t,<L

- S5e
~ LB;y/IN"]

We prove (C11) by showing that the event in (C11) is included in (C10). Assume that for w € Q)
t X
e e R

for some 0 <t <t, <L. Let

(C11)

/X, ot
Tl:Tj;c( ’Ol,w>
IN"|

for [ =1, 2. Then, for r large enough

0<7 <7 <2LJ%, oB; and (C13)
T, — T 2%, Bt — ). (C14)

By (C12) and (C14)

S (23 mzm_) Si (2/3 mflﬁ,r)
> 28, m”/ (2Bv/x,.0) =71/ 2y/Bi%,.0)

15273

By (C13), 0 < 7,/(2B; /%, o) < 7/ (2B;/X, o) < L. Using this and (C14), we get that w also satisfies the
inequality in (C5). Thus we have (C11). By (C9), this implies, by reselecting €, that

+4/x, oB,Le.

P{ sup  [D70(t) — D"°(1)] = Nty — 1| +e} < (15

t1,1,€[0,L] |Nr| ’
with N =max;; ;c5(;)18,/}. Multiplying the exceptional probability by [/|N"|T| and enlarging € appro-
priately we obtain (77). O

PrOOF OF (78). By setting e =1, t, =L, and ¢, =0 in (C15), we have that
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P{D’ (*l/;_loL) >2NLm} < IjV’I' (C16)

Off of the exceptional set given in (C16)

D, <*|/; >+1<3NL¢—

Let a=0 or 1. It follows from Bramson [10, Proposition 4.2] that for large enough n

gl

V() —

Jjk

€
> €Enge < —.
n n
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By setting n=3NL,/x, ,, we get

/|

for B, >2/3NL. By enlarging € appropriately, we get for b= (1, 0) or (0, 0)
€

| D—mz}fm

jk
Multiplying the exceptional probability by [/|N”|T] and enlarging € appropriately, we obtain

>3NL x,,oe} <B,

D’ (1)
V(D (1) +a) — == H
Mk

(VEo/INTL [N

Vi (DG (1), b) —

r,m r,m 7 Dr;fm(t)
V" (D" (1), b) — ————

P{ max
jk

m<A/|N"|T

>€¢ <E€. C17
| 1)

For b= (0, 1) and b = (0, 0), by (63)

p{ max_ V5" (D5 (6).B) — Vi (D" (). b, ze}

m<a/|N"|T
(o)) () ) v e
; d\—] -V | — > X €
VI ) I |

Observe that, by (16), V; (D}, (m//IN"|)) <|N"|T and by Lemma C.2

< P{ max
m<A/|N"|T

P > /X e} <€ (C19)

for large enough r. Thus, we get (78) by combining (16) with (C17)—(C19). O

C.2.2. Proof of Proposition 5.2. Assume that Assumption 3.1 holds and 7 satisfies Assumption 3.2. Fix
€>0,L>0and T > 0. Recall that

1
R (0) = —=(B(VE 0" (0 + G/ IND) = £ (Gion/VIND) )
By Assumption 3.2 and Lemma B.1
ol _,
Nr

in probability as N” — oco. Hence, for

e ={0"lr =N},

P€" — 1 as r — oo. For the rest of the proof we only consider w € €".
Now, on €",
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max_ |G} (m/v/IN')| < G{(T) < |N'|T

m<a/|N"|T

Let

r,T,max __
v, = max

v, ()]s T(I—1) <|N"|T}.
Then, similar to Lemma C.2, we have that

vp "™/ /IN"| = 0 in probability as r — oo. (C20)
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Hence, similar to the proof of (76) we can focus on R} °. Then, for ®" defined as in Remark C.1,

r,0
P(@rm{HF(er’chk (t)) >E})§P:HF(VX;OE(")) >E}
\ 7, L 7, L .
=P{|F(e(r)r) — 'yke(r)tHLm—}— Y€(NT /%, 5> €% o} < 7 (C21)

in Bramson [10, Proposition 4.2] and the fact that e(r) — 0 as r — oc.
Hence,

P{ max ||R,';"’(t)||L>e}56(r)+P<®’ﬂ{ max ||R,'<""(t)||L>e}>

JINTT VNI

<e(n+ Y PON{R"MI,>¢€)
m<mT

<e€(r)+2Te,

where the last inequality follows from (C20) and (C21).

