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We consider uncapacitated and capacitated assortment problems under the paired combinatorial logit model,
where the goal is to find a set of products to offer to maximize the expected revenue obtained from
a customer. In the uncapacitated setting, we can offer any set of products, whereas in the capacitated
setting, there is an upper bound on the number of products that we can offer. We establish that even
the uncapacitated assortment problem is strongly NP-hard. To develop an approximation framework for
our assortment problems, we transform the assortment problem into an equivalent problem of finding
the fixed point of a function, but computing the value of this function at any point requires solving a
nonlinear integer program. Using a suitable linear programming relaxation of the nonlinear integer program
and randomized rounding, we obtain a 0.6-approximation algorithm for the uncapacitated assortment
problem. Using randomized rounding on a semidefinite programming relaxation, we obtain an improved
0.79-approximation algorithm, but the semidefinite programming relaxation can get difficult to solve in
practice for large problem instances. Finally, using iterative rounding, we obtain a 0.25-approximation
algorithm for the capacitated assortment problem. Our computational experiments on randomly generated
problem instances demonstrate that our approximation algorithms, on average, yield expected revenues that

are within 1.1% of an efficiently computable upper bound on the optimal expected revenue.

Key words: Customer choice modeling, paired combinatorial logit model, assortment optimization.

1. Introduction

Traditional revenue management models commonly assume that each customer arrives into the
system with the intention to purchase a particular product. If this product is available for purchase,
then the customer purchases it; otherwise, the customer leaves the system without a purchase. In
reality, however, customers observe the set of available alternatives and make a choice among the
available alternatives. Under such a customer choice process, the demand for a particular product
depends on the availability of other products. In this case, discrete choice models provide a useful
representation of demand since discrete choice models capture the demand for each product as a

function of the entire set of products in the offer set. A growing body of literature indicates that
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capturing the choice process of customers using discrete choice models can significantly improve the
quality of operational decisions; see, for example, Talluri and van Ryzin (2004), Gallego et al. (2004)
and Vulcano et al. (2010). While more refined choice models yield a more accurate representation
of the customer choice process, the assortment and other operational problems under more refined
choice models become more challenging. Thus, it is useful to identify realistic choice models, where

the corresponding operational problems remain efficiently solvable.

In this paper, we study assortment problems under the paired combinatorial logit (PCL)
model. There is a fixed revenue for each product. Customers choose among the offered products
according to the PCL model, which is discussed in Section 2. The goal is to find an offer set that
maximizes the expected revenue obtained from a customer. We consider both the uncapacitated
version, where we can offer any subset of products, as well as the capacitated version, where there is
an upper bound on the number of products that we can offer. We show that even the uncapacitated
assortment problem is strongly NP-hard. We give a framework for constructing approximation
algorithms for the assortment problem. We use this framework to develop approximation algorithms
for the uncapacitated and capacitated versions. Our computational experiments on randomly
generated problem instances demonstrate that our approximation algorithms perform quite well,

yielding solutions with optimality gaps under 1.1% on average.

The PCL model is compatible with random utility maximization, where each customer associates
random utilities with the alternatives. The utilities are sampled from a certain distribution. The
customer knows the utilities and chooses the alternative that provides the largest utility. Other
choice models, such as the multinomial logit, nested logit and a mixture of multinomial logit models,
are also compatible with random utility maximization. The PCL model allows certain correlations
between the utilities of any pair of alternatives. In contrast, the multinomial logit model assumes
that the utilities are independent. In the nested logit model, the alternatives are grouped into
nests. There is a single parameter governing the correlation between the utilities of the alternatives
in the same nest. The utilities of the alternatives in different nests are independent. A mixture
of multinomial logit models allows general correlations, but it presents difficulties in solving the

corresponding assortment problem, as discussed in our literature review.

By allowing correlations between the utilities of any pair of alternatives, the PCL model
captures the situation where the preference of a customer for one product offers insight into
their inclination towards another product. The work in the existing literature shows that there
can be significant correlations between the utilities of the alternatives when passengers choose,
for example, among travel modes and paths. When such correlations between the utilities of the

alternatives are present, it turns out that the PCL model can provide better predictions of the
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demand process of the passengers; see, for example, Prashker and Bekhor (1998), Koppleman
and Wen (2000) and Chen et al. (2003). However, although the PCL model can provide better
predictions of the demand process when there are correlations between the utilities of different
alternatives, as far as we are aware, there is little research on understanding the complexity of
making operational decisions under the PCL model and providing efficient algorithms for making

such decisions. Our work in this paper is directed towards filling this gap.

1.1. Main Contributions

We make four main contributions. First, we show that the uncapacitated assortment problem under
the PCL model is strongly NP-hard. Our proof uses a reduction from the max-cut problem. This
result is in contrast with the assortment problem under the closely-related multinomial logit and
nested logit models. In particular, as we discuss in our literature review in Section 1.2, there
exist polynomial-time algorithms to solve even the capacitated assortment problem under the
multinomial logit model. Similarly, there exist polynomial-time algorithms to solve the capacitated
assortment problem under the nested logit model, as long as a customer deciding to make a
purchase in one of the nests cannot leave without making a purchase and the so-called dissimilarity
parameters in the nested logit model do not exceed one. The latter condition ensures the

compatibility of the nested logit model with random utility maximization.

Second, we give a framework to develop approximation algorithms for assortment problems under
the PCL model. In particular, we show that the assortment problem is equivalent to finding the
fixed point of a function f:R — R, whose evaluation at a certain point requires solving a nonlinear
integer program. We design an upper bound f#:R — R to f(-) and compute the fixed point 2 of
fE(-). In this case, we develop an algorithm to find an a-approximate solution for the nonlinear
integer program that computes the value of f(-) at Z. This a-approximate solution turns out to
be an a-approximate solution to the assortment problem as well. Davis et al. (2014), Gallego
and Topaloglu (2014), and Feldman and Topaloglu (2015) use a connection in this spirit between
the assortment problem under the nested logit model and the fixed point of a function, but the

functions they work with are significantly simpler as they are separable by the nests.

Third, we use our approximation framework to give an approximation algorithm for the
uncapacitated assortment problem. We construct the upper bound f#(-) through a linear
programming (LP) relaxation of the nonlinear integer program that computes f(-). We show that
we can compute the fixed point of f#(-) by solving an LP. After we compute the fixed point 2 of
(), we get a solution to the LP that computes f7(-) at 2. We use randomized rounding on this

solution to get a 0.6-approximate solution to the nonlinear integer program that computes f(-) at
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Z. Lastly, to obtain a deterministic algorithm, we de-randomize this approach by using the standard
method of conditional expectations; see Section 15.1 in Alon and Spencer (2000) and Section 5.2
in Williamson and Shmoys (2011). Our framework can allow other approximation algorithms. For
example, if we construct ff(:) by using a semidefinite programming (SDP) relaxation of the
nonlinear integer program, then we can use the spherical rounding method of Goemans and
Willamson (1995) to obtain a 0.79-approximation algorithm for the uncapacitated assortment
problem. This approximation algorithm requires solving an SDP. We can theoretically solve an SDP
in polynomial time, but solving a large-scale SDP in practice can be computationally difficult. Thus,

the SDP relaxation can be less appealing than the LP relaxation.

Fourth, we give an approximation algorithm for the capacitated assortment problem, also by
using our approximation framework. Here, we exploit the structural properties of the extreme
points of the LP relaxation and use an iterative rounding method, followed by coupled randomized
rounding, to develop a 0.25-approximation algorithm. In this algorithm, if there are n products
that can be offered to the customers, then we solve at most n successive LP relaxations, fixing the
value of one decision variable after solving each LP relaxation. Once we solve the LP relaxations, we
perform coupled randomized rounding on the solution of the last LP relaxation to obtain a solution
to the assortment problem. Using the method of conditional expectations, we can de-randomize

this solution to obtain a deterministic algorithm with the same performance guarantee.

In our computational experiments, the practical performance of our approximation algorithms
is substantially better than their theoretical guarantees, yielding, on average, expected revenues
within 1.1% of an upper bound on the optimal expected revenue. We also test the ability of the
PCL model to predict the choices of the customers. On average, compared with the multinomial

logit benchmark, we get a 6.38% reduction in the errors of the predicted choice probabilities.

1.2. Literature Review

Considering operational decisions under the PCL model, prior to ours, the only work we are aware
of is Li and Webster (2017), where the authors study pricing problems under the PCL model.
The authors give sufficient conditions for the price sensitivities of the products to ensure that
the pricing problem can be solved efficiently. Subsequent to our work, Ghuge et al. (2019) give
approximation algorithms for constrained assortment problems under the PCL model. Despite
limited work on solving operational problems under the PCL model, there is considerable work,
especially in the transportation literature, on using the PCL model to capture travel mode and
path choices. Koppleman and Wen (2000) estimate the parameters of the PCL model by using real

data on the travel mode choices of the passengers. Their empirical results indicate that there are
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statistically significant correlations between the utilities that a passenger associates with different
travel modes. Prashker and Bekhor (1998) and Chen et al. (2003) use numerical examples to
demonstrate that the PCL model can provide improvements over the multinomial logit model in
predicting path choices. The authors argue that different paths overlap with each other to varying
extents, creating complex correlations between the utilities provided by different paths. Chen et al.
(2014) and Karoonsoontawong and Lin (2015) study various traffic equilibrium problems under
the PCL model and discuss the benefits from using this choice model. The numerical work in the
transportation literature demonstrates that the PCL model can provide improvements over the
multinomial logit and nested logit models in predicting travel mode and path choices, especially

when the utilities provided by different alternatives exhibit complex correlation structures.

There is considerable work on assortment problems under the multinomial logit and nested
logit models. In the multinomial logit model, the utilities of the products are independent of each
other. In the nested logit model, the products are grouped into disjoint nests. Associated with each
nest, there is a dissimilarity parameter characterizing the correlation between the utilities of the
products in the same nest, but the utilities of the products in different nests are independent of each
other. As shown by Daganzo and Kusnic (1993), the utilities of the products in the same nest have
the same correlation coefficient. In the PCL model, there exists one nest for each pair of products,
so the nests are overlapping. Associated with each nest, there is a separate dissimilarity parameter
characterizing the correlation between the utilities of each pair of products. Therefore, when
compared with the multinomial logit and nested logit models, we can use the PCL model to specify
a significantly more general correlation structure between the utilities of the products. Train (2002)
provides a thorough discussion of the multinomial logit, nested logit and PCL models. Koppleman
and Wen (2000) discuss the correlation structure of the utilities under the PCL model, including

the joint distributions and the correlation coefficients of the utilities.

Talluri and van Ryzin (2004) and Gallego et al. (2004) give an efficient algorithm for the
uncapacitated assortment problem under the multinomial logit model, whereas Rusmevichientong
et al. (2010) give an efficient algorithm for the capacitated version. Davis et al. (2013) formulate
an LP to solve the assortment problem under the multinomial logit model when there are
constraints on the offered assortment that can be represented through a totally unimodular
constraint structure. In a mixture of multinomial logit models, there are multiple customer types
and customers of different types choose according to different multinomial logit models. McFadden
and Train (2000) show that a mixture of a multinomial logit models can allow arbitrary correlations
between the utilities of the alternatives. Bront et al. (2009) show that the assortment problem

under this choice model is NP-hard. In their proof, the authors use a reduction from the minimum
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vertex cover problem, in which case, they end up with an assortment problem where the numbers
of products and customer types are as large as the number of vertices in the minimum vertex cover
problem. This result raises the question of whether the problem is still NP-hard when the number
of customer types is fixed. Rusmevichientong et al. (2014) show that the problem is NP-hard even
when the number of customer types is fixed at two. Letting m be the number of customer types,
Desire and Goyal (2016) show that there is no polynomial-time algorithm with an approximation

guarantee of O(1/m!'~%) for any constant § >0 unless NP C BPP.

Davis et al. (2014) categorize the assortment problem under the nested logit model along two
dimensions, which are based on whether the dissimilarity parameter for a nest exceeds one and
whether the no purchase option is available within the nests. Considering the case where none of the
dissimilarity parameters exceeds one and the no purchase option is not available within the nests,
the authors develop an efficient algorithm to find the optimal assortment for the unconstrained
version of the problem. In other cases, the authors show that the assortment problem is NP-hard.
Most of the other literature on the assortment problem under the nested logit model focuses on
the case where none of the dissimilarity parameters exceeds one and the no purchase option is not
available within the nests. Under this case, Gallego and Topaloglu (2014) study the assortment
problem when a capacity constraint limits the total number of products offered in each nest and
give an efficient algorithm to compute the optimal assortment. They also give a 0.5-approximation
algorithm when each product occupies a certain amount of space and there is a constraint that
limits the total space consumption of the products offered in each nest. In contrast, Feldman
and Topaloglu (2015) give an efficient algorithm to compute the optimal assortment when a
capacity constraint limits the total number of products offered in all nests. They also give a 0.25-
approximation algorithm when there is a constraint that limits the total space consumption of the
products offered in all nests. Li et al. (2015) give an efficient algorithm to compute the optimal
assortment under the multi-level nested logit model, where the products are hierarchically organized
into nests and subnests. Our paper complements all this work on assortment problems under the
multinomial logit and nested logit models by working with the PCL model. Vulcano et al. (2010)

and Dai et al. (2014) use the multinomial and nested logit models in airline applications.

The paper is organized as follows. In Section 2, we formulate the uncapacitated and capacitated
assortment problems and show that even the uncapacitated version is strongly NP-hard. In Section
3, we give our approximation framework. In Section 4, we use our approximation framework to give
a 0.6-approximation algorithm for the uncapacitated problem. Also, we discuss how to obtain a
0.79-approximation algorithm by using an SDP relaxation. In Section 5, we use our approximation
framework to give a 0.25-approximation algorithm for the capacitated problem. In Section 6, we

give our computational experiments. In Section 7, we conclude.
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2. Assortment Problem

In this section, we formulate the assortment problem under the PCL model, characterize its

complexity and discuss the use of the PCL model in assortment problems.

2.1. Problem Formulation and Complexity

The set of products is indexed by N = {1,...,n}. We use the vector x = (z1,...,x,) € {0,1}"
to capture the subset of products that we offer to the customers, where x; = 1 if and only if
we offer product i. We refer to the vector x simply as the assortment or the subset of products
that we offer. Throughout the paper, we denote the vectors and matrices in bold font. We denote
the collection of nests by M ={(i,j) € N?:i+# j}. For each nest (i,7) € M, we let v;; € [0,1] be
the dissimilarity parameter of the nest. For each product ¢, we let v; be the preference weight of
product 7. Under the PCL model, we can view the choice process of a customer as taking place in
two stages. First, the customer decides to make a purchase in one of the nests or to leave without a

1/7ij

purchase. In particular, letting V;;(z) =v;" ' z; ot/

;7 x; and using vy > 0 to denote the preference
weight of the no purchase option, if we offer the subset of products @, then a customer decides to
make a purchase in nest (4, j) with probability P;;(z) = Vi; (@)% /(vo + 32, syear Vie(2)?*¢). Second,
if the customer decides to make a purchase in nest (7, j), then she chooses product i with probability
ql;(x) = 0z, V;;(), whereas she chooses product j with probability ¢;(z) = vjl./%j z; [ Vij(x).
Thus, if we offer the subset of products x, then a customer chooses product ¢ with probability
> kenihri(Pin(@®) @iy (®) + Pri(z) gj;(x)), fully specifying the choice probabilities under the PCL
model. To formulate our assortment problem, we use p; > 0 to denote the revenue of product 4. If
we offer the subset of products © and a customer has already decided to make a purchase in nest

(i,7), then the expected revenue that we obtain from the customer is

1/vij

1/vij
piv; ;Y

I‘Z“l‘pj’Uj Z;

Vii(z)

Rij(x) = ¢;(z)pi+q;(z)p;, =

We use w(x) to denote the expected revenue that we obtain from a customer when we offer the
subset of products x. In this case, we have

V()
Vo + Z(k,e)eM Vie ()0t

> pyen Vis (@) Rij ()
Vo + Z(i,j)eM ‘/ij (q;)’h‘j

(@) = 3 Py(@)Ry(x) = Y

(i.5)eM (.)eM

Rij(x) =

Throughout the paper, we consider both uncapacitated and capacitated assortment
problems. In the uncapacitated assortment problem, we can offer any subset of products to the
customers. In the capacitated assortment problem, we have an upper bound on the number of

products that we can offer to the customers. To capture both the uncapacitated and capacitated
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assortment problems succinctly, for some c€ Z,, we use F = {x € {0,1}": >, z; <c} to denote
the feasible subsets of products that we can offer to the customers. Since there are n products,
the constraint ). _, #; < c is not binding when we have ¢ > n. Thus, we obtain the uncapacitated
assortment problem by choosing a value of ¢ that is no smaller than n, whereas we obtain the
capacitated assortment problem with other values of ¢. In the assortment problem, our goal is to
find a feasible subset of products to offer that maximizes the expected revenue obtained from a
customer, corresponding to the combinatorial optimization problem

x { Z(i,j)eM Vij(x)i Ryj(x) }

2z = max 7(x) = max

(Assortment)
rEF TEF

Vo + Z(i,j)eM Vij(@)7i
Our formulation of the PCL model is slightly different from the one that often appears in the
literature. In the existing literature, the collection of nests is often {(i,7) € N?:4 < j}, whereas in
our formulation, the collection of nests is {(i,7) € N?:i# j}. If we let ~,; =;; for all (¢,7) € N?
with ¢ > j and double the preference weight of the no purchase option in our formulation, then it is
simple to check that the two formulations of the PCL model are consistent. Thus, our approximation
algorithms remain applicable to the formulation of the PCL model that often appears in the

literature. Our formulation of the PCL model will reduce the notational burden.

If 7;; € [0,1] and ~,;; =y,; for all (i,7) € M, then the PCL model is compatible with the random
utility maximization principle, where each customer associates a random utility with the products
and the no purchase option, choosing the alternative with the largest utility; see Koppleman and
Wen (2000). The parameter ~;; characterizes the degree of correlation between the utilities of
products ¢ and j. The approximation algorithms that we give require that ~;; € [0,1], but not
necessarily 7;; = v;;, but the latter condition is needed if we want to ensure that the PCL model

that we work with is compatible with the random utility maximization principle.

In the next theorem, we show that the Assortment problem is strongly NP-hard even when

F ={0,1}" so that the problem is uncapacitated and ~;; = ~;; for all (i,5) € M.

Theorem 2.1 (Computational Complexity) The Assortment problem is strongly NP-hard,
even when we have F ={0,1}" and ~;; =~;; for all (i,j) € M.

The proof of Theorem 2.1 is in Appendix A. It uses a reduction from the max-cut problem, which
is a well-known NP-hard problem; see Section A.2.2 in Garey and Johnson (1979). Motivated by
this complexity result, in the rest of the paper, we focus on developing approximation algorithms
for the Assortment problem. For « € [0,1], an a-approximation algorithm is a polynomial-time
algorithm that, for any problem instance, computes an assortment & € F, whose expected revenue
is at least « times the optimal expected revenue; that is, noting that the optimal expected revenue

in the Assortment problem is z*, the assortment & satisfies 7(&) > a z*.
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2.2. Paired Combinatorial Logit Model in Assortment Problems

There is work on assortment problems under the multinomial logit and nested logit models. The
multinomial logit, nested logit and PCL models are all compatible with the random utility
maximization principle. In the random utility maximization principle, a customer associates
random utilities with the products and the no purchase option, which are sampled from a certain
joint utility distribution. The customer knows the sampled values of the utilities and she chooses
the alternative with the largest utility. A natural question is whether the PCL model captures a
phenomenon in the choice process of the customers that cannot be captured by the multinomial
logit or nested logit models. We point out two phenomena that can be captured by the PCL model,
but not by the multinomial logit and nested logit models. Also, we give an example where these

two phenomena naturally occur, potentially making the PCL model a viable candidate.

First, there can be different levels of correlation between the utilities of different pairs of products.
In particular, if there are two products that are similar to each other, then knowing that a customer
associates a high utility with one may indicate that the customer also associates a high utility
with the other. Under the multinomial logit model, the utilities of the products are uncorrelated,
yielding a correlation coefficient matrix of zero for the utilities. Under the nested logit model,
the products are partitioned into nests. The correlation coefficient for the utilities of any pair of
products in the same nest is a constant determined by the dissimilarity parameter of the nest. The
correlation coefficient for the utilities of any pair of products in different nests is zero; see Daganzo
and Kusnic (1993). Therefore, the correlation coefficient matrix for the utilities under the nested

logit model is block diagonal and all (non-diagonal) entries in each block are the same.

Under the PCL model, we can have a different correlation coefficient for the utilities of each pair
of products. Recalling that 7,; = v;; when the PCL model is compatible with the random utility
maximization principle, under the PCL model, the correlation coefficient between the utilities of
products 7 and j depends only on the dissimilarity parameter 7,; and the number of products n; see
Koppleman and Wen (2000). Thus, each entry in the correlation coefficient matrix for the utilities
can be different, capturing different degrees of correlation between the utilities. In Figure 1, we
consider the case with three products and show the correlation coefficient between the utilities of
products 7 and j as a function of v;;. By choosing a different value for +;; for each pair of products
7 and j, we can have a different correlation coefficient for the utilities of each pair of products. Such

flexibility is not available under the multinomial logit and nested logit models.

Second, we may have a case where the correlation structure of the utilities does not satisfy, what

we call, the “transitivity” property. In particular, we may have a case where the utility of product



Zhang, Rusmevichientong, and Topaloglu: Assortment Optimization under the PCL Model

10

0.5

0.375 1

o
N
5]

products i and j

0.125 1

corr. coeff. of utilities of

0.1 0.4 0.7 1
Yij

Figure 1 Correlation coefficient of the utilities of products ¢ and j under the PCL model as a function of ;.

1 is correlated with the utility of product 2 and the utility of product 2 is correlated with the
utility of product 3, but the utility of product 1 is not correlated with the utility of product 3. We
cannot capture such a correlation structure under the multinomial logit or nested logit models.
Under the multinomial logit model, the utilities of the products are uncorrelated. Under the nested
logit model, if the utilities of products 1 and 2 are to be correlated, then they have to be in the
same nest. Similarly, if the utilities of products 2 and 3 are to be correlated, then they have to be
in the same nest as well. Therefore, products 1 and 3 end up being in the same nest, in which case,

the utilities of products 1 and 3 must also be correlated.

We can use the PCL model to capture the case where the correlation structure of the utilities
does not satisfy the “transitivity” property. Noting Figure 1, if v;; = 1, then the utilities of products
¢ and j under the PCL model are uncorrelated, where as if «;; < 1, then the utilities of products
i and j are correlated. Therefore, if we use the PCL model with 5 < 1, 793 <1 and ;3 =1,
then the utility of product 1 is correlated with the utility of product 2, the utility of product 2 is
correlated with the utility of product 3 and the utility of product 1 is not correlated with the utility
of product 3. Thus, such choices of 713, 723 and 733 allow the PCL model to handle correlation

structures that do not satisfy the “transitivity” property.

It is not difficult to give examples where there are different levels of correlation between the
utilities of different pairs of alternatives and the correlation structure of the utilities does not satisfy
the “transitivity” property. In Appendix B, we give an example that focuses on the path choices
of commuters traveling from an origin node to a destination node in a network. In this example,
there are different paths that connect the origin node to the destination node. The disutility of a
path is the sum of the travel times on the edges that are included in the path. The travel time
on the edges are random but the commuter knows the travel times before deciding which path to

take. The commuter chooses the path that provides the largest utility. Since two different paths
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may use a common edge, the utilities provided by two different paths can be correlated. We make
two observations in our example. First, we can have different levels of correlation between the
utilities of different pairs of paths. In particular, paths P, and P, may share three common edges,
but paths P, and P; may share only one common edge. In this case, we expect the correlation
between the utilities of paths P, and P to be relatively high, but the correlation between the
utilities of paths P; and Ps; to be relatively low. Second, the correlation structure between the
utilities of different paths may not satisfy the “transitivity” property. In particular, path R; may
share common edges with path R, path R, may share common edges with path R3, but path R,
may not share any common edges with path Rs;. In this case, we expect that the utility of path
R, is correlated with the utility of path R,, the utility of path R, is correlated with the utility of
path Rs, but the utility of path R; is not correlated with the utility of path Rs. In Appendix B, we
give a specific network where it is indeed the case that there can be different levels of correlation
between the utilities of different pairs of paths and the correlation structure of the utilities may
violate the “transitivity” property. In addition, we give a numerical study to check the ability of
the PCL model to predict the path choices of commuters. Although our example focuses on the
path choices of commuters, similar situations occur when customers choose among products that

share different numbers of common features.

The generalized nested logit model subsumes the multinomial logit, nested logit and PCL models,
as well as the cross nested logit, ordered extreme value and product differentiation models, as
special cases; see Section 2.2 in Wen and Koppelman (2001). As discussed in Section 4.4.2 in Train
(2002), we can view the choice process of a customer under any generalized nested logit model as
taking place in two stages. In the first stage, the customer chooses a nest. In the second stage, the
customer chooses a product within the nest. Often times, the two stages in the choice process occur
as a result of the correlation structure between the utilities of the products. For the nested logit
model, for example, using ~,, to denote the dissimilarity parameter of nest m and m(7) to denote
the nest that includes product 4, the utility of product i is given by Utility; = 1t; + Gy + Ym@) i)
where p; is a deterministic constant, the random variable (,,;y has the so-called C' distribution with
parameter -, and the random variable 7; has the Gumbel distribution with location and shape
parameters (0, 1); see Section 3 in Cardell (1997). Letting M be the set of nests and N be the set of
products, the random variables {(,, :m € M} U{n; :i € N} are independent of each other. We can
interpret ¢, as the utility extracted from a product in nest m based on the common characteristics
of the products in this nest and 7; as the utility specific to product . Due to this structure of the
utilities, we can view the choice process of the customer under the nested logit model as taking

place in two stages. Since each product appears in only one nest in the nested logit model with the
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utilities of the products in different nests being uncorrelated, the two stages may correspond to
the thought process that a customer goes through when making a purchase. In the first stage, the
customer chooses a group of products that are similar to each other, which is captured by a nest. In
the second stage, the customer chooses a product within this group. However, the use of the nested
logit model does not require that the customers actually go through a two stage thought process
when making a purchase. The two stages occur simply as a result of the correlation structure of
the utilities. In Appendix C, we give a similar description of the utilities of the products under the
PCL model. We can interpret the choice process of a customer under the PCL model also as taking
place in two stages, but the two stages, once again, do not necessarily reflect the actual thought
process of the customers. The two stages occur simply as a result of the correlation structure of

the utilities and we only use the two stages to intuitively describe the PCL model.

In the Assortment problem, the assortment that we offer is a decision variable, but we use the PCL
model with the same parameters to capture choices within different assortments, simply dropping
the products that are not offered. In Appendix D, we carefully justify this approach by using the
fact that the PCL model is based on the random utility maximization principle. In Appendix E, we
also give a numerical study to check the ability of the PCL model to predict choices within different
assortments. Compared with the multinomial logit benchmark, fitting a PCL model provides larger

out of sample log-likelihoods and smaller errors in the predicted choice probabilities.

3. A General Framework for Approximation Algorithms

In this section, we provide a general framework that is useful for developing approximation
algorithms for the Assortment problem. Our framework is applicable to both the uncapacitated and

capacitated problems simultaneously.

3.1. Connection to a Fixed Point Problem

 Yjyem Vij(@) " Ry ()
T w0t gem Vig (@)
there exists an assortment with a revenue of z or more if and only if }~; i, Vij (@) (Ri;(z) — 2) >

Note that m(x) >z if and only if 37, 5y, Vij(®)"9 (Rij(2) — 2) > vo 2. Thus,

vo z for some x € {0,1}". To use this observation, we define the function f:R — R as

f(z) = max{ Z Vij(x)"9 (Rij(m)—z)}. (Function Evaluation)
(

xrEF
i,j)EM
For each x € F, the objective function of the Function Evaluation problem on the right side above is

decreasing in z, which implies that f(z) is also decreasing in z. A simple lemma, given as Lemma

F.1 in Appendix F, also shows that f(-) is continuous and it satisfies f(0) > 0. Therefore, f(-) is
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decreasing and continuous, satisfying f(0) > 0. Also, defining the function g: R — R as g(z) = vy z,
g(+) is strictly increasing and continuous, satisfying ¢(0) =0 and lim, ., g(z) = co. In this case,
there exists a unique 2 > 0 satisfying f(2) =vo 2. Note that the value of Z that satisfies f(Z) = v 2
is the fixed point of the function f(-)/vg. It is possible to show that this value of % corresponds
to the optimal objective value of the Assortment problem and we can solve the Function Evaluation
problem with z = 2 to obtain an optimal solution to the Assortment problem. We do not give a
proof for this result, since this result immediately follows as a corollary to a more general result

that we shortly give in Theorem 3.1.

Since the Function Evaluation problem is a nonlinear integer program, finding the fixed point of
f(-)/vo can be difficult. Instead, we will use an LP or SDP relaxation of the Function Evaluation
problem to construct an upper bound ff(-) on f(-) so that f#(z) > f(z) for all z € R. The upper
bound f#(-) will be decreasing and continuous, satisfying f#(0) > 0. Thus, by the same argument
in the previous paragraph, there exists a unique 2 > 0 satisfying f#(2) = v 2. In the next theorem,
we show that this value of Z upper bounds the optimal objective value of the Assortment problem

and we can use this value of Z to obtain an approximate solution.

Theorem 3.1 (Approximation Framework) Assume that f?(-) satisfies f%(z) > f(2) for all
z€R. Let 2>0 satisfy fR(2) = vo2 and & € F be such that
D V(@) (Rij(#) — 2) > a f5(2) (Sufficient Condition)
(i,5)eM
for some a € [0,1]. Then, we have w(&) > oz > a z*; so, Z upper bounds the optimal objective value

of the Assortment problem and & is an a-approrimate solution to the Assortment problem.

Proof: Noting that vy 2 = ff(2), we have avoz = a ff(2) < 37, 0, Vi (@) (Ri;(2) - 2) <
>tipyen Vi (&) (Rij(&) — «2), where the first inequality uses the Sufficient Condition. Thus, we
have avvg 2 <37, 1oy Vij(£)79 (Rij(2) — a2), in which case, solving for 2 in the last inequality, we
get a2 <37, 5o Vi (8)79 Rij(2)/(vo + 22 jyens Vis (8)79) = m(2). Next, we show that 2 > 2*. We
let * be an optimal solution to the Assortment problem. Since x* is a feasible but not
necessarily an optimal solution to the Function Evaluation problem when we solve this problem
with z = 2, we have f(2) > 37, o\, Vij(2*)79 (Ri;(2*) — 2). Noting that vy 2 = f#(2) > f(2),
we obtain vg 2 > >, oo, Vij(@*) " (Ryj(z*) — 2). Solving for 2 in this inequality, we get 2 >
Z(i,j)e]\l Vij(@*)d Ryj(x*)/(vo + Z(i,j)eM Vij(@)) =m(z”) = 2" U

As a corollary, if we apply Theorem 3.1 with f#(-) = f(-), then the value of Z that satisfies f(2) =
Vg 2 is the optimal objective value of the Assortment problem, but we will use the theorem above
only to obtain an approximate solution. By Theorem 3.1, to obtain an a-approximate solution to

the Assortment problem, it is enough to execute the following three steps.



Zhang, Rusmevichientong, and Topaloglu: Assortment Optimization under the PCL Model

14

Approximation Framework

Step 1: Construct a decreasing and continuous upper bound f#(-) on f(-) with ff(0) > 0.
Step 2: Find the fixed point 2 of f#(-)/vy; that is, find the value of 2 such that f7(2) = v, 2.
Step 3: Find an assortment & € F such that >, . ,Vi; (&) (R (&) — 2) > a fR(2).

In Section 3.2, we show how to construct the upper bound f#(-) on f(-) by using an LP relaxation
of the Function Evaluation problem. In Section 3.3, we show how to compute the fixed point of
fE(-)/vo by solving an LP. Using these results, we can execute Steps 1 and 2 in our approximation
framework. In Section 4, we tackle the uncapacitated problem and use randomized rounding on an
optimal solution of an LLP relaxation of the Function Evaluation problem to construct an assortment
& that satisfies the Sufficient Condition with o = 0.6, yielding a 0.6-approximation algorithm. We
also discuss an SDP relaxation to satisfy the Sufficient Condition with = 0.79. In Section 5, we
tackle the capacitated problem and use iterative rounding to construct an assortment that satisfies

the Sufficient Condition with = 0.25, yielding a 0.25-approximation algorithm.

Davis et al. (2014), Gallego and Topaloglu (2014), and Feldman and Topaloglu (2015) use
analogues of the Function Evaluation problem and Theorem 3.1 to approximately solve assortment
problems under the nested logit model, but these authors face different challenges. First, under the
nested logit model, since each product appears in one nest, the analogue of the Function Evaluation
problem decomposes by the nests. Second, the authors characterize a-approximate solutions for
the subproblem for each nest for all possible values of z € R. In this way, they construct a collection
of candidate assortments for each nest that includes an a-approximate assortment to offer in the
nest. Third, the authors solve an LP to stitch together an a-approximate solution to the assortment

problem by picking one assortment from the candidate collection for each nest.

The steps described above are not possible under the PCL model. First, since a product appears
in multiple nests under the PCL model, the Function Evaluation problem does not decompose by
the nests. Second, the idea of constructing a collection of candidate assortments for each nest does
not yield a useful algorithmic approach under the PCL model, since there are two products in each
nest, yielding four possible assortments in each nest anyway. Third, there is a stronger interaction
between the nests under the PCL model. If we offer an assortment that includes product ¢ in nest
(4,7), then we must offer assortments that include product ¢ in all nests {(i,¢) : £ € N\ {i}}. Due to
this interaction, we cannot solve an LP to stitch together an approximate solution to the assortment

problem by picking one assortment from a candidate collection for each nest.

In our approach, instead of characterizing a-approximate solutions to the Function Evaluation
problem for all values of z € R, we find the fixed point 2 of the upper bound f(-)/v,. In this case,

we find an a-approximate solution to the Function Evaluation problem only at z = Z.
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3.2. Constructing an Upper Bound

We construct an upper bound fZ(-) on f(-) by using an LP relaxation of the Function Evaluation
problem. Noting the definition of V;;(z) and R;;(x), we have
(pi — 2) vil/%j z;+ (p; — 2) vjl»/%j T,

U}/%‘j }/Wij ) ’

i T +v; Zj

Vi ()5 (Ryj (@) — 2) = (v 20}/ )0

We let p;;(z) be the expression on the right side above when z; =1 and x; =1 and 6,(z) be the
expression on the right side above when x; =1 and x; =0. In other words, we have

(pz _ Z) Uil/"fij + (p] _ Z) U;/Wij
vil/%‘j _"_v;/’Yij

pii(z) = (o) Ty and  0i(z) = v (p—2).

There are only four possible values of (z;,x;). In this case, letting p;;(2) = p;;(2) —0:(2) — 0;(2) for

notational brevity, we can express V;;(x)%i(R;;(x) — z) succinctly as
Vij()" (Rij () — 2) = pij(2) 2 2; + 05(2) w0 (1 — ) +0;(2) (1 — 1) 25 = i (2) 3 w5+ 0i(2) s + 0,(2) ;.