C.2.3. Proof of Proposition 5.3. We use the bounds established in (76)-(78) and (79). Fix L, T, and
€ > 0. Choose r large enough so that (76)—(78) and (79) hold with €/(3d). Let V" be the intersection of the
complements of the events given in (76)—(78), so P{7/"} > 1 — €. We show that for r large enough and all
weV”

max_ sup |X""’(t1) — Xr’m(t2)| <Nt —t,|+¢€ (C22)

m<A/|N"|T t1,02=<L

for some N that only depends on (1, J, K, A). We fix w € " for the rest of the proof and so omit it from the
notation. Let 7, ¢, € [0, T] and m > 0. We first show that for any j € ¥, and k € F(j)

|Z]r'llm(t2)_z;12m(t1)| <Nyt —t)| +€ (C23)
for some N, > 0. Because Bj;" is nondecreasing similar to (B15) we have by (61) and (69) that
0<B;"(t,) = B;"(t)) < > (D;im(tz) - Djr‘im(tl))- (C24)
et (j)

Combining (C24) with (69) yields
|Z;/'<m(t2) - Z]r'/lm(tl)| = K|Dr’m(t2) - Dr’m(t1)| +I|Ar'm(t2) - Ar'm(t1)|-

By (76), |A""(t,) — A" (t,)| < 2|A||t, — ;| + € for r large enough. By setting N, = KN +2I|A| and using (77),
we get (C23). Equation (C24) gives that

‘B;icm(fz) - B;l}m(tl)‘ <Nt =t +e
By (79)
IR, "()], <e.

Combining this with (68) gives
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|erc’m(t2) - ercm(tl)| <Nt — 1|+ Ne,
for N, = (I + J)N,. Observe that for any i € .7, k € &, and j € ¥(k)
|A;1§m(t2) _A;I;m(tl)| = |A:’m(l‘2) —AP"(4)]s
|AL" () — AR ()] < |A] " (1) — A7 (1)

ijk

Also, for any j € ¥ and k € #(j) and for r large enough, by (66),
”Yﬁm(l‘z)_T};m(Il)HL523j|t2_tl| and ”er’m(tz)_y}r’m(t1)||L52ﬁj|t2_t1|'

Note that, by the definition of 7", the inequalities above hold for all m < \/|N"|T. This shows that (C22)
holds, for r large enough, with N =N, v 2.
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C.3. Proofs of the results in §5.2

C.3.1. Proof of Proposition 5.4. Proof is similar to that in Bramson [10, Proposition 6.2]. Assume that
Assumption 3.1 holds, 7 satisfies Assumption 3.2, g satisfies Assumption 4.1, and (55) holds.
Fix w € #" and let X" be given as in §5.1. By (76'), we have for large enough r that

Ar
A"T(t) — t| <e(r). (C25)
H INTLL,
Combining (65) with (78') gives
r,m 1 r,m
T "(1) = —DR" ()| < e(r). (C20)
Mk L

Recall that z;, = B,x7,. Using (C4), (71) and Remark C.1 gives
|57 (0) 2], < €. (C27)
By (78)
|R:"(0)], < e(r). (C28)

Now select any hydrodynamic limit X of €. For given 8 > 0, choose (r, m) so that, e(r) <8,

[X(t) =x""(2, w) |, <8, (C29)
and
Ill\\/r’l —A‘ <. (C30)
It follows from (C25) and (C30) that
|A(r) — Ar, <28 (C31)
and from (C26) and (C27) that
1D (1) = ezt < 28. (C32)
By (C28)
IR (1)), <28. (C33)

By combining (C29), (C31), (C33), (67), and (68), we get

‘ N=Y Au(n— Y Au()| =<2KJ8  and (C34)
ke ke, jeF (k) L
0.0~ 0.0~ X0+ ¥ Bu0| <aud (c35)
ie¥ jeg(k) L
By combining (C29) with (C32) and (69), we get
‘ Zy (1) = Z;3(0) = 3" Ay (t) — By (1) + pyzpt| <618 (C36)
iey L

Equations (C32)—(C36) show that the hydrodynamic limits satisfy (30), (31), and (33). Equations (35) and (32)
are clearly satisfied by the hydrodynamic limits.

That the hydrodynamic limits satisfy (36) and (37) is proved similarly to the fact that the fluid limits satisfy
the fluid analogs of those equations. Hence, we only illustrate the proof of (36).
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Fix a hydrodynamic limit X. By the definition of a hydrodynamic limit, there exists a sequence (r;, m;, ,),
with w, € #' for all [ > 0, such that

X" (., w,) — }Z( ) (C37)

w.o.c. as [ — oo. Fix 1 > 0. If 0,(1) =0, (36) holds trivially. Now we assume that O, (r) > a for some a > 0.
By (C37), there exists an /, such that

M w) > af2

for all [ > [,. This implies, by (74), that
> X Zy"(te)=0.

jeF (k) leF(j)
Hence,
Q,:”'"’(t, ) Z Z Z;ﬁ’ml(t, w,) =0. (C38)
JEF(k) LR ())

Convergence in (C37) implies that

() Y Y 2 w) = On) Y Y Zy(t) as 1 .

JeJ (k) 1eFi(j) Jjeg (k) leF(j)
This gives (36) by (C38).
C.3.2. Proof of Proposition 5.5. Assume that Assumption 3.1 holds, 7 satisfies Assumption 3.2, g satisfies
Assumption 4.1, and the hydrodynamic model of the 7-parallel server systems satisfies Assumption 4.2.
Fix L > 0 and let X be a hydrodynamic limit of €. Note that because X is a limit of hydrodynamically
scaled processes |X(0)| < 1 by (83). Also, by Proposition 5.4, X satisfies the hydrodynamic model Equations

(30)~(37) for all ¢ € [0, L]. Thus, using (30), (31), (33), and the fact that |X(0)| < 1, one can show that there
exists R; > 0 such that

IX(D)ll, < Ry (C39)
Fix € > 0. Because g is continuous, there exists 6 > 0 such that

lg(x) —g(y)| <€ (C40)

if |x—y| <& and x,y € [-2R,, 2R, ]'"%.
Fix 0 < 6 < R, as given above and choose r large enough so that (84) holds for all w € " and any

m < /|N"|T, that is,

X7 () = X)), <8 (C41)
for some hydrodynamic limit X of €. Hence, by (C39),
X" (@)l <2R,. (C42)
By (C39)—(C42) and Assumption 4.2 we have for all ¢ € [0, L] that

g(Q""(1), 2" (1)) < H(1) +e.
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Result (88) is proven similarly. Let X be a hydrodynamic limit of €,. Then, there exits a sequence {X"°},
where {r,} is a subsequence of {r}, such that

[X*0¢) =X -0 (C43)

as k — oo. But by definition of €, g(Q+°(0), Z"=°(0)) — 0. This implies by the continuity of g and (C43) that
g(0(0), Z(0)) =0. Thus, by the last statement in Assumption 4.2,

|s(Q(). Z(1))|, =0. (C44)
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This shows that (C44) holds for every hydrodynamic limit of €,.
One can show as in Corollary 5.2 that hydrodynamic limits of €, are rich in €,. Hence, for large enough r
and w € <7,

[Xx7°C) =X(), <8
for some hydrodynamic limit X € € of €,. Using (C40) we have
8(0"°(1,2"°(1)) < €

for all € [0, L].
The validity of (86) when (55) holds is already proved before Proposition 5.5.

C.4. Proofs of the results in §5.3
C4.1. Proof of Lemma 5.1. For w € " and r chosen large enough it follows from (81) that
|Qr’m(t2) - Qr'm(t1)| <Nt —t]+1

for t,,1, € [0, L] and m < \/[N"|T. Setting t, =0 and t, = 1/y, ,, and applying (90) to the above inequality
gives

o (52)- o) e e

- B e =X m T r,m>

[INT| [NT| Vr.m

o))
IN7]| IN7]|

STV
[N [N

( va)‘v

and so

SN+Y, 0w <2Ny, -

The same argument gives

Hence,

Qr

yr,m+1 S <

Z(L) ‘ v 1> +2Ny, ,, <3Ny, ..
IN"|

which yields (95).
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C.4.2. Proof of Lemma 5.2. Let r € (Ly, ,/\/IN"|,T]. It follows from the definition of m, () that
m,(t) > 1. So,

IN"|t = (m,(t) = 1) = Ly,(m,(1) = 1).

Setting m = m,(t) — 1 in Lemma 5.1, one has

N7t = m, (1) = Ly, Om ()= 1) = 12 5, m (1) = 1 = 2y, (m, (1)

assuming L > 6N as in (94).
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Appendix D. Proofs of the results in §6

D.1. Proof of Corollary 6.1. A careful review of the proof of Theorem 4.1 reveals that (53) is needed to
show two results. The first result is the inequality in (85). If we only assume that (110) holds, this result still
holds because

r

N ) 5(07(0).27(0)) < (0 (0). 2 (0)).

r,0

$(07°(0), 2°(0)) < (

as [N"|/x, o <1 by (60). The second result, for which (53) is needed, is Proposition 5.6. By using (110) instead
of (53) we get

8(Q""8(). 27" (1) = g(W (Q(? * %—)Z(? i fv—)))

> (Wm0 (Lt ) 2 (S e ),

Observe that this gives (92) and (93) for all 7 € [0, T] and m satisfying (91) with ¢ replaced with ¢,. The rest
of the proof can be repeated verbatim to show that Theorem 4.1 holds when c is replaced with c,.

D.2. Proof of Theorem 6.1. In the rest of this section we assume that Assumption 1 holds, 7 satis-
fies Assumption 3.2, g satisfies Assumption 6.1, the hydrodynamic limits of #r-parallel server system satisfies
Assumption 6.3, Assumption 6.2 holds and

2(07(0),27(0)) — 0 in probability
as r — oo.