Writing its objective function as >_; -y (ki (2) @ 75 + 6;(2) ; + 0;(2) z;), the Function Evaluation

problem is equivalent to

f(z) =max Z (ij(z) xixj +0;(2) x; +0;(2) ;) - ingc, z;€{0,1} VieN

(i.5)eM iEN

In general, the sign of p;;(z) can be positive or negative, but we shortly show that pu,;(z) <0
whenever p; > z and p; > z. To construct an upper bound f#(-) on f(-), we use a standard approach
to linearize the term z; z; in the objective function above. Define the decision variable y;; € {0,1}
with the interpretation that y;; = x; x;. To ensure that y,;; takes the value x;z;, we impose the
constraints y;; > x; +x; — 1, y;; <z; and y;; <x;. If ; =0 or x; =0, then the constraints y;; <z;
and y;; < x; ensure that y,; =0. If x; =1 and z; =1, then the constraint y,;; > x; +x; — 1 ensures
that y;; = 1. We define our upper bound f#(-) on f(-) by using the LP relaxation

fRz) = max Y (ui(2) gy +0i(2) i+ 60;(2) 7)) (Upper Bound)

(i,5)eM
st Yy Z$2+I] -1 V(Z,]) eM

Yij < Ty iy <y V(i,j)eM

ingc

i€EN

Since the Upper Bound problem is an LP relaxation of the Function Evaluation problem, we have

ff(z) > f(z) for all z € R. Setting z; =0 for all i € N and y;; =0 for all (i,7) € M gives a feasible
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solution to the Upper Bound problem, so f#(-) > 0. Since 6;(z) and p;;(z) are continuous in z and
the optimal objective value of a bounded LP is continuous in its objective function coefficients,
f%(2) is continuous in z. It is not immediately clear that f#(z) is decreasing in z since it is not
immediately clear that the objective function coefficient y;;(z) in the Upper Bound problem is
decreasing in z. In the next lemma, we show that f?(z) is decreasing in z. Since f#(-) is decreasing

and continuous with f#(0) > 0, there exists a unique 2 > 0 satisfying f7(2) = v, 2.

Lemma 3.2 (Monotonicity of Upper Bound) The optimal objective value f%(z) of the Upper

Bound problem is decreasing in z.

Proof: Consider 2™ > 2~ and let (x*,y*) with y* = {y;;: (4,7) € M} be an optimal solution to the
Upper Bound problem when we solve this problem with z = z*. Since p;;(2) = pi;(2) — 0:(2) — 0,(2)
by the definition of p;;(2), we obtain
i) = Z (i (25) il +0:(27) 2y +0;(27) )
(i) EM

= Z (pij(zJ“)yfj +0;(27) (2] — y:}) +6;(27) (x; - y;j))

(i,5)eM

< Y (e )y 07 (@ — ) +0;(27) (@ — u5y)

(i.5)eM

= Y ()l 027 ) 2 +0;(27) )

(i.)EM
<fHE0),

where the first inequality is by the fact that p;;(z) and 6;(z) are decreasing in z, along with the fact
that y;; <z and y;; <z}, whereas the second inequality is by the fact that (z*,y*) is a feasible
but not necessarily an optimal solution to the Upper Bound problem with z=z". O
One useful property of the Upper Bound problem is that there exists an optimal solution to this
problem where the decision variable x; takes a non-zero value only when p; > z and the decision
variable y;; takes a non-zero value only when p;, > z and p; > 2. Thus, we need to keep the decision
variable z; only when p; > z and we need to keep the decision variable y;; only when p;, > z and
p; > z. This property allows us to significantly simplify the Upper Bound problem. In particular,
let N(z)={ie N:p, >z} and M(2)={(i,j) € N(2)*:i#j}. In Lemma G.1 in Appendix G, we
show that there exists an optimal solution z* = {z;:i € N} and y* = {y;; : (i,5) € N} to the Upper
Bound problem such that x; =0 for all i ¢ N(z) and y;; =0 for all (i,7) ¢ M(z). The proof of this
result follows by showing that if & = {#;:i€ N} and § = {9;;: (i,j) € N} is a feasible solution to
the Upper Bound problem, then we can set 2; =0 for all i ¢ N(z) and g;; =0 for all (i,5) & M(z)

while making sure that the solution (&, ) remains feasible to the Upper Bound problem and we do
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not degrade the objective value provided by this solution. In this case, letting 1(-) be the indicator
function and dropping the decision variable z; for all ¢ ¢ N(z) and the decision variable y;; for all

(i,7) & M(z), we write the objective function of the Upper Bound problem as

D 1GEN(2), §€N(2)) (1 (2) yij + 0:(2) i + 0;(2) )

(i,5)eM

+ Z (ieN(z), j€N(2)0;(z)x; + Z ), € N(2))0;(2)z;.

(i.5)eM (i,j)EM
For the last two sums, we have >, ., 1(1 € N(2), j & N(2))0i(2) zi = [N\ N(2)| Xicn(.) 0i(2) zi
and Yo, e LEEN(2), JEN(2))0;(2)x; = [N \ N(2)| Xjens) 05(2) ;. Thus, the objective
function of the Upper Bound problem takes the form 37, .y (1 (2) vy + 0i(2) 2 + 0;(2) ;) +
2IN\N(2)| Xien) 0i(2) 2. A simple lemma, given as Lemma G.2 in Appendix G, shows that
pij(z) <0 for all (g, ]) € M(z). So, the decision variable y;; takes its smallest possible value in the
Upper Bound problem, which implies that the constraints y;; <, and y;; < x; are redundant. In

this case, the Upper Bound problem is equivalent to the problem

ff(z) = max > (nii(2) vy +0:(2) i+ 60;(2) ) + 2|N \ N(2))| Z 0:(

(i,5)€M(2) iEN (2
st. oy >ai+x;—1 V(i,j) e M(z) (Compact Upper Bound)
> s
1EN(z

ngigl Vie N(z), ;>0 V(i,j) € M(z).

Both the Upper Bound and Compact Upper Bound problems will be useful. We will use the Upper
Bound problem to find the fixed point of f#(-)/vy. We will use the Compact Upper Bound problem

above to find an assortment & satisfying the Sufficient Condition.

Noting the objective function > ; o\ (wi(2) xiz; + 0i(2) 2 + 0;(2) ;) in the equivalent
formulation of the Function Evaluation problem, this problem does not decompose by the nests
even when we focus on the uncapacitated assortment problem. Therefore, unlike the approach
used by Davis et al. (2014), Gallego and Topaloglu (2014), and Feldman and Topaloglu (2015) for
tackling assortment problems under the nested logit model, since the Function Evaluation problem
does not decompose by the nests under the PCL model, it is difficult to characterize the optimal
or approximate solutions to the Function Evaluation problem for all values of z € R. Instead, we
approximate the Function Evaluation problem without decomposing it. Rather than characterizing
approximate solutions for all values of z € R, we construct an approximate solution to the Function

Evaluation problem with z = 2, where 2 is the fixed point of f#(-)/vq.



Zhang, Rusmevichientong, and Topaloglu: Assortment Optimization under the PCL Model

18

3.3. Computing the Fixed Point

To compute the fixed point of ff(-)/vg, we use the dual of the Upper Bound problem. For each
(1,7) € M, let cv;, Bi;, and ;; be the dual variables of the constraints y;; > x; +x; — 1, y;; < x; and
yij < x;, respectively. For each i € N, let \; be the dual variable of the constraint x; <1. Let § be

the dual variable of the constraint ),y x; <c. The dual of the Upper Bound problem is

ff(z) = min cé—i—ZAﬁ— Z Qj (Dual)

i€EN (i,5)eM

s.t. — o+ Bij 4+ 55 > pig(2) V(i,j)e M

5+)\¢+Zl(j?éi) (aij 4+ — Bij—vji) = 2(n—1)0;(2) Vie N
JEN

05”20, 5”20, "YUZO V(’L,j)EM, AZEO VZGN, 520

In the Dual problem above, the decision variables are oo = {a;; : (i,5) € M}, B={Bi; : (i,4) € M},
y={vj:(,j) e M}, A={\;:i € N} and §. We treat z as fixed. In the next theorem, we show
that if we treat z as a decision variable and add one constraint to the Dual problem that involves

the decision variable z, then we can recover the fixed point of f#(-)/vy.

Theorem 3.3 (Fixed Point Computation by Using an LP) Let (d,B,ﬁ,X,g,é) be an

optimal solution to the problem

min 65+Z)\i+ Z Qi (Fixed Point)
iEN (1,7)eM
S.t. — i+ Bij + 55 > ,Uij(z) V(i,j) e M
5+>\i+zl(j7§i)(aij+aji_ﬂij_’in) > 2(n—1)0;(2) VieN
JEN
654—2)\1‘1‘ Z Q,j = Vg Z
iEN (i,5)eM

Q4 ZO, Bij ZO, Yij ZO V(Z,_]) GM, )\220 VZGN, 520, z isfree.
Then, we have fR(2) =wvy2; so, 2 is the fized point of fE(-)/vq.

Proof: Let z be the fixed point of ff(-)/vy so that ff(z) = vy z. We will show that z = z. Let
(&, B,74,,9) be an optimal solution to the Dual problem when we solve this problem with z =
z. Thus, we have c¢d + >,y Ai + D (igyen Qg = fR(z) = vy z, which implies that the solution
(@, 3,79, A, 0, %) satisfies the last constraint in the Fixed Point problem in the theorem. Furthermore,

since the solution (&, 3,4, A, d) is feasible to the Dual problem, it satisfies the first two constraints
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in the Fixed Point problem as well. Thus, (&, 3,7, A, 6, 2) is a feasible but not necessarily an optimal

solution to the the Fixed Point problem, which implies that

vz = f1(%) —65+Z)\ + Z Q;; > C(H—Z)\—{— Z Gij =1 2,

i€EN (i,)eM iEN (1,7)eM

where the last equality uses the fact that (&, B,’y, 5\, ) ,2) satisfies the last constraint in the Fixed
Point problem. The chain of inequalities above implies that z > 2. Next, we show that z < 2. Note
that (&,B,”y,j\,g) is a feasible solution to the Dual problem with z = Z, so that the objective
value of the Dual problem at the solution (d,B,’S/,)l,S) is no smaller than its optimal objective
value. Therefore, we have f7(2) < co+ Y ien i + Z(m)eM &i; = vy 2, where the equality uses the
fact that (&, 3,4, ,0,2) satisfies the last constraint in the Fixed Point problem. Since fZ(-) is a

decreasing function, having f#(z) = v,z and f#(2) < v, 2 implies that z < 2. O

Since p;;(z) and 6;(z) are linear functions of z, the Fixed Point problem is an LP. Thus, we can

compute the fixed point of fZ(-)/vy by solving an LP.

4. Applying the Approximation Framework to the Uncapacitated Problem

In Sections 3.2 and 3.3, we show how to construct an upper bound f£(-) on f(-) by using an
LP relaxation of the Function Evaluation problem and how to find the fixed point of f£(-)/vg
by using the Fixed Point problem. This discussion allows us to execute Steps 1 and 2 in
our approximation framework that we give in Section 3.1. In this section, we focus on Step
3 in our approximation framework for the uncapacitated problem. In particular, letting Z be
such that ff(2) = vy2, we give an efficient approach to find a subset of products & that
satisfies 3, 5icp Vij(8)79 (Ri;(2) — 2) = 0.6 f#(2). In this case, Theorem 3.1 implies that & is a
0.6-approximate solution to the uncapacitated assortment problem. Letting 2 satisfy f%(2) =1, 2,
since the value of Z is fixed, to simplify our notation, we exclude the reference to Z in this
section. In particular, we let u; = ui;(2), 6; = 0;(2), ps; = pi;(2), %= fE(2), N =N(2) and
M=M (2). Also, since we consider the uncapacitated assortment problem, we omit the constraint
ZieN(z) x; < c. Thus, we write the Compact Upper Bound problem as
ST = max Z(Nijyij+9ixi+9jxj)+2|N\N‘Zeixi (1)
(i,5)EN ieN
st oy >ai+x;—1 V(i,j) € M
0<z,<1 Vi€ N, y;>0 V(i,j)€M.

Our goal is to find & that satisfies > Vij(@)"i (R (&) — 2) > 0.6 f7, where f# is the optimal

objective value of the problem above. We use randomized rounding for this purpose. Let (x*,y*) be

(i,5)eM
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an optimal solution to the problem above. We define a random subset of products X = {X} :1€N}

by independently rounding each coordinate of x* as follows. For each ¢ € N , we set

X, = {1 with probability x; @)

0 with probability 1 — 7.
For each i € N\ N, we set X; = 0. Note that the subset of products X is a random variable with

E{X,;} =2 for all i € N. In the next theorem, we give the main result of this section.

Theorem 4.1 (0.6-Approximation) Let X be obtained by using the randomized rounding

approach. Then, we have

B 3 V(%) -9 2 065"
(i,5)eM

Proof: Here, we will show that E{3_, ), Vi (X )i (Ry;(X)—2)} > 0.5 fF and briefly discuss how
to refine the analysis to get the approximation guarantee of 0.6. The details of the refined analysis
are in Appendix H. As discussed at the beginning of Section 3.2, we have V(X )i (R;;(X) —2) =
fij X, Xj +0, X, + 0; Xj. So, since {XZ :1 € N} are independent and E{)A(l} =z}, we have

pij x; @ +0; 27 + 0, 73 ificN, jeN, i#j

o o 0, 2+ ifieN, j¢ N
E{V,;(X)"(R;(X)—2)}= ' fidN. ieN
{Vi (X)W (R (X) — 2)} 0,z ifi¢g N, jeN

Letting [a]T = max{a,0} and considering the four cases above through the indicator function, we

can write >, - E{V;;(X X )i (R;;(X) — 2)} equivalently as

Z E{‘/Z‘j(X)’Yij(Rij(X)_é)} = Z 1(i€N, jEJ\Af)(uUac x4+ 0,7 +0;27)

(i,5)eM (i,7)eM
+ Y 1(eN, j¢N) b+ Y 1igN, jeN)b;z]
(i,5)eM (i,j)EM
= Z (pij o7 x5 +0; 07 + 0, 2] )+2\N\N|Z€ixf
(i,5) €M ieN
= > (gl 4o =t 40 +0;2) +2IN\N|D 027+ > g (2] 2 — [ + 25 —1]")
(i,5)EM ieN (i,j)EM
= o D0 (i = o] +af — 1))
(ij)eM
2 fR—i_* Z Hij-
(4,9) eM

In the chain of inequalities above, the fourth equality follows because we have p;; <0 for all

(i,5) € M by Lemma G.2 so that the decision variable y;; takes its smallest possible value in an
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optimal solution to the Compact Upper Bound problem, which implies that y;; = [} +a;— 1]*. The
last inequality follows from the fact that we have 0 <ab—[a+b—1]7 <1/4 for any a,b € [0,1].
To complete the proof, we proceed to giving a lower bound on f%. Let Z; = % for all i € N and
7;; =0 for all (i,5) € M. In this case, (2,9) is a feasible solution to the LP that computes f7 at
the beginning of this section, which implies that the objective value of this LP at (&,¢) provides

a lower bound on f¥. Therefore, we can lower bound f¥ as

=Y 9+9 SR LNNIY e > Y @2 > W: -y

(i,5)eM ieN (i,5)eM (i,5)eM (i,5)eM

where the second inequality holds since 6; > 0 for all ¢ € N, the third inequality holds since

;; >0 for all (i,7) € M and the equality follows from the definition of tt;j. Using the lower bound
above on f%# in the earlier chain of inequalities, we have > pen E{Vi; (X X )i (R;;(X) — 2)} >
fr+ 1 Z(Z—,j)eM Hij 2 5 L B which is the desired result. Next, we briefly discuss how to refine the
analysis to improve the approximation guarantee to 0.6. The refined analysis is lengthy and we

defer the details of the refined analysis to Appendix H.

The discussion above uses a lower bound on f that is based on a feasible solution (&,4) with
&; =1 for all i € N and 9;; = 0 for all (i,7) € M. This lower bound may not be tight. In our
refined analysis, we discuss that if (&,9) is an extreme point of the feasible region in the LP that

computes f# at the beginning of this section, then we have &; € {0, 2,1} for all i € N. Motivated

)99
by this observation, we enumerate over a relatively small collection of feasible solutions (&,9) to

the LP that computes f%, where we have #; € {0,1,1} for all i € N and §;; = [z; + 2, — 1]* for all

R
(i,5) € M. We pick the best one of these solutions to obtain a tighter lower bound on f£. In this

case, we can show that >, E{V;;(X X )i (Ri; (X) — 2)} > 0.6 f. O

The subset of products X is a random variable, but in Theorem 3.1, we need a deterministic
subset of products & that satisfies the Sufficient Condition. In particular, even if the subset of
products X satisfies Do Gig)eM E{V;;(X)"i(R;;(X)—2)} >0.6 f%, Theorem 3.1 does not necessarily
imply that E{m(X)} > 0.6 2*. Nevertheless, we can use the method of conditional expectations
to de-randomize the subset of products X so that we obtain a deterministic subset of products
& that satisfies Y, .\, Vij ()9 (Ri;(&) — 2) > 0.6 f7, in which case, we obtain 7 (&) > 0.62* by
Theorem 3.1. Therefore, the subset of products & that we obtain by de-randomizing the subset of

products Xisa 0.6-approximate solution to the Assortment problem.

The method of conditional expectations is standard in the discrete optimization literature; see
Section 15.1 in Alon and Spencer (2000) and Section 5.2 in Williamson and Shmoys (2011). We give

an overview of our use of the method of conditional expectations but defer the detailed discussion
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of this method to Appendix I. In the method of conditional expectations, we inductively construct
a subset of products =*) = (2, .. .,i:k,f(kﬂ, . ,Xn) for all k € N, where the first k products in
this subset are deterministic and the last n — k products are random variables. In particular, we
start with £(® = X and construct the subset of products &) = (Z1,... ,.%k_l,.%k,X]g_»'_]_, . ,Xn) by
using the subset of products &*~1 = (il,...,ik,l,Xk,XkH, . ,Xn) These subsets of products
are constructed in such a way that they satisfy Y-, ., E{Vi; (™))% (R;; (™) — 2)} > 0.6 f7 for
all k€ N. In this case, the subset of products ™ = (#;,...,4,) corresponds to a deterministic
subset of products and it satisfies 3, ;)< Vi (™) (R (™) — 2) > 0.6 fE. In other words, the
deterministic subset of products ™ satisfies the Sufficient Condition with o = 0.6. Constructing

the subset of products ®) by using the subset of products z*~1 takes O(n) operations, in which

case, the method of conditional expectations takes O(n?) operations.

Thus, for the uncapacitated problem, we execute the approximation framework given in Section
3.1 as follows, yielding a 0.6-approximation algorithm. (a) Solve the LP given in the Fixed Point
problem in Theorem 3.3 to compute the fixed point Z of f#(-)/vg. (b) Recalling that p;; = p1;;(2),
0; =0;(2), M =M(2) and N = N(2), solve the LP in (1) that computes f% at the beginning of
this section to obtain the optimal solution (x*,y*). The solution (x*,y*) characterizes the random
subset of products X through our randomized rounding approach given in (2) in this section.
(c) De-randomize the subset of products X by using the method of conditional expectations to
obtain a deterministic subset of products & satisfying Y-, ;< Vij ()79 (Rij(#) — 2) > 0.6 f. By
Theorem 4.1, the subset of products & is a 0.6-approximate solution to the uncapacitated problem.
In terms of computational effort, we solve two LP formulations, each with O(n?) decision variables

and O(n?) constraints. The method of conditional expectations takes O(n?) operations.

Approximation Framework with a Semidefinite Programming Relaxation

We can also use an SDP relaxation of the Function Evaluation problem to construct an upper bound
fE(-) on f(-). This SDP has O(n?) decision variables and O(n?) constraints. We can compute the
fixed point 2 of ff(-)/vy by solving an SDP of the same size. In this case, we can construct a
subset of products X that satisfies > ifeM E{V;; (X)) (Ri;(X) — 2)} > 0.79 f7(2), where fZ()
refers to the upper bound constructed by using the SDP relaxation. This approach provides a
stronger approximation guarantee, but comes at the expense of solving an SDP. We summarize

this approach in the next theorem and defer the details to Appendix J.

Theorem 4.2 (SDP Relaxation) There exists an algorithm to find the fixed point Z of a
function f2(-)/v that satisfies f%(z) > f(z) for all z € R and to construct a random subset of
products X that satisfies > E{V;;(X)%i (R;;(X) — 2)} > 0.79 f#(2). This algorithm requires

solving two SDP formulations, each with O(n?) decision variables and O(n?) constraints.

i,j)EM
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5. Applying the Approximation Framework to the Capacitated Problem

We consider Step 3 in our approximation framework for the capacitated problem. Letting 2 satisfy
fE(2)=wo 2 for fE(-) given by the Compact Upper Bound problem, we focus on finding a subset of
products @ such that 3, -\, Vij ()79 (Ry;(&) — 2) > § f*(2) and 3,y #; < c. Then, by Theorem

3.1, the subset of products & is a 0.25-approximate solution to the Assortment problem.

5.1. Half-Integral Solutions Through Iterative Rounding

As in the previous section, since the value of Z is fixed, to simplify our notation, we drop the
argument 2 in the Compact Upper Bound problem. In particular, we let u;; = p;;(2), 6; = 0;(2),
pi; = pij(2), fB=fR(2), N=N(2) and M = M(%). Noting that the optimal objective value of the
Compact Upper Bound problem is f%, we write the Compact Upper Bound problem as

(i7j)€]\;1 iEN

st. oy >ai+a,—1 V(i,j)eM
IEL
0<z;<1 VieN, y;>0 Y(i,j)eM.

We can construct counterexamples to show that all of the decision variables {z;:i € N } can take
strictly positive values in an extreme point of the set of feasible solutions to the LP above. In
Example K.1 in Appendix K, we give one such counterexample. In this case, letting {z} :i € N } be
an optimal solution to the LP above, if we construct a random subset of products by using a naive
randomized rounding approach that sets z; =1 with probability z; and z; = 0 with probability
1 — a7, then the random subset of products may violate the capacity constraint. To address this
difficulty, we will use an iterative rounding algorithm, where we iteratively solve a modified version
of the LP above after fixing some of the decision variables {z; :i € N} at 1. In this way, we construct

a feasible solution to the LP above, where the decision variables {z; : i € N } ultimately all take

1

values in {0, 3,1}. In the feasible solution that we construct, since the smallest strictly positive

value for the decision variables {z; :i € N} is 3, noting the constraint >, ¢ x; < ¢, no more than
2 ¢ of the decision variables {z; :i € N } can take strictly positive values. In this case, we will be
able to use a coupled randomized rounding algorithm on the feasible solution to obtain a random

subset of products that includes no more than ¢ products.

Since we will solve the LP above after fixing some of the decision variables {z; :i € N }at 3,

we study the extreme points of the set of feasible solutions to this LP with some of the decision
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variables {x; :i € N } fixed at 1. In particular, if we fix the decision variables {x; :i € H} at %, then

the set of feasible solutions to the LP is given by the polyhedron

P(H)z{@,y)e[o,umxw' Dy zmita—1 V(@) eM, Y xi<e, xz:% weﬂ}.

ieN
In the next lemma, we show a useful structural property of the extreme points of P(H). In

particular, it turns out that if none of the decision variables {z; :i € N } take a fractional value

larger than 1 in an extreme point of P(H), then all of the decision variables {z;:i € N} must

take values in {0, %, 1}. This result shortly becomes useful for arguing that our iterative rounding
algorithm terminates with a feasible solution to the LP that computes f¥ at the beginning of this
section, where all of the decision variables {x; : i € N} are guaranteed to take values in {0, 1,1} We

defer the proof of the next lemma to Appendix K.

Lemma 5.1 (Extreme Points) For any H C N, let (&,9) be an extreme point of P(H). If there

is no product i € N such that % < Z; <1, then we have &; € {0, %, 1} for allie N.

We consider the following iterative rounding algorithm to construct a feasible solution to the LP

that computes ff at the beginning of this section.

Iterative Rounding

Step 1: Set the iteration counter to k =1 and initialize the set of fixed variables H* = &.
Step 2: Let (¥, y"*) be an optimal solution to the LP

fr= max{ Z (1ij yij + 02 + 0, 2;) + 2| N\ N| Zﬁi z;:(x,y) € P(Hk)} (Variable Fixing)
(i.5)eM ieN

Step 3: If there exists some i, € N such that i< :Ufk <1, then set H**' = H* U {i}, increase k

by one and go to Step 2. Otherwise, stop.

Without loss of generality, we assume that the optimal solution (z*,y*) to the Variable Fixing
problem in Step 2 is an extreme point of P(H*). In Step 3 of the iterative rounding algorithm, if
there does not exist some i € N such that % < ¥ <1, then we stop. By Lemma 5.1, if there does
not exist some i € N such that 1 < z¥ < 1, then we have 2% € {0,1,1} for all i € N. Therefore,
if the iterative rounding algorithm stops at iteration k with the solution (z*,y*), then we must
have xF € {0, %, 1} for all i € N. Similar iterative rounding approaches are often used to design
approximation algorithms for discrete optimization problems; see Lau et al. (2011).

We use (x*,y*) to denote an optimal solution to the Variable Fixing problem at the last

iteration of the iterative rounding algorithm. By the discussion in the previous paragraph, we have
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xr €{0,2 5.1} for all i € N. Also, since this solution is feasible to the Variable Fixing problem we
have ). x; <c. Therefore, noting that the smallest strictly positive value of {z] :i € N}is L, no
more than 2c of the decision variables {z} :i € N } can take strictly positive values. Nevertheless,
including each product ¢ € N in a subset with probability z; may not provide a solution that
satisfies the capacity constraint, because this subset can include as many as 2¢ products. Instead, we
use a coupled randomized rounding approach to obtain a random subset of products that satisfies

the capacity constraint with probability one.

5.2. Feasible Subsets Through Coupled Randomized Rounding

Letting («*,y*) be an optimal solution to the Variable Fixing problem at the last iteration of the
iterative rounding algorithm, we use the following coupled randomized rounding approach to obtain

a random subset of products X = {X,:i e N}.

Coupled Randomized Rounding

Recall that we have 27 € {0, 1,1} for all i € N. We assume that the number of the decision variables

)9

in {z;:ie N } that take the value  is even. The idea of coupled randomized rounding is similar

under the odd case. Letting 2¢ be the number of the decision variables in {7 :i € N} that take

i, T xf, x5 } to denote these decision variables. We view each

the value 3, we use {x] o Tiys s Tl T,

i) Jl’

of (il,jl),(ig,jg),...,(’L[,]g) as a pair. Using the solution (z*,y*), we define the random subset
of products X = {X; :i € N} as follows. For each pair (i, jm), we set (X, ,X;,.) = (1,0) with

im )

probability 0.5, whereas we set (X, , X, )= (0,1) with probability 0.5. Note that the decision

imo

* *
$i2,$j2, x

variables {z} :i € N} that are not in the set {z x% } take the value zero or

117 31’ ig? Jz

one. Thus, for all 7 € N\{il,jl,iz,jQ,...,i[,jg}, we set X; =1 if xf =1, whereas we set X, =0if
27 =0. Finally, we set X; =0 for all ie N\ N.

In our construction, Xim and X i for the pair (,,,j,) are dependent, but the components of X
corresponding to different pairs are independent. Also, we have E{X]} =z for all i € N. Lastly,
the subset of products X always satisfies the capacity constraint ), X, <c In particular, we
let S={ieN:z= t}and L={ie N :z: =1}. We have |S| = 2¢. By the definition of X, there
are exactly ¢+ |L| products in X, so Y oien X; ={+|L|. Since (x*,y*) is a feasible solution to
the Variable Fixing problem, we have ). z7 < ¢, but we can write the last sum as ), ;=

201 +|L|={+|L|, indicating X satisfies the capacity constraint 3, en Xi=l+]|L| <c.

The main result of this section is stated in the following theorem.
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Theorem 5.2 (0.25-Approximation) Let X be obtained by using the coupled randomized

rounding approach. Then, we have

S 5 . 1
> BV (R (R (R) = 2)) >
(i,5)eM
We give the proof of this theorem in Section 5.3. The subset of products X is random, but
we can use the method of conditional expectations discussed in Section 4 and Appendix I to
obtain a deterministic subset of products & that satisfies >, ., Vij (&) (Ry;(#) — 2) > § " and

> ien i < c. The only difference is that we condition on the pair (X X im) When we consider the

products (i,,, j,) that are paired in the coupled randomized rounding approach. For product i that
is not paired, we condition on X}. Using the same argument in Appendix I, for the capacitated

problem, the method of conditional expectations takes O(n?) operations.

Thus, for the capacitated problem, we can execute the approximation framework given in
Section 3.1 as follows, yielding a 0.25-approximation algorithm. (a) Solve the LP given in the
Fixed Point problem in Theorem 3.3 to compute the fixed point 2 of f7(-)/vy. (b) Recalling that
fi; = pi;(2), 0; = 0:(2), M = M(2) and N = N (%) in the Variable Fixing problem, we execute the
iterative rounding algorithm. Let (x*,y*) be an optimal solution to the Variable Fixing problem at
the last iteration of the iterative rounding algorithm. Through the coupled randomized rounding
approach, the solution (x*,y*) characterizes the random subset of products X. (c) De-randomize
the subset of products X by using the method of conditional expectations to obtain a deterministic
subset of products & satisfying 3, ;ca, Vij (2)79 (R () — 2) > T f®and Y, v & <c. In terms of
computational effort, to compute the fixed point of f#(-)/vy, we solve an LP with O(n?) decision
variables and O(n?) constraints. The iterative rounding algorithm terminates in O(n) iterations. At
each iteration of the iterative rounding algorithm, we solve an LP with O(n?) decision variables

and O(n?) constraints. The method of conditional expectations takes O(n?) operations.

5.3. Proof of Theorem 5.2

We devote this section in its entirety to the proof of Theorem 5.2. The proof relies on the next two
lemmas. As the iterations of the iterative rounding algorithm progress, we fix additional decision
variables at the value % in the Variable Fixing problem. Therefore, noting that the optimal objective
value of the Variable Fixing problem at iteration k is f*, since the Variable Fixing problem at iteration
k +1 has one more decision variable fixed at 3, we have f¥*! < f* for all k=1,2,.... In the next
lemma, we give an upper bound on the degradation in the optimal objective value of the Variable

Fixing problem at the successive iterations of the iterative rounding algorithm.
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Lemma 5.3 (Reduction in Objective) For all k=1,2,..., we have f*— f*1 <(|N|-1)0,,.

Proof: We have >7, vy 0iwi =3, g D icq Li#7) 02 = (IN|—1) > icx 0i ;. Similarly, we have
Yupenr ity = (|N|-1) Y iex Oizi. In this case, since IN|—1+|N\ N|=|N| -1, we can write

the objective function of the Variable Fixing problem as

Z (Mz‘j?/z‘j+9iIi+9jl‘j)+2|N\N|29i$i

(i,5)eM ieN
= > iy +2(IN =)D 02 +2IN\N|D Oizi= > pyyy +2(N|-1) > ;..
(i.5)€M ieN ieN (i.5)eM ieN
Since the iterative rounding algorithm did not stop at iteration k, we have xfk € (3,1). We define
the solution (Z,4) to the Variable Fixing problem as follows. We set Z; = z¥ for all i € N'\ {i;} and
I;, = 3. Also, we set §;; = [Z; +&; — 1]* for all (i,7) € M.

We claim that (&,9) is a feasible solution to the Variable Fixing problem at iteration k + 1. In
particular, since xfk € (3,1), but ;, =3, we have &; < zf for all i € N. Therefore, DoienTi <
> iex T < ¢, where the last inequality uses the fact that (z*,y") is a feasible solution to the Variable
Fixing problem at iteration k so that it satisfies the capacity constraint. Also, we have 2% = % for

all i € H*. Since H**' = H*U {4} and &; = %, we have Z; = § for all i € H*"'. Thus, it follows

1
29
that (&, ) is a feasible solution to the Variable Fixing problem at iteration k+ 1. Since (&, g) is not

necessarily an optimal to the same problem at iteration k+ 1, we have

Fr= < =Y i —2(IN = 1) )63

(i,j)eM ieN
- 1 -
= > =) 2N =16, (af =5 ) +2(N1=1) Y 6 (at — &)
(i.)€M ie€N\{iy}
< Dy (Wl —G) + (N[ = 1)6;,,
(i,5)EM

where the equality uses the fact that (x*,y*) is an optimal solution to the Variable Fixing
problem at iteration k and the second inequality uses the fact that 2 <1 and #; =z} for all
i € N\ {i}. Assume for the moment that yf, = [zF+2* —1]* for all (4, j) € M. By our construction,
we have g;; = [Z; + ; — 1]T as well. Earlier in this paragraph, we showed that z¥ > Z; for all
i€ N. Since [-|* is an increasing function, we get ys; > Ui; for all (4,7) € M. By Lemma G.2, we have
pi; <0 for all (i,7) € M. In this case, we obtain Do pent Pis (U = Fig) + (N[ =1) 0, < (IN|=1)6;,

and the desired result follows from the chain of inequalities above.

To complete the proof, we argue that y;; = [z} +x¥ —1]* for all (i,j) € M. Note that (¥, y*) is

an extreme point of P(H*). If y¥, > [z} +z% — 1]* for some (4, j) € M, then we can perturb only this
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component of y* by +e and —e for a small enough € > 0, while keeping the other components of
(z*,y") constant. The two points that we obtain are in P(H*) and (", y") is a convex combination

of the two points, which contradicts the fact that (z*,y*) is an extreme point of P(H"). O

In the next lemma, we accumulate the degradation in the optimal objective value of the Variable
Fixing problem over the iterations of the iterative rounding algorithm to compare the optimal

objective value of the Variable Fixing problem at the last iteration with f%.