D.2.1. Modified hydrodynamic limits. Fix 7 > 0 and € > 0. We will show that for r large enough

P{llg(Q (1), Z" (1)l > €} < m,

where 1 > 0 is arbitrary. Note that this implies the conclusion of Theorem 6.1. Hence, we also fix 1 > 0 for the
rest of the proof.
By Assumption 6.2, for each C > 0 large enough there exists an r, > 0 that may depend on C such that for
all r > r,
P(AL(T)) > 1= /2,

where, for 7 > 0 and C > 0, ${.(T) is defined in (131).
To introduce the modified hydrodynamic limits, we change the hydrodynamic scaling slightly. For any non-

negative integer m < /|N"|T, let
2
m m
IN"| IN"|

The difference between this definition and the definition (60) is the last term. We note that

2

v (C?IN")

xr,m
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X, = CIN'| (D1)

on HU.(T) for m < /|N"|T. We define the hydrodynamic scaling as in (62) and (63). Observe that Equa-
tions (67)—(75) are still valid. Fix L > 0. The results in Propositions 5.1 and 5.2 still hold, hence so does the
result in Proposition 5.3. We redefine #'(T) to be the intersection of ¥ in (81) with %/.(T) and the comple-
ments of the events in (76'), (78'), and (79'). The latter three events are modified from three events in (76), (78),
and (79) as explained in the passage immediately below (81). As in Corollary 5.1

lim P('(T)) > 1 — /2.
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Let
E={X"",m< VIN'|IT, we H(T)}.
Because (83) holds, Corollary 5.2 holds on #"(T) with E” defined as above and
€={E": reN}

We call the hydrodynamic limits in this case the hydrodynamic limits on {s{.(T)}. Observe that the hydrody-
namic limits on {s{.(7T)} also satisfy hydrodynamic model Equations (30)—(37) by Proposition 5.4. However,
the policy depend Equation (38) can be different. Thus, the hydrodynamic model equations can be different
from those in §4.1.

Next we establish a similar result to Proposition 5.5. First note that on F"(T)

(ot ) (Y ’"l))==g( 0,27 0) )

N JINT| IN"| IN" IN"|
=g(C(Q""(1),Z2""(1))) (D2)
for m < /IN"|T by (D1) since #"(T) C s45(T).
Therefore,
8(0(0). Z'(0)) = g(€("°(0), 2"°(0)))
on X" (T).

Let £"(T)=R"(T)N'G" where
%" ={]g(C(Q"°(0), 2"°(0)))| < e(r)},
with €(r) — 0 slowly enough as r — 0 so that
rlglolo P(ZL'(T))>1—mn/2.
As in Proposition 5.5, using (6.3) and the continuity of g we have for C > C, and r > r, large enough that
8(C(Q""(1), 2" (1)) < He r(1) + €, 1€][0, L] (D3)
on #"(T). Using the second part of Assumption 6.3, similar to (88) we have

lg(C(@"°(0),z"°(1)|, <€ (D4)
on &"(T) for r large enough.

D.2.2. SSC in diffusion limits. Let

X
Yrom =] o (D5)
|N"|

We begin with changing the scaling using (D2). As in Proposition 5.6 we have from (D3) and (D2) that
1

g@%miw»smm( wm—mg+e

r,m

for w € Z'(T), r large enough and

1
" i< —— O, L+ m). (Do)

N7 VN

Also by (D4) we have that

ls(Q ). 27, , s <€

on &"(T) for r large enough.
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Let m, () be the smallest m that satisfies (D6) with 7 and y,(m,(t)) =y, ,, (- Note that on " (T)
Ly,,=Ly,, forallnm<|N"|T,
by (D1) and (D5). Now observe that if ¢ € [Ly, o//|N"|, T] then m,(¢) > 1 hence

IN"|t = (m, (1) =1) > Ly,(m, () = 1) = Ly,(m,(2)).

Therefore

N7t = m (1) > Ly, (m, () = 1> 53,m, ().

for L > 2.

Because the value of L is a matter of choice, we can take L sufficiently large and redefine #"(T) with the
reselected L. Let H. , be given as in Assumption 6.3. Because H. ;(t) — 0 as t — oo is independent of L, for
€ > 0 fixed, there exists s*(€) > 1 such that for 7 > s*(€), Ho () < €. So we set

L > 65" (€).
The proof is completed similarly to the proof of Theorem 4.1.

Appendix E. Proofs of the results in §7. In this section we provide the proofs of the results in §7.1.