Lemma 5.4 (Objective at Last Iteration) If (z*,y*) is an optimal solution to the Variable
Fixing problem at the last iteration of the iterative rounding algorithm, then we have
S (s vy .5 +0,25) 2N\ K| Yot > 3 7
(i,5)eM ieN

Proof: By the discussion at the beginning of the proof of Lemma 5.3, we can write the objective
function of the Variable Fixing problem as - oy ptij ¥i; + 2(IN| = 1) 30, g 0 x;. We let K be
the last iteration of the iterative rounding algorithm. Consider the Variable Fixing problem at
iteration K. In this problem, we fix the decision variables in {x; :¢ € H*} at ; and have H* =
{i1,...,ix_1} by the construction of the iterative rounding algorithm. If we set z; = % for all
i€ HX, 2; =0 for all ie N\ {HX} and y;; =0 for all (i,7) € M, then we obtain a feasible solution
to the Variable Fixing problem at iteration K and this solution provides the objective value of
2(IN|=1) X icnx % = (N[ =1) > ,cpx 0s. Since the optimal objective value of the Variable Fixing
problem at iteration K is fX, we get fX > (IN| —1) >, yx 0. By Lemma 5.3, we also have
fF=fFr<(IN|-1)6;, for all k=1,...,K — 1. In this case, we obtain

- 1 1
* * * * K
Z(Mijyij+9i'ri+0jxj)+2‘N\N|Zeixi = f _§(|N’_1)Z 9i+§(|N‘_1)Z 0;

(i,j)eM ieN icHK icHK
1 15 1 1 1
> SN0 045 Y (=) = S g D) =
icHEK k=1 k=1

In the chain of inequalities above, the first equality is from the fact that (z*,y*) is an optimal
solution to the Variable Fixing problem at iteration K. The first inequality is by the fact that
fE—fF<(IN|-1)6;, for all k=1,...,K —1 and H* = {iy,...,ig_1}. The second inequality
holds since f* > (|N|—1) . ;x 6;. Since H' = @, the Variable Fixing problem at the first iteration
is identical to the LP that computes f# at the beginning of Section 5.1. Therefore, we get f!= f%,

in which case, the desired result follows from the chain of inequalities above. a
Finally, here is the proof of Theorem 5.2.

Proof of Theorem 5.2: Since (x*,y*) is an extreme point solution to the Variable Fixing

problem, by the same discussion at the end of the proof of Lemma 5.3, we have y;; = [z} + 2} — 1]*
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for all (i,7) € M. Also, by the same discussion at the beginning of Section 3.2, we have
Vi (X)) (Ri;(X) — 2) = py; Xi X; +6; X; +6, X;. There are four cases to consider.

Case 1: Suppose i € N and j € N with i # j. We claim that E{V;;(X) (R;;(X) — 2)} >

5 (pij v +0; x7 +60; 2%) in this case.

First, assume that the products ¢ and j are paired in the coupled randomized rounding approach.
Thus, we must have x7 = 5 and 2} = §, so that y;; = [z] + 25 — 1]* = 0. Also, since products i and

j are paired, we have (X;, X;) = (1,0) or (X;, X;) = (0,1), so that X; X; =0. So, we get

E{Vi;(X) 5 (Ri;(X) = 2)} = pyB{X; X;}+ 0, E{X;}+ 0, E{X,}
6 0, 1

= 5t5 = gy +0iai+6;23).

Second, assume that the products 7 and j are not paired. Thus, X, and Xj are independent, in
0;x;. If 27 € {0,1} or o} € {0,1}, then we have [z} + 2} — 1]7 =z x}. Thus, we get
O . O A * %k * * 1 * % * *
E{Vy (X)W (Riy(X) = 2)} = pygaia; +0iai +0;25 2 5 (i ziaj + 0,27 +0;27)

1
= o (pyley +a;—1"+0;27 +0,27) =

5 (pi Yy +0;ix; +0; x;)a

N | =

where the inequality uses the fact that p;xjz; + 0,27 + 0,27 = piyzio; + iz (1 — x3) +
0; (1 —a7)x; and p;; >0, 0; >0 and 6; >0 for all (4,j) € M. If xr = % and 7} = %, then y;; =

[z; + x5 — 1] =0, so since p;; > 0, we obtain

R R G—0i—0, 0, 0,
E{V,(R)%(Ry(R) = 2)) = pywiaj+oai 0,0 = PIimT 4 24T
= Z"‘Zj = §(Mijyij+9ixi+9jxj)a

~

where the last equality uses the fact that y;; = 0. In all cases, we get E{V;;(X )" (R;; (X)-2)}>
(i ys; + 027 +0;x7) for all i € N and j € N with i # j, which is the desired the claim.

Case 2: Suppose i € N and j ¢ N. Since Xj =0, we get Vi;(X)7i(Ri;(X) — 2) = i, X, Xj +

Case 3: Suppose i ¢ N and je N. Using the same argument as in Case 2, it follows that
E{V;;(X)% (Ri;(X)—2)} > 10,27

Case 4: Suppose i ¢ N and jé N with i # j. In this case, noting that X, =0 and Xj =0, we
get E{V;;(X) " (Ri;(X) - £)} = 0.

1
2
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Similarly, if i ¢ N and j € N, then we have E{V;;(X)" (R;;(X) — 2)} > 10, 27%. Finally, if i ¢ N
and j ¢ N, then we have E{V;;(X)" (R;;(X) — 2)} = 0. Therefore, we get

N | =

Y E{Vi(X)u(Ry(X) - 2)} =

(i.j)eM

{ > 1GEN, jeN) (uijyy + 025 +0;27)
(

i,j)EM

+ ) 16EN, jEN) O+ Y 1(¢¢N,jefv)ejx;}

(i,j)eM (i,)eM
1 * * * : *
- 2{ z (Mijyij+9ixi+9jIj)+2|N\N|Zgixi}
(i,5)EM ieN
1
~ L (R
> "

where the equality follows because 3, ;) 1(i € N, j & N)bxz: = |N \ N|Zi€]§, 0, xf =
dnem 1@ € N, jeN)b, x} and the last inequality follows from Lemma 5.4. O

As an alternative to the coupled randomized rounding approach, letting S = {i € N: = %} and
recalling that we have |S| = 2¢ in our discussion of the coupled randomized rounding approach, we
can simply sample ¢ elements of S without replacement. Using S to denote these elements, we can
define the random subset of products X = {X;:i € N} as follows. For each i € N, we set X, =1 if
ieSand X;=0if i ¢ S. For each i € N\N, we set X; = 0. In this case, the subset of products X
still satisfies Theorem 5.2. The only difference in the proof of Theorem 5.2 is that since the subset
S is obtained by sampling ¢ elements of S without replacement, for 7,5 € N with i # j, we have

X, =1 and Xj =1 with probability (2;'__22)/(25). Furthermore, for any i,j € N with i # j, X; and

X.

; are never independent, so computing the conditional expectations involved in the method of

conditional expectations gets slightly more complicated.

6. Computational Experiments

In this section, we present computational experiments to test the performance of our approximation

algorithms on a large number of randomly generated test problems.

6.1. Computational Setup

We work with both uncapacitated and capacitated problems. To obtain a 0.6-approximate solution
for the uncapacitated assortment problem, we execute Steps (a)-(c) discussed at the end of Section
4. To obtain a 0.25-approximate solution for the capacitated assortment problem, we execute Steps
(a)-(c) discussed at the end of Section 5.2. We do not test the performance of the approximation

algorithm based on an SDP relaxation, because the approximation algorithm based on an LP
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relaxation already performs quite well. Also, although we can solve an SDP in polynomial time in
theory, the size of our test problems prevents us from solving SDP relaxations for the large number
of problem instances that we consider. We carry out our computational experiments using Matlab

with 3.1 GHz Intel Core i7 CPU and 16 GB RAM. We use Gurobi 6.5.0 as our LP solver.

By Theorem 3.1, if 2 satisfies f%(2) = vy 2, then we have Z > 2*  so Z is an upper bound on
the optimal expected revenue z* for the Assortment problem. Recalling that 7 (&) is the expected
revenue from the subset of products &, to evaluate the quality of the subset of products & obtained
by our approximation algorithms, we report the quantity 100 x 7(&)/Z, which corresponds to the
percentage of the upper bound captured by the subset &. This quantity provides a conservative
estimate of the optimality gaps of the solutions obtained by our approximation algorithms, because
Z is an upper bound on the optimal expected revenue, rather than the optimal expected revenue
itself. To compute the upper bound Z, we solve the Fixed Point problem in Theorem 3.3, which is an
LP. Letting (d,ﬁ,ﬁ/, ;\,3,73) be an optimal solution to the Fixed Point problem, by Theorem 3.3, 2
satisfies ff(2) =wp 2, in which case, by Theorem 3.1, 2 is an upper bound on the optimal expected
revenue z*. In our test problems, we have n =50 or n =100 products. Finding the optimal subset
of products through enumeration requires checking the expected revenues from O(2") assortments,
which is not computationally feasible for the sizes of our problem instances. Thus, we provide

comparisons with an upper bound on the optimal expected revenue.

6.2. Uncapacitated Problems

We randomly generate a large number of test problems and check the performance of our
approximation algorithm on each test problem. To generate the dissimilarity parameters of the
nests, we sample ;; from the uniform distribution over [0,7] for all (i,j) € M, where ¥ is a
parameter that we vary in our computational experiments. To generate the preference weights of
the products, we sample v; from the uniform distribution over [0,1] for all i € N. Using 1 € R" to
denote the vector of all ones, if we offer all products, then a customer leaves without a purchase
with probability vo/(vo +3_; jyear Vij(1)79). To generate the preference weight of the no purchase
option, we set vy = ¢q Z(i,j)eM Vi;(1)7ii /(1 — ¢), where ¢ is a parameter that we vary. In this
case, if we offer all products, then a customer leaves without a purchase with probability ¢,. We
work with two classes of test problems when generating the revenues of the products. In the first
class, we sample the revenue p; of each product i from the uniform distribution over [0, 1]. We refer
to these problem instances as independent instances since the preference weights and the revenues
are independent. In the second class, we set the revenue p; of each product i as p; =1 —v;. We refer

to these problem instances as correlated instances since the preference weights and the revenues are
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correlated. In the correlated instances, more expensive products have smaller preference weights,

making them less desirable. As stated earlier, we use n =50 or n = 100 products.

We vary 4 over {0.1,0.5,1.0} and ¢, over {0.25,0.50,0.75}. Using I and C' to, respectively, refer
to the independent and correlated instances, we label our test problems as (T',n,¥,¢o) € {I,C} x
{50,100} x {0.1,0.5,1.0} x {0.25,0.50,0.75}, where T is the class of the test problem and n, ¥ and
¢ are as discussed above. In this way, we obtain 36 parameter combinations. In each parameter
combination, we randomly generate 1000 individual test problems by using the approach discussed
in the previous paragraph. We use our approximation algorithm to obtain an approximate solution
for each test problem. Also, for each test problem, we solve the Fixed Point problem in Theorem 3.3
to find the value of 2 satisfying f#(2) =y 2. For test problem s, we use £° to denote the solution
obtained by our approximation algorithm and 2° to denote the value of 2 satisfying f%(2) = v, 2.
In this case, the data {100 x 7(&°)/2°: s =1,...,1000} characterizes the quality of the solutions

obtained for the 1000 test problems in a parameter combination.

We give our computational results in Table 1. The first column in this table shows the parameter
combination. The next five columns, respectively, show the average, minimum, 5th percentile, 95th
percentile and standard deviation of the data {100 x w(&°)/2°:s=1,...,1000}. The last column
shows the average CPU seconds to run our approximation algorithm over the 1000 test problems
in a parameter configuration. The results in Table 1 indicate that our approximation algorithm
performs remarkably well. Over all test problems, on average, our approximation algorithm obtains
99.5% of the upper bound on the optimal expected revenue. In the worst case, our approximation
algorithm obtains 95.5% of the upper bound on the optimal expected revenue. In Appendix L,
we give confidence intervals for some of the performance measures in Table 1. For the largest test
problems with n = 100, on average, our approximation algorithm runs in 0.23 seconds. The CPU

seconds varied no more than 10% from one test problem to another.

6.3. Capacitated Problems

The approach that we use to generate the capacitated test problems is the same as the one
that we use to generate the uncapacitated ones, but we also need to choose the available
capacity in the capacitated test problems. We set the capacity ¢ as ¢ = [dn], where ¢ is a
parameter that we vary. We label our test problems by (T, n,%,¢q,9) € {I,C} x {50,100} x
{0.1,0.5,1.0} x {0.25,0.75} x {0.2,0.5,0.8}, which yields 72 parameter combinations. We randomly
generate 1000 individual test problems in each parameter combination. Using #°* and 2z°
with the same interpretation that we have for the uncapacitated test problems, the data

{100 x w(&*)/2°: s =1,...,1000} continues to characterize the quality of the solutions obtained
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Param. Conf. w(&)/2 CPU Param. Conf. w(&)/2 CPU
(T,m,5, ¢0) Avg. Min 5th 95th Std. | Secs. (T,n,5,¢0) Avg. Min 5th 95th Std. |Secs.
(I, 50,0.1,0.25) | 98.6 95.5 97.3 99.7 0.7 |0.06 (C, 50,0.1,0.25) | 98.6 96.2 97.3 99.7 0.7 |0.04
(I, 50,0.1,0.50) | 99.7 98.8 99.2 100.0 0.2 |0.05 (C, 50,0.1,0.50) | 99.7 98.6 99.2 100.0 0.3 | 0.05
(I, 50,0.1,0.75) | 99.9 99.6 99.8 100.0 0.1 | 0.05 (C, 50,0.1,0.75) | 99.9 99.7 99.8 100.0 0.1 |0.05
(I, 50,0.5,0.25) | 98.8 96.2 97.7 99.7 0.6 | 0.04 (C, 50,0.5,0.25) | 98.8 96.4 97.6 99.7 0.6 | 0.04
(I, 50,0.5,0.50) | 99.7 98.8 99.3 100.0 0.2 |0.05 (C, 50,0.5,0.50) | 99.7 98.9 99.3 100.0 0.2 | 0.05
(I, 50,0.5,0.75) | 99.9 99.7 99.8 100.0 0.1 | 0.05 (C, 50,0.5,0.75) | 99.9 99.6 99.8 100.0 0.1 |0.05
(I, 50,1.0,0.25) | 98.8 96.0 97.7 99.7 0.6 | 0.05 (C, 50,1.0,0.25) | 98.8 96.4 97.6 99.8 0.6 | 0.04
(I, 50,1.0,0.50) | 99.8 98.6 99.4 100.0 0.2 |0.05 (C, 50,1.0,0.50) | 99.7 99.0 99.3 100.0 0.2 | 0.05
(I, 50,1.0,0.75) | 99.9 99.7 99.9 100.0 0.1 | 0.05 (C, 50,1.0,0.75) | 99.9 99.7 99.9 100.0 0.0 | 0.06
(1,100,0.1,0.25) | 98.6 96.4 97.7 99.3 0.5 |0.23 (C,100,0.1,0.25) | 98.6 96.9 97.7 994 0.5 |0.21
(1,100,0.1,0.50) | 99.7 99.0 99.3 99.9 0.2 |0.25 (C,100,0.1,0.50) | 99.7 98.9 99.4 99.9 0.2 ]0.23
(1,100,0.1,0.75) | 99.9 99.8 99.9 100.0 0.1 |0.25 (C,100,0.1,0.75) | 99.9 99.8 99.9 100.0 0.0 | 0.26
(1,100,0.5,0.25) | 98.8 97.0 98.0 99.5 0.5|0.22 (C,100,0.5,0.25) | 98.8 97.0 979 99.5 0.5 0.21
(1,100,0.5,0.50) | 99.7 99.2 99.4 100.0 0.2 |0.24 (C,100,0.5,0.50) | 99.7 99.2 99.5 100.0 0.2 |0.24
(1,100,0.5,0.75) | 99.9 99.8 99.9 100.0 0.1 |0.26 (C,100,0.5,0.75) | 99.9 99.8 99.9 100.0 0.1 |0.27
(1,100,1.0,0.25) | 98.8 97.1 98.1 99.5 0.4 |0.22 (C,100,1.0,0.25) | 98.8 97.1 98.1 99.5 0.4 |0.21
(1,100,1.0,0.50) | 99.8 99.1 99.5 100.0 0.1 |0.24 (C,100,1.0,0.50) | 99.8 99.1 99.5 100.0 0.1 |0.25
(1,100,1.0,0.75) | 99.9 99.8 99.9 100.0 0.1 |0.26 (C,100,1.0,0.75) | 99.9 99.8 99.9 100.0 0.1 |0.28
Average 99.5 98.3 99.0 99.8 0.3|0.15 Average 99.5 98.4 99.0 999 0.3|0.14

Table 1 Computational results for the uncapacitated test problems.

for the 1000 test problems in a parameter combination. We give our computational results in
Table 2. The layout of this table is identical to that of Table 1. The optimality gaps reported
in Table 2 are slightly larger than those in Table 1, but our approximation algorithm for the
capacitated problems also performs remarkably well. On average, our approximation algorithm
obtains 98.9% of the upper bound on the optimal expected revenue, corresponding to an average
optimality gap of no larger than 1.1%. In Appendix L, we give confidence intervals for some
of the performance measures in Table 2. The slightly larger optimality gaps in Table 2 can be
attributed to the performance of the approximation algorithm being inferior or the upper bounds
being looser, but it is not possible to say which one of these factors plays a dominant role without
knowing the optimal expected revenues. Over the largest test problems with n =100, on average,
our approximation algorithm runs in 0.25 seconds. To put this running time in perspective, if we
partition the 100 products into two nests and assume that the customers choose under the nested
logit model, then the average CPU seconds for the approach proposed by Feldman and Topaloglu
(2015) is 0.86 seconds. We solve multiple LP relaxations in the iterative rounding algorithm. Over
all of our test problems, the iterative rounding algorithm terminated after solving at most five LP

relaxations, with only 1.32 LP relaxations on average.

7. Conclusions

In this paper, we developed approximation algorithms for the uncapacitated and capacitated
assortment problems under the PCL model. We can extend our work to a slightly more general
version of the PCL model. In particular, the generalized nested logit model is a more general version

of both the nested logit and PCL models. Under the generalized nested logit model, each product
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Param. Conf. w(&)/2 CPU Param. Conf. w(&)/2 CPU

(T,n,7, ¢o,9) Avg. Min 5th 95th Std. | Secs. (T,n,7,¢0,9) Avg. Min 5th  95th Std. | Secs.
(I, 50,0.1,0.25,0.8) | 95.8 90.2 93.2 98.1 1.5| 0.05 (C, 50,0.1,0.25,0.8) | 96.0 89.3 934 98.2 1.5 | 0.06
(I, 50,0.1,0.25,0.5) | 98.1 944 96.1 99.6 1.0 | 0.05 (C, 50,0.1,0.25,0.5) | 98.1 939 96.2 99.6 1.0 | 0.06
(I, 50,0.1,0.25,0.2) | 99.5 96.1 98.4 100.0 0.6 | 0.05 (C, 50,0.1,0.25,0.2) | 99.5 97.5 98.5 100.0 0.5 | 0.06
(I, 50,0.1,0.75,0.8) | 99.9 99.2 99.6 100.0 0.1 | 0.06 (C, 50,0.1,0.75,0.8) | 99.9 99.3 99.6 100.0 0.1 | 0.07
(I, 50,0.1,0.75,0.5) | 99.9 99.5 99.8 100.0 0.1 | 0.06 (C, 50,0.1,0.75,0.5) | 99.9 99.3 99.8 100.0 0.1 | 0.07
(I, 50,0.1,0.75,0.2) | 99.9 99.7 99.9 100.0 0.0 | 0.06 (C, 50,0.1,0.75,0.2) | 99.9 99.6 99.9 100.0 0.0 | 0.07
(I, 50,0.5,0.25,0.8) | 96.3 90.1 93.8 98.5 1.5| 0.05 (C, 50,0.5,0.25,0.8) | 96.3 91.9 94.0 98.4 1.3 | 0.06
(I, 50,0.5,0.25,0.5) | 98.1 94.1 96.3 99.5 1.0 | 0.05 (C, 50,0.5,0.25,0.5) | 98.0 94.3 96.0 99.5 1.1 | 0.06
(I, 50,0.5,0.25,0.2) | 99.4 96.6 98.2 100.0 0.6 | 0.06 (C, 50,0.5,0.25,0.2) | 99.4 96.9 98.2 100.0 0.6 | 0.06
(I, 50,0.5,0.75,0.8) | 99.9 99.3 99.6 100.0 0.1 | 0.06 (C, 50,0.5,0.75,0.8) | 99.9 99.3 99.6 100.0 0.1 | 0.07
(I, 50,0.5,0.75,0.5) | 99.9 99.5 99.7 100.0 0.1 | 0.06 (C, 50,0.5,0.75,0.5) | 99.9 99.3 99.7 100.0 0.1 | 0.07
(I, 50,0.5,0.75,0.2) | 99.9 99.6 99.9 100.0 0.1 | 0.06 (C, 50,0.5,0.75,0.2) | 99.9 99.2 99.9 100.0 0.1 | 0.07
(I, 50,1.0,0.25,0.8) | 96.6 92.8 944 98.5 1.2 | 0.05 (C, 50,1.0,0.25,0.8) | 96.5 91.6 94.2 98.6 1.3 | 0.07
(I, 50,1.0,0.25,0.5) | 98.0 93.2 96.2 99.5 1.0 | 0.05 (C, 50,1.0,0.25,0.5) | 98.0 94.3 96.3 99.5 1.0 | 0.07
(I, 50,1.0,0.25,0.2) | 99.4 96.5 98.2 100.0 0.6 | 0.06 (C, 50,1.0,0.25,0.2) | 99.4 97.2 98.2 100.0 0.6 | 0.06
(I, 50,1.0,0.75,0.8) | 99.9 99.4 99.7 100.0 0.1 | 0.06 (C, 50,1.0,0.75,0.8) | 99.9 99.4 99.6 100.0 0.1 | 0.07
(I, 50,1.0,0.75,0.5) | 99.9 99.1 99.7 100.0 0.1 | 0.06 (C, 50,1.0,0.75,0.5) | 99.9 99.2 99.7 100.0 0.1 | 0.08
(I, 50,1.0,0.75,0.2) | 99.9 98.9 99.9 100.0 0.1 | 0.19 (C, 50,1.0,0.75,0.2) | 99.9 98.7 99.9 100.0 0.1 | 0.07
(1,100,0.1,0.25,0.8) | 95.8 90.9 94.0 975 1.1 0.23 (C,100,0.1,0.25,0.8) | 95.8 925 94.1 97.5 1.1 | 0.21
(1,100,0.1,0.25,0.5) | 98.1 95.8 96.9 99.1 0.7| 0.25 (C,100,0.1,0.25,0.5) | 98.1 95.6 96.8 99.2 0.7 | 0.21
(1,100,0.1,0.25,0.2) | 99.5 97.7 98.8 100.0 0.4 | 0.26 (C,100,0.1,0.25,0.2) | 99.5 98.1 98.8 100.0 0.4 | 0.21
(1,100,0.1,0.75,0.8) | 99.9 99.6 99.7 100.0 0.1 | 0.32 (C,100,0.1,0.75,0.8) | 99.9 99.3 99.7 100.0 0.1 | 0.25
(1,100,0.1,0.75,0.5) | 99.9 99.5 99.8 100.0 0.1 | 0.30 (C,100,0.1,0.75,0.5) | 99.9 99.6 99.8 100.0 0.1 | 0.25
(1,100,0.1,0.75,0.2) | 99.9 99.9 99.9 100.0 0.1]| 0.28 (C,100,0.1,0.75,0.2) | 99.9 99.9 99.9 100.0 0.0 | 0.25
(1,100,0.5,0.25,0.8) | 96.3 92.6 94.6 97.8 1.0| 0.24 (C,100,0.5,0.25,0.8) | 96.3 93.0 94.6 97.7 1.0 | 0.22
(1,100,0.5,0.25,0.5) | 98.0 94.6 96.6 99.1 0.7| 0.27 (C,100,0.5,0.25,0.5) | 98.0 94.9 96.8 99.1 0.7 | 0.22
(1,100,0.5,0.25,0.2) | 99.4 97.5 98.7 100.0 0.4 | 0.26 (C,100,0.5,0.25,0.2) | 99.4 97.7 98.7 100.0 0.4 | 0.23
(1,100,0.5,0.75,0.8) | 99.9 99.4 99.7 100.0 0.1 0.33 (C,100,0.5,0.75,0.8) | 99.9 99.4 99.7 100.0 0.1 | 0.26
(1,100,0.5,0.75,0.5) | 99.9 99.7 99.8 100.0 0.1 | 0.33 (C,100,0.5,0.75,0.5) | 99.9 99.6 99.8 100.0 0.1 | 0.26
(1,100,0.5,0.75,0.2) | 99.9 99.7 99.9 100.0 0.0 | 0.30 (C,100,0.5,0.75,0.2) | 99.9 99.7 99.9 100.0 0.0 | 0.26
(1,100,1.0,0.25,0.8) | 96.5 92.8 94.8 98.0 1.0 | 0.24 (C,100,1.0,0.25,0.8) | 96.5 929 95.0 98.0 0.9 | 0.23
(1,100,1.0,0.25,0.5) | 98.0 95.3 96.7 99.1 0.7 | 0.28 (C,100,1.0,0.25,0.5) | 98.1 959 96.8 99.1 0.7 | 0.24
(1,100,1.0,0.25,0.2) | 99.4 97.1 98.6 100.0 0.4 | 0.27 (C,100,1.0,0.25,0.2) | 99.4 97.8 98.7 100.0 0.4 | 0.24
(1,100,1.0,0.75,0.8) | 99.9 99.6 99.7 100.0 0.1 | 0.20 (C,100,1.0,0.75,0.8) | 99.9 99.5 99.7 100.0 0.1 | 0.27
(1,100,1.0,0.75,0.5) | 99.9 99.5 99.8 100.0 0.1 | 0.20 (C,100,1.0,0.75,0.5) | 99.9 99.0 99.8 100.0 0.1 | 0.27
(1,100,1.0,0.75,0.2) | 99.9 99.7 99.9 100.0 0.1 | 0.20 (C,100,1.0,0.75,0.2) | 99.9 99.7 99.9 100.0 0.0 | 0.28
Average 98.9 969 981 99.6 0.5| 0.16 Average 989 97.1 981 99.6 0.5 0.15

Table 2 Computational results for the capacitated test problems.

can be in multiple nests and each nest can include an arbitrary number of products. For each
product and nest combination, there is a membership parameter that characterizes the extent to
which the product is a member of the nest. Considering the generalized nested logit model with
at most two products in each nest, we can generalize our results to tackle the uncapacitated and
capacitated assortment problems under this choice model. We discuss this extension in Appendix
M. There are several future research directions to pursue. First, our approximation algorithms
exploit the fact that we can formulate the Function Evaluation problem as an integer program by
linearizing the quadratic terms in the objective function. Our performance guarantees are based

on the fact that we can choose the values of the decision variables within {0, 2,1} to construct a

)9
provably good feasible solution to the LP relaxation of the integer program. This observation does
not hold when each nest includes more than two products. Solving assortment problems under
variants of the generalized nested logit model that have more than two products in each nest is a

worthwhile and highly non-trivial extension. Second, we can consider a variant of the multinomial
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logit model with synergies between the pairs of products, where the deterministic component of
the utility of product 7 increases by A; when product ¢ is offered along with some other product
ip. Using & to denote the subset of offered products, if we formulate an assortment problem
under such a choice model, then the objective function can be written as a ratio of two quadratic
functions of x. An interesting question is whether we can use an approach similar to ours to develop
approximation algorithms under this variant of the multinomial logit model. A straightforward
extension of our approach does not work when the increase A; in the deterministic component of
the utility of product ¢ has no relationship with the base deterministic component of the utility
of product ¢ when this product is not offered along with product i,. More research is needed in
this direction. Third, although there is work on pricing problems under the PCL model, this work
assumes that the price sensitivities of the products satisfy certain conditions. We can formulate
a pricing problem as a variant of our assortment problem. In particular, we can create multiple
copies of a product, corresponding to offering a product at different price levels. In this case, we
need to impose the constraint that we offer at most one copy of a particular product, meaning
that each product should have one price level, if offered. Our efforts to extend our approximation
algorithms to this type of a pricing problem showed that the pricing problem is considerably more
difficult and more work is also needed in this direction. Fourth, the PCL model is flexible as it
allows a rather general correlation structure among the utilities of the products. Empirical studies
in the path choice domain demonstrate that the flexibility of the PCL model may be beneficial. It
would be useful to conduct additional empirical studies in the operations management domain to

understand the benefits of the PCL model in predicting the customer purchase behavior.
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Appendix A: Computational Complexity

In this section, we give a proof for Theorem 2.1 by using a polynomial-time reduction from the
max-cut problem. In the max-cut problem, we have an undirected graph G = (V, E), where V is the
set of vertices and F is the set of edges. We denote the edge between vertex i and j as (i, 7). The goal
is to find a subset of vertices S such that the number of edges in the set {(i,j) € E:i€ S, j€eV\S}
is maximized. In other words, the goal is to find a subset of vertices S such that the number of
edges that connect a vertex in S and a vertex in V'\ S is maximized. We refer to a subset of vertices
S as a cut and |{(i,j) e E:i €S, je€V\ S} as the objective value provided by the cut S. The
max-cut problem is strongly NP-hard; see Section A.2.2 in Garey and Johnson (1979). Here, we
focus on graphs where the degrees of all vertices are even. We show that the max-cut problem
over graphs with even vertex degrees continues to be strongly NP-hard. For any ¢ > 0, de la Vega
and Karpinski (2006) show that the max-cut problem over the graphs G = (E,V) with |E| =
Q(|V[>7°) is hard to approximate within a constant factor. Therefore, defining the class of graphs
Gi(B)={G=(V,E):|E| > B|V|"?}, there exist constants o € (0,1) and > 0 such that it is hard
to approximate the max-cut problem over the graphs in G;(f) within a factor of 1 — a. Defining
the class of graphs Go(3) ={G = (V,E): |E| > 8 |V|'® and all vertices in G have even degrees}, in

the next lemma, we show that the same result holds over the graphs in Gy(3).

Lemma A.1 There exist constants o € (0,1) and >0 such that it is hard to approximate the

maz-cut problem over the graphs in Go(5) within a factor of 1 — a.

Proof: Let «; € (0,1) and f; > 0 be such that it is hard to approximate the max-cut problem
over the graphs in G;(/;) within a factor of 1 — «;. Note that the existence of «; and f; is
guaranteed by the discussion right before the lemma. Fix any € < 2«;/3. Set a = a; — 3¢/2 and
B =p;1/2"5. Assume that there exists a (1 — a)-approximation algorithm for the max-cut problem
over the graphs in Go(). We will show that the existence of this approximation algorithm directly
implies the existence of a (1 — ay)-approximation algorithm for the max-cut problem over the

graphs in G;(f;), which is a contradiction.

Choose any graph G, = (V,E) € Gi(81) and let n = |Vj|. If we have n < (2/(5;¢€))?, then we
can enumerate all of the cuts in G; to solve the max-cut problem over (G; in polynomial time,
since the number of vertices is bounded by a constant. Also, if all of the vertices in GG; have even
degrees, noting that G, € G,(8,) and 8, > 3, we have |E,| > 5, |[Vi|*® > 8|V1|*®, which implies that
G1 € G2(B). Therefore, we can use the (1 — «)-approximation algorithm for the max-cut problem
over the graphs in G,() to find a (1 — a)-approximate cut in Gy. Since o; > «, a (1 — «)-approximate

cut is also a (1 — ay )-approximate cut. Therefore, we can obtain a (1 — «;)-approximate cut in G, in
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polynomial time, which is a contradiction. In the rest of the proof, we assume that n > (2/(5; €))?

and some of the vertices in G; have odd degrees.

Let k& be the number of vertices in G; with odd degrees. Note that £ must be an even number,
otherwise the sum of the degrees of all vertices in G; would be an odd number, but we know
that this sum is equal to twice the number of edges. We add k auxiliary vertices to G;. Using
additional k£ edges, we connect each one of these auxiliary vertices to one of the k vertices with odd
degrees. Since k is an even number, we also use k/2 additional edges to form a perfect matching
between the auxiliary vertices. We denote this new graph by G = (V, E)). By our construction, all of
the vertices in G have even degrees. Furthermore, we have |E| > |Ey| > 8, |Vi|*® = &5 (2|V4 ) >
e (IVi] 4+ k)15 = 325 |V[+2 = B |[V|*®, which implies that G € Go(B).

We use OPT,; and OPT to, respectively, denote the optimal objective values of the max-cut
problems in G; and G. We have OPT > OPT}, because V 2 V; and E D E;. Since G € Gy(33), we
use the (1 — a)-approximation algorithm for the max-cut problem over the graphs in G,(/3) to find
a (1 — a)-approximate cut in G. That is, letting CUT be the objective value provided by the cut,
we have CUT > (1 — a)OPT. By removing the auxiliary vertices in the (1 — a)-approximate cut in
G, we obtain the corresponding cut in G;. We use CUT; to denote the objective value provided
by the cut in G;. Since the graphs G; and G differ in 3k/2 edges, the objective values of the two
cuts cannot differ by more than 3k/2, so CUT; > CUT — 3k /2. Therefore, we obtain

CUT, > m—gk > (1-@@-%1@ > (1—a)OPT1—;k > (1—a)0PT1—g\v1|.

It is well-known that the optimal objective value of the max-cut problem over any graph is
at least half of the number of edges; see Section 12.4 in Kleinberg and Tardos (2005). Thus,
noting that n > (2/(81€))?, we have |[Vi|=n < fefin'®=1ep|Vi|'® < 1e|E| <eOPT;, where
the second inequality uses the fact that G; € G;(3;). In this case, we get (1 —a)OPT; — 2|V;| >
(1—a—2e)OPT; = (1 — ;) OPTy, so using the chain of inequalities above, it follows that
CUT; > (1 — a;) OPTy. Therefore, if we use the (1 — a)-approximate approximation algorithm

to find a (1 — «)-approximate cut in G and drop the auxiliary vertices, then we obtain a

(1 — ay)-approximate cut in G; in polynomial time, which is a contradiction. a

By the lemma above, the max-cut problem is strongly NP-hard when the degrees of all
vertices are even. In the proof Theorem 2.1, we will need the fact that the max-cut problem is
strongly NP-hard when the degrees of all vertices are divisible by four. We define the class of
graphs G,(8) ={G = (V,E): |E| > |V|"® and all vertices in G have degrees divisible by four}. In
the next lemma, we repeat an argument similar to the one in the proof of Lemma A.1 to show that

an analogue of the result in Lemma A.1 holds for the graphs in G4(f).
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Lemma A.2 There exist constants o € (0,1) and B >0 such that it is hard to approzimate the

max-cut problem over the graphs in G4(f3) within a factor of 1 — a.

Proof: Let ap € (0,1) and 35 > 0 be such that it is hard to approximate the max-cut problem over
the graphs in G,(/3;) within a factor of 1 — ay. The existence of a, and (5 is guaranteed by Lemma
A.1l. Fix any € < ap/11. Set a = ay —11€ and 8 = (3,/6'5. To get a contradiction, we assume
that there exists a (1 — a)-approximation algorithm for the max-cut problem over the graphs in
G4(B). We will show that the existence of this approximation algorithm implies the existence of
a (1 — ag)-approximation algorithm for the max-cut problem over the graphs in Gs(f32). Choose
any graph Gy = (Va, Ey) € Go(Bs) and let n = |V,]. If n < (2/(B2€))? or all of the vertices in G
have degrees divisible by four, then we reach a contradiction by the same argument in the second
paragraph of the proof of Lemma A.1. Therefore, we assume that n > (2/(82¢))? and the degrees

of some of the vertices in G5 are not divisible by four.

Let k be the number of vertices in G with degrees not divisible by four. Since G € Go(82), these
vertices must have even degrees. If k > 3, then we can add k vertices and 3k edges to G5 to obtain a
graph G = (V, E) with all the vertices having degrees divisible by four. In particular, let {iy,..., i}
be the vertices with even degree but not divisible by four. We add k auxiliary vertices {ji,...,Jx} to
the graph (5. Using additional edges, for s=1,...,k — 1, we connect i, to j, and j,;. Also, we
connect iy to j and j;. Finally, we add the edges (j1,72), (42,73);--+s (Je—1,Jk)s (J&,J1)- We denote
this new graph by G = (V, E). In Figure 2.a, we show the k vertices {iy,...,i;} in G, with even
degrees but not divisible by four, along with the k auxiliary vertices {ji,...,Jr}. The solid edges
are the ones that we add to G5 to get G. The dotted edges are already in G5. By our construction,

all of the vertices in G have degrees divisible by four.

If k=1, then we can add 5 vertices and 11 edges to G5 get a graph G = (V, E) with all vertices
having degrees divisible by four. In Figure 2.b, we show the only vertex in G5 with even degree
but not divisible by four, along with the 5 vertices and 11 edges that we add to get the graph
G. If k=2, then we can add 5 vertices and 12 edges to G, to get a graph G = (V, E) with all
vertices having degrees divisible by four. In Figure 2.b, we show the two vertices in G5 with even
degrees but not divisible by four, along with the 5 vertices and 12 edges that we add to get the
graph G. Collecting the three cases discussed in the previous and this paragraph together, if k is
the number of vertices in G5 with even degrees but not divisible by four, then we can add at most
5k vertices and 11k edges to G, to obtain G. Note that |E| > |Ey| > B, |Va|'® = 4% (6 [V5|)!° >
B2 (|Va| +5k)1° > B2 |V|15 = B |V|'®, which implies that G € G4(B).

In this case, we can use precisely the same argument in the last two paragraphs of the proof of

Lemma A.1 to show that if we have a (1 — «)-approximate cut in G, then we can obtain a (1 — as)
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Figure 2 Constructing a graph with all vertices having degrees divisible by four.

approximate cut in G5 in polynomial time. Since our choice of the graph G, € G(3,) is arbitrary,

we obtain a contradiction Lemma A.1. O

Therefore, by Lemma A.2, the max-cut problem is strongly NP-hard when the degrees of the
vertices are divisible by four. We use the decision variable y; € {—1,41} to capture whether vertex
7 is included in the cut, where y; = 41 if and only if the vertex is included. If vertex i is included in
the cut and vertex j is not, then we have y; y; = —1. Thus, we can formulate the max-cut problem

over the graph G = (V, F) as

max {; Z (1—yiyj)},

—1.41 V|
ye{-1,+1} (i.5)€E

where we use the decision variables y = {y; : i € V'}. Using the change of variables y; =2z, — 1 with

x; € {0,1} and letting d; be the degree of vertex i, the objective function of the problem above
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is % Z(i,j)eE(l —(2z; - 1) (22, -1)) = %Z(i,j)eE(Qmi +2z; — 4z, x5) = Zqiev dixi — 22:(1',3')615%' Lj,
which implies that the problem max,c 1y wvi{D ey diTi — 2> )cp®iz;} is strongly NP-hard
when d; is divisible by four for all i € V.

To show Theorem 2.1, we use a feasibility version of the max-cut problem. Given an undirected
graph G = (V, E), we assume that d; is divisible by four for all i € V. For a fixed target
objective value K, we consider the problem of whether there exists « = {z;:i € V} € {0,1}V
such that ZiEV d; x; — 22(17 HerTil; > K. We refer to this problem as the max-cut feasibility
problem. By the discussion in the previous paragraph, the max-cut feasibility problem is strongly

NP-complete. Below is the proof of Theorem 2.1.

Proof of Theorem 2.1: Throughout the proof, we use the formulation of the PCL
model, where the set of nests is given by M = {(i,j) € N? : i < j}. We observe that the
formulation that we use in the paper is equivalent to the formulation with the set of nests
M ={(i,j) € N*:i<j}. In particular, if we are given an assortment problem with the set of
nests M ={(¢,j) € N?:i < j}, the dissimilarity parameters {~;; : (¢,7) € M} and the no purchase
preference weight vy, then we can define an assortment problem with the set of nests M’ =
{(4,4) € N*:i#j}, the dissimilarity parameters {~;;: (4,7) € M’} and the no purchase preference
weight vy, where 7j; =77, =;; and vy =2v. In this case, the expected revenues obtained by any

subset of products are identical in the two problems.

Assume that we have an instance of the max-cut feasibility problem over the graph G = (V, E)
with target objective value K. Letting d; be the degree of vertex i, we assume that d; is divisible
by four for all i € V. We construct an instance of our assortment problem in such a way that
there exists @ = {z; : i € V} € {0,1}IV] that satisfies >, _,, d; z; — 23 i jyep®ir; > K if and only if
there exists a subset of products in our assortment problem that provides an expected revenue of
K +8(|V|—1)? or more. Thus, an instance of the max-cut feasibility problem can be reduced to
an instance of the feasibility version of our assortment problem, in which case, the desired result

follows. We construct the instance of our assortment problem as follows.

Let n=|V]. In the instance of our assortment problem, there are 2n — 1 products. We partition
the products into two subsets V' and W so that the set of products is N =V UW. Since |N| =
2n — 1 and |V| =n, we have |W|=n — 1. We index the products in V by {1,...,n} and the
products in W by {n+1,...,2n — 1}. The set of nests is M = {(¢,j) € N*:i < j}. Letting T =
K +8(n—1)% the revenues of the products are given by p;=1+T for all i € V and p; =4+ T for
all 1 € W. The preference weights of the products are given by v; =2 for all i € V and v; =1 for all

1 € W. The preference weight of the no purchase option is vy = 1. Since F is the set of edges in an
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undirected graph, we follow the convention that i < j for all (¢, j) € E. The dissimilarity parameters

of the nests are

0 ifieV, jeV, (i,j)€FE
1 ifieV, jeV, (i,j)¢E
viij=41 ifieV, jeW, je{n+1,...,n+d;/4}
0 ifieV,jeW, je{n+1+d,;/4...,2n—1}
1 ifieW, jeWw.

In the feasibility version of the assortment problem, we are interested in whether there exists
a vector & € {0,1}*"~" such that >, ., Vij(x)" Rij(x)/(vo + D2, jyens Vij()%) > T. In other
words, arranging the terms in this inequality, we are interested in whether there exists a vector
x € {0,1}*"7" such that 3°, .\, Vij(z)" (Rij(x) — T) > vy T. By the definition of R;;(z) and
Vi;(x), we observe that we have

1/7ij

1/7ij
piv; Yx;

wi—i-ij X T
Vij(x) B Vij()

(i =T)0! i+ (0, =)0}

? J

Rij(x)—T=

Note that p; — T =1 or p; — T =4 for all i € N. For notational brevity, let R;;(x) = R;;(x)—T. In
this case, we are interested in whether there exists a vector & € {0,1}*"' such that
D tiyen Vij (@) Ri;(x) > v, T. Tt is simple to check that we can offer all of the products with the
largest revenue without degrading the expected revenue from a subset of products. Noting that the
products in the set W have the largest revenue, we can set x; =1 for all ¢ € W in the feasibility
version of the assortment problem. Therefore, the only question is which of the products in V
to include in the subset of products  such that Z(Z_’j)eM Wj(x)Wij]%ij(w) > voT. We proceed to
computing V; ()7 R, (x) for all (i,7) € M. Since we offer the products in the set W, if i € W and
j € W, then noting that v;; =1, p;, =p; =4+ T and v; =v; =1, we have V;(x)" =2 and }A%ij =4.
Therefore, we have 3, .., 1(i € W, j € W)V (x)" Ri;(x) =8(n—1) (n—2)/2, where we use the
fact that |W|=n —1 and we have i < j for all (i,5) € M. Similarly, considering the dissimilarity
parameters of the other nests, along with the revenues and the preference weights of the products
in these nests, if i € V and j € W, then we have

6 ifz;,=1, je{n+1,...,n+d;/4}

V;j(a:)WjRij(:B): 2 ifl'i:]., ]E{n+1+dl/4,,2n—1}

4 if €T, = O,
where, once again, we use the fact that we offer all of the products in the set W. We can
write the expression above succinctly as 4 + 2x; for all j € {n+1,...,n+d;/4} and 4 — 2z, for
all j € {n+1+d;/4,...,2n—1}. Therefore, we have Y, . \, 1(i €V, j € W) Vi;(x)"s Ry;(x) =
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Siev ew LG e{n 41, n+di/4}) (4+2z) + 1 € {n+1+di/4,...,2n —1}) (4 — 21;)] =
ZZEV[ (Ad+2z)+(n—1-%)(4- 2;)]. Next, if i € V and j € V, then we have

2 ifa,=1, x;=1, (i,j)€E
2 ifa;=1, 2, =0, (i,j)€E
2 ifx;=0, z;=1, (i,j) € E
Vi@ fy(my = 40 =0, 220, (.)€ B
4 ifx;=1,2;=1, (i,j)¢E
2 ifax;=1, 2;=0, (i,j) ¢ E
2 if2,=0, x;=1, (i,j) ¢ E
0 ifx;=0, z;=0, (i,j) ¢ E.

If (i,j) € E, then we can write the expression above succinctly as 2z; + 2x; — 2x;2;. So,
we have > .10 €V, j eV, (i,j) € E)Vij(@)9Rj(x) = > )en(2xi + 225 — 2z;25),
where we use the fact that having (¢,7) € E implies that ¢ € V, j € V and i < j, which,
in turn, implies that (i,j) € M. On the other hand, if (i,j) ¢ E, then we can write the
expression above succinctly as 2x; + 2x;. Note that » ., E;ev (1<, (i,j) € E)(z;+x;) =
Y iev Ti Xjev (1(i<j, (i,j)) € E)+1(j <i, (j,i)€E)] = >,y zi(n—1—d;), where the last
equality uses the fact that ., [1(i<j, (i,j) € E)+1(j <4, (j,i) € E)] corresponds to the
number of vertices that are not connected to vertex ¢ with an edge, which is given by n—1—d;. Thus,
we obtain Y, ey 1 €V, j €V, (i) & B) Vig(@) ¥ Ry (@) = Sy ey 10 < (i) € E) x
(2x; +2x;) =, 2(n—1—d;) z;. Putting the discussion so far together, we have

> Vig(@) 9 Ry(@) =) 1€ W, j€W) V(@) Ry(w)

(i,)eM (i,5)EM
+ ) 1G€eV, jJEW) V(@)W Ry(w)+ > 1G€V, jEV, (i,)) € E) Vij(a)" Ry (a)
(i,5)eM (i,5)EM
+ Y 1G€V, €V, (i,5) ¢ B) Vij(@) Ryj(x)
(i,7)eM
=4(n—1)(n—2) +Z{ (4+2x;) +( —1—d>(4 21»1)}
4
eV
+ Y @i+22,-2ma)+ Y 2(n—1-d
(i,7)€E eV
=4(n—1)( Zd —I—Z—azz—i—lln n—1) 22 n—1)x Zd —1—2—%
eV i€V eV i€V eV
—}—Zdez Z 2x; a:j—i—ZQ (n—1)z ZQd T;
eV (i,j)€EE eV eV
:8(n71)2+2dixi722 T Tj.
eV (i,7)€EE

Therefore, there exists @ € {0,1}V] that satisfies Y, d;z; — 2> i jep®ir; > K if and only if
there exists & = {0,1}*"~" that satisfies 3, .\, Vi ()i Ryj(x) > K +8(n—1)2 O

(4,5
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Appendix B: An Example with Different Levels of Correlation Between the Utilities

Consider the path choices of commuters traveling from the origin node to the destination node in the
network shown in Figure 3. The edges in the network are labeled as {ey, s, €3, €4, f1, fa, f3, f1}. The
disutility of a path is the sum of the travel times on the edges that are included in the path. Possibly
due to traffic conditions, the travel time on the edges are random but each commuter knows the
travel times (or generates predictions) before deciding which path to take. Each commuter chooses
the path that provides the largest utility. The modeler is interested in estimating the frequency
with which each path is utilized over different days. We assume that the travel times on different
edges are independent, but since two different paths may use a common edge, the utilities provided
by two different paths can be correlated. Only for the brevity of discussion, we limit the paths that
a commuter can choose to five possible paths, although our argument holds when there are other

paths in consideration. In particular, a commuter chooses among the five paths given by

P1 e —>€y—>E€3 €y P2:€1—>€2—>€3—>f4 P3:€1—>€2—>f3—>f4

Py:er—=foarfas—fu Py fi = fa—= fs—= fa

In this example, the utilities of different pairs of paths may have different levels of correlation and
the correlation structure of the utilities may not satisfy the “transitivity” property. In particular,
since different pairs of paths have different numbers of common edges, we expect their utilities to
have different levels of correlation. Paths P, and P, have three common edges, so we expect the
correlation between their utilities to be relatively high. Paths P, and P, have only one common
edge, so we expect the correlation between their utilities to be relatively low. Also, the correlation
structure of the utilities does not satisfy the “transitivity” property. The utilities of paths P, and
P; are correlated since these paths have common edges. Similarly, the utilities of paths P; and Ps
are correlated as well. However, the utilities of paths P, and Ps are uncorrelated, since these paths
do not have any common edges. As the PCL model allows different levels of correlation between
the utilities of different pairs of alternatives and accommodates utilities that do not satisfy the

“transitivity” property, it can be a viable option to capture the path choices.

Numerical Study: We give a brief numerical study to check the ability of the PCL model to
predict the path choices of commuters in the specific setting in Figure 3. In Appendix E, we give a
more detailed numerical study to check the prediction ability of the PCL model. Consider the case
where the utility provided by each edge is a normal random variable with mean 3 and standard
deviation 1. The utility of a path is the sum of the utilities of the edges included in the path. A
commuter chooses the path that provides the largest utility. Assuming that the commuters choose

among the paths according to such a ground choice model, we generate the choice history from 7
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e e, ey e,
h e v fa

Figure 3 Network for a commuter that needs to travel from the origin node to the destination node.

commuters. We capture this choice history by {(S;,7;) :t=1,...,7}, where S, is the subset of paths
offered to commuter 7 and i; is the path chosen by commuter t. To generate the subset S;, we
include each path in the subset with probability 0.5. Given that we offer the subset .S;, we sample the
path i, according to the ground choice model. We refer to the choice history {(S;,i;):t=1,...,7}
as the training data. We vary 7 to work with different levels of of data availability. Note that
the ground choice model that governs the choices in the training data is not the PCL model. We
fit a PCL model to the training data by using standard maximum likelihood estimation; see, for
example, Vulcano et al. (2012). We use the fmincon routine in Matlab to maximize the likelihood
functions. For comparison purpose, we also fit a multinomial logit model. Using the same approach
that we use for generating the training data, we also generate the choice history for another 10,000
commuters from the ground choice model. We refer to this choice history as the testing data and

use it to test the performance of the fitted choice models.

Using the testing data, we compute the out of sample log-likelihoods of the fitted PCL and
multinomial logit models. A larger out of sample log-likelihood indicates that the fitted choice
model does a better job of predicting the choices of the commuters that are not in the training
data. Furthermore, we compute the mean absolute errors in the choice probabilities of the
fitted choice models. In particular, using ¢$R(S) and ¢F°(S) to, respectively, denote the choice
probability of path ¢ out of the subset of paths S under the ground choice model and the fitted
PCL model, letting N ={Py,..., Ps} be the set of all paths, the mean absolute error in the choice
probabilities of the fitted PCL model is given by m Ssen 2 |pPCL(S) — ¢SR(S)]. We focus

on mean absolute, rather than mean percent, errors because calculating mean percent errors may

€S

require divisions by small choice probabilities, putting disproportionate weight on misestimating
small choice probabilities. We compute the mean absolute error in the choice probabilities of the

fitted multinomial logit model similarly.

We give our numerical results in Figure 4. On the left side of the figure, we focus on the out
of sample log-likelihoods of the fitted choice models. The horizontal axis shows the number of

commuters 7 in the training data set, capturing different levels of data availability to fit the
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Figure 4 Out of sample log-likelihoods and mean absolute errors in the choice probabilities of the fitted PCL and

multinomial logit models in the commuter path choice setting.

choice models. The two data series show the out of sample log-likelihoods of the fitted PCL
and multinomial logit models when we have different levels of data availability to fit the two
choice models. On the right side of the figure, we focus on the mean absolute errors in the choice
probabilities of the fitted choice models. The two data series show the mean absolute errors of the
fitted PCL and multinomial logit models when we have different levels of data availability to fit
the two choice models. To eliminate the effect of noise, we replicated our numerical experiments
100 times. The data series in Figure 4 show the averages of our results over 100 replications. Using
multiple replications smoothed out the data series, but in each replication, the data series had

qualitatively the same nature, except that they were less smooth.

The results in Figure 4 indicate that if 7 is reasonably large so that we have a reasonably large
amount of data for fitting the choice models, then the out of sample log-likelihoods and the mean
absolute errors of the fitted PCL model are significantly better than those of the fitted multinomial
logit model. The performance of the two fitted choice models is comparable when we have too little
data. The number of parameters for the PCL model is O(|N|?), whereas the number of parameters
for the multinomial logit model is O(|N|). If we have too little data, then it may be difficult to
estimate the larger number of parameters for the PCL model, but as the data availability increases,
the fitted PCL model yields significantly better out of sample log-likelihoods and mean absolute

errors when compared with the fitted multinomial logit model.
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Appendix C: Motivation for the Utilities under the Paired Combinatorial Logit Model

As we discuss at the beginning of Section 2.2, the PCL model is compatible with the random utility
maximization principle. In this section, we give a motivation for the specific form of the utilities
under the PCL model. Consider a process where a customer makes a choice by comparing the
pairs of products. When the customer compares the pair of products {7, j}, she assigns the random
value X@ 5 to product ¢ and the random value X{i’j} to product j. The pair {i,5} is unordered
in the sense that we treat the pairs {i,5} and {j,i} as the same. After comparing every pair of
products, the customer has the collection of values {X@ niJEN,J # 1} associated with product
1. The customer assigns a utility to product ¢ by aggregating these values. One way to aggregate
the values is to average them. Another way to aggregate the values is by taking the maximum. In

the latter case, the utility of product i is given by
Utilityi:max{xgm .j €N, j;«éi}. (3)

Intuitively, in (3), the customer assigns the utility to product i based on her “best experience”
among the pairwise comparisons of product ¢ with all other products. If X Ez o and X fi,j} follow a

specific form, then the pairwise comparison process described above yields the PCL model.

In particular, let 7712 ;1 and nfw} each have the Gumbel distribution with location and scale
parameters (0,1). For a fixed vy; ;1 € [0,1], let Yy, j; have the C distribution with parameter v¢; j3;
see Cardell (1997). Consider the case where X@ ; and X fi,j} have the form

Xfi,j} = i + Y5y T 6.5y niz‘,j} and X%i,j} =y + Yy + Y05 nf[i,j}’ (4)

where p1; and p; are deterministic constants. Lastly, to capture the utility of the no purchase option,
let Utility, have the Gumbel distribution with location and scale parameters (0,1). We assume that
{(Yiigy: (5,5) € N2, i< gy U{ng, ;1 (4,5) € N?, i <j, ke {i,j}}U{Utility,} are all independent of
each other. In this case, by Theorem 2.1 in Cardell (1997), if the random variables X Ez jy and X f i}
have the form in (4), then they have the Gumbel distribution with location and scale parameters,
respectively, (u;,1) and (p;,1). Also, if the utility of product i has the form in (3)-(4) above and the
customer chooses the alternative that provides the largest utility, then we can follow the same line
of reasoning in Section 3 of Cardell (1997) to show that the probability that a customer chooses
each product is precisely the same as the choice probability under the PCL model.

We can interpret the form of X}[Z ;5 and Xgi,j} in (4) as follows. The deterministic constants
p; and p;, respectively, reflect the intrinsic values of products ¢ and j. The random variable

Yi ;3 captures the contribution to the value based on the common characteristics of products
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¢ and j when the customer compares the two products. The random variables 7 j; nf};i,j} and
Vi nfm} represent idiosyncratic noises. Using the fact that the maximum of independent Gumbel
random variables with the same shape parameter is also a Gumbel random variable with the
same shape parameter, it follows that Utility, has the Gumbel distribution with location and scale
parameters (u;, 1). However, since X@J} and X{i,j} both depend on Yy, j;, Utility; and Utility; can be
correlated. Also, it is instructive to consider special cases. If v, j; =0, then Xy, . = 1; +Y}; ;) and
X fi7j} = p; + Y5 51, making them perfectly correlated, corresponding to the case where products 4
and j are perfectly similar to each other. Since the C' distribution with parameter 1 is a degenerate
distribution with a point mass at zero, if v ;y =1, then Xy, » =, +1nj, ;, and Xfi)j} =, —i—n{i)j},
making X EL i and X f iq) independent of each other, in which case, products i and j do not share

any common characteristics.

The discussion in this section provides some motivation for the utilities of the products under
the PCL model and can shed light into the aspects of the choice process that are captured by
the PCL model, but not by other choice models such as the multinomial logit or nested logit
models. Nevertheless, we emphasize that using the PCL model does not imply that the customers
necessarily make a choice through pairwise comparisons. The important point is that the PCL
model is a choice model that is based on the random utility maximization principle, where the
utility of each product has the Gumbel distribution and there can be different levels of correlation

between the utilities of different pairs of products.

Appendix D: Using the Same Paired Combinatorial Logit Model for Different Assortments

In the Assortment problem, we use the PCL model with the same parameters to capture the
choices of the customers within different assortments. We simply drop the products that are not
available in the offered assortment from the choice model. In this section, we justify this approach
by using the fact that the PCL model is based on the random utility maximization principle.
In particular, the PCL model is a generalized extreme value (GEV) model, which is a broad
class of choice models based on the random utility maximization principle. In a GEV model, if
we offer the assortment x, then a customer associates the random utilities {u;(x;)+¢€;:i1€ N}
with the products, where p;(z;) is the deterministic component and ¢; is the random shock
for the utility of product ¢. For some fixed §; € R, the deterministic component is given by
wi(z;) = p; if ; =1, whereas p;(z;) = —oo if x; =0. Therefore, if a product is not offered, then
its utility is negative infinity. Similarly, a customer associates the random utility po + € with the
no purchase option. The no purchase option is always available, but for notational uniformity, we

use o(zo) to denote the deterministic component of its utility. For some fixed 5, € R, we have
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to(zo) = Bo. The random shocks (e, €1,...,€,) have a cumulative distribution function of the form
P{eo <ug, €1 <up,... 6, <u,} =exp(—G(e0,e ", ... e7")) for some function G:R}™ = R,.
Different choices of G(-,-,...,-) yield different GEV models. A customer chooses the alternative

with the largest utility. Therefore, if we offer the assortment «, then a customer chooses product ¢
with probability P{u;(x;) + €, = max;ecyuioy s (2;) + €}

Theorem 1 in McFadden (1978) shows that if the function G(.,-,...,-) satisfies a number
of properties that ensure that F(ug,us,...,u,) =exp(—G(e ™0, e ", ... ;e %)) is a cumulative

distribution function, then the purchase probability of product ¢ under a GEV model is given by

eti(®) §,G(er0(@0) r1(21) | obn(zn)
P{pi(x:) + € = maxjenuqoy y(;) + €} = G(euo((xo)yem(oq) ,,,,, ehnl@n)) !, where 9iG(Yo, Y15+ Yn)
is the partial derivative of G(-,-,...,:) with respect to the i-th coordinate evaluated at
(Y0,Y1,---,Yn). The PCL model is a GEV model with the choice of G(-,-,..., ) given by

G(Yo, Y1y -y Yn) = Yo + Z(Lj)eM(yil/%j + yjl»/%j)%'j with 7;; = v;i. The preference weight v; of
product ¢ in Section 2.1 is related to the deterministic component of the utility of this product
through the relationship v; = e”i. Therefore, noting that wu;(z;) = 8; = logv; if z; = 1, whereas
wi(z;) =—o0 if z; =0, we get eti(@i) =y, x;. In this case, if we offer the assortment x, then the

purchase probability of product ¢ under the PCL model is

el"i(xi) aiG(el"O(IO)’eiul(xl)j.”’el"n(mn))
P{ui(:ri) tei= max, pi(z;) + fj} = G(ero(@), em@),__ emm(mn))
1/7ij
V; ZX;
et (z;) 2€Hi(75i)(1/"/ij_1) euz‘(lz‘)/%‘j _i_euj(wj)/%‘j vij—1 2177‘/2 ax) Vi
' 2 ( ) 2 @
JEN:(i,j5)eM _ JEN:(i,5)eM (5)
eHo(z0) 4 Z (euk(wk)/m +euz(mz)/vke)%e vy + Z Ve () V4
(kL) eM (kL) eM
where the second equality follows directly by differentiating G(-,-,...,:) and noting that ~;; =
h th d lity foll directly by diff tiati G d ti that ~;;

7;i, whereas the third equality holds since et:(*)/%ij + eti(@3)/7ij = 0/ 3, vjl»/%j z; = V().
In the choice process discussed in Section 2.1, if we offer the assortment x, then a customer
chooses nest (i,j) with probability Pj;(z) = V()" /(vo + > ¢ yens Vie(@) ™). When i = 73,
if the customer chooses nest (i,j) or nest (j,4), then she purchases product ¢ with probability
qi;(x) = vil [ g, /Vi;(x). Thus, the purchase probability of product ¢ under any assortment « in the
choice process discussed in Section 2.1, which is given by > . y.. . (Fi;() q;(x) + Pji(x) ¢ (x)),
is the same as the purchase probability in (5), which is obtained by using the random utility

maximization principle, justifying the use of the PCL model with the same parameters to capture

choices within different assortments.
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Appendix E: Prediction Ability of the Paired Combinatorial Logit Model

We give a numerical study to check the ability of the PCL model to capture the choices of the
customers within different assortments. We work with both synthetically generated data sets and

data sets that are based on a real-world hotel revenue management application.

E.1. Synthetically Generated Data

In this set of numerical experiments, we synthetically generate the past purchase history of the
customers under the assumption that the customers choose according to a complicated ground
choice model. We fit a PCL model to this past purchase history. For comparison purpose, we
also fit a multinomial logit model. Our goal is to understand the benefits from the PCL model
from the perspective of predicting the choices of the customers within different assortments. In the
ground choice model, there are m customer types. A customer of a particular type ranks a subset
of the products according to a certain preference order and purchases the highest ranking available
product. If none of the products in her preference list is available for purchase, then the customer
leaves the system without a purchase. Thus, customers of different types are differentiated only by
their preference lists. We use 59 to denote the probability that a customer of type g arrives into
the system. Letting k9 be the number of products in the preference list of customers of type g, we
use the tuple (#9(1),...,79(k?)) to denote the preference list of customers of type g, where i9(¢) € N
is the product with the ¢-th highest ranking in the preference list. Therefore, the parameters of
the ground choice model are (3',...,8™) and {(:9(1),...,19(k9)):g=1,...,m}.

Generating the Ground Choice Model and Estimation: We generate the parameters of
the ground choice model as follows. We assume that the products {1,...,n} are indexed in the
order of decreasing quality, where product 1 has the highest quality and product n has the lowest
quality. A product with a higher quality also has a higher price. A customer of a particular type has
a certain minimum acceptable quality and a maximum acceptable price. She drops products not
satisfying these criteria from consideration. Also, she generally prefers a product with higher quality,
but we add some noise to enrich the choice behavior. In particular, to generate the preference list
for customers of type g, we sample ¢9 from the uniform distribution over {1,...,n} and uf from
the uniform distribution over {¢7,...,n}. Focusing on the products {¢%,...,u?}, we drop each one
of these products with probability 0.1. We denote the remaining products by {j9(1),...,79(k9)},
where product j9(1) has the highest quality and product j9(k¢9) has the lowest quality. With
probability 0.5, we randomly pick one of the products in {j9(1),...,79(k? — 1)} and flip its ordering
in the tuple (j9(1),...,79(k9)) with its successor to obtain the tuple (:9(1),...,i9(k?)), yielding
the preference list for customers of type g. With the remaining probability of 0.5, we keep the
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tuple (79(1),...,79(k?)) unchanged to obtain the tuple (i%(1),...,i9(kY)), once again, yielding the
preference list for customers of type g. The approach that we use to generate the ground choice
model follows the one in Feldman and Topaloglu (2017). A customer of each type g arrives with

probability 49 =1/m. In our numerical study, we set m =50 and n = 10.

The design of our numerical study is similar to the one in Appendix B. Once we generate the
ground choice model as in the previous paragraph, we generate the purchase history of 7 customers
under the assumption that the customers choose according to the ground choice model. We
denote this purchase history by {(S:,i;):t=1,...,7}, where S, is the subset of products offered
to customer t and i; is the product purchased by customer ¢t. To generate the subset of products
S;, we include each product in the subset with probability 0.5. Given that we offer the subset
S;, we sample product i; according to the ground choice model. If the customer does not make
a purchase, then we set i, = 0. We use 7 € {1000, 1750,2500} to capture three levels of data
availability in the purchase history. We refer to these purchase histories as training data. We fit
a PCL model and a multinomial logit model to the training data by using standard maximum
likelihood estimation; see, for example, Vulcano et al. (2012). We use the fmincon routine in
Matlab to maximize the likelihood functions. To use as testing data, using the same approach for
generating the training data, we generate the purchase history of another 2500 customers under
the assumption that these customers also choose according to the same ground choice model. We

use the testing data to test the performance of the fitted choice models.

Out of Sample Log-Likelihoods: One approach to compare the fitted PCL and multinomial
logit models is to check their out of sample log-likelihoods on the testing data. A larger out of
sample log-likelihood indicates that the corresponding fitted choice model does a better job of
predicting the choices of the customers that are not in the training data. To compare the out
of sample log-likelihoods, we generate 10 different ground choice models. For each ground choice
model, we generate three past purchase histories with 7€ {1000, 1750,2500} customers. We fit a
PCL model and a multinomial logit model to the three past purchase histories. When estimating
the parameters of the PCL model, the fmincon routine in Matlab terminated with convergence to a
local maximizer for all of our test problems and took 121 to 356 seconds depending on the number
customers in the past purchase history. Once we fit a PCL and a multinomial logit model to a
past purchase history, we check the out of sample log-likelihoods of the two fitted choice models
on the testing data. We give our results in Table 3. Each row in the table shows the results for
one of the 10 ground choice models. There are three blocks of three columns in the table. Each
block corresponds to a different value of 7, capturing a different level of data availability. The first

and second columns in each block show the out of sample log-likelihoods of the fitted PCL and
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7=1000 T=1750 7= 2500

Grnd. | Log-Li. Log-Li. % | Log-Li. Log-Li. % |Log-Li. Log-Li. %

Mod. | PCL MNL  Gap PCL MNL  Gap PCL MNL  Gap
1 —4171  —4189 0.42% | —4166 —4182 0.37% | —4164 —4181 0.40%
2 —4268 —4291 0.53% | —4266 —4294 0.64% | —4264 —4291 0.62%
3 —4189 —4212 0.56% | —4177 —4204 0.64% | —4179 —4207 0.68%
4 —4099 —4114 0.37% | —4093 —4112 0.47% | —4090 —4110 0.50%
5 —4228 —4237 0.21% | —4208 —4224 0.37% | —4203 —4220 0.42%
6 —4228 —4249 0.48% | —4220 —4243 0.53% | —4217 —4240 0.56%
7 —4242  —4261 0.45% | —4234 —4255 0.49% | —4231 —4254 0.54%
8 —4293  —4306 0.30% | —4289 —4304 0.35% | —4290 —4305 0.35%
9 —4213 —4223 0.22% | —4202 —4221 0.46% | —4200 —4220 0.47%
10 —4162 —4174 0.30% | —4162 —4173 0.28% | —4162 —4176 0.33%

Ave. 0.38% 0.46% 0.49%

Table 3 Out of sample log-likelihoods of the fitted PCL and multinomial logit models.

multinomial logit models. The third column shows the percent gap between the two log-likelihoods.
Our results indicate that the fitted PCL model provides consistent improvements over the fitted
multinomial logit model. The average gap between the out of sample log-likelihoods is 0.44%.

Shortly, we also comment on the statistical significance of these gaps.

The PCL model has O(n?) parameters, corresponding to the preference weights of the products
and the dissimilarity parameters of the nests, whereas the multinomial logit model has O(n)
parameters, corresponding to the mean utilities of the products. Due to its larger number of
parameters, we expect that the PCL model provides more flexibility in modeling the choice behavior
of the customers. However, due to its larger number of parameters, the PCL model may also over-
fit to the training data, especially when we have too few customers in the training data. In this
case, the PCL model may not provide satisfactory performance when we check its out of sample
log-likelihoods on the testing data. Therefore, we cannot claim that the out of sample log-likelihoods
of the fitted PCL model will always exceed those of the fitted multinomial logit model. In our
numerical study, nevertheless, the possibility of over-fitting does not appear to be problematic
for the PCL model, even when we have as few as 1000 customers in the training data and we
estimate more than 100 parameters. As discussed in Section 1.1 in Bishop (2006), the possibility of
over-fitting is a concern when working with a model with a large number of parameters, but this
concern goes away when the amount of training data increases. Thus, the multinomial logit model
may be preferable to the PCL model when the training data is scarce. As the amount of training

data increases, the PCL model may be preferable to the multinomial logit model.

When over-fitting is a concern, one approach is to regularize the log-likelihood function by
subtracting the penalty term )‘Z(m‘) e (I —7;) from the log-likelihood function, where X is an
adjustable penalty multiplier. As discussed in Section 2.2, if v;; =1 for all (¢,7) € M, then the

utilities are uncorrelated, so the PCL model becomes equivalent to the multinomial logit model.
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7=1000 T=1750 T =2500

Grnd. Err. Err. % Err. Err. % Err. Err. %

Mod. | PCL MNL Gap PCL MNL Gap PCL MNL Gap
1 0.049  0.051 5.42% | 0.048 0.0561 5.60% | 0.047 0.050 6.29%
2 0.047  0.050 5.79% | 0.045 0.050 9.34% | 0.045 0.049 8.94%
3 0.049  0.051 5.65% | 0.047 0.050 7.29% | 0.047 0.051 7.57%
4 0.049 0.051 5.65% | 0.047 0.050 7.02% | 0.046 0.050 7.55%
5 0.047  0.048 3.40% | 0.044 0.047 5.60% | 0.044 0.047 6.89%
6 0.048  0.051 6.22% | 0.046 0.050 7.61% | 0.046 0.050 7.96%
7 0.051 0.054 5.82% | 0.050 0.053 6.43% | 0.049 0.053  7.45%
8 0.048 0.050 3.18% | 0.047 0.049 3.98% | 0.047 0.049 4.08%
9 0.051 0.054 6.10% | 0.050 0.054 7.59% | 0.050 0.054 7.62%
10 0.044 0.047 6.18% | 0.044 0.046 6.36% | 0.044 0.047 6.70%

Avg. 5.34% 6.68% 7.10%

Table 4 Mean absolute errors in the choice probabilities of the fitted PCL and multinomial logit models.