E.1. Proof of Proposition 7.1. We start by presenting the additional equations satisfied by the SBP
V-parallel server systems. For each class k, we denote by OF(¢) the total number of customers in the queue
whose priorities are at least as great as k and by Bt (7) the total number of customers who got delayed in the
queue and whose service started before time ¢ and whose priorities are at most as large as k. We define Af), (1)
similarly. Hence,

I k k
Q,?(t):ZQ;(t), AL () =) A1) and Bi(1) =) By (1) (ED)
=k 1=1 I=1

The SBP policy entails that
By(1) + AR (1)  can only increase when QF, (1) =0. (E2)

The following proposition characterizes the fluid limits of the SBP V-parallel server systems.

ProposITION E.1.  Let {X§;,} be a sequence of SBP V-parallel server system processes. Assume that the
conditions of Theorem B.1 are satisfied. _
(1) In addition to the fluid limit Equations (B3)—(B10), each fluid limit Xgzp of Xipp satisfies

AG (0 +BR(0=0  when  0P,(1)>0 (E3)
or equivalently
= = K = -
Af (D +BY (1) = Zle(t) when 02 (1) >0, (E4)
k=1
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where A, (t) and BS,(t) are defined as in (E1) with processes in the original scale being replaced by their
fluid limit counterparts, and

Agk(t)zzlim(t) and Bﬁ(t)zzéu(t)-

1=k 1=k

(i) Let g, =(q,---,q;), where gy =r>0and q;=0 for i=2,...,1. Let z={zy;,...,2y;}, where z;;, =
N/ fori=1,... 1 Then, Mgp={(g,,z): r >0} is the set of all the steady states of the fluid limits of Xjp.

PrOOF.  We prove the proposition in two parts. ~
(i) Let X be a fluid limit and for notational convenience assume that {X"(-, w)}, for some w € s, where s/
is defined as in the proof of Theorem B.1, converges u.o.c. to X. Assume that QF(¢) > 0.
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By the continuity of 0 there exists € > 0 and & > 0 such that Oy (s) > & for all s €[t —§, 1+ §]. Because
{X"(-, )} converges u.o.c. to X, Yk, Q/(s) > &/4 for all s € [t — 8, t + 8] and r large enough. Hence, A, (-, )
and Bj,(-, w) is flat on [t — 0, t + 8] for all / < k by (E2). Hence

Ay (1) + By (1) =0 forall [ <k. (E5)
This implies (E3). By (11), Y&, ZI,(s) = N for all s € [t — &, t + 8], since O (s) > &. Hence,

K .
> Z(s)=0.
k=1

But

K. K . .
2 Zu(s) =D A (1) + By (1),
k=1 k=1
by (B5). This yields (E4) by (E5).
(i) Fix (¢,,z) € Mgp. We show that if Q(0) =g, and Z(0) =z then Q(t) =g, and Z(r) =z for all 1 > 0.
So assume that Q(0) = g, and Z(0) = z for a fluid model solution.
We first prove the result for K = 2. We start by showing that Z,,(¢) > z,,. Let f,(t) = (Z,5(t) —z,,)~. It is
enough to show, by virtue of Dai [13, Lemma 5.2], that f,() <0 whenever f,(r) > 0 for a regular point 7 > 0.
Assume that f, is differentiable at time # > 0 and that f,(¢) > 0, i.e., Z,,(t) < z,,. Note that by (B5),

212(0 = 512(0 + gzlz(t) — i Zyy(1).

If 0,(#) > 0, then by (ES), (BS), and (B9), A,,(¢) + Byy(t) = Dy, (1) + Dyy(t) = 1 Zy, (1) + ppZ,(2). Also
0,(t) > 0 implies Z,,(1) + Z,,(1) = 1, by (B8). Hence, Azlz(t) + B, (1) > w2 Z,,(1), which implies Z,,(1) > 0
and f,(t) < 0. If O,(1) =0, then we claim that A,,,(¢) +1§12(t)_= M I Z (1) + Z,(t) < 1, this trivially follows
from (B8). If Z,,(¢) + le(t) =1, then we use the fact that 0,() =0, because it achieves its minimum at ¢.
This implies by (B4) that Ay () + Bu(t) = \,. Hence, if Q,(1) =0 and Z,(t) < z,,, then f,(r) < 0. Hence, if
Z,,(0) > z,, then Z,,(t) > z,, for all £ > 0.

Next, we show that if Q,(0) =0 and Z,,(0) > z,, then Q,(¢) =0 and Z,,(¢) > z,, for all # > 0. Assume that
0,(0)=0 and le(O) > z,, and that Q,(r) > 0. By the previous argument we have that Z,,(t) > z,,. By (B4)
and (BS), Qz(t) + Z5(1) <Ay = 1, Z,,(t) <0. By (E5), Z1,(1) = 0 when Q,(¢) > 0. Hence, if O(r) > 0 and it
is differentiable at 7 > 0, then Q(¢) <0. Hence, if Q,(0) =0 and Z,,(0) > z,,, then Q,(¢) =0 and Z,,(¢) > z,,
for all > 0.