Thus, the penalty term discourages moving away from the specification of the multinomial logit
model unless it is clearly beneficial to do so. One can experiment with different values for the
penalty multiplier A to obtain a different fitted PCL model for each value. By checking the out of
sample log-likelihoods of the fitted PCL model, one can pick the best one. This approach closely
follows the standard regularization idea in model selection; see Section 3.5 in Hastie et al. (2017).
Another approach to address over-fitting is to fit two versions of the PCL model after setting some
or all of the dissimilarity parameters {~;; : (,7) € M} to one. In this case, one can use the likelihood
ratio test to compare the fit of the two models. Likelihood ratio test is a common approach in the
choice modeling literature to avoid over-specifying the model; see, for example, Horowitz (1982),

Gunn and Bates (1982), and Hausman and McFadden (1984).

Errors in Choice Probabilities: We also compare the errors in the purchase probabilities of
the fitted choice models. In particular, we use ¢SR(S) and ¢F“%(S) to, respectively, denote the
purchase probability of product ¢ out of assortment S under the ground choice model and the
fitted PCL model. For the testing data {(S:i:):t=1,...,2500}, the mean absolute error in the
purchase probabilities of the fitted PCL model is 5 377 15,7 s, |01 F(Se) — ¢FT(S))]. We can
compute the mean absolute error of the fitted multinomial logit model similarly. We give our results
in Table 4. The layout of this table is identical to that of Table 3. The only difference is that
smaller mean absolute errors indicate better performance. The fitted PCL model has consistent

improvements over the fitted multinomial logit model. Over all of our test problems, the average

percent gap between the mean absolute errors of the two fitted choice models is 6.38%.

The results in Tables 3 and 4 are based on one training data set for each ground choice model
and for each value of 7. To check the statistical significance of the results in these tables, we use
bootstrapping. In particular, for each ground choice model and for each value of 7, we generate 10

past purchase histories to use as the training data. For each of the 10 bootstrapped past purchase
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7=1000 T=1750 T =2500

Grnd. | Mean Std. Mean Std. Mean Std.

Mod. | Diff. Dev. t-Sta. p-Val. Diff. Dev. t-Sta. p-Val. Diff. Dev. t-Sta. p-Val.
1 0.38 0.08 14.92 59x10"°] 040 0.08 16.51 2.5x10°°] 0.42 0.08 17.60 1.4x10°°
2 0.43 0.07 18.76 80x107°| 0.49 0.07 20.71 3.3x107°| 0.51 0.07 23.89 9.4x10°1°
3 048 0.06 2322 12x107°| 0.53 0.09 19.17 6.6x107°| 0.54 0.08 20.64 3.4x107°
4 0.40 0.14 9.04 41x107%| 049 0.09 16.54 2.4x107%| 0.55 0.07 23.70 1.0x107°
5 0.31 0.08 12.75 2.3x1077| 0.36 0.08 14.40 81x107%| 0.39 0.07 17.42 1.5x 1078
6 0.42 0.06 21.70 2.2x107°| 046 0.06 22.35 1.7x107°| 048 0.07 21.25 2.7x107°
7 0.53 0.13 12.88 2.1x1077| 0.58 0.11 17.05 1.8x107%| 0.59 0.09 21.43 25x107°
8 024 011 6.86 3.7x107°| 029 0.06 1549 43x107%| 0.31 0.08 13.06 1.9x107"7
9 0.46 0.17 889 4.7x107%| 0.53 0.08 21.33 26x107°| 0.58 0.06 28.35 2.1x1071°
10 0.34 0.07 15.66 3.9x1078| 0.37 0.06 19.27 6.3x107°| 0.39 0.05 25.15 6.0x 1071

Table 5 Statistical comparison of the out of sample log-likelihoods of the two fitted choice models.

histories, we replicate the results in Tables 3 and 4. In this case, we can check whether the gaps
in the performance of the fitted PCL and multinomial logit models are statistically significant. It
turns out that a sample size of 10 is enough to ensure that our results are statistically significant
at a high significance level. In Table 5, we check the statistical significance of the gaps between
the out of sample log-likelihoods of the fitted PCL and multinomial logit models. Each row in
this table corresponds to a different ground choice model, whereas each block of four columns
corresponds to a different value of 7. In each block, the first column shows the average percent
gap between the out of sample log-likelihoods of the fitted PCL and multinomial logit models,
where the average is computed over the 10 bootstrapped training data sets. The second column
shows the standard deviation of the percent gaps between the out of sample log-likelihoods of the
fitted PCL and multinomial logit models. In other words, using LLECL and LL}:/INL to, respectively,
denote the out of sample log-likelihoods of the fitted PCL and multinomial logit models from the
s-th bootstrapped training data set, the first and second columns show the average and standard
deviation of the data {100 x (LLY“" — LLM)/|[LLY"|: s = 1,...,10}. The third column shows
the t-statistic in the paired t-test to check the statistical significance of the gap between the out of
sample log-likelihoods of the fitted PCL and multinomial logit models. The fourth column shows
the p-value of the same test. The results in Table 5 indicate that the p-values are essentially zero for
all ground choice models and all values of 7. Therefore, for all ground choice models and all levels
of data availability, with extremely high statistical significance, the out of sample log-likelihoods

of the fitted PCL model are better than those of the fitted multinomial logit model.

In Table 6, we use a similar approach to check the statistical significance of the gaps between
the mean absolute errors of the choice probabilities from the fitted PCL and multinomial logit
models. The layout of this table is identical to that of Table 5. The only difference is that if
we use MAESCL and MAElsVINL to, respectively, denote the mean absolute errors of the fitted

PCL and multinomial logit models that are obtained by using the s-th bootstrapped training
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7=1000 T=1750 T =2500

Grnd. | Mean Std. Mean Std. Mean Std.

Mod. | Diff. Dev. t-Sta. p-Val. Diff. Dev. t-Sta. p-Val. Diff. Dev. t-Sta. p-Val.
1 496 056 2791 24x1079] 565 0.71 2526 57x10°] 5.88 0.58 31.80 7.4x10 T
2 6.23 1.62 12.20 3.3x107" 8.14 1.31 19.67 53x107° 8.59 0.89 3042 1.1x1071°
3 596 0.49 3829 14x107''| 6.58 0.79 26.33 4.0x107'°| 7.17 045 4990 1.3x107'2
4 528 1.17 14.31 85x 1078 6.43 1.04 19.56 5.5x107° 7.25 0.53 43.66 4.3x107'2
5 519 1.17 14.07 9.8x 1078 595 0.88 21.36 2.5x107° 6.49 0.88 2340 1.1x107°
6 6.47 0.72 2842 20x107°| 749 064 36.80 2.0x107''| 818 0.65 39.62 1.0x10"!!
7 6.83 1.18 18.37 9.6x107° 778 1.16 21.14 2.8x107° 8.19 0.81 31.82 74x107
8 3.76 081 14.76 6.5x10°® 452 062 2301 1.3x107° 4.75 0.60 24.97 6.4x 1071
9 6.06 1.37 13.99 1.0x107" 6.76 0.65 32.83 56x107' | 7.48 0.84 28.18 2.2x1071°
10 556 0.84 20.99 3.0x107° 6.42 1.03 19.78 5.0x107° 6.82 0.73 29.59 1.4x107

Table 6 Statistical comparison of the mean absolute errors of the two fitted choice models.

data set, the first and second columns show the average and standard deviation of the data
{100 x (MAEMY - MAEL“")/MAEL“":s=1,...,10}. Once again, for all ground choice models
and all levels of data availability, the p-values in Table 6 are essentially zero, indicating that the
mean absolute errors of the choice probabilities predicted by the fitted PCL model are, with very
high statistical significance, smaller than those predicted by the fitted multinomial logit model.

E.2. Hotel Revenue Management Data

In this set of numerical experiments, we use a data set from Bodea et al. (2009), which is based on
a real-world hotel revenue management application. In this data set, we have customer purchase
records for five different hotels from March 12, 2007 to April 15, 2007. Each purchase record gives
the room type availability at the time of the booking and the room type that was booked. Room
types take values such as king non-smoking and queen smoking. Each room type corresponds
to a different product. We consider the choice behavior of the customers between the different
products. In van Ryzin and Vulcano (2015), the authors also use this data set in their numerical
experiments. We focus on the purchase records for each hotel separately. For one of the hotels,
letting D be the number of days over which we have purchase records and R, be the number of
purchase records on day ¢, we use {(S;5,7;5):£=1,...,D, r=1,... Ry} to denote the purchase
records in the data set, where Sy is the subset of products that is available when the purchase

record r on day ¢ occurred and ;% is the product that was purchased within this subset. The

purchase records in the data set do not include no purchase events by arriving customers.

Data Set to Fit the Choice Models: To obtain a data set that we can use to fit a PCL and
a multinomial logit model, we build on the purchase records as follows. In the purchase records,
the subsets of products that are offered on day ¢ are {Sj5*:£=1,..., R;}. There are R, subsets
that are offered on day ¢, but some of these subsets can be identical to each other. We assume

that each subset Sj5° was offered for a duration of 24/R, hours on day ¢. During this duration
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of time, there was one purchase for product ;% and no other purchases. Timing of this purchase
does not affect our fitting results, so we place this purchase at the beginning of the duration of
24/R, hours. In the duration of 24/R, hours, there may or may not have been other customer
arrivals. The fact that there are no other purchases during this duration may be due to the fact
that there were no customer arrivals or the arriving customers did not purchase anything. Thus,
during the D days in the purchase records, we have access to the subsets of products that were
offered at each time instant and the timing of the purchases. To obtain a data set that we can use
to fit a PCL and a multinomial logit model, we divide each day into K time slots, each time slot
representing a small enough duration of time that there is at most one customer arrival in each
time slot. Since each time slot corresponds to a particular time interval on a particular day, we
look up the subset of products offered in each time slot. Furthermore, on day ¢, out of the time
slots in which the subset S;° was offered, we assume that product 7} was purchased in one of the
time slots and no products were purchased in the other time slots. This approach yields the subset
that was offered and the product, if any, that was purchased in each time slot and on each day.
We capture this data by {(Sex,irr):€=1,...,D, k=1,..., K}, where S, is the subset offered in
time slot k on day ¢ and 4, is the product purchased in time slot k on day /. If there is no purchase
in time slot k£ on day ¢, then we set i, = 0. In this way, the frequency with which each subset
is offered in the data set {(Syx,i0x):0=1,...,D, k=1,..., K} is roughly equal to the frequency
with which each subset is offered in the purchase records {(S;5, i) :€=1,...,D, r=1,... Ry},
but there are small rounding errors due to the fact that we divide each day into K discrete time
slots. Furthermore, the number of purchases of each product out of each subset in the data set
{(Sester):0=1,....,D, k=1,..., K} is exactly equal to the number of purchases of each product

out of each subset in the purchase records {(S}5, 7)) : £=1,...,D, r=1,... R}.

Estimation: We use the data set {(S¢x,%0x):¢=1,...,D, k=1,...,K} to fit a PCL and a
multinomial logit model. We split the DK offered subset-purchased product pairs in this data set
into training and testing data sets. The training data set includes 9/10 fraction of the randomly
chosen offered subset-purchased product pairs, whereas the testing data set includes the remaining
pairs. We use {(S;,4;):t=1,...,7} to denote the offered subset-purchased product pairs in the
training data set. Using v ={v;:i € N} and v = {v;;: (4,j) € M} to capture the parameters of the
PCL model, we use ¢F“"(S|v,v) to denote purchase probability of product i out of the subset S
under the PCL model with parameters v and . Similarly, we use ¢{°"(S|v,v) to denote the no
purchase probability under the PCL model with parameters v and - when we offer the subset S.

We assume that customers arrive according to a Poisson process with a stationary arrival rate. Our

results qualitatively remained the same when we worked with different arrival rates in different
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Problem instance characteristics Out of sample log-likelihoods
Hotel 1 Hotel 2 Hotel 3 Hotel 4 Hotel 5 Hotel 1 Hotel 2 Hotel 3 Hotel 4 Hotel 5
No. Prd. 10 14 9 9 8 PCL | —434.77 —196.96 —-390.19 —-109.14 -—97.24
ZL/D:1 R, | 1341 487 1271 309 260 MNL | —436.62 —198.17 —390.47 —109.29 —97.66
DK 3596 1456 3477 1020 987 % Gap 0.42% 0.61% 0.07% 0.14%  0.43%

Table 7  Numerical results for the hotel revenue management data.

weeks. Using a to denote the probability that there is a customer arrival in each time slot, the

log-likelihood function to fit a PCL model is
PCL C_ PCL
Lw,7.a Zlog( (12 #0) a 65 (S, | v,%) + 10 = 0) { (1 = @) + 2 gf (S, [ w,7) }).

In the log-likelihood function above, we use the fact that if there is a purchase for product 7 in a
time slot, then there was a customer arrival in this time slot and the customer purchased product
1, whereas if there is no purchase in a time slot, then either there was no customer arrival or there
was a customer arrival and the arriving customer did not purchase anything. We fit a PCL model
to the training data by maximizing the log-likelihood function above subject to the constraints
that v; >0 for all i € N, ;; €[0,1] for all (4,7) € M and « € [0,1]. We use the fmincon routine in
Matlab to maximize the log-likelihood function. Once we fit a PCL model, we compute the out of
sample log-likelihood of the fitted PCL model by using the testing data. The log-likelihood function
that we use for this purpose is the same as the one above, but we use the offered subset-purchased
product pairs in the testing data instead of those in the training data. By using a similar approach,
we fit a multinomial logit model to the training data and compute the out of sample log-likelihood

of the fitted multinomial logit model by using the testing data.

Out of Sample Log-Likelihoods: We give our results in Table 7. On the left side of the table,
we show statistics for the data sets for each hotel. The first row shows the number of products.
The second row shows the number of purchase records {(S;5,7)5) : ¢ =1,...,D, r=1,..., Ry},
which is given by Zf:l R,. The third row shows the total number of data points in the training
and testing data sets {(Six,%0x):¢=1,...,D, k=1,..., K}, which is given by DK. The value
of DK is different for different hotels because the booking requests arrive over different numbers
of days for different hotels and we divide a day into different numbers of time slots for different
hotels depending on the number of booking arrivals per day. On the right side of the table, we
show the out of sample log-likelihoods of the fitted PCL and multinomial logit models, along with
the percent gap between the out of sample log-likelihoods of the two fitted choice models. The
gaps range between 0.07% and 0.61%, favoring the fitted PCL model. The results in this table are

based on one partition of the data points between the training and testing data sets.

We use bootstrapping to check the statistical significance of the gaps between the out of sample

log-likelihoods of the two fitted choice models. We generate 100 randomly chosen partitions of
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Hotel 1 Hotel 2 Hotel 3 Hotel 4 Hotel 5
Mean Diff. 0.51% 0.27% 0.18% 0.45% 0.50%
Std. Dev. 0.22% 0.73% 0.25% 1.41% 0.77%
t-Sta. 23.01 3.74 7.02 3.22 6.52
p-Val. 7.97x 1074 154x107* 1.41x107'° 879x107* 1.48x107°

Table 8 Statistical comparison of the out of sample log-likelihoods for the hotel revenue management data.

the data points between the training and testing data sets, where, for each partition, the training
data set includes 9/10 fraction of the data points and the testing data set includes the remaining
data points. For each bootstrapped partition, we replicate the results in Table 7. In this way, we
have the out of sample log-likelihoods for the two fitted choice models from each bootstrapped
partition. In Table 8, we check the statistical significance of the gaps between the out of sample
log-likelihoods of the two fitted choice models. Each column in this table focuses on a different
hotel. The first row shows the average percent gap between the out of sample log-likelihoods of the
fitted PCL and multinomial logit models, where the average is computed over the 100 bootstrapped
partitions. The second row shows the standard deviation of the percent gaps between the out
of sample log-likelihoods of the fitted PCL and multinomial logit models. In particular, using
LLSCL and LL}:ANL to, respectively, denote the out of sample log-likelihoods of the fitted PCL and
multinomial logit models from the s-th bootstrapped partition, the first and second rows show
the average and standard deviation of the data {100 x (LLY“" — LLM") /|ILLY“"|: s =1,...,100}.
The third row shows the t-statistic in the paired ¢-test to check the statistical significance between
the out of sample log-likelihoods of the fitted PCL and multinomial logit models. The fourth row
shows the p-value of the same test. In Table 8, the p-values are very close to zero. Therefore, for
the data sets originating from each of the hotels, with very high statistical significance, the out
of sample log-likelihoods of the fitted PCL model are better than those of the fitted multinomial
logit model. Note that since we do not have access to the actual ground choice model that governs
the choices of the customers in the data sets, we do not compare the mean absolute errors in the

predicted purchase probabilities of the two fitted choice models.

Appendix F: Existence and Uniqueness of the Fixed Point

In the next lemma, we show that f(z) given by the optimal objective value of the Function Evaluation

problem is continuous in z and satisfies f(0) > 0.

Lemma F.1 Letting f(z) be the optimal objective value of the Function Evaluation problem, f(z)

is continuous in z and satisfies f(0) > 0.

Proof: Setting @ = 0 € R™ is a feasible solution to the Function Evaluation problem. Noting

that V;;(0) = 0, this solution provides an objective value of zero for the Function Evaluation
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problem. Therefore, we have f(z) > 0 for all z € R. Next, we show that f(z) is continuous in z. For
fixedx € F, 3, jyear Vij (@)% (Rij(x) — 2) is linear in z. Furthermore, there are at most 2" possible
values of @ € F. So, noting the Function Evaluation problem, f(z) is the pointwise maximum of at

most 2" linear functions of z. The pointwise maximum of linear functions is continuous. O

Appendix G: Simplifying the Upper Bound

In the next lemma, we show that we can drop some of the decision variables from the Upper Bound
problem without changing the optimal objective value of this problem. This lemma becomes useful

to obtain the Compact Upper Bound problem.

Lemma G.1 There exists an optimal solution x* ={x}:i€ N} and y* = {y;; : (i,j) € M} to the
Upper Bound problem such that z; =0 for all i ¢ N(z) and y;; =0 for all (i,7) ¢ M(z).

Proof: Letting (x*,y*) be an optimal solution to the Upper Bound problem, we define the solution
(&,9) as follows. We set &; = 2 for alli € N(z), ; =0 for all i & N(z), g;; = y;; for all (i,5) € N(2)?
with i # j and g;; =0 for all (i,7) ¢ N(2)* with i # j. Observe that &; <} and g;; < y;;. We claim
that the solution (&,9) is feasible to the Upper Bound problem. To establish the claim, we note
that if (i,7) € N(2)?, then we have §;; =y; > 2] + 2} — 1 =2, + Z; — 1, where the two equalities
follow from the definition of (&, ) and the inequality follows from the fact that (x*,y*) is a feasible
solution to the Upper Bound problem, so it satisfies the first constraint in this problem. Also, if
(i,7) € N(z)?, then we have g;; =0> &, + &; — 1, where the equality follows from the definition of
(&,9) and the inequality follows from the fact that if (i,7) & N(z)?, then we have &; =0 or &; =0,
along with #; <7 <1 and %; < ;<1 Therefore, the solution (&,d) satisfies the first constraint
in the Upper Bound problem. On the other than, if (i, j) € N(2)?, then we have §;; = y;; <} =,
where the two equalities follow from the definition of (&,9) and the inequality follows from the
fact that (x*,y*) is a feasible solution to the Upper Bound problem. If (i,7) & N(2)?, then we
have ¢;; = 0 < Z;, where the equality is by the definition of (&,9) and the inequality is simply
by the fact that &; > 0. Therefore, the solution (&,4) satisfies the second constraint in the Upper
Bound problem. We can use the same approach to show that the solution (&, 9) satisfies the third
constraint in the Upper Bound problem. Finally, since #; <z} for all i € N, we have ).\ I; <

Y ien Ti < c. Thus, the solution (&,9) is feasible to the Upper Bound problem.

K2

Next, we claim that the objective value provided by the solution (&,4) for the Upper Bound
problem is at least as large as the objective value provided by the solution (x*,y*). Nest (i,7)
contributes the quantity p;;(z) yi; +0;(2) x; +6,(2) x; to the objective function of the Upper Bound

problem. To establish the claim, we show that the the contribution of each nest under the solution
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(Z,9) is at least as large as the contribution under the solution (x*,y*). If i € N(z) and j € N(z),
then we have 1;;(2) y;; +0i(2) 2} +0;(2) x5 = pi;(2) Gi; +0i(2) i+ 0;(2) ;. If i € N(2) and j ¢ N(2),
then by the definition of N(z), we have p;;(z) <0, 0;(z) <0 and 0;(z) <0. In this case, we obtain
1ij (2) yi; +0:(2) @7 +0;(2) 75 = pij (2) yi; +0:(2) (27 —y55) +6;(2) (@7 —y35) < 0= pui;(2) §i; +0:(2) &+
0;(z) &;, where the inequality follows by noting that (x*,y*) is a feasible solution to the Upper
Bound problem so that y;; <z} and y;; <z}, whereas the equality is by the fact that g;; =0, &, =0
and Z; =0 whenever i ¢ N(z) and j & N(z). If i € N(z) and j € N(z), then we have

o\ v (pi= )0 + (0 = 2) v}
(pi—2)>

. — [ — _Z)>
1/ 1/ 1/, IV"(pl fl 1/, 1/7; )
,Ui/ ij +vj/ ij Ui/ ij +Uj/ ij vi/ zy+vj/ ij

where the first inequality follows by noting that a” > a for a € [0,1] and 7 € [0,1], along with
the fact that i € N(z) so that p; > z, whereas the second inequality follows from the fact that
Jj & N(z) so that p; < z. Focusing on the first and last expressions in the chain of inequalities
above and noting the definitions of p;;(2) and 6,(z), we obtain 6;(z) > p;;(2). In this case, we have
pij (2) yi5 +0i(2) @7 +0;(2) a5 = (piy (2) = 0:(2)) yi; +0:(2) 27 +6;(2) (2] —y5;) <0i(2) @] = pij (2) §ij; +
0:(z) &; + 0;(z) ;, where the inequality follows from the fact that p;;j(z) — 6;(2) <0 and j & N(z)
so that 6;(z) <0, whereas the second equality follows from the fact that i € N(z) and j & N(z),
in which case, we have §;; =0, ; =z} and Z; =0. If i ¢ N(z) and j € N(z), then we can use the
same approach to show that p;;(2) y;; +0i(2) x; +0;(2) v} < pij(2) 9i; +0:(2) 2, +0;(2) Z;. The only
difference is that we need to interchange the roles of the decision variables x; and ;. Therefore, in
all of the four cases considered, the contribution of nest (7,7) under the solution (&, ) is at least

as large as the contribution of nest (i,7) under the solution (x*,y*). O

In the next lemma, we show that y;;(z) <0 for all (7,5) € M(z). This lemma is used at multiple

places throughout the paper.
Lemma G.2 For all z€ R and (i,j) € M(z), we have p,;;(z) <O0.

Proof: Since (i,7) € M(z), we have i € N(z) and j € N(z), which implies that p; — z > 0 and
p;j — 2> 0. Using the fact that a <a” for a € [0,1] and ~ € [0, 1], we obtain

1/7vij 1/7ij 1/7i; Vij 1/7:5 Yij
(pi —2)v;" 7+ (pj—2)v; v, v,/
- — <) | T s |

1/7i5 1/7i5 1/7ij 1/7i5 1/7ij 1/7ij
Ui/ 1] +Uj/ 1] 'UZ‘ (%] +U]/ (%] ’U,L- 1] +'U] 1]

Multiplying both sides of this inequality with (vll /s —i—vjl./ 77)%5 and using the definitions of p;;(z)
and 0;(z), we get p;;(2) <0;(2) +6;(z). Thus, we have p;;(z) = p;;(z) —0:(2) —6,(z) <0. O
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Appendix H: Improving the Performance Guarantee

We give the full proof for Theorem 4.1 with the 0.6-approximation guarantee. The proof is lengthy,

so we begin with an outline. In particular, the proof uses the following four steps.

Step 1: Using the vector 8 = {6, :i € N }, we will construct a function F': le‘ — R, that satisfies
> pen BV (X) 9 (Riy (X) = 2)} = f7 = L F(6).

Step 2: We will also construct a function G : RT' X Z3 — R, that satisfies f% > G(0, ki, k, IN|)
for any 1§k1§k2§]N\.

To establish Step 1, we observe that Z(m)eME{Vij(X)V” (Ri;(X)—2)} > fR+ : > (igyent Hij PY
the discussion in the proof of Theorem 4.1 in the main body of the paper. Thus, it will be enough
to give a lower bound on y;; as a function of 6; and ;. To establish Step 2, we construct a feasible
solution to the problem that computes f¥ at the beginning of Section 4. In particular, recalling
that 8, >0 for all 7 € N, we index the products so that 6; >0, >...> 0\1\7| > 0. The solution (&, %)
obtained by setting ;=1 for all i € {1,...,k}, T, = % forall i € {k;+1,...,ky} and &; =0 for all
i€{ky+1,...,|N|} along with §;; = [&; +&; — 1]* for all (4,j) € M is feasible to the problem that
computes f? at the beginning of Section 4. In this case, f will be lower bounded by the objective
function of the problem evaluated at this solution. Using Steps 1 and 2, we get

S E{Vi(X) (R, (X))} > fR—%F(G) = <1—Z§9R)> fR

(1,j)EM

. <1_ F(6) ] )fR _ (1_1 « min { F6) }) IR
2 X max G(0,ky, ks, |N|) 2 (kik): G(0,k1, ks, |NY)

(ki k) 1<k <ky <|N|
1<k <ks <|N|

1—1 X min max F(6) - e (6)
2 (kika): (0n-05): | GO, K1, ko, [N)

1<k <k <|N| = 012...20,5 20

v

Step 3: Letting a vV b=max{a,b}, we will construct functions I'; : Z% - Ry, I';: Z% — R, and
I's:Z% — Ry that, for any 1 <k; <k, < \]\7\, satisfy

F(0) - - -
max < DKy, ko, [N) VT (K, Ko, [NV Ty (e, Ky | V).
O {G(G,kl,k2,|ND} < 1( 15 k2, | D 2( 15 k2, | D 3( 15 k2, | D
61>...>0,5 >0

Step 4: For any |N|, we will show that there exist k, and k, such that 1 < k; < ko < |N|,
Ty (ky, ko, [N]) < 0.8, Ty(ky, ko, |N|) < 0.8 and Ts(ky, ko, |N|) <0.8.

To establish Step 3, we note that F(8) and G(8,k;, ks, |N|) are linear in @ in our construction.

- {G(%} is quasi-linear

Thus, the objective function of the problem MAX(gy, .0, ¢):01>...>0 o1 ka1 NT)

IN]
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in @, so an optimal solution occurs at an extreme point of the set of feasible solutions. In this
case, we construct the functions I'y(+,-,-), I'2(+,+,-) and I'3(,-,-) by checking the objective value of
the last maximization problem at the possible extreme points of the set of feasible solutions. To
establish Step 4, we show that if \]\7 | is large enough, then we can choose k; and k, as fixed fractions
of |N| to obtain T'y(ky, ks, |N|) < 0.8, Ty(k1, ks, |[N|) < 0.8 and T's(ky, ks, |[N]) < 0.8. In particular,
using [-] to denote the round up function and fixing 4 = 0.088302 and [, = 0.614542 we show
that if | V| > 786, then we have I'y ([ 81 | N1, [ B2 | N |1, |N|) < 0.8, Do ([ 81 | N1, [B2 | N|],|N|) < 0.8 and
Cs([51 N1, [B2|N|],|N]) <0.8. On the other hand, if [N| < 786, then we enumerate all values of
(ky, k) € Z2 with 1 <k < ky < |N| to numerically check that T'y (ky, ks, |N|) < 0.8, Ty (ky, ks, |N]) <
0.8 and I'3(ky, k2, |]\7D <0.8. Using Steps 3 and 4, we get

_ F(6)
min max ~
(k17k2)1 (91""’0\1‘7\): G(e,kl,k2,|N|)

1<k <ks<|N| =~ 61>...26,5,>0

< (km}én). {Fl(klak%|N|)\/F2(k1,k2,|N|)\/F3(k1,k2,|N|)} < 08. (7)
1<k < ko < ||

Therefore, by (6) and (7), we get Z(i)j)eME{Vij(X)WJ’(Rij(X) —2)} > 0.6 ff, which is the desired
result. In Appendix H.1, we establish Steps 1 and 2. In Appendix H.2, we establish Step 3. In
Appendix H.3, we establish Step 4.

H.1. Preliminary Bounds

In this section, we establish Steps 1 and 2 in our outline of the proof of Theorem 4.1. Throughout
this section, we let (x*,y*) be an optimal solution to the LP that computes f# at the beginning
of Section 4. Also, we recall that the random subset of products X = {X;:i € N} is defined
as follows. For all i € N , we have X, =1 with probability z; and X, =0 with probability
1—x7. Lastly, we have X; =0 for all i€ N\ N. Different components of the vector X are
independent of each other. For notational brevity, we let m = |N|. In this case, since n = |N|, we

write the LP that computes f¥ at the beginning of Section 4 as
fR:max{ Z (uijyij+9iazi+9jxj)+2(n—m)z&ixi cyi > ta;—1 Y(i,7) e M,
(i,§)eM ieN

We index the elements of N as {1,...,m} and the elements of N\ N as {m+1,...,n}. Without

loss of generality, we assume that the products in N are indexed such that 6; > 6, >...>6,,. In

~

the next lemma, we give a lower bound on 3, ., E{V;;(X)" (R;; (X)—2)}.
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Lemma H.1 We have 3, ., E{V;;(X)"i(R;(X)—2)} > (1 — W)]’R.

Proof: Noting the discussion in the proof of Theorem 4.1 in the main body of the paper, we
have 3, 5o E{V,;(X) (Riy(X)—2)} > fR+1 > (iyenn Hij- Lemma H.2 given below shows that
pi; > —max{6;,0,} for all (i,5) € M. In this case, we obtain

S BRI (R(R) -2} > Py 3wy 2 e Y max{6,0,)

(i,5)eM (i,j)eM (i,j)eM
1 .. 1 L.
= fR—ZZEI(z<])max{@i,ej}—1221(2>])max{@i,ﬁj}
ieN jeN ieN jEN
1 . 1 o
= fR—Zzzl(l<])9i—zzzl(l>3)9j
ieN jeN ieN jeN
1 . 1 o
= fR_4Z{Zl(z<3)}9i—4Z{Zl(z>j)}0j
ieN \ jeN jeN \ieN

r 1 ) 1 . - Zie]\?(m_i)gi R
=f a1 (m—z)@i—ZZ(m—j)Qj = (12fR>f )

ieN jeN
where the second equality uses the fact that 6; > 0, > ... > 0,, and the fourth equality uses the
fact that |N| =m. O

We use the next lemma in the proof of Lemma H.1.
Lemma H.2 For all z€ R and (i,j) € M(z), we have p1;;(2) > —max{6;(z),0;(2)}.

Proof: For (i,7) € M(z), we have i € N(z) and j € N(z), which implies that p; > z and p; > z. Using

the definitions of p;;(z) and 6;(z), we get
(pz o Z) Uil/"/ij 4 (p] o Z) Ul./%j (pz _ Z) ,Uil/’Yij 4 (pj o Z) ’Ul»/%j

pii(2) = (vj/Vij+v;/7ij)7ij J _ J

1/7i5 1/7i5 1/7ij L/%i\1—y;
v;" 7+, (v;"" o, )

Ul/"fij 1= vl'/’Yij 1=7ij
= (pi—2)u ,Uil/’ﬁj + ,Ujl_/’ﬁj +(p = 2)y ,Uil/%'j + Ujl_/'m‘

v.l/’”j 1=ij5 1)14/%]. 1=
— o i 0. %
1(2’) vil/'Yij + v;ﬁm + j(z) vil/%‘j + U;/'Yij

1/7:5 U]:/'Yij
> 91(2’) (%) +(9j(2') <J> > min{&i(Z),Gj(Z)},

/i /i 1/ij /i
'Ui/ iJ +Uj/ 1] 'Ui/ (%] +Uj/ (%]

where the first inequality uses the fact that a'= > a for a € [0,1] and ~ € [0, 1]. In this case, we get
pij(2) = pij (2) = 0:(2) — 0;(2) = min{6;(2),0;(2)} - 0:(2) — 0;(2) = — max{6i(2),0;(2)}. o

Using the vector @ = (4,...,6,,), the function ) ;" (m —4)6; in Lemma H.1 corresponds to
the function F(€) in Step 1 in our outline of the proof of Theorem 4.1. Therefore, Lemma H.1
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establishes Step 1. Next, we focus on establishing Step 2. In particular, we construct a function

G :R7 x Z3 — Ry that satisfies f > G(0, ki, ko, m) for any 1 <k; <k, <m.

Lemma H.3 We have

> max {i(2n—k1—k‘2+2i—2)91‘+ i (n—l)@l}.

ki, ko) : T A

1§§€1§k2§m =1 i=k1+1

Proof: Consider the solution (£,9) € lef ' R‘f[l to problem (8) that is obtained by letting &; =1
for all i € {1,...,ki}, ;=1 for all i € {ky +1,...,ks} and &; =0 for all i € {ko +1,...,m} and
Ui; = [&; +&; — 1]7. The solution (&,§) is feasible but not necessarily optimal to problem (8), in

which case, noting that the optimal objective value of problem (8) is f#, we get

> z (:uijgij‘{’eii'i+0jjj)+2(n_m)zei§7i

(i,5)eM iEN
= Z uwylj—i-ZZl (t#75)(0;2;+0;2;)+2(n— mZG:UZ
(i,7) GM ieN jeN ieN

Since |N| = m, we have Doien 2jen Li#7) 02 = (m — 1) 3, 5 0id;. Similarly, we have
Yien 2ien Li#7)0;25=(m—1)>", 5 0;2;. Thus, the chain of inequalities above yields

> Z Wij Ui +2(m—1) 20m+2n mZGx

(i,5)EM ieN ieN
= Z Iu/,,] y?] + 2 — 1 Ze m,
(i,j)eM ieN
> — Z max{60;,0;}9;; +2(n—1) 29 T,
(i,j)eM ieN

where the last inequality follows from the fact that we have p;; > —max{#6;,6,} for all (i,5) € M
by Lemma H.2. We compute each one of the two sums on the right side of the inequality above

separately. Considering the sum . _5 6; Z;, the definition of Z; implies that

On the other hand, considering the sum ), .\ yy max{0;,6;} ;;, we have 3, .y max{0;,6;} §;; =
> tpyent Y@ <3)0i0i5+ 32, jyewy 1(i> 7) 0; §ij, where we use the fact that 6, > 6, > ... > 60,,. Noting
the definition of & and using the fact that ¢;; = [#; + 2, — 1] at the beginning of the proof, we have
giyj=1forallie{l,...,k} and j € {1,...,k }. Similarly, we have g;; =% for all i € {1,...,k;} and
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j€{ki+1,...,ks}. Lastly, we have §;; = 3 for all i € {ky +1,...,ko} and j € {1,...,k }. For the

other cases not considered by the preceding three conditions, we have g;; = 0. Thus, we get

1
i<y = > 1Ui<j<k)Oi+ Y i<k <j<hs)0;5

(i,5) €M (i,5)eM (4, j)eM
—Zé’z (1<j<k)+ ZGZ (1 <k <j<ks)
ieN  jeN ZGN jEN
=) 0:1(i<ky) (b — i) + Ze (i <ky) (ks — k1)
ieN ZEN
1 1 o 1
%1(z_k1){2k1+2k2 1}01 2;{2k1+2k2 1}91
i€ =

By the same computation in the chain of equalities above, we also have >_; -y 1(i > j)0;§i; =

251:1 (%1 + ’2 —]) 6;. Therefore, we obtain

I Z max{6;,0;}9;; +2(n—1) Ze z;

(i,j)eM ieN
Mo 1
:_Z{ ky+ - k2 }9 —Z{2k1+2k2 }0 +2(n—1) Ze+ n—1) Z 0,
j=1 i=k1+1
k1 k2
=Y @n—ki—k+2i-2)0i+ Y (n—1)0
i=1 i=k+1

The inequality above holds for all choices of k; and &y such that 1 < k; <k, <m. In this case, the
desired follows by taking the maximum of the expression on the right side above over all (k;, k)

that satisfies 1 < k; <k, <m. O

Viewing the objective function of the maximization problem in Lemma H.3 as a function of
0= (0y,...,0,,), ki, ks and m, this objective function corresponds to the function G(8,k;, ks, m)
in Step 2. Thus, Lemma H.3 establishes Step 2. In the proof of Lemma H.3, we construct a
feasible solution (&, 9) € R‘f” X lefl to problem (8) by setting &; =1 for all i € {1,...,k}, 2; =3
for all ie{k;+1,...,k} and &; =0 for all i € {ko +1,...,m} and g;; = [&; + z; — 1]* for all
(1,7) € M. Our choice of this solution is motivated by the fact that if we maximize the function
=2 tipen max{0;,0;} 9i;+2(n—1) 37,5 0; 2; over the feasible set of problem (8), then there exists
an optimal solution to problem (8) of this form for some choices of k; and k. Our development

does not require showing this result explicitly, so we do not dwell on it further.

H.2. Removing Dependence on Product Revenues and Preference Weights

In this section, we establish Step 3. In Lemma H.1, > (m —4)6; is a function of (6;,...,6,,).

Similarly, the optimal objective value of the maximization problem on the right side of the
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inequality in Lemma H.3 also depends on (61,...,0,,). Next, we remove the dependence of these

bounds on (f4,...,0,,). In particular, by Lemma H.3, we have
Z;il(m_i) Hi < 221(m_2) 91’
[ B
MAX (4, gy § Sorea(2n— ki —ky+2i—2)0;4+ 312, L (n—1)0;

1§k1§k2§m
" —1)0;

— min B Zl:l,(m Z)

(k1,k2): Zi=1(2n—k1—k2+22— )9 +Zz k—i—l( 1)92

1<k <k2 <
S min - ZiZI.(m B Z) 0
(k1 k) : Ziil(Qm_kl_kQ_‘_zZ_ 2)0; +Zz k1+1( -1)0;

1<ki<k:<m

< min max i Zi:ll(m_l) b: , (9
(k:hk‘fz): (91,---,0m)1 Zli1(2m—]€1—k2+22— )9 +ZZ k:1+1( 1)91

1<ki1<k;<m  6:>...20,>0

where the second inequality is by the fact that n >m and 2m — k; — ko + 27 — 2 > 0 whenever
k1 < ko <m. There are two features of the maximization problem on the right side of (9). First, if
(07,...,0%) is an optimal solution to this problem, then (a6j,...,«8?) is also an optimal solution
for any o > 0. Thus, we can assume that #; < 1. Second, the objective function of the maximization
problem on the right side above is quasi-linear. Thus, an optimal solution occurs at an extreme
point of the polyhedron {(64,...,60,,) ER™:1>6,>0,>...>0,, >0}. It is simple to check that an
extreme point (él, e ,ém) of this polyhedron is of the form 6, =1 for all i = 1,...,f/ and 6, =0 for all
i=L0+1,...,m for some £ € {0,...,m}. In particular, if we have 0 < §; <1 for some i € {0,...,m},
then we can express (él, .. .,ém) as a convex combination of two points in the polyhedron. This
argument shows that an optimal solution (él, e ,ém) to the maximization problem is of the form
;=1 for all i = 1,...,¢ and 6, =0 for alli=¢+1,...,m for some ¢ € {0,...,m}. Building on these
observations, we give an upper bound on the optimal objective value of the maximization problem
on the right side of (9). Throughout the rest of our discussion, we will use the functions
m(m—1)/2
mki+mks — ki ks — ko’

m—1
F2(k17k27m) = Qm——kl—kg’

[3(ky, ko, m) = max{ mg—qlg+1)/2 }

a€Ry | mky —kiko+mqg—q

Fl(k17k27m) = (10)

In the next lemma, we use I'y (ky, ko, m), Ta(ky, ke, m) and T'3(ky, ko, m) to give an upper bound on

the optimal objective value of the maximization problem on the right side of (9).
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Lemma H.4 We have

221(7” —14)0;
max T - %o
(917---,9m)5 Ei:1(2m— kl — kQ +22 — 2) 91' +Ei:kl+1<m— 1) 07;

0p>...20m >0

S Fl(kl,k'g,m)\/FQ(kl,kQ,m)\/Fg(kl,kg,m). (11)

Proof: By the discussion right before the lemma, there exists an optimal solution (él, . ,ém) to the
maximization problem in (11) such that O;=1foralli=1,....,¢0 and §;=0foralli=¢+1,....,m
for some ¢ € {0,...,m}. The denominator of the objective function of the maximization problem
in (11) does not depend on {6, :i=ky+1,...,m}, which implies that if £ > k,, then we can assume
that £ = m. In particular, if ¢ > k,, then setting ¢ = m increases the nominator without changing
the denominator. So, we assume that £ <k, or £ =m. If / =m so that él =...= ém =1, then the

objective value of the maximization problem in (11) at the optimal solution (61,...,0,,) is

2 iy (m =) m(m—1)/2

S @m—ky =k +2i—2)+ 302, (m—1) ki (2m—ki— ko) + ki (kr — 1)+ (ks — k) (m— 1)

i=k1+1
m(m—1)/2
mkl—i-mkg—klkg—kg 1( b Q’m) ( )
On the other hand, if £ < k; so that 91 =...= ég =1 and éeﬂ =... ém =0, then the objective value

of the maximization problem in (11) is

S (m—i) B ml—0(0+1)/2 m—(0+1)/2

S @m—k —ky+2i—2)0, C2m—ki—k)+L({—1)  2m—ki—ky+ {1

which is decreasing in ¢. Therefore, if we maximize the expression above over all ¢ satisfying

1 < ¥ <k, then the maximizer occurs at £ =1. Thus, we get

¢ .
; — -1
; 2 (m—i) < m = Dy(ky, kg, m) (13)
Zz=1(2m—k1—k2+21—2)01 Qm—kl—kQ
Finally, if £ +1 < £ <k, so that él:"‘:ékl:ék1+1:~~~:éezl and ée+1=...ém:(), then the

objective value of the maximization problem in (11) is

S (m—1) _ mé—L(0+1)/2
Zfil(Qm—kil—k2+2i—2)+252k1+1(m—1) ky(2m—ky — ko) + Ky (by — 1)+ (£ — k1) (m —1)
C ml—e(0+1)/2
- mkl—kle—i—mﬁ—E

S Fg(kl,kQ,m). (14)

Putting (12), (13) and (14) together, the optimal objective value of the maximization problem in
(11) is no larger than Fl(kl, k27 m) V Fg(kl, kQ, m) vV Fg(kl, ]{32, m) Oa

In the objective function of the maximization problem in (11), recalling that F'(6) corresponds to

the function in the numerator and G(,k;, ko, m) corresponds to the function in the denominator,
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Lemma H.4 establishes Step 3. Note that I'y(ki,ks,m) and I's(ki, ko, m) in (10) have explicit
expressions. Next, we give an explicit expression for I's(ky, ks, m) as well. Since we are interested in
the values of k, satisfying ko < m, the denominator of the fraction in the definition of I's(ky, ko, m) is
non-negative. Furthermore, the numerator in this fraction is concave in ¢g. Therefore, the objective
function of the maximization problem in the definition of I's(ki,ks,m) is quasi-concave, which
implies that we can use the first order condition to characterize the optimal solution to this
problem. In particular, differentiating the fraction in the maximization problem in the definition
of I'3(ky, ko, m) with respect to ¢, the first order condition is
(m—q—3)(mki—kiks+mqg—q)—(mg—q(g+1)/2) (m-1)
(mky —kiky +mq—q)?
_ —(m—=1)¢*/2— ki (m—k2) g+ ki (m —ks) (m — 1)
(mky—kika+mq—q)?

=0.

There is only one positive solution to the second equality above. Using q(k;, ke, m) to denote this

positive solution, we have

B \/kf(m—k2)2+2k1(m—k2)(m—1)(m—%)—kl (m — ky)

m—1

q(ky,ke,m) (15)

To obtain an explicit expression for I's(ky, ka2, m), consider the function h(q) = f(q)/g(q). Assume
that the derivative of h(gq) at ¢ is zero. In other words, using f’(¢) and ¢'(§) to, respectively, denote
the derivatives of f(:) and g(-) evaluated at ¢, we have f'(4)g(¢) — f(4)¢’(¢) = 0. In this case,
we obtain £(3)/9(d) = f'(d)/g'(d), which implies that h(@) = £(d)/9(d) = f'(2)/(d). To use this
observation, we note that I'3(kq, ko, m) is given by the value of the fraction in the definition of
[3(ky, ko, m) evaluated at q(kq, ko, m). Furthermore, the derivative of this fraction with respect to

q evaluated at q(kq,k2,m) is zero. Since the derivative of the numerator and denominator of this

fraction with respect to ¢ are, respectively, m —q — % and m — 1, it follows that
m— q(klv k27m) -1 1 Q(kl k‘z m)
[s(ky, k = 2 -1 — L 16
a(ky, Kz, m) m—1 TYmon m—1 (16)

which, noting (15), yields an explicit expression for I';(kq, k2, m). Therefore, we have explicit

expressions for 'y (ky, ko, m), Ta(ky1, ka,m) and T'3(ky, ko, m).
H.3. Uniform Bounds

In this section, we establish Step 4. In particular, for any value of m, we show that there exist
kl and kg Satisfying 1 < ]{?1 < kg < m, Pl (kl, kg,’ﬂl) < 08, Pg(k?l, kg,m) < 0.8 and F3(k1, kg,m) < 0.8.
Since we have explicit expressions for I'y(ky, ko,m), Ta(ky, ke, m) and T'3(k1, ke, m), if m is small,

then we can enumerate over all possible values of k; and k, that satisfy 1 < k; < ky <m to ensure
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that there exist k; and ko such that T'y(ky, ko, m) < 0.8, T'o(ki,ke,m) < 0.8 and T'3(ky, koy,m) <
0.8. In particular, through complete enumeration, it is simple to numerically verify that if m <
786, then there exist k; and ko satisfying 1 < ky < ky <m, T'1(k1,ka,m) < 0.8, ['y(ky, kay,m) < 0.8
and T'3(ky,ke,m) < 0.8. Thus, we only need to consider the case where m > 786. We begin with
some intuition for our approach. Assume that we always choose k; and k, as a fixed fraction of
m. In particular, we always choose k; and ko, as k; = Blm and ky = Bzm for some Bl € (0,1],
Bg € (0,1] and Bl < 32. Recall that we want to find some k; and k, satisfying 1 < k; < ky < m,
Iy (ky,ka,m) <0.8, Ty(ky, kaym) < 0.8 and I's(ky, k2, m) <0.8. Thus, there is no harm in trying to

choose k1 = 1 m and ky = By m. Naturally, k; and ks need to be integers and we shortly address

~ ~

this issue. By (10) and (16), if we choose k; and ky as k; = 8y m and ke = S, m, then we have

. _ m(m —1)/2 . e
F1(61m752m7m) - Blm2+32m273152m2752m7 F2(51m762m>m) - 2m751m732ma
A A 1 Blm(m—ﬁgm)
L3(Bim, Bam,m) = 1+ Q(m—l) (m—1)2
\/B%mQ(m—Bgm)2+231m(m—Bgm)(m—l)(m—%)
- (m—1)? '

We let 41(Br,8) = limpsoo T1(Bim, Bam,m), 72(Br,82) = limy oo Ta(Bym, fym,m) and
73(31,32) =lim,, o0 1—‘3(/31 m, B m,m). Thus, taking limits in the expressions above, we get
1 1
2(By+Pa—PiBa) 2-Bi— B
Tl Ba) = 1+ 5 (1= o) =B (1= 33+ 26 (1= ).

71(B1a32) = ’72(31,52) =

~ ~

Roughly speaking, if m is large and we choose k; and ko as k; = 81y m and ky = Bym, then
Dy (ky1, ka,m) V Do(ky, kay,m) V T3(ky, ko, m) behaves similarly to v1 (B, B2) V 42(B1, B2) V 75 (81, Ba)-
We want to find some k; and ko with 1 < k; < ky < m such that I'y(ky, ko, m) V To(ky, kaym) V
I3(ky1, ke, m) <0.8. Using 74 (31,@) \/’y2(31,52) \/73(51,32) as an approximation to I';(kq, ko, m) V
Uy (ky, ko, m) VvV T3(ky, koy,m), we choose Bl and Bg to ensure that yl(ﬁl,ﬁ}) \/72(31,32) \/73(31,32) is
as small as possible. In particular, we choose Bl and Bg as the solution to the system of equations
" (51,5’2) = 72(31,,5’2) and 72(,5’1,32) = 73(31,32). Solving this system of equations numerically, we
obtain §; ~ 0.088302 and S, ~ 0.614542, yielding 71 (31, B2) VY2 (B, B2) V3 (B, B2) ~ 0.770917. Since
we need to ensure that k; < ko, we also need to ensure that Bl < Bg. Fortunately, the solution
to the system of equations 7, (317[5’2) = 72(31,32) and 72(//3’1,32) = 73(31,32) already satisfies this
requirement. Also, we do not need the precise solution to the last system of equations, since
our goal is to find some upper bound on 7, (Bl,Bg) v '72(31,32) v 73([91,@2). An imprecise solution
simply yields a slightly looser upper bound. Lastly, since the best upper bound we can find on
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Y (31,52) \/72(31,32) \/73(&,32) is roughly equal to 0.8, we will be able to show that there exist
kl and kQ with 1 < kl < kQ <m and F]_(kl, k27m) \/Fg(kl,kig,m) \/Fg(kl,kg,m) < 0.8.

The preceding discussion provides some intuition, but it is not precise. We need an upper bound
on I'y(ky, kaym) V a(ky, kaym) V I3(ky, ko, m), not on 71(31,32) \/72(31,82) va(ﬁl,ﬁg). These two
quantities are different for finite values of m. Also, k; and k, need to be integers, but choosing
ki = Bl m and kg = Bg m does not necessarily provide integer values for k; and ky. To address these
issues, we choose k; and ks, as ki = [Bl m] and ko = WAl m]. In this case, setting B, =0.088302 and
B> = 0.614542, we proceed to showing that T'y ([, m], [Bam],m) < 0.8, To([Bym], [Bam], m) < 0.8
and Fg([ﬁl m], [BZ m],m) < 0.8, as long as m > 786. Therefore, for any value of m > 786, there
exist values of k; and ky satisfying 1 < ky < ky < m, T'y1(k1,ko,m) < 0.8, T'y(ky,ka,m) < 0.8 and
['3(ky, ka2, m) < 0.8, which establishes Step 4. Throughout this section, we fix B, = 0.088302 and
B, =0.614542. In the next lemma, we give a bound on I'y([5;m], [, m],m).

Lemma H.5 If m > 786, then we have I'y([B1m], [Bam],m) <0.8.

Proof: We have By m < ml m]| < Bim+1 and Bom < [5’2 m] < Bym + 1. In this case, noting the
definition of T’y (ky, ko, m), it follows that
m(m—1)/2
m [Bim] +m[Bym] = [Bim] [Bym] - [Bym]
< _ _m2 . G .
S lmE4Bam? — (Bim+1)(Bem+1) = Bam—1 " Bi+ By —Bife— (B1+282+2)/m

The expression on the right side above is decreasing in m. Computing this expression with Bl =
0.088302, /3’2 =0.614542 and m = 786, we get a value that does not exceed 0.78. Therefore, we have
Uy ([B1m], [B2m],m) < 0.8 for all m > 786. O

Fl((élm-‘y [Bszm) =

N[

In the proof of Lemma H.5, we can check that Fl([ﬁl m], [5’2 m],m) <0.8 for all m > 141, but
we need to impose a lower bound of 786 on m anyway when dealing with F3([Bl m], [BQ m|,m)

shortly. In the next lemma, we give an upper bound on Iy([8; m], [Bam], m).

Lemma H.6 If m > 786, then we have Iy([B1m], [Bam],m) <0.8.

Proof: Similar to our approach in the proof of Lemma H.5, we have /3’1 m < ml m| < Bl m+ 1 and
Bym < WAQ m] < Bym + 1. Noting the definition of [y (ky, ko, m), it follows that

Am -1 ] < ] m ] _ ] 1A .
2m—[pim]—[fam] 2m—(fim+1)—(Bom+1) 2—p51—[F—2/m
The expression on the right side above is decreasing in m. If we compute this expression with

Bl =0.088302, /3’2 =0.614542 and m = 786, then we get a value that does not exceed 0.78. O

Do([Brm], [Bam],m) =

In the next lemma, we come up with an upper bound on Fg([ﬁl m], [32 m],m).
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Lemma H.7 If m > 786, then we have Is([B1m], [Bam],m) <0.8.

Proof: We begin by providing bounds for several quantities. These bounds become useful later in

the proof. For m > 786, we bound [, m]/(m —1) and (m — [Bym])/(m —1) as

B1<w_ﬂ§51+2 (17)
1—52_f<M<1—Bz+i. (18)
m 1 m

In particular, we have [Bim]/(m—1) < (Bim+1)/(m—1) =, + (b1 +1)/(m —1) < B, +2/m,
where the last inequality uses the fact that 3, = 0.088302 so that we have (3 +1)/(m —1) <
2/m for all m >3, but we already assume that m > 786. Also, we have [Bim]/(m —1) >
Bym/(m —1) > B;. Therefore, the chain of inequalities in (17) holds. On the other hand, we have
(m—[Bym])/(m—1) < (m—Fym)/(m—1)=1—=Fy+ (1= B5)/(m—1) <1— fy+1/m, where the
last inequality uses the fact that 3, = 0.614542 so that we have (1 — f3,)/(m —1) < 1/m for all
m > 2, but once again, we already assume that m > 786. Also, we have (m — [Bym])/(m —1) >
(m—Bam—1)/(m—1)=1—Fy— f5/(m—1) >1— f, — 1/m, where the last inequality uses the
fact that B /(m —1) <1/m for all m > 3. Therefore, the chain of inequalities in (18) holds as well.
Next, we define the function A(k;, ks, m) and the constant )\(31,32) as
k2 (m—ko)? + 2k (m—ky) (m—1) (m—3)

(m—1)*
A(Br, Ba) = B7 (1= B2)” +2B1 (1= Ba).

A(klakQa )

Relating A([3,m],[B2m],m) to A(B1, Ba), we will relate Ts([Bym], [B2m], m) to v5(Bi, 32). We
claim that \/A([Bl m], mz m|,m) > \/)\(31,32) —8/m. To see the claim, note that

[Bym]? (m — [Bym])? > 32 (1—32—”11> = /3 ((1—32)2_2(1—BZ)+W1L2>

(m—1)*

> BB - S BB 2 BB -

where the first inequality uses (17) and (18), whereas the third inequality uses the fact that
32 (1 - B,)? < L. Furthermore, we have

(m—1)*

\%

Vv
&
/N
(=
|
)

V)

|

3=
~

[V
9>
—

|
)
N

|

|

where the first inequality uses (17) and (18) and the third inequality uses the fact that £, < 1.
Multiplying the inequality above by two, adding the last two inequalities and noting the definition of
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A(ky, kaym), we get A([Brm], [Bam],m) > A(By, B2) —3/m. Since 1 = 0.088302 and S, = 0.614542,
we can compute the value of A(Bl,ﬁz) to check that /\(,5’1,32) > 1/4. Therefore, for all m > 64,

we have 164/ A(31, B2) — 64/m >4 —64/m > 3, in which case, we obtain

N, [aml,m) = A, By -2 2 A By - 2 e

)‘(BlaBz)"‘ o1 = ( A(Bm@z)i) .

Taking the square root above, we obtain \/A([,é’l m], [32 ml|,m) > \/)\(,5’1,32) — 8/m, which
establishes the desired claim. Noting (15) and the definition of A(ky, k2, m), we have

(B, [yl m) _ [ [Bym] (m— [Bym)
L AR [ B ] m) —

i o - (s 2) (1320 1)
> o2 (6 2) (1)
= )\(31732)*31(1*32)*%

> )\(31732) - Bl (1- Bz) _

)
m

(8+/§1+2(1*32))*%

where the first inequality uses (17) and (18), whereas the third inequality holds since 8 + f3; +
2(1— ) <9 and 2/m? <1/m for all m > 2. Using (16) and the inequality above, we get

1 ~ A A n 10
§1+m— A(ﬁ1752)+51(1_62)+g
<1-— A(B1,32)+51(1_B2)+%§0‘786+%’

where the second inequality uses the fact that 1/(2(m — 1)) <1/m for all m > 2 and the third
inequality follows from the fact that 4/ )\(Bl, Bg) >1/4 and Bl <0.09 and Bg > 0.6. The result follows
by noting that 0.786 4+ 11/m < 0.8 for all m > 786. O

Putting Lemmas H.5, H.6 and H.7 together establishes Step 4.

Appendix |I: Method of Conditional Expectations for the Uncapacitated Problem

Assume that we have a random subset of products X = {X, :i € N} that satisfies the
inequality Z(i,j)eME{‘/;j(X)%j (Ri;(X) — 2)} > 0.6 f7. In the method of condition expectations,

we inductively construct a subset of products x*) = (il,...,sﬁk,Xk+1,...,Xn) for all k € N,

where the first k& products in this subset are deterministic and the last n — k products
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are random variables. Each one of these subsets of products is constructed to ensure that
we have Z(i)j)eMIE{VZ-]-(;B(’C))%‘]‘(RM(;E(’“)) — 2)} > 06f% for all k € N. In this case, the
subset of products =™ = (#,...,4,) is a deterministic subset of products that satisfies
Dipyen Vi (@) (Ri;(2™) — 2) > 0.6 f¥, as desired. To inductively construct the subset of
products z¥) = (2,,. .. ,ik,XkH, . ,Xn) for all k € N, we start with z(© = X. By Theorem 4.1, we
have 37, o cp B{Vi; ()5 (Ri; () — 2)} > 0.6 f*. Assuming that we have a subset of products
o) that satisfies -, o\, E{Vi;(2®)7(R;;(x™) —2)} > 0.6 f*, we show how to construct a
subset of products x**V) that satisfies 3_; -\, E{Vi;(x**1)% (R;; (D) —2)} > 0.6 f*. By the
induction assumption, we have 0.6 f% <37, .\ E{V;;(®®) (R;;(®®) — 2)}. Conditioning on

X k+1, we write the last inequality as

06" < P{Xi=1} Y E{Viy(@®) s (Ry(2™) = 2) | X = 1)

(i,)eEM
+P{X 1 =0} Y B{Vy (@) (Ryy () — £)| Kia = 0}.
(i,j)eM
We define the two subsets of products as &® = (&,...,%%, 1, Xpia,...,X,) and as &% =

(Z1,. . #4,0,X)i2,...,X,). By the definition of ®, given that X,,; = 1, we have ax®) =

#® . Given that X1 =0, we have ® = z® . So, we write the inequality above as

0.6 f* <P{Xpp1 =1} Y E{Vi;(@%) 5 (R;(2") - 2)}

(i,5)eM
+P{Xer =0} ) E{V,;(@®) (R (V) - 2)}
(i,5)eM
<max{ 3 E{V, @) (Ry(2%) -2}, Y BV, @) (Ry(@Y) - )}
(i,5)eM (i,5)eM

Thus, either -, -\ B{V;;(@®)75 (R;;(2™) — 2)} or 35, 1 cp B{Vi; ()75 (R, (&™) — 2)} is at
least 0.6 f7, indicating that we can use £*) or ) as **1)_ In both £ and &®, the first k + 1

products are deterministic and the last n — k — 1 products are random variables, as desired.

Considering the computational effort for the method of conditional expectations, we can
compute Z(i,j)eME{Vij(m(o))W(Rij(m(o)) — 2)} in O(n?) operations. The subset of products
2" differs from the subset of products =) only in product k + 1, which implies that the
quantity E{V,; (") (R;;(2®) — 2)} differs from E{V;(x®™)%i(R;;(x™) — 2)} only for the nests
that include product k + 1. There are O(n) such nests. Therefore, if we know the value of
D iyen BAVij (™) (R (®™) — 2)}, then we can compute Y-, oy, E{V;;(@*) 7 (R (™) - 2)}
in O(n) operations. Similarly, if we know the value of 3, .\ B{V;; ()7 (R;;(x™) — 2)}, then
we can compute Z(i,j)eME{‘/ij(j;(k))%j (Ri;(2™®) — 2)} in O(n) operations. Therefore, given the
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subset of products £*) and the value of Z(MEME{Vij(m(’“))WJ (Ri;(z™®) — 2)}, we can construct
the subset of products £**1 in O(n) operations. In the method of conditional expectations, we
construct O(n) subsets of products of the form z® = (2, ... D CUTI ,Xn) Thus, the method

of conditional expectations takes O(n?) operations.

Appendix J: Semidefinite Programming Relaxation

We describe an approximation algorithm for the uncapacitated problem that provides an
a-approximate solution with a = %minGE[O,arccos(—1/3)](2ﬂ- —360)/(1 + 3cosf) > 0.79. Our
development generally follows the one in the main text. We develop an upper bound f#(-) on f().
This upper bound is based on an SDP relaxation of the Function Evaluation problem. Next, we
show how to obtain a random subset of products X such that > tijyen EAVij (X )i (R;(X)—2)} >
0.79 fR(2), where z satisfies f(2) =wvy 2. We also show how to find the value of 2 that satisfies

fR(2) = o 2. Lastly, we discuss how to de-randomize the random subset of products X.

J.1. Constructing an Upper Bound

We build on an approximation algorithm for quadratic optimization problems given in Goemans
and Willamson (1995). Recall that we can represent V;;(x)i (R;;(x) — z) in the objective function
of the Function Evaluation problem by p;;(2)z;z; + 0:(2) x; (1 — x;) + 6;(2) x; (1 — x;). Instead of
using the decision variables = (z1,...,2,) € {0,1}" to capture the subset of offered products, we
use Yy = (Yo, Y1,---,Yn) € {—1,1}"T! where we have y, y; = 1 if we offer product i, whereas yo y; = —1
if we do not offer product . In this case, the decision variable x; is captured by (1+yoy;)/2. Thus,

the expression p;;(2) x; x; +6;(2) z; (1 — ;) +0;(2) z; (1 — z;) is equivalent to

I+voy 1+v0y; I+vy 1=vy; I1—vuy 1+yy;
pij (%) 9 5 = +0i(2) 5 5 < +0,(2) 9 9 :
Pij\z 0;(z
= Ji)(1+yoyi+yoyj+yiyj)+ i>(1+yoyi—yoyj—yiyj)
0,’2
+i)(1—yoy¢+yoyj—yiyj)-

We define the function q(yo,y:,y;) =1+ Yovy: + Yo y; + ¥i y; so that the expression above can be
written as pi;(2) ¢(Yo, Yi, y;) /4 + 0i(2) (Yo, yi, —v;) /4 +0,(2) (Yo, —yi, y;) /4. In this case, if there is

no capacity constraint, then the Function Evaluation problem is equivalent to

1
f(Z): G{Inlai{}ﬂJrl {4 Z (pzj(Z) Q(y()ayuyj)‘i‘el(z) q(yo’y“_yj)+9J(Z)q(y0,—y“yj))}, (19)
y b : ..
Yi=—yo Vi€ N\ N(2) (i,5)eM

where the constraint y; = —y, for all i € N\ N(z) follows from the fact that we can use an argument

similar to the one in the proof of Lemma G.1 to show that if i € N(z), then there exists an
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optimal solution to the Function Evaluation problem that does not offer product i. To construct
an upper bound on f(-), letting a - b denote the scalar product of the two vectors a and b, for

(u,v,w) € R" x R""! x R""! we define the function p: R"™! x R"™! x R"™ - R as p(u,v,w) =

l1+u-v+u-w+v- w. In this case, using the decision variables v = (v°,v*,...,v") with v’ € R*!
for all i =0,1,...,n, we define f%(z)
1 S ) ) o
fR(Z) = max Z Z (pij(’z)p(voavzvvy) + ei(z)p(vovvz’ —’U]) + ej(Z)p(’UO, _,Uzv,vj)) (20)
(i,5)eM

st. v'-v'=1 Vie Nu{0}, v'=-v" Vie N\ N(z2)
p(v’, —v',v) >0  V(i,j) € M.
Using a feasible solution y € {—1,1}"*! to problem (19), we can come up with a feasible solution

v= (v’ v',...,v") to problem (20) such that the two solutions provide the same objective values. In

particular, we can set vi =y;/v/n+1 for all i,k € NU{0}. Thus, we have ff(z) > f(z).

Next, we formulate problem (20) as an SDP. We define the (n + 1)-by-(n+ 1) symmetric matrix
A(z) ={Ay(2): (1,5) € (NU{0}) x (NU{0})} as

0 ifi=j

1

= (pi(2) — 0:(2) +60,(2)) if (i,7) € N> and i < j
Z 1 (prj(2) +0;(2) —0x(2)) ifi=0and jeN.

keN\{j}

Since A(z) is symmetric, we give only the entries that are above the diagonal. We use S’fr“ to
denote the set of (n+ 1)-by-(n + 1) symmetric positive semidefinite matrices. In this case, using
the decision variables X = {Xj; : (4,7) € (NU{0}) x (NU{0})} € R+Dx("+1) "we can equivalently
formulate problem (20) as the SDP given by
P = max {uA@X) 17 Y (=) +0,6)+0,(2) : Xu=1 Vie NU {0},
XesH! 4 oeu
Xio=Xo;=—1 Vie N\ N(2), Xoi+Xo;+X;; >—1 V(i,j) € N* with i < j,
Xoi — Xoj — Xij > —1 V(i,j) € N> withi <j, —Xo;+ Xo; — X5 >—1 V(i,5) € N with i < j,
Xio+ Xjo+Xi; >—1 V(i,j) € N> withi > 5, Xio— Xjo—Xi;>—1 V(i,j) € N* with i > j,
~ X+ Xjo— Xy > —1 V(i,5) € N with i > j } (21)

Problem (21) is useful to demonstrate that we can compute the upper bound f#(z) at any point
z by solving an SDP, but to show the performance guarantee for the approximation algorithm we
propose, we primarily work with problem (20). Later in our discussion, we use the dual of problem

(21) to find the value of 2 that satisfies f%(2) = v, 2.
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J.2. Randomized Rounding and Performance Guarantee

Fix any z € R,.. To obtain a random assortment X such that > tpyen E{Vi (X)) (R (X) —2)} >

0.79 fE(z), we study the following randomized rounding algorithm. Using || - || to denote the
Euclidean norm, the inputs of the algorithm are v = (v°,v*,...,v") and u = (ug, uy,...,u,) € R*™
where we have v* € R"*! and ||v’||=1 for all i =0,1,...,n.

Randomized Rounding

Step 1: If v°-u >0, then set yo = 1. Otherwise, set y, = —1.

Step 2: For all i € N\ N(z), set y; = —yo.

Step 3: For all i € N(z), if v*-u >0, then set y; = 1; otherwise, set y; = —1.

Step 4: Let X =(X4,...,X,,) € {0,1}" be such that X; =1 if yoy; = 1; otherwise, X; =0.

As a function of its input (v,u), we let X®®(v,u) be the output of the randomized rounding
algorithm. To get a random subset of products X satisfying > tpen E{Vij (X)) (R (X) —2)} >
0.79 f(z), we will use the input (¥,4), where  is an optimal solution to problem (20) and the

components of @ are independent and have the standard normal distribution.

Considering the input (v,u) for the randomized rounding algorithm, we will write (v,u) €Z
if and only if for each i € {0,1,...,n}, there exists some k€{0,1,...,n} such that
vi # 0, u, has a normal distribution with non-zero variance and w; is independent of
{u; :j e (NU{0})\{k}}. Observe that if we have (v,u) € Z, then for each i € {0,1,...,n}, there
exists some k € {0,1,...,n} such that v} u; has a normal distribution with non-zero variance
and v,y is independent of {viwu;:je (NU{0})\{k}}, in which case, it follows that v - u =

> jeNuio} v} u; is non-zero with probability one.

Letting © be an optimal solution to problem (20), by the first constraint in this problem,
we have ||v’|| =1 for each i =0,1,...,n. Therefore, for each i € {0,1,...,n}, there exists some
ke€{0,1,...,n} such that o, # 0. In this case, letting @ be a vector with all components being
independent and having the standard normal distribution, we have (¥,4) € Z. In this section, we
show that if we execute the randomized rounding algorithm with the input (¢, @), then its output
X' (o, a) satisfies 3, o B{Vi; (X (D, @) (Riy (X (D,4)) — 2)} > 0.79 f7(2). We use the

following two lemmas from Goemans and Willamson (1995).
Lemma J.1 For all y € [-1,1], we have * arccos(y) > x (1 —y)/2 for some fized x € [0.87,00).

The lemma above is from Lemmas 3.4 and 3.5 in Goemans and Willamson (1995). For any

(v,u) € Z, we define S, (v',v7) as S, (v',v?) = P{sign(v’ - u) = sign(v’ - u)}, where sign(z) =1
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if > 0, whereas sign(z) = —1 if x < 0. Since (v,u) € Z, for all i =0,1,...,n, v'-u is non-zero
with probability one. Therefore, we do not specify sign(x) for x = 0. For (v,u) € Z, an elementary
computation in probability yields the identity

P{sign(v’ - u) =sign(v’ - u) =sign(v’ - u)} = % S (0, 0") + 8, (v°,v7) + Sy (v, v7) — 1} . (22)

Goemans and Willamson (1995) show this identity in the proof of Lemma 7.3.1 in their paper. In
the next lemma, letting p(-,-,) be as defined right before problem (20), we give a lower bound on

the probability above when the components of the vector u are standard normal.

Lemma J.2 Assume that the components of the vector u are independent and have the standard

normal distribution and ||[v°]| =1, |[v']| =1 and ||[v7|| = 1. For some fized o € [0.79,0.87], we have

% [Su(vo,vi) + S0 (V% v7) 4+ S, (v, v7) — 1

Q

=1- 2—(&1‘(:(:08(11O -v') +arccos(v® - v7) + arccos(v’ - v7)) > — p(v°, V', v7).
T

=

The lemma above is from Lemmas 7.3.1 and 7.3.2 in Goemans and Willamson (1995). In the next

lemma, we give an equivalent expression for >, .\ E{Vi;(X" (v, u))%s (R;;( X" (v, u)) — 2)}.