Now we are ready to show that if Q,(0) =0 and Z,,(0) =z,, then Q,(¢) =0 and Z,,(t) = z,, for all £ > 0.
Assume that QZ(O) 0, Z,,(0) = z,,, and Z,,(t) > z,, for a regular point 7 > 0. By the previous paragraph
0,(1) = 0, hence 0,(t) =0 by a similar argument above. If Z, () + Z,(t) = 1 'Am(t) —i—.Blz(t) = A, by the
fact that Q,(7) =0, and by Equations (B3) and (B4). If Z,(O+Z,(1) <1, then A, (1) + B,,(1) = A, by (B3),
(B4), (B6), and (B10). Because Zy() = A, (1) +B12(t) w,Z,,(1), by (BS), le(t) <0if Z,,(t) > z,,. Hence,
if 0,(0)=0 and Z,(0) =z, then Qz(t) =0 and le(t) =2z, for all t>0.

Next we show that if Q,(0) =0, Z,(0) =z,,, and Z,,(¢) =z;, then Q,(1) =0, Z,,(1) = zlz, and Z,,(1) =z,
for all +>0. Let t >0 be a regular point. By the arguments above, we have that Q,(7) =0 and le(t) = le
Hence, le(t) < zy; by the definition of the fluid scaling. So assume that Zu(t) < zy;. This implies 0,(n=
Hence, A,,, (1) + B,,(t) = A- This gives that le(t) > 0, because le(t) AL (D) + By, (1) — /.LHZH(I‘)

Finally, we show that if 0,(0) =0, Z,(0) =z,, Q,(0) =r, and Z,,(0) = z,, then Q,(t) =0, Z,(t) = z,5,
0,(t)=r,and Z,,(t) =z,, for all >0. Let > 0 be a regular point. By the arguments above, we have that
0,(1) =0, Z,(1) = 215, and Z,,(1) = z,,. Assume that Q,(¢) > r. Then Q,(1) = A,,(t) — B,,(1) =0, since by
(B3) Ay (1) + Ay (1) = Ay and by (BS) Ay (2) + By (1) = w1124y = Ay, when Z,(t) =z, Z)5(1) = zy5, and
0Q,,(t) =0. This completes the proof for the case when K = 2.

If K > 2, the argument above can be repeated first to prove that if Q,(0) =0 and Z,,(0) =z, x then Q)=
and Zy,(t) =z, for all £ > 0. The same argument now can be repeated for K — 1 because Z is a constant
function. Proceeding inductively, the same result can be shown to hold for all k > 1. The last step, for k =1, is
same as above. [

Next we complete the proof of Proposition 7.1 using Proposition E.1. By (28), Q"(0) — 0 and Z’(0) — z as
r— oo, for z=1(z,,...,2zg), Where z;, = A,/u,,. Hence, X, satisfies Assumption 3.2 by Lemma B.1 and
Proposition E.1.
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E.2. Proof of Proposition 7.2. Let X be a hydrodynamic limit of {Xjgn}. Fix ¢ > 0. Assume that 2 (7) > 0.
Then, by the continuity of Q, there exists an £ > 0 and a 7 > 0 such that Q,?(s) >¢gforall se[t—7,t+ 7]
Fix 0 < 6 < €/2 and choose r large enough, together with an integer m and w € #’, so that 6 < €(r), for €(r)
selected as in Corollary 5.1. It follows from Corollary 5.2 that (Q; )" (s) > ¢/4 for all se [t — 7,1+ 7].

We obtain from (E2) that

(B (1) + (A ) (r)  can only increase when (Qp1)®(r) =0, (E6)

r

where the processes (Bj;,")®, (A, ), and (Q;1)® are defined as in (E1), with the hydrodynamically scaled
processes replacing the corresponding original processes. By (E6), B;;" () is flat on [t — 7, ¢+ 7] for all [ <k,
and because

|(B}" (14 7) = BY}" (1 = 7)) = (Byy(t +7) = By (1 = 7))| <28
and & is arbitrary, B,,(-) is also flat on [ — 7,  + 7] for all [ < k. Therefore
By (1)=0 (E7)
for all / < k. Similarly
Ap()=0 (E8)
for all [ < k. This yields (122).