Lemma J.3 For any input (v,u) € T of the randomized rounding algorithm, the output of the
algorithm X®®(v,u) satisfies
> BV (X 0,u) % (R (X (v, 0) — 2)}
(i,5)eM
1 i j i
= 3 Z {pij(z) [Su(vo,v )+ Su(v?,v7) + S, (v, v7) — 1}
(i,7)EM (2)

+ 60,(2) {Su(vo,'ui) + 8, (V°, —v7) + S, (v, —v7) — 1]
+ 0,(2) [Su(vo,—vi)+5u(v0,vj)—i—Su(—'vi,vj)—1}}

+ 2IN\N(2)| Y 6 Jv). (23)
1EN(z)
Proof: Fixing the input (v,u), for notational brevity, we use X to denote the output of the
randomized rounding algorithm for the fixed input. By the discussion at the beginning of
Section 3.2, we have Z(i,j)eME{V;j(X)W(R (X ) 2)} = Z (G.d) €M(pz]( )IP’{X} =1, )Z'j =1} +
0,(2)P{X; =1, X; =0} +0,(2) P{X; =0, X; =1}). We consider four cases.

Case 1: Suppose i € N(z) and j € N(z) with i # j. By Steps 3 and 4 of the randomized

rounding algorithm, to have X, = 1, we need to have ygy; = 1, which, in turn, requires that we
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have sign(y) = sign(y;). The last equality holds if and only if sign(v° - u) = sign(v’ - u). In this
case, by (22), it follows that P{X, =1, X; = 1} = P{sign(v’ - u) = sign(v’ - u) = sign(v’ - u)} =
1(Su(¥%,v%) + Sy (v°,v7) + Sy (v, v7) — 1). Similarly, to have X; =0, we need to have yy; = —1,
which, in turn, requires that we have sign(yy) = —sign(y;). The last equality holds if and only
if sign(v” - u) = —sign(v? - u), which we can equivalently write as sign(v® - u) = sign(—v’ - u).
Thus, by (22), we get P{X; =1, X, =0} = P{sign(v° - u) = sign(v’ - u) = sign(—v’ - u)} =
1(Su(¥%,v) + Sy (v°, —v7) + S, (v', —v7) — 1). Interchanging the roles of X; and X in the last chain

of equalities, we also have P{X; =0, X, =1} = P{sign(v° - u) = sign(—v’ - u) = sign(v’ - u)} =
l(Su('vov _vi) + Su(voavj) + Su(_'via vj) - 1)

2

Case 2: Suppose i € N(z) and j & N(z). By Steps 2 and 4 of the randomized rounding
algorithm, we have X ; =0. By an argument similar to the one in Case 1, we also have ]P’{Xi =1}=

P{sign(v° - u) =sign(v’ - u)} = S, (v°,v?). So, we get P{X; =1, X; =0} =5, (v°,v?).

Case 3: Suppose i € N(z) and j € N. By the same argument in Case 2, we have
P{Xi:O, ijl}:Su(UO,Uj).

Case 4: Suppose i € N(z) and j € N(z) with i # j. In this case, we have X; =0 and Xj =
0. Putting all of the cases together, under Case 1, if X; or Xj is non-zero, then we may have X; =1,
)~(j =1,0r X; =1, Xj =0, or X; =0, Xj =1. Under Case 2, if X; or Xj is non-zero, then we must
have )N(i =1 and Xj = 0. Under Case 3, if Xi or Xj is non-zero, then we must have Xi =0 and
X; = 1. Collecting these observations, we obtain

> E{V,(X) 5 (Ri;(X) - 2)}

(i,5)eM

= 3 {puP(Xi=1, X =1} +6,(:)P{Xi =1, X; =0} +6,(:)P{X, =0, X, =1}}
= Y 16eNE), jeNE{pu()P(Xi=1, X, =1}

+0,(2)P{X, =1, X, =0} +0,(2) P{X, =0, X, = 1}}

+ Y 1(€N(2), j€N(2)0:i(z)P{X; =1, X,; =0}

(i,5)eM

+ Y 1(i¢N(2), jEN(2)0;(2) P{X; =0, X, =1},

(i,5)eM
in which case, plugging the expressions for the probabilities }P’{)N(i =1, Xj =1}, IP’{)NQ =1, Xj =0}

and P{X; =0, X, =1} that we have under Cases 1, 2 and 3 above yields the desired result. ]

In the next theorem, we give a performance guarantee for the subset of products obtained by

the randomized rounding algorithm. Throughout our discussion, « is as given in Lemma J.2.
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Theorem J.4 For a fized value of z € Ry, let the subset of products X®R(®,4) be the output of
the randomized rounding algorithm with the input (0,4), where we have © = (8°,9,...,9") with
o' € R™ and ||0']| =1 for all i =0,1,...,n and the components of the vector @ are independent

and have the standard normal distribution. If 8° = —8° for all i € N\ N(z), then we have

{Ps(2)p(0°, 8", 87) 4 0,(2) p(8°, 0", ~ ") + 0, (2) p(8°, ', 87) }.

In particular, if we choose © in the input (0,4) as an optimal solution to problem (20), then we

have 3, ooy B{Vi; (XFR(8,4)) 0 (Riy (X"R(6,4)) — 2)} > 0.79 f(2).

Proof: For notational brevity, we use X to denote the output of the randomized rounding algorithm

with the input (9,4). Note that (9,4@) € Z. We consider four cases.

Case 1: Suppose i € N(z) and j € N(z) with i # j. By Lemma J.2, we have the inequality
2(Sa(0°,0%) + Sa(8°,97) + Sa(v',97) — 1) > 2p(d°,9°,97), in which case, since p;;j(z) > 0
whenever i€ N(z) and j € N(z), we obtain 3 p;;(2) (Sa(9°,9%) + Sa(8°,87) + Sa(d',97) —1) >
2 i (2)p(0°,9%,87). We also get 3$0;(z)(Sa(0",9") + Sa(8°,—97) + Sa(d',—o7) — 1) >

20,(2) p(8°, 8", —87) and 3 0;(2) (9a(8°, —8") + 94(8°,87) + Sa(—8", &) — 1) > 2 0;(2) p(8°, —#", &)

by following the same reasoning. Adding the last three inequalities, we have

2 () [Sa(8”, %)+ Sa(#,97) + 5a(6',97) ~ 1]
+ 0:(2) [Sa(8°,87) + Sa(0°,~97) + Sa(', —) —1}
+ 0(2)[Sa(®°, ~8') + Sa(8°,) + Sa(~0",%) 1] }
> {2 p(e", 8", 97) + 6,2) (0 O,fa%—m+ej<z>p<f;0,—6w>}. 21)

Case 2: Suppose i € N(z) and j ¢ N(z). By Lemma J.1, for all y € [-1,1], we
have 1— Larccos(y) = £ (m — arccos(y)) = arccos(—y)/m > x (1 +y)/2. The definition of S, (v’ v7)

implies that S5 (9%, 9) = 1. In this case, by Lemma J.2, we obtain

o 1 ) o
Sa(0,07) = 3 Sa(9°,9") 4+ Sa(8°,9") + Sa(d', ") — 1
1 1 . .
=1- 2—(2 arccos(9” - 9') +arccos(d' - 9')) = 1— —arccos(d"-9') > %(l—i—ﬁo'fﬂ),
T T

where the third equality uses the fact that ||9’|| = 1. On the other hand, since j € N\ N(z), we
have 97 = —°. Therefore, we obtain p(9°, 9%, 97) = p(8°,9*, —9°) = 1—8"- 8" = 0, where the second

equality uses the definition of p(-,-,-) and the last equality uses the fact that ||6°|| = 1. By the same
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~q

argument, we have p(9°, —9",97) = 0. Also, we have p(0°,9*, —07) = p(8°, %%, 9°) =2+23"- %' >0,
where the inequality uses the fact that ||8°|| = ||9°]| =1 so that ©°- %' > —1. Since i € N(z), we
have 0;(z) > 0. In this case, multiplying the chain of inequalities above by 6;(z), we get

«

,(2) Sa(8,9) > 6i(2) 3 (14+9°-8") > 6() 5 (1+8"- )
= T {Pu2) p(8°,0",97) + 0,(2) p(8", 8", —87) +0,(2) p(8°, —0", )}, (25)

where the second inequality holds since x € [0.87,00), a € [0.79,0.87] and ©° - &° > —1, whereas the
equality uses the fact that p(8°,¢,97) =0 =p(0°, —9",9’) and p(d°, %%, —97) =2+ 28"

Case 3: Suppose i € N(z) and j € N. Interchanging the roles of products i and j in Case 2, the

same reasoning in Case 2 yields
0,() 8a(8',0%) > 5 {1y (2) p(8", 81,97) + 0,(2) p(8°, 8, ~7) +,(2) p(8", 5", %)} (26)

Case 4: Suppose i ¢ N(z) and j & N(z) with ¢ # j. Since i ¢ N(z) and j & N(z), we have

=/ = —8°. In this case, we obtain p(?°,9%,97) = p(8°, —0°,—9°) =1 — ©° - ©° = 0, where

X
the second equality uses the definition of p(~,-,-) and the third equality uses the fact that
|8°|| = 1. Similarly, we have p(8°,9*,—97) =0 and p(8°, —9*,97) = 0 as well. Therefore, it follows
that § (ps;(2) p(0°,0",7) 4 0;(2) p(°, 8", =07 ) + 6;(2) p(8°, —0*,97)) = 0. To put the four cases
considered above together, recalling that we use X to denote the output of the randomized rounding

algorithm with the input (9,4), by Lemma J.3, we have

Y E{Viy(X) 5 (Ry(X) - 2))

(i,5)EM

1 . . S
-5 3 1<z‘eN(z>,jeN(z)){pixz)[sﬁwo,fﬂ)+Sa<ﬁ°,ﬁﬂ>+sﬁ<ﬁw>—1}
(4,5)EM
+ 03(2) | Sa(0°, 8') + Sa(8°, ~87) + Sa(®', ~ ) ~ 1]
+ 0,(2) [sﬁ(ﬁO,—ai)+sﬁ(ﬁ0,@j)+sﬁ(—fﬁ,w)—1}}

+ Y 1(€N(2), j€N(2))0:(2) Sa(®,8) + D> 1(i ¢ N(2), j€N(2))0;(2) Sa(8°,9)

(i,7)eM (i,5)eM
> 2% {p--(z)p('ﬁo 8,97) + 0:(2) p(8°, 87, —07) + 0,(2) p(8°, — &' ﬁj)}
- 4 1] ) ) K3 ) Y J Y ? Y
(4,5)eM
where the inequality follows from (24), (25) and (26), along with the fact that p(8", 9% 97) =

p(8°, 9%, —97) = p(0°, —9%, %) = 0 when i € N(z) and j & N(z). The chain of 1nequaht1es above
establishes the first inequality in the lemma. To see the second inequality in the lemma, choosing ©

as an optimal solution to problem (20) in the chain of inequalities above and noting the objective
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function of problem (20), we obtain > E{V;;(X)% (R;;(X) — 2)} > a f(2). The optimal
objective value of problem (20) is non-negative since setting ©' = —%° for all : € N provides a
feasible solution to this problem with an objective value of zero. Therefore, noting that f%(z) >0

and a > 0.79, the last inequality yields 3, -, B{V;; (X)) (Ri;(X) — 2)} > 0.79 fR(2). O

Thus, by Theorem J.4, letting © be an optimal solution to problem (20) and @ be a vector whose
components are independent and have the standard normal distribution, if we use the randomized
rounding algorithm with the input (%,@), then the output of the algorithm XRR(%,4) satisfies
S oyenr EXV (XFR(8,@))75 (Ryy(XRR(8, @) — 2)} > 0.79 F7(2).

The vector @ is a random variable, so the subset of products X®*®(%,4) is a random variable
as well, but to use Theorem 3.1 to get an approximate solution, we need a deterministic
subset of products & that satisfies the Sufficient Condition. Since we construct the upper
bound ff(-) by using an SDP relaxation, the method of conditional expectations discussed
in Section 4 does not work. Nevertheless, Mahajan and Ramesh (1999) give a procedure
to de-randomize the solutions that are obtained through SDP relaxations. We shortly adopt
their de-randomization procedure to de-randomize the subset of products XTR(%,@). This
de-randomization procedure is rather involved. As an alternative, we can simply simulate many
realizations of the random variable X®®($,4). In particular, since we know the distribution
of @, we can simulate many realizations of the random variable 4 and compute X®F(%,4)
for each realization. Therefore, simulating many realizations of X®R(®,4) is straightforward.
Since we have 37, o E{Vy (X" (d,4))" (R (X (D,4)) — 2)} > 0.79 f(2), there must be
realizations # of the random variable X®R(%, @) with strictly positive probability that satisfy
D jen Vig (&) (Rij(£) — 2) > 0.79 f7(z). Also, since we know the value of f#(z), if we find a
realization & that satisfies > .oy Vi (&) (R (&) — 2) > a ff(2) for some a other than 0.79,
then we can be sure that this subset is an a-approximate solution. Therefore, it is entirely possible
that simulating many realizations of the random variable X*}(%,4) may provide a deterministic
subset of products & that satisfies >, .5, Vij(2)79 (Ri;(2) — 2) > o f7(2) for a value of a that is
larger than 0.79. Furthermore, since we know the values of both >, ., Vi;(#)"% (R;;(£) — 2) and
fE(2), we can compute the value of «. In the next section, we show how to compute the fixed point
of fR(-)/ve by solving an SDP. After this discussion, we show how to de-randomize the output

XBR(p,4) of the randomized rounding algorithm, if desired.

J.3. Computing the Fixed Point

In Section 3.3, we use the dual of the Upper Bound problem to find the value of Z satisfying

fR(2) =wvo 2, where ff(z) is given by the optimal objective value of the Upper Bound problem.
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In this section, we use the dual of problem (21) to find the value of 2 satisfying f7(2) = v, 2,
where the ff(z) is given by the optimal objective value of the SDP in (21). To formulate the
dual of problem (21), we let B8 = {8;::€ NU{0}} be the dual variables associated with the
first constraint in problem (21). Writing the second and third constraints as X, = —1 and
Xoi = —1, we let {¢p;0:i€ N\ N(z)} and {to; : i € N\ N(z)} be the dual variables associated
with the second and third constraints in problem (21). Also, we let {v};:(4,7) € N? with i < j},
{7 :(4,5) € N? with i < j} and {v}; : (i,j) € N? with i < j} be the dual variables associated
with the fourth, fifth and sixth constraints. Similarly, we let {v}; : (i,j) € N* withi > j},
{7 : (4,5) € N? with i > j} and {v}; : (i,7) € N* with i > j} be the dual variables associated with
the last three constraints. We define the (n+ 1)-by-(n+ 1) symmetric matrix of decision variables

[ ={Ty;:(i,7) € (NU{0}) x (NU{0})} as

0 ifi=j

ry, = M if (4,5) € N* and i <j
> Ah+9% - ifi=0and jEN.
keN\{j}

Shortly, we restrict I' to be a symmetric matrix. Therefore, we give only the entries that
are above the diagonal. Also, we define the (n + 1)-by-(n + 1) matrix of decision variables
W = {¢;;:(i,j) € (NU{0}) x (NU{0})}}, where all entries other than {1, :i € N\ N(z)} and
{tpo; :i€ N\ N(2)} are set to zero. For fixed value of z, the dual of problem (21) is given by

min 2: Bi — E: (Yio +%0i) + E:(ﬁ%+73+72)+£i§:(MA@+ﬂJ@+ﬂA@)

i€ Nu{0} iEN\N(z) (i,5)eM (i,j)eM

st. diag(8)+¥ —T — A(z) e ST

n n n 1 +1
BER -i-l7 \I’ER( +1)x( +1)7 F€R$L+ )X (n )’

where we use diag(3) to denote the diagonal matrix with diagonal entries {5, : i € N U{0}}. Similar

to our approach in Section 3.3, to find the value of 2 that satisfies f%(2) =, 2, we solve

min Z Bi — Z (Vio +voi) + Z (%13““%2]'4‘73]') + i(z (pij(2) +0i(2) +0;(2))

1€ NU{0} 1EN\N(z) (i,5)eM i,j)EM

s.t. diag(8)+ ¥ —T' —A(z) e ST
Z Bi — Z (tio + Yoi) + Z ('yilj—i-’y,-zj—i-’yfj) + i Z (pij(2) +0i(2) +0;(2)) = vz

i€ NU{0} i€EN\N(z) (i,5)eM (i,5)eM
,8 c Rn+1’ U c R(n+1)x(n+l)7 Te Rf-ﬁ-l)x(nﬁ-l)’ zcR.

By using precisely the same argument in the proof of Theorem 3.3, we can show that if (B, U T, 2)

is an optimal solution to the SDP above, then ff(2) =, 2.
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J.4. Preliminary Bounds for De-Randomizing the Subset of Products

In this section and the next, we discuss how to de-randomize the output of our randomized
rounding algorithm. In this section, we provide preliminary bounds that will be useful in the
analysis of the de-randomization approach. In the next section, we give the de-randomization
approach and its analysis. In our de-randomization approach, we follow Mahajan and Ramesh
(1999), where the authors de-randomize an SDP relaxation-based approximation algorithm for
the 3-vertex coloring problem. We adapt the approach in Mahajan and Ramesh (1999) to our
assortment optimization setting. Letting & = (9°,9",...,9™) be an optimal solution to problem (20),
the starting point in the de-randomization approach is to compute a so-called discretized version
of ©. The discretized version is discussed in Section 3.1 and Appendix 1 in Mahajan and Ramesh
(1999). The next lemma summarizes this discussion. Here, for any vector v = (vg,vy,...,v,) € R"*,

we use vk, ..., 0] € R to denote the vector (v, vii1,...,v0).

Lemma J.5 Letting © = (0°,9,...,9™) be an optimal solution to problem (20), in polynomial

time, we can obtain the solution v = (0°,0',...,0") that satisfies the following properties.

(a) We have ||5||=1 for allie NU{0} and v' =—3" for allie N\ N(z).

(b) We have |5° -7 — %" - 97| = O(2) for all i,j € NU{0}; that is, the scalar product of any pair
of vectors changes by O(=).

(¢) Letting ¥ = (0},0},...,7},), we have |v}| =Q(55) for all i,j € NU{0}.

(d) Foralli,j € N(z2)U{0} and h € NU{0}, if we rotate the coordinate system so that v'[h...n]=
(b1,0,...,0) and ¥/[h...n] = (b,b},...,0), then we have |bi|=Q(5) and by =Q().

n

Throughout our discussion, we use ¥ to denote the discretized version of ¥ as discussed in the

lemma above, where ¥ is an optimal solution to problem (20). We define C(z) as

C(Z)Z{ Y (pi(2) +0:(2) +6;(2)) F2IN\N(2)| Y 6%(2)}.

(i,5)eM () iEN(2)

In the next lemma, we give a simple bound on f£(z2).
Lemma J.6 We have § [7(z) <C(2) < fR(2).

Proof: Using e; € R"™! to denote the unit vector with a one in the i-th component, we define the
solution @ = (¢°,9,...,9") to problem (20) as follows. For all i € N(z) U {0}, we set ¥° = e;. For
all i € N\ N(z), we set o' =—9°. If i € N(z) and j € N(z), then we have " -9 =0, ?°- 97/ =0
and ' - ¥/ =0, so that p(9°,0',97) = p(v°, 0%, —07) = p(°, —0",9’) = 1. On the other hand, if

i€ N(z) and j € N\ N(z), then we have 9" - 9" =0, ?° -9/ = —1 and o' - 9/ =0, so we get
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p(0°,0",97) =0, p(d°, 0", —v7) =2 and p(v°, —0%,9’) = 0. Similarly, if : € N\ N(z) and j € N(z),
then we have p(2°,0%,97) =0, p(¢°,9",—07) =0 and p(?°, —0",97) = 2. Lastly, if i € N \ N(z) and
j € N\ N(z), then we have p(2°,9",97) = p(0°, 0", —0?) = p(8°, =0, 97) = 0. Thus, the solution ©
is feasible to problem (20). Also, it is simple to check that this solution provides an objective value
of i{Z(i,j)eM(z)(piﬂ'(Z) +0;(2) +6;(2)) + 4[N\ N(2)| > ;cn(. 0i(2)} for problem (20). Since @ is a

feasible but not necessarily an optimal solution to problem (20), we obtain

fi(z) = i{(i,jg(z)(pij(2)+9i(Z)+9j(2))+4‘N\N |zg(:z)9 } > C(2).
Let © = (9°,9",...,9") be an optimal solution to problem (20). Since ||9?|| =1 for all i € N U {0},
we have 9" - ¢/ <1 for all 7,5 € N U {0}, so we get p(d°,¢",97) < 4, p(0°,9",—97) <4 and
p(0°,—0",97) < 4. Also, if i € N(z) and j€N\N(z), then 8° - 9" =1 and ¢/ = —9" by
p(#,8%,97) = p(#", 8", ~8%) = 0

and p(9°, —0",97) = p(8°, —0",—9") = 0. Similarly, if i € N\ N(z) and j € N(z), then we have
p(0°,0",97) = p(0°, —0°,97) = 0 and p(0°,d", —97) = p(8°, —0°, —7) = 0. Lastly, if i € N\ N(2)

the first two constraints in problem (20), which imply that

and j € N\ N(z), then we have p(9", 9%, 9’) = p(0°, 9", —07) = p(d°, —d*, %) = 0. So, we get

fﬂd==i(EM@M@p@QWﬁU+@@W@2Wrﬁﬂ+@wmwﬁ—ﬁﬁ”)
:i(%;luewwxyeN@»&m&mw° )+ 0:(2) p(8°, 8, —0) + 6;(2) p(8°, ~', &) }
+j(%;;meN@»j¢N@»@@mwﬂwfww
+i“MlugN@»JeNu»@@m@%—wmw
< ‘AJ@GN@;jZN@D@Ad+&@H%Ad)
(”f(} })EMl(ieN(z), jgN(z))ei(z)+(§)€:M1(i¢N(z), JEN(2)0;(2) = 4C(z), (27)

where the inequality holds since p(°, 9%, 97) < 4, p(¢°,9°, —97) <4 and p(8°, —d*,97) < 4 for all
(1,7) € M, along with p;;(z) >0 for all (¢,j) € M(z) and Gi(z) >0 for all i € N(z). O
In the next lemma, we use C'(z) to bound the loss in the objective value of problem (20) when
we use the discretized solution ¥ instead of the optimal solution ©. We define g% (z) as
R = 1 iy T AN 70 —o7) + 0, _ J
9%=) = 7 D (pi(2)p(8°, 0" %7) +0:(2) p(0°, 8, ~5") +0;(2) p(8°, ~0", 7)),

(i,7)eM

which is the objective value of problem (20) evaluated at v.
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Lemma J.7 We have g"(z) > f#(z) — O(%) C(2).

Proof: By the second part of Lemma J.5, we have @' - %/ > &' - &/ — O(%), which implies

that p(v°,9",97) > p(8°,9",97) — O(3;), p(?°, 0", —v’) 2 p(¥°,9', —9’) — O(;) and p(v°, —¥",%7) >
p(8°,—9",97) — O(2). Furthermore, noting that ||5°|| =1 for all i € N U{0} and ©° = —%° for all
i € N\ N(z) by the first part of Lemma J.5, using the same argument that we use to obtain the

second equality in (27), we obtain

gR(Z) = i Z 1(i € N(z)’ ] € N(Z)) {pij(z)p(ﬁoaﬁi”l—)j) +9i(2)p(ﬁo7q_]iv _ﬁj) + Hj(z)p(q_jo’ _ﬁi’ﬁj)}

(i,5)eM

+i > 1(G€N(2), j€N(2)0:(2)p(d°, 7', —)
i,j)EM

(i
1 o
+5 D WigN(2), €N(2)0,(2)p(@",~7", 7).
(i,5)eEM
Since p;;(z) > 0 for all (¢, j) € M(z) and 6;(z) > 0 for all i € N(z), the desired result follows by noting
that p(0°, 0%, 07) > p(8°,*,97) — O(%), p(0°, 0%, —v7) > p(0°, %', —97) — O(%) and p(v°,—v%,97) >

p(8°, —",87) —O(+), along with the definition of C(z) and the equivalent definition of f%(z) given
by the second equality in (27). a

J.5. De-Randomization Algorithm and Analysis

In this section, we give the de-randomization algorithm and show that we can use this
algorithm to de-randomize the output of our randomized rounding algorithm. For any vector
w= (W wh,... ww L w ) € R we define w(1) € R™! and w(2) e R™™ as w(l) =
(W wh, ..., w™) and w(2) = (W™, w2 ... w* ™). Thus, the vectors w(1) and w(2), respectively,
correspond to the first and last n+ 1 components of w. For a vector w € R*"*2, note that we can

(n+1)x(2n+2) Tp particular, indexing

express w(1l) —w(2) as Dw for an appropriate matrix D € R
the elements of D by {d;; :i=0,1,...,n, 7=0,1,...,2n+ 1}, it is enough to set d;; =1 when i = j,
d. =

;i =—1 when i+n+1=j and d;; =0 otherwise. Throughout this section, for notational brevity,

we will write Dw instead of w(1) —w(2).

Consider using the input (9, 4) in the randomized rounding algorithm, where @ is the discretized
version of the optimal solution ¥ to problem (20) and the components of the vector @ are
independent and have the standard normal distribution. If we multiply @ by a positive constant,
then the output of the randomized rounding algorithm does not change. Let W be a vector
taking values in R?>"*2 such that its components are independent and have the standard normal

distribution. In this case, the components of the vector W (1) — W (2) = DW are independent and
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have normal distribution with mean zero and variance 2. Therefore, using the input (o, DW) in

the randomized rounding algorithm is equivalent to using the input (o,4).

In our de-randomization approach, we start with the vector W taking values in R?"*2, where
the components of W are independent and have the standard normal distribution. Iteratively,
we fix one additional component of this vector. Therefore, after 2n + 2 iterations, we obtain a
deterministic vector. Using @ € R*"™2 to denote the deterministic vector obtained after 2n + 2
iterations, we use the input (0,Dw) in the randomized rounding algorithm. Since Dw is
deterministic, the output of the randomized rounding algorithm is also deterministic. We will
show that 3=, ., Vij (X (B, D®)) " (R, (X" (8, D)) —2) > (0.79—-O0(5,)) fF(2), so the subset
of products X" (%, Dw) satisfies the Sufficient Condition with a = 0.79 — O(%). We give the
de-randomization algorithm below. In this algorithm, for any random vector W taking values in
R2"+2 we let W (¢,5) be the vector also taking values in R*"*2 that is obtained by fixing the ¢-th
component of W at §. Also, for any random vector W taking values in R*"*2, we define

aW)= 3 B[V, (X (0.DW))s (Ry (X (5,DW)) - 2) }.
(i,j)eM
where ¥ is the discretized version of the optimal solution to problem (20). Lastly, we use the

operator precedence DW (¢,6) = D(W (¢,0)), not DW (£,0) = (DW)(¥,9).

De-Randomization

Step 1: Set £ = 0. Define the random vector W = (W° Wt ... . Wn» Wn+t W21 where
W' has the standard normal distribution for all i =0,1,...,2n+1 and {W*:i=0,1,...,2n+1}
are independent.

Step 2: If / < 2n+ 1, then define the set S as

1
S= {6 € [-3VInn,3VInn]: ¢ is a multiple of E}
U {(5 €[-3VInn,3VInn]: ®(W®(£,6)) is not differentiable in (5}.

If £ =2n+1, then letting A={€R : ¥ -DW®({§) =0 for some i € NU{0}}, Opax =
maxsea 0 and O, = mingea, define the set S as S =AU {0min — €, dmax + €} for any e > 0.

Step 3: For each § € S, find f(6) such that [f(6) — ®(W O (£,8))| = O () C(z). Set @ =
argmaxses f(9).

Step 4: Define the random vector W+ = (@° w!, ... w*, WL ... W?+1) Increase £ by

one. If £ <2n+1, then go to Step 2; otherwise, return @ = (@°, @',...,w** ).

If we have ¢ = 2n + 1, then the vector W (¢,6§) is of the form (w° w?,...,w?",§), which is

deterministic. In this case, we can compute the elements of A in Step 2 by solving the linear
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equation ¥ - DWW (¢,§) =0 for § for all i = N U {0}. Thus, we can obtain the elements of A
explicitly and |A| = O(n). Therefore, we can execute Step 2 in the de-randomization algorithm
efficiently when ¢ = 2n + 1. On the other hand, if £ < 2n + 1, then the vector W (£,§) is of
the form (@ w!,..., @t 6 WL . W?2"+L) and the last 2n + 1 — ¢ components of this vector
are independent and have the standard normal distribution. By the third part of Lemma J.5,
we have o} # 0 for all i,k € N U {0}. Therefore, we have (3, DW ¥ (¢,§)) € Z. In Section 5 in
Mahajan and Ramesh (1999), the authors discuss how to compute the points of non-differentiability
for ®(W¥(¢,5)) efficiently. At the end of this section, we argue that the number of points of
non-differentiability for ®(W®(¢,§)) is polynomial in n. Thus, we can execute Step 2 in the
de-randomization algorithm efficiently when ¢ < 2n 4+ 1 as well. At the end of this section, we
also discuss how to construct f(§) for each § € S. In this case, we can find w* in Step 3 of the

de-randomization algorithm by checking the value of f(9) for each § € S.

Next, establish the performance guarantee for the output of the de-randomization algorithm. In
the random vector W (£,§), the /-th component is fixed at &, whereas in the random vector
W) the /-th component has the standard normal distribution. In the next lemma, we show that
O(W O (£,6)) is not too much smaller ®(W ), as long as we choose some § € [~3v/Inn,3vInn]
to maximize the former quantity. After the next lemma, we build on this result to show that

(W (£,6)) is not too much smaller (W), as long as we choose some § € S.

Lemma J.8 For any £ <2n+ 1, we have

1
ma WO5)} = sW)-0(—5)C()

66[—3\/1nn),(3\/ﬂ] { ( ( )) - ( ) n4-b ( )
Proof: Letting © be the discretized version of the optimal solution to problem (20), for any random

vector W taking values in R*"*2 such that (o, DW) € Z, we define T(W) as

T(W) :% Z {pij(z)[SDW(—TJO,T;Z')+SDW(—170,17J')+SDW(—17i,17j)]

(i,5)eM (2)

+ 0:(2) |:SDW(_1_)076')+SDW( 0, —v’) + Spw(— ’l_)i,—’l_)j)}
+ 0;(2) [SDW(_Q_JO, —0") + Spw (—0°,7’) + Spw (¥, Ej)} }
+ 2IN\N(2)| D 6i(2) Spw(-2°,"). (28)
iEN(2)

Note that ®(W') can be obtained by setting w = DW and v’ =@ for all i € N U {0} in the
expression on the right side of (23). Furthermore, since (o, DW) € Z, the definition of S, (v’,v7)
implies that Spw (0°,0?) 4+ Spw (—0",07) =1 for all i, j € NU{0} with i # j. In this case, noting the
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definition of C'(z), it follows that T(W)+ ®(W) =4 C(z). Also, since p;;(z) >0 for all (i, ) € M (z)
and 0;(z) >0 for all i € N(z), we have T(W) > 0. In this case, noting that (3, DW)(¢,4)) € T by

the discussion right after the de-randomization algorithm, we obtain

3vInn 52 [e) 52
/ WO, 5)) =% ds / WO, 5)) =% ds

min T(W®(e,6)) < 2=3vin < L=
56[—3\/@73\/@] ( ( )) - 3vVInn 52 - 3vInn 52
/ e 2 do / e 7 do
—3vInn —3vInn
0) ()
i e S 1-0(H)
/ e zdd
—3VInn

In the chain of inequalities above, the second inequality holds since T'(W') > 0. To see the equality,
consider each term in the sum on the right side of (28) when we compute T(W®). By the
definition of S, (v’,v7), we have Spw (—0°,%") = P{sign(—DW ¥ .%°) =sign(DW® .%")}. The
corresponding term is given by P{sign(—DW ) (¢,6) - ©°) = sign(DW ¥ (£,4) - ¥)}, when we
compute T(W(£,5)). The vectors W and W®({,§) agree in all components except
for the /-th component. The ¢-th component of W) has the standard normal distribution, whereas

the /-th component of W) (¢, ) is fixed at §. Therefore, by conditioning, we get

P{sign(—DW® . 5°) = sign(DW© - ")}
oo ‘ )
=/ P{sign(—DW (¢, 5) - °) = sign(DW O (£,5) - %)} e~ d.

Using the same argument for each term in the sum on the right side of (28), we get T(W¥) =
2 / 2

[ T(W(L,6)) e 7 d8. The last inequality in (29) holds since 1 — f%;% ~Tds = O(+1s),

which is shown in the proof of Lemma 4.2 in Mahajan and Ramesh (1999).

We can compute ®(W ) by replacing u with DW ) and v with @ on the right side of (23). By
(22), each expression delineated with square brackets on the right side of (23) corresponds to a

probability. Thus, ®(W ) > 0. Since T(W ) (£,6)) + ®(W O (£,5)) =4C(z), we get

max dWW(L,6)) = 4C(2) — min T(W©(¢,6))
3€[-3vInn,3vInn] 3€[-3vInn,3vInn]
©) 4C(2)—T(W®
1-0(55) L- 0(n4s)
BWO) - 0 (1) C(2) 1
— > O © _
oLy 2 *W)-0(m)Ce)
where the first inequality uses (29) and the second inequality holds since ®(W ) > 0. O

Next, we will show that the lemma above holds when 0 € S instead of § € [-3Vv/Inn,3vInn]|. We
need the following lemma from Appendix 2 in Mahajan and Ramesh (1999).
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Lemma J.9 Letting hge)(ﬁi,ﬁj) = Spw® 05 (0,07) for 4,5 € N U {0} with i # j, we have
) (=i ~j
dhs” (B*,57)

7 = O(n*) whenever the derivative exists.

In the next lemma, we build on Lemmas J.8 and J.9 to show that the inequality in Lemma J.8

continues to hold when we choose § € S and consider any ¢ <2n+ 1.

Lemma J.10 For any £ <2n-+1, we have

max {2(WO(.0)} > aW®)~0( 1) 0(z).

oes n45

Proof: First, fix £ <2n+1. Let §" = argmaxse|_3 /i 3v/imm) (W (£,6)). By the definition of S in
the de-randomization algorithm, there exists § € S such that |§* — 8| = O(55) and Spyyy 0 (4 5(T, 77)
is differentiable in & over the interval (min{8*,d}, max{6*,6}). So, by Lemma J.9, we get
L L 1

Spwean) () = Spwings (@3] = 0(=).
Since (5, DW ) (¢,5*)) € Z, we can compute ®(W ) (¢,5*)) by replacing u with DW ¥ (¢£,6*) and
v with @ on the right side of (23). Similarly, we can compute ®(W ®)(£,4)) by replacing w with
DW®(¢,4) and v with @ on the right side of (23). So, using the equality above, we get

|<I’(W“)(&5*)) —o(W(£,9))]

<5 3 3{n@raE+6m}0() + 2ANNEL Y 6()0(-;)

(z J)EM(z) iEN(z)

= O(%) C(z), (30)

n

where the last equality uses the fact that 6C(2) > 530, 1 cu(Pu(2) + 0:(2) + 0;(2)) +
2IN\N(2)| Xoien(z) 0i(2). Thus, it follows that

1

max {oWO(£,0)} = W (L8) = oW (1,5 - (%)
) 2 o(W)-0(—) ),

ses
- 56[73\/1%),(3\/ﬁ]{¢(w Z)(g 6))} O(;) Cle

where the second inequality uses (30) and the third inequality uses Lemma J.8 along with the fact
that O( )+ O(n4 5)= O(nTl.s)'

Second, fix ¢ = 2n + 1. Noting the discussion right after the de-randomization algorithm,
W (£,6) is a deterministic vector of the form (w®,w!,...,w*",§). Furthermore, by the definition
of S, for any i € N U {0}, the sign of ©' - DW(£,§) does not change when § takes values
between two consecutive elements of S. Observe that if we execute the randomized rounding

algorithm with the input (3, DW®)(£,4)), the output of the algorithm depends only on the signs
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of {o°- DWW (£,6):i€ NU{0}}. Therefore, as & takes values between two consecutive elements
of S, the value of X®® (5, DW (£, 6)) does not change. Noting the definition of ®(W), it follows
that the value of ®(W ) (¢,5)) does not change either as § takes values between two consecutive
elements of S. Furthermore, as ¢ takes values smaller than d,,;, — € or larger than d,,., + €, the

value of ®(W ) (£,§)) does not change. Therefore, we obtain

max (oW )} = max{oW O} > [oWOws T as — W),

where the last equality follows from the same argument that we use to show that

2. T(W(L,6)) e do= T(W®) in the proof of Lemma J.8. O

In the next theorem, we give the performance guarantee for the output of the de-randomization

algorithm.

Theorem J.11 Letting @ be the output of the de-randomization algorithm and & = X "R (%, D),
& is a deterministic subset of products that satisfies
> V@) (Ry(@) =) > (079-0(2)) ().
(i) eM

Proof: Since the vector @ in Step 4 of the de-randomization algorithm is deterministic, it
follows that & is a deterministic subset of products. Noting Step 4 of the de-randomization
algorithm, we have W) = W (¢, w"). In this case, since ®(WH(£,6)) > f(6) — O () C(z)
for each § € S in Step 3 of the de-randomization algorithm, we get ®(W D) = &(W O (¢, w*)) >
f(@*) = O () C(z). Furthermore, since, we also have f(8) > ®(W(¢,6)) — O (-5) C(z) for each
§ € S in Step 3 of the de-randomization algorithm, we get maxses f(J) > maxses ®(WH(¢,65)) —

O (J5) C(2). In this case, since @’ = argmaxscs f(0) in Step 3, we obtain

WD) = WO (L) > f(w‘)—0<;5> o(2)
= 0 -0(55) ) 2 gax{ew o} -o () )

Noting Lemma J.10 and the fact that O(Z5) + O(=15) = O(=15), the chain of inequalities
above implies that ®(W D) > (W) — O(—15) C(z). There are 2n + 2 iterations in the
de-randomization algorithm. Adding the last inequality over ¢ = 0,1,...,2n 4+ 1, we obtain

B(W ) > B(W ) — O(=) C(2).

We have W?"+2) — o at the last iteration of the de-randomization algorithm. Also, W
is the random vector taking values in R?"*2, where the components are independent and have

the standard normal distribution. As discussed at the beginning of this section, using the input



Zhang, Rusmevichientong, and Topaloglu: Assortment Optimization under the PCL Model

56

(,DW©) in the randomized rounding algorithm is equivalent to using the input (¥, %), where @
is a vector taking values in R"™! with the components being independent and having the standard

normal distribution. Therefore, we obtain

D V@) 9(Ry(®)—2) = ) Vy(X"(5,Dw))" (Ry (X (5,Dw)) - 2)

(i,5)eM (i.5)eM

— O(@) = D(WEHD) > @(W(O))—O(%>C(z)
= 3 E(XM @, DW ) (R, (XM (5, DW)) )}~ 0( ) C(2)
(i,j)eM
= 3 BV (XM(@, @) (Ry(X(@,8)) ~ 2)} - O ) C(2)
(w)EM
a ( EE:M{% p(® af)"ﬂ')+9i<z>p<6°,w,—6j>+ej<z>p<ﬁo,—6%ﬁf>}—0(%)C<z>

1
= ag"(z) - O(ﬁ) C(2),
where the second and fourth equalities follow from the definition of ®(W) and the second inequality
is by Theorem J.4. Thus, we have }, ., Vi; (@)% (Ri;(&) — 2) > a g"(2) — O(;55), in which case,
noting Lemma J.7 and the fact that O(2) 4+ O(35) = O(2), we get

S V@) (Ry(@) ) > ag™(z) - 0(—5) €)= af (=) -0( ) )
(i,5)EM

1 1
> 0.791%(2) — O(ﬁ) O(z) > (0.79 —0 (5))#?’(2).
Here, the third inequality uses the fact that a > 0.79 and the fact that the optimal objective value
of problem (20) is non-negative as discussed at the end of the proof of Theorem J.4. The last
inequality holds since f#(z) > C(z) by Lemma J.6. O

By the theorem above, for any € > 0, these exists a constant K such that if n > K/e, then we
can use the de-randomization algorithm to obtain a deterministic subset of products that satisfies
Vi (@) (R (&) — z) > (0.79 — €) f7(2). If n < K /e, then we can enumerate all possible subsets in

constant time. Thus, we have a 0.79 — € approximation algorithm for any € > 0.

Closing this section, we consider any iteration £ < 2n 4+ 1 in the de-randomization algorithm
and argue that the set S in Step 2 includes a polynomial number of elements and discuss how
to construct f(d) for each § €S in Step 3. By Lemma 3.4 in Mahajan and Ramesh (1999),
Spw (1,5 is non-differentiable in 4 at no more than two values of 9. Furthermore, in Section 5 in
Mahajan and Ramesh (1999), the authors show how to compute the points of non-differentiability

for Spw(o s efficiently. Noting (23), we can express ®(W)((,)) as a linear combination
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of {Sp w05 (F0',F07) 4,5 € NU{0} with i j}. Since there are O(n?) elements in the set
{(i,§) 4,5 € N with i # j}, ®(W ¥ (£, 6)) is non-differentiable in § at no more than O(n?) values of
§. Also, the set {§ € [-3vInn,3vInn]: 4 is a multiple of 5} has O(n® vInn) elements. Next, we
focus on constructing f(6) such that | f(§) —®(W(¢,6))| = O () C(z) for each § € S. In Section 7
in Mahajan and Ramesh (1999), the authors give an algorithm to construct an approximation to
Spw® (1.6 (T",87) with an error of O(+5). Using Sow® (¢.6)(0',07) to denote the approximation, we

construct f(J) in Step 3 of the de-randomization algorithm as

1 - 0 i & P o
f(6) = ) Z {Pij(z) [SDW([)(Z,(S) (8%, 8") + Spw (£,6) (8%, 07) + Spw® (2,5) (0, 07) — 1]
(2)

(i,j)eEM

+ 0:i(2) {gDW(Z)(Z,é) (0°,9') + SDW(@(L(;) (0°,—07) + SDW@)(e,zs)('_’ia —7) - 1}
+ 0;(z) [SDW(Z)(Z,é)("_’()» —"_’i) + SDW(D(M) ("_’Oa "_’j) + S’DW(Z)(K,é)(_’Bi? "_’j) - 1} }

+ 2IN\N()| Y 0:(2) Sowe s (@, 7).

iEN(2)

We can compute ®(W 9 (£,§)) by replacing u with DW ®) (£, ) and v with ¥ on the right side of
(23). Therefore, we obtain
@) - eWOwa) < o 3 3o 02 40,0} 0( ) + 2NN Y 6:)0(;).

(1,5)EM (=) iEN(2)
By the same reasoning that we use to obtain the equality in (30), the right side of the inequality
above is O(-5) C(z). Lastly, in the proof of Lemma J.10, we show that we can compute ®(W () (¢,6))
exactly when ¢ =2n + 1. Thus, when £ =2n+ 1, we can use f(§) = ®(W©®(£,6)).

Appendix K: Structural Properties of the Extreme Points

We focus on the extreme points of the polyhedron given by the set of feasible solutions to the LP
that computes f? at the beginning of Section 5.1. This polyhedron is given by

P = {(a:,y) 0, M xRM g >0 42, —1 V(i) € M, ingc}.
ieN
If we have ¢ > n so that there is no capacity constraint, then P is the boolean quadric polytope

studied by Padberg (1989). By Theorem 7 in Padberg (1989), all components of any extreme point
of the boolean quadric polytope take values in {0, £, 1}. Also, Hochbaum (1998) studies optimization

)99
problems over the feasible set PN € {0, 1}'N I'x RW' with ¢ > n and constructs half-integral solutions
with objective values exceeding the optimal, in which case, she can obtain 0.5-approximate solutions

when the objective function coefficients are all positive. By Theorem 7 in Padberg (1989), if (&,9)

1

is an extreme point of P with ¢ >n, then #; € {0, 3,1} for all i € N. In the next counterexample,

we show that this property does not hold when there is a capacity constraint.
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Example K.1 (Dense Extreme Points in Capacitated Problem) Consider the polyhedron
P for the case where we have ¢ =3 and |[N| =7 with N ={1,...,7}. Let & = (3,2,2,3,2,2 5
and §=0¢ R‘fll. Note that we have ), o #; =cand &; +2; —1 <0 =g, for all (4,7) € M, which
implies that (&,9) € P. We claim that (&,9) is an extreme point of P. Assume on the contrary
that there exist (Z+€,§+d)€P and (&£ —e,§ — d) € P with (€,8) non-zero so that we have
(#,9) = L(Z+€,9+06)+L(#—e,§—6). Since we have § =0, §+6 € R and §—6 € R it must
be the case that § = 0. Noting that (£ +¢€,9+0d) € P and (£ —€,9—9) € P, for each i € {1,...,6},
the constraint y,7 > x; + x7 — 1 that defines P yields

Ozgi7+5i72.’ii+6i+i’7+€7—1 and 0:@i7_5172£i—6i+.’i’7—67—1.

In the case, since Z; + £ = 1 by the definition of &, the inequalities above imply that e; =
—¢; for all i € {1,...,6}. Also, the constraint ) . g z; < c yields ZZ:1 Z; + 22:1 €, < c and
23:1 T — ZZ:1 €; < ¢, in which case, noting that Zi:l Z; = 3 =c by the definition of &, we obtain

2.7, ¢; = 0. Combining the last equality with the fact that ¢, = —e; for all ¢ € {1,...,6}, it follows

=1

that ¢; =0 for all i € {1,...,7}. So, (€,9) is the zero vector, which is a contradiction.

Next, we give the proof of Lemma 5.1. Throughout the proof, we use the fact that if (&,9) is
an extreme point of P(H), then we must have J;; = [&; + #; — 1] for all (4,7) € M. This result
holds because if §j;; > [&; + &; — 1]* for some (i,7) € M, we can perturb only this component of §
by +€e and —e for a small enough € > 0 while keeping the other components of (&,9) constant. In
this case, the two points that we obtain in this fashion are in P(H) and (&,9) can be written as
a convex combination of the two points, which contradicts the fact that (&,9) is an extreme point
of P(H). Therefore, it indeed holds that §;; = [#; 4+ &, — 1]* for all (i,5) € M for any extreme point
(Z,9) of P(H). Below is the proof of Lemma 5.1.

Proof of Lemma 5.1: To get a contradiction, assume that we have an extreme point
(&,9) such that ; & (3,1) for all i € N and &, € {0,1,1} for some k € N. We define F =
{keN: i, 40,1,
we have 2, ¢ {0, 5» 1}, it follows that 2 € (0, %) Therefore, we have & € (0, %) for all k € I'. Also,

)92

1}}. Consider some k € F. Since we assume that &; ¢ (5,1) for all i € N and

by the definition of F, we have #; € {0,2,1} for all i ¢ F. Summing up the discussion so far,

)20

we obtain & € (0,1) for all k € F and &; € {0,1,1} for all ¢ ¢ F. Thus, we can partition N into
three subsets F = {k€ N:4,€(0,1)}, S={i€N:4;€{0,1}} and L ={i € N : &, = 1} so that

N =FUSUL. Since we assume that z, & {0, 3,1} for some k eN,|F|=|N\(SUL)|>1.
First, we consider the case |F| = 1. We use k to denote the single element of F. Given the

extreme point (&,9), we define the solution (z',y') as follows. For a small enough € > 0, we set
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x,lc =Z+e x; =a; foralli € SUL and y;; = [z} +x} —1]* for all (4, 5) € M. Since we have &, € (0, )
d z; € {0,3,1} for all i € N\ {k}, the sum > icx &i cannot be an integer. So, the constraint
ZieN x; < c is not tight at the extreme point (&,¢), which implies that Y, ¢ x; =>. T +e<c
for a small enough e. Also, since &, € (0,1), we obtain x; = i), + € <1 for a small enough €. In
this case, (z',y*) € P(H). Similarly, we define the solution (x?,y?) as follows. We set 23 = &), — ¢,
x? =&, for all i € SUL and y7, = [x] + 23 — 1] for all (7,5) € M. By using an argument similar to

the one earlier in this paragraph, we can verify that (22, y?) € P(H).

Consider (k,j) € M with j € S. We have y}, = [z} + 2} — 1]t = [& + e+ 1; — 1]t =0 =
[&), +2; — 1]7 = gx;, where the third and fourth equalities follow from the fact that @ € (0,1) and
&; €{0,%} for all j € S, whereas the last equality follows from the fact that §;; = [#; +&; — 1] in the
extreme point (&,9). Similarly, we have yj, = ;). for all (j,k) € M with j € S. Consider (k,j) € M
with j € L. We have y;; = [z + 2} — 1]T = [T + e+ Z; — 1]" = [ +Z; — 1]* + € = §; + ¢, where the
third equality follows from the fact that 2; =1 for all j € L. Similarly, we have yjlk = y;i, + € for all
(j,k) € M with j € L. For the other cases not considered by the preceding four conditions, we have
yilj = );;. By following precisely the same line of reasoning used in this paragraph, we can also show
that 32, = g, for all (k,j) € M with j €S, Y2e = sk for all (j,k) € M with j € S, Yr; = Urj — € for
all (k,j) € M with j € L and y?, = §j;;, — € for all (j,k) € M with j € L. Also, we have y? = g;; for
the other cases not considered by the preceding four conditions. In this case, we get yilj —i—yfj =29,
for all (i,7) € M. The discussion in this and the previous paragraph shows that & = s + S a?
and g =1y' + 3 y* for (z',y') e P(H) and (x* y*) € P(H), so (&,§) cannot be an extreme point

of P(H). Thus, we get a contradiction and the desired result follows.

Second, we consider the case |F| > 2. We use k and &’ to denote any two elements of F. Given
the extreme point (&,4), we define the solution (x',y') as follows. For a small enough € > 0, we
set xy = Tp +¢€, 23 =Ty — €, 2} =&, for all i € (F\ {k,k'})USUL and y}; = [z} + 2} — 1]* for all
(i,7) € M. Since Y oiew TE =D icn &, it follows that (x',y') satisfies the constraint ). gz <c.

Also, since @, € (0,1) and 2y € (0,3), we have z; <1 and x;, > 0. In this case, it follows that

)2

(x',y') € P(H). Similarly, we define the solution (22, y?) as follows. We set z7 = &), —€, 23, = & +e,
2 _ ~ . 2 _ 2 2 . . o .

xi =27, for all i € (F\{k,k'})USUL and yj; = [z} + 27 — 1]* for all (i,j) € M. Using an argument

similar to the one earlier in this paragraph, we have (z? y?) € P(H). Lastly, following an argument

similar to the one in the previous paragraph, we can show that & = %af:l + % x? and 9 = %yl + % Y,

in which case, we, once more, reach a contradiction. a

Appendix L: Confidence Intervals for the Performance Measures

In this section, we provide confidence intervals for the performance measures in Tables 1 and 2. For

economy of space, we focus on some of the performance measures. In particular, noting that our
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Param. Conf. Confidence Interval Param. Conf. Confidence Interval
(T,m,5, ¢0) 1st 5th 50th (T,n,5,¢0) 1st 5th 50th
(I, 50,0.1,0.25) | [96.0,96.8] [97.2,97.5] [98.6,98.7] (C, 50,0.1,0.25) | [96.4,96.8] [97.1,97.5] [98.6,98.7]
(I, 50,0.1,0.50) | [98.9,99.1] [99.2,99.3] [99.6,99.7] (C, 50,0.1,0.50) | [98.7,99.0] [99.2,99.3] [99.7,99.7]
(I, 50,0.1,0.75) | [99.7,99.8] [99.8,99.8] [99.9, 100] (C, 50,0.1,0.75) | [99.7,99.8] [99.8,99.8] [99.9, 100]
(I, 50,0.5,0.25) | [96.6,97.2] [97.5,97.8] [98.8,98.9] (C, 50,0.5,0.25) | [97.0,97.3] [97.6,97.7] [98.8,98.9]
(I, 50,0.5,0.50) | [99.0,99.2] [99.3,99.3] [99.8,99.9] (C, 50,0.5,0.50) | [98.9,99.1] [99.3,99.4] [99.8,99.8]
(I, 50,0.5,0.75) | [99.8,99.8] [99.8,99.8] [99.9, 100] (C, 50,0.5,0.75) | [99.7,99.8] [99.8,99.8] [99.9, 100]
(I, 50,1.0,0.25) | [96.4,97.2] [97.6,97.8] [98.8,98.9] (C, 50,1.0,0.25) | [96.7,97.3] [97.6,97.7] [98.9,99.0]
(I, 50,1.0,0.50) | [99.0,99.3] [99.4,99.4] [99.8,99.8] (C, 50,1.0,0.50) | [99.1,99.2] [99.3,99.4] [99.8,99.8]
(I, 50,1.0,0.75) | [99.8,99.8] [99.8,99.9] [99.9, 100] (C, 50,1.0,0.75) | [99.8,99.8] [99.9,99.9] [99.9, 100]
(1,100,0.1,0.25) | [96.9,97.4] [97.6,97.8] [98.6,98.6] (C,100,0.1,0.25) | [97.1,97.4] [97.6,97.8] [98.6,98.7]
(1,100,0.1,0.50) | [99.1,99.3] [99.3,99.4] [99.7,99.7] (C,100,0.1,0.50) | [99.0,99.2] [99.3,99.4] [99.7,99.7]
(1,100,0.1,0.75) | [99.8,99.8] [99.8,99.9] [99.9, 100] (C,100,0.1,0.75) | [99.8,99.8] [99.9,99.9] [99.9 ,100]
(1,100,0.5,0.25) | [97.4,97.7] [97.9,98.0] [98.8,98.8] (C,100,0.5,0.25) | [97.3,97.6] [97.8,98.0] [98.8,98.8]
(1,100,0.5,0.50) | [99.2,99.3] [99.4,99.5] [99.6,99.8] (C,100,0.5,0.50) | [99.2,99.4] [99.4,99.5] [99.7,99.8]
(1,100,0.5,0.75) | [99.8,99.9] [99.9,99.9] [99.9, 100] (C,100,0.5,0.75) | [99.8,99.9] [99.9,99.9] [99.9, 100]
(1,100,1.0,0.25) | [97.4,97.8] [98.0,98.1] [98.8,98.9] (C,100,1.0,0.25) | [97.3,97.8] [98.0,98.1] [98.8,98.9]
(1,100,1.0,0.50) | [99.2,99.4] [99.5,99.5] [99.8,99.9] (C,100,1.0,0.50) | [99.2,99.4] [99.5,99.5] [99.8,99.8]
(1,100,1.0,0.75) | [99.8,99.9] [99.9,99.9] [99.9, 100] (C,100,1.0,0.75) | [99.9,99.9] [99.9,99.9] [99.9, 100]

Table 9 Confidence intervals for the uncapacitated test problems.

test problems are random, we provide 95% confidence intervals for the 1st, 5th and 50th percentiles
of the ratio between the expected revenue of the solution from our approximation algorithm and
the upper bound on the optimal expected revenue. See, for example, Chapter 5 in Meeker et al.
(2017) for computing confidence intervals for percentiles. In Tables 9 and 10, we give the confidence

intervals for the performance measures in, respectively, Tables 1 and 2.

Appendix M: Generalized Nested Logit Model with at Most Two Products per Nest

In this section, we give extensions of our results to the generalized nested logit model with at most

two products in each nest.

M.1. Assortment Problem

We index the set of products by N = {1,...,n}. We use & = (z1,...,2,) € {0,1}" to capture
the subset of products that we offer to the customers, where x; = 1 if and only if we offer
product i. We denote the collection of nests by M. For each nest ¢ € M, we let v, € [0,1] be
the dissimilarity parameter of the nest. For each product i and nest ¢, we let oy, € [0,1] be
the membership parameter of product ¢ for nest g. We have qu a Qig = 1 for all i € N, so the
membership parameters for a particular product adds up to one. Letting B, = {i € N : o;, > 0}, B,
corresponds to the set of products with strictly positive membership parameters for nest q. We use
v; to denote the preference weight of product ¢ and vy to denote the preference weight of the no
purchase option. Letting Vy(x) =, (cq v;)*/7% z;, under the generalized nested logit model,
if we offer the subset of products x, then a customer decides to make a purchase in nest ¢ with
probability V; () /(vo+>_,cps Ve(x)). If the customer decides to make a purchase in nest ¢, then
she chooses product i € B, with probability (cy,v;)}/? 2;/V,(x). In this case, if we offer the subset
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Param. Conf. Confidence Interval Param. Conf. Confidence Interval
(T,n,5, ¢o,0) 1st 5th 50th (T,n,5, ¢0,9) 1st 5th 50th
50,0.1,0.25,0.8) | [90.9,92.3] [92.9,93.5] [95.9,96.1] , 50,0.1,0.25,0.8) | [90.7,92.7] [93.1,93.6] [95.8,96.1]
, 50,0.1,0.25,0.5) | [94.7,95.5] [95.9,96.2] [98.1,98.2] , 50,0.1,0.25,0.5) | [95.1,95.8] [96.1,96.4] [98.1,98.3]
, 50,0.1,0.25,0.2) | [96.9,98.0] [98.3,98.5] [99.6,99.7] , 50,0.1,0.25,0.2) | [97.7,98.2] [98.4,98.6] [99.5,99.7]
50,0.1,0.75,0.8) | [99.3,99.5] [99.6,99.6] [99.9,99.9] , 50,0.1,0.75,0.8) | [99.3,99.5] [99.6,99.6] [99.9,99.9]
, 50,0.1,0.75,0.5) | [99.6,99.7] [99.8,99.8] [99.9, 100] , 50,0.1,0.75,0.5) | [99.5,99.7] [99.7,99.8] [99.9, 100]
, 50,0.1,0.75,0.2) | [99.7,99.8] [99.9,99.9] [99.9, 100] , 50,0.1,0.75,0.2) | [99.7,99.8] [99.9,99.9] [99.9, 100]
50,0.5,0.25,0.8) | [90.8,92.7] [93.4,94.0] [96.3,96.5] , 50,0.5,0.25,0.8) | [92.7,93.1] [93.8,94.2] [96.3,96.5]
, 50,0.5,0.25,0.5) | [94.2,95.6] [96.1,96.4] [98.1,98.2] , 50,0.5,0.25,0.5) | [94.6,95.3] [95.8,96.1] [98.0,98.2]
, 50,0.5,0.25,0.2) | [96.8,97.7] [98.1,98.4] [99.5,99.7] , 50,0.5,0.25,0.2) | [97.2,97.8] [98.1,98.3] [99.4,99.6]

. 50,0.5,0.75,0.8) | [99.4,99.5] [99.6,99.7] [99.9,99.9]

. 50,0.5,0.75,0.5) | [99.5,99.7] [99.7,99.8] [99.9, 100] . 50,0.5,0.75,0.5) | [99.4,99.7] [99.7,99.7] [99.9, 100]
50,0.5,0.75,0.2) | [99.7,99.8] [99.8,99.9] [99.9, 100] . 50,0.5,0.75,0.2) | [99.6,99.8] [99.8,99.9] [99.9, 100]
50,1.0,0.25,0.8) | [93.1,93.7] [94.2,94.5] [96.6,96.7] . 50,1.0,0.25,0.8) | [92.5,93.5] [94.1,94.4] [96.5,96.8]

. 50,1.0,0.25,0.5) | [93.6,95.3] [96.0,96.4] [98.1,98.3] . 50,1.0,0.25,0.5) | [94.8,95.5] [96.1,96.4] [98.0,98.3]
50,1.0,0.25,0.2) | [97.0,97.8] [98.2,98.4] [99.5,99.6] . 50,1.0,0.25,0.2) | [97.5,97.9] [98.1,98.3] [99.5,99.6]
50,1.0,0.75,0.8) | [99.5,99.6] [99.6,99.7] [99.9,99.9] . 50,1.0,0.75,0.8) | [99.4,99.6] [99.6,99.7] [99.9,99.9]

. 50,1.0,0.75,0.5) | [99.4,99.6] [99.7,99.7] [99.9, 100] [99.2,99.6] [99.7,99.7] [99.9, 100]
50,1.0,0.75,0.2) | [99.0,99.7

92.2,93.5] [94.0,94.2] [95.8,95.9] 1100,0.1,0.25,0.8) | [92.7,93.5] [93.9,94.2] [95.8,96.0]

100,0.1,0.25,0.5) | [95.9,96.5 1100,0.1,0.25,0.5
1100,0.1,0.25,0.2
1100,0.1,0.75,0.8
1100,0.1,0.75,0.5
1100,0.1,0.75,0.2
.100,0.5,0.25,0.8
1100,0.5,0.25,0.5
1100, 0.5,0.25,0.2
.100,0.5,0.75,0.8
,100,0.5,0.75,0.5
1100,0.5,0.75,0.2
.100,1.0,0.25,0.8
1100,1.0,0.25,0.5
1100, 1.0,0.25,0.2

[95.8,96.4] [96.7,97.0] [98.2,98.2]
98.3,98.5] [98.7,98.9] [99.5,99.6
99.5,99.6] [99.7,99.7] [99.9,99.9
[99.7,99.8] [99.8,99.8] [100, 100]
99.9,99.9] [99.9,99.9] [99.9, 100
93.3,94.0] [94.4,94.7] [96.2,96.4
[95.9,96.5] [96.7,96.9] [98.0,98.1]
98.0,98.4] [98.6,98.8] [99.5,99.5
99.5,99.6] [99.7,99.7] [99.9,99.9
[99.7,99.8] [99.8,99.8] [99.9, 100]
99.9,99.9] [99.9,99.9] [99.9, 100
93.9,94.3] [94.9,95.1] [96.5,96.6
[96.0,96.4] [96.7,97.0] [98.1,98.1]
97.9,98.4] [98.6,98.8] [99.4,99.5
C,100,1.0,0.75,0.8) | [99.6,99.7] [99.7,99.7] [99.9, 100
100,1.0,0.75,0.5) | [99.7,99.8] [99.8,99.8] [99.9, 100] C,100,1.0,0.75,0.5) | [99.5,99.8] [99.8,99.8] [99.9, 100]
100,1.0,0.75,0.2) | [99.8,99.9] [99.9,99.9] [99.9, 100] C,100,1.0,0.75,0.2) | [99.8,99.9] [99.9,99.9] [99.9, 100]

Table 10 Confidence intervals for the capacitated test problems.
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100,0.1,0.25,0.2) | [98.0,98.5] [98.8,98.9] [99.5,99.6

100,0.1,0.75,0.8) | [99.6,99.6] [99.7,99.7] [99.9,99.9

100,0.1,0.75,0.5) | [99.7,99.8] [99.8,99.8] [99.9, 100]

100,0.1,0.75,0.2) | [99.9,99.9] [99.9,99.9] [99.9, 100
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of products « and a customer has already decided to make a purchase in nest ¢, then the expected
revenue that we obtain from the customer is Ry(x) =3, pi (g v;)Y 7 2, /V,(x), where p; is the
revenue of product i. Letting 7(x) be the expected revenue that we obtain from a customer when

we offer the subset of products «, we have

_ Vy(a)e _ Xen Va(®@) Ry(@)
) = qEZMUO‘FEZeMVZ(m)W Rylw) = U0+Eq€MV:1(w)

Defining the set of feasible subsets of products F that we can offer in the same way that we define

in the main body of the paper, we formulate our assortment problem as

. 2 gen Va(®) By ()
2" = max 7(x) = max
zeF TEF Vo + quM ‘/q(x)"/q

(31)

The PCL model is a special case of the generalized nested logit model. Since the assortment problem

under the PCL model is strongly NP-hard, the problem above is strongly NP-hard as well.
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M.2. A Framework for Approximation Algorithms

To relate problem (31) to the problem of computing the fixed point of a function, we define the

function f:R—R as

f(z) = maX{ > Vi) (R, (@) — Z)}- (32)

xTEF
qeEM

We can show that f(-) is decreasing and continuous with f(0) > 0. Therefore, there exists a unique
Z >0 that satisfies f(2) = v 2. In our approximation framework, we will construct an upper bound
FE() on f(-) so that ff(2) > f(z) for all z € R. This upper bound will be decreasing and continuous
with ff(0) > 0, so that there also exists a unique 2 > 0 that satisfies f#(2) = vy 2. Theorem 3.1
continues to hold, as long as we replace >_; .o, Vi ()7 (R (&) — 2) > a fB(2) in the Sufficient
Condition with }° ), V, (&) (R,(#) - 2) > o f(2). The approximation framework given in Section
3.1 continues to hold as well, as long as we replace >_; ;s\ Vij(2)" (Ri;(£) — 2) > a f7(2) in
Step 3 with 3 ), V(&) (R,(£) — 2) > a f*(2). The preceding discussion holds with an arbitrary
number of products in each nest. In the rest of the discussion, we focus on the case where there

are at most two products in each nest so that |B,| <2 for all g € M.

We proceed to constructing an upper bound f#(-) on f(-). To construct this upper bound, we

use an LP relaxation of problem (32). In particular, we define p,(z) and 6,,(z) as

VS, i — 2) (g vi) 1/
pq(z) — (Z(aiqvi)l/’yq> Zzqu(p )( ) and Qiq(Z) = v, v (pi_z).

i€Bq Ziqu (aiq Ui)l/’yq

As in the beginning of Section 3.2, if z; =1 for all i € B, then V()" (R,(x) — 2) = p,(z), whereas

if z; =1 for exactly one i € B,, then V, (x)" (R,(x) — z) = 6;,(z). Note that since |B,| =2, if we
offer some product in nest g, then we must have either x; =1 for all ¢« € B, or z; =1 for exactly

one i € By. In this case, letting 114(2) = pq(2) — Xo;cp, 0iq(2) for notational brevity, we have

Vi(@) (Ry(@) —2) = po(2) [] 25+ 0ul2) (1 - ]I wj> Ti = jq(2) H rit Yy Oi(2) i

JEB, i€B, jE€Bg\{i}
(33)

Thus, we can use the expression 3/ (1q(2) [Licp, #i + 2iep, 0iq(2) ;) to equivalently write the

objective function of problem (32), in which case, this problem becomes
f(z2) = max Z <,uq(z) H $¢+29iq(2)$i) : ingc, z;€4{0,1} VieN
qeM 1€Bq i€By ieEN

To linearize the term [],. B, Ti in the objective function above, we define the decision variable

Yq €{0,1} with the interpretation that y, = [[;c 5 #:- To ensure that y, takes the value [, w:,
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we impose the constraints y, > Ziqu x; — |By| +1 and y, < x; for all i € B,. In this case, noting
that |By| <2, if #; =1 for all i € B, then the constraints y, > 3,5 i —[By[+1 and y, < w; for
all ¢ € B, ensures that y, = 1. If x; =0 for some ¢ € B,, then the constraint y, < x; ensures that
y, = 0. Using the decision variables {y, : ¢ € M}, we can formulate the problem above as an integer
program. We use the LP relaxation of this integer program to construct the upper bound f#(-) on

f(-). In particular, we define the upper bound f#(-) as

fR(Z) = Inax Z <Mq(z) Yg + Z Hiq(z) xi) (34)

qEM i€By

s.t. yQEin—\BqH—l Vge M
i€Bg
Yo <z; VieB,, qeM

ingc

iEN
0<z;<1 VieN, y,>0 Vge M.
In the formulation of the LP above, we use the fact that if we offer some product in a nest, then
we offer either all or one of the products in this nest, which holds when the number of products in
this nest is at most two. Lemma 3.2 continues to hold so that ff(2) is decreasing in z. In this case,
by the same argument right before Lemma 3.2, f(-) is decreasing and continuous with f#(0) > 0.
So, there exists a unique 2 > 0 satisfying f#(2) = vy 2. Using the same approach in the proof of

Theorem 3.3, we can show that we can solve an LP to compute the fixed point of f#(-)/vp.

We define N(z) ={ie N:p;, >z} and M(z) ={q€ M :p; > z Vi€ B,}. As in the proof of Lemma
G.1, we can show that there exists an optimal solution x* = {x}:i€ N} and y* = {y; :q€ M} to
problem (34) with x; =0 for all i ¢ N(z) and y; = 0 for all ¢ ¢ M(z). So, we can assume that z; =0
for all i  N(2) and y; =0 for all ¢ ¢ M(z). Also, as in the proof of Lemma G.2, we can show that
ty(z) <0 for all g € M(z), in which case, the decision variables {y,: ¢ € M(z)} take their smallest
possible value in an optimal solution to problem (34). Thus, the constraint y, < x; is redundant.

In this case, problem (34) is equivalent to the problem

f(z) = max ) <uq(2) Ya Zﬁiq(Z)fL’i> (35)

qeM i€By

st Yy, > in—\BqH—l Vge M

i€Byq

ingc

ieEN

0<a;,<1 VieN, y,>0 Vge M.

Working with problem (35), rather than problem (34), will be more convenient. In the next two

sections, we focus on the uncapacitated and capacitated problems separately.
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M.3. Uncapacitated Problem

We consider the case where ¢ > n so that there is no capacity constraint. We let Z be such that
(%) =wvo 2. Throughout this section, since the value of 2 is fixed, as is done in the main body of
the paper, we exclude the reference to Zz. In particular, we let p, = p1,(2), 0ig = 0iq(2), piqg = piq(2),
N = N(z), M = M(z) and f&= fE(2). We let (x*,y*) be an optimal solution to problem (35)
with z = 2. As discussed at the end of the previous section, without loss of generality, we assume
that ;7 =0 for all ¢ & N and ys =0 for all i ¢ M. We define the random subset of products X =
{X,:i€ N} as follows. For each i € N, we have X; =1 with probability z7, whereas X; =0 with
probability 1 — z. Different components of the vector X are independent of each other. Through
minor modifications in the proof of Theorem 4.1, we can show that

E{ D V(X) (Ry(X) — 