E.3. Proof of Proposition 7.3 ~
ReEmMARK E.1.  Note that if QP (¢) > 0, then YF_| Z,,(s) =0 for every s € [t — 7, ¢ + 7] by (36), where 7 is
selected as in the previous proof. Then, by (33)

;Z;lk(s) :;(lel(t)+§ll(t) _Mlkzlk) =0. (E9)

Combining (E7), (E8), and (E9) gives that
. . K 3
A (D) + BYR() =z when 07 (1)>0 (E10)
k=1

for all z € [0, L], where

AL (=A@,  BR(H=YB,(), and Q%))=Y 0.
Jj=k

1=k I=k

Let XSBP be a hydrodynamic model solution to the hydrodynamic model of the SBP V-parallel server system.
Let f(1) =Y, 0.(1). By definition of the hydrodynamic scaling we have |X(0)| < 1. Hence f(0) < 1. We use
Lemma 5.2 of Dai [13] to show that f(z) =0 for t > I/(u,;). Assume that f(¢) >0 and Xgpp is differentiable
at time ¢. Observe that by (31)
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> 0i(1) = Ay(0) = X Buy(r) (E11)
i=2 i—2 i—2
and by (30)
Zgii(t)-'_zzili(t) ZZAi:ZIU’IiZIi' (E12)

Because Y, 0,(1) > 0, Y1, Z(t) =0 by (36) and the continuity of Q. Hence, by (33),
1, I, I
DA () + 3B =) pyzye (E13)
i=1 i=1 i=1

Combining (E11)-(E13) with (E10) gives

i I
F@) = puzy— 2 Dy(t) < =iz
i—2

i=1
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E.4. Proof of Lemma 7.1. The proof is similar to that of Lemma 3.2 of Puhalskii and Reiman [40]. We
only give a sketch of the proof here. Note that

Q4(1) +Z3, (1) = Q4(0) + Z}, (0) + Af(1) — s1k</ erk(s)ds)

Let
z N'A
X;:(l‘) = Qk(t) + k\(/t% k/:“qk
Then,
XI(1) = X(0) + (%) _JN" (S”‘(N i f(;ff"(s) 9 f 71 (s) ds>

+x/_t(—k—)\ ) —;lefotifk(s)ds. (E14)

Observe that
Ziol =1+ (Lxo) (EL5)
i=1

The proof is completed using Gronwall’s inequality and arguments similar to that used in the proof of Lemma 3.2
and Puhalskii and Reiman [40, p. 589] with (114), (E14), and (E15).

Appendix F. Proofs of Results in §8

F.1. Proof of Proposition 8.2. Let {X"} be a sequence of V-systems working under the Armony-Maglaras
threshold policy. We start our analysis by presenting the additional equations that must be satisfied by X".
Because class 2 jobs get priority when the number of class 2 jobs in the queue exceeds /|N"|6,

Bj,(t)+ Aj,;(t) can only increase when Q,(7)" <+/|N"|6. (F1)
Also,
Bj,(t) can only increase when Q,(7)" >+/|N"|6. (F2)

The following proposition characterizes the fluid limits of the V-parallel server systems working under the
Armony-Maglaras threshold policy.

ProposITION F.1.  Let {X"} be a sequence of V-parallel server system processes working under the Armony-
Maglaras threshold policy. Assume that the conditions of Theorem B.1 are satisfied.
(1) In addition to the fluid limit Equations (B3)—(B10), each fluid limit X of X" satisfies

A +B (=0  when  Q,(1)>0.
(ii) Let g, = (qy, q,), where g, =r >0 and q, =0 and z ={zy, 215}, where z;;, = A,/ for i = 1,2. Then,
M=1{(q,,z): r >0} is the set of all the invariant states of the fluid limits of X".
By (127),

(0'(0).Z(0) = (0.2), (F3)

where z = (A, /@, A,/1,), hence X' satisfies Assumption 3.2 by Proposition F.1. Note that, X" satisfies Assump-
tion 3.1 by (124) and (125).

PROOF OF PropOSITION F.1.  We prove the proposition in two parts.

(i) Let X be a fluid limit and for notational convenience assume that {'>‘_<’( w)}, for some w € o, where o/
is defined as in proof of Theorem B.1, converges u.o.c. to X. Assume that Q,(¢) > 0.

By the continuity of Q there exists £ > 0 and & > 0 such that Q,(s) > & for all s € [t — 8,1+ §]. Since
{X(-, )} converges u.o.c. to X, Q}(s) > /4 for all s € [t — &, t + 8] and r large enough. Hence, A7, (-, ®) and
Bj,(-, w) are flat on [z — 8, t + 6] by (F1). Hence

A () + By, (1) =0. (F4)
(ii) The proof is similar to that of part (ii) Proposition E.1. O
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F.2. Proof of Proposition 8.3. The following result is established by Halfin and Whitt [26].

THEOREM F.1. Let {X"} be a sequence of V-parallel server system processes working under the Armony-
Maglaras threshold policy and X" be defined as in (126). Assume that (127), (124), and (125) hold. Then

() = X,
where
X0 =XW+ W0 —pr—p [ (R ds

and W is a driftless Brownian motion with variance 2.

It can be easily showed using Theorem F.1 that

lim lim P{||X"(¢)||; > R} = (F5)

R—o00r—o0

Proof of Proposition 8.3 is similar to that of Lemma 3.2 of Puhalskii and Reiman [40]. Let

X;(t) _ 0 (1) +Z; k(|t12],| IN"|A /1 (F6)

for k =1, 2. We claim that
1Z7, (0] < |1X[ ()] + (X" () (F7)

To prove this, assume that Z!,(¢) < 0; otherwise, the result is obvious. If Z7 (1) + Z,() < 0, then Q;(t) =0,
so the result follows. Assume that Z{l(t) + Z ,() = 0. Without loss of generality we can assume that k = 1.
Because Z], (1) <0, Z,(t) = —Z;,(¢) and Qz(t) >0, so (F7) follows.

By (F6), for k=1,2

. N (1) — AJ S (NI 5 Z;(s)d '
X;(t)=X2(0)+<%)_,/_|Nr|< ( ||{°V,| «(s) S)_M/O z;k(s)ds)

AL ‘o
+ |Nr|t(|N,| _)‘k)_/“"lk/(; Zy(s)ds.
Let
« Ar(1) — ALt S (N [1Zr (s)d '
A =B0N g g =y (RYLZOS) 1 ).
IN"| [NT| 0
Note that

A() = W) and S = W() (F8)
as r — oo by Proposition 8.2, (F3), and Donsker’s theorem, see Billingsley [8], where W and W/ are Brownian

motions with zero drift and variance A,.
Now observe that

IXT (D] +1X; ()]
<|X7(O)| + |X50)[ + A7 (1) + S7 (1) + A5 (1) + 5 (t)|+.u/ |Z11 () +1Z3,(s)]) ds
5|f(1'(0)|+|f(;(o)|+|Aq(;)|+|A;(t)|+|§{(¢)|+|§;(;)|+3,Lf0 (IX7 ()] +1X3(s)[) ds
where the last inequality follows from (F7). This with Gronwall’s inequality and (F8) gives
lim lim P{|X{(0)ll v IIX5 (1), > R} =0.

This gives (130) because Qi’(t) >0forall t>0,r>0,and k=1, 2.
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F.3. Proof of Proposition 8.4. Let {X"} be a sequence of V-parallel server system processes working under
the Armony-Maglaras threshold policy. Assume that (124), (125), (127), and (128) hold.
Note that, by (F1) and (F2)

Bj, (1) + A, (r) can only increase when g(Q' (), 2" (1)) = 0} (1) — (X" (t) — )" > 0 (F9)
and
B!, (t) can only increase when g(Q’(t), 77(1) = Q'(t) —(X"(1)—0)* <0, (F10)

because, if Q’(t) (X" (1) — 6)*, then X’(t) = Q'(t) + Qz(t) because the policy is nonidling. Therefore,
Qz(t) <0 in this case. Similarly, if Q’(t) < (X’(t) —6)* and Qz(t) > 0, then Qz(t) > 0.
Equations (F9) and (F10) imply that

"(£) + A71(r) can only increase when g( /|er| (Qm(1),z" m(t))> and (F11)

B5"(t) can only increase when g( /lerl( Q" "(t),Z" ”’(t))) (F12)

where the hydrodynamic scaled process X" ™ is defined as in §D.2.
Let X be a hydrodynamic limit on s, =(T). Note that X satisfies (30)—(37) (see §D.2 for more details). We
next characterize the additional equations associated with the policy. We claim that for ¢ € [0, T']

By (t) = when g(R(O(1).Z(1))>0 and  0,(t)>0 (F13)
B(t) = when g(R(O(1),Z(1))) <0 and  0y(t)> 0. (F14)
To show this, assume that
g(R(O(1), Z(1)))>2¢  and  Q,(t) > 2e (F15)
for some € > 0. By continuity of g and X there exists 8 > 0 such that
g(R(0(s),Z(s))) >€  and  Q,(s) > €,

for all se[t—4,t+ 9]
Pick r large enough together with an integer m and w € ${%(7T') so that

||X(t) —X""(1) || <€/2.
This gives that
g(R(Q”’"(s), Z”’"(s))) >€/2 and 07" (s) >€/2,
because /x, ,,/[N"|=R on s’ (T) (see §D.2). By (F11)
By (1 +8) = B," (1 = 8) =0,
and so
élz(t) =0,
Now, by (33)
Zp=—(—mu  and  Z,(1) =By, (1) — pnpe.
Equations (33), (37), and (F15) give that
Z,,(t)+Z,,(1) = 0.
Hence,
éu () =p
Condition (133) is proved similarly.
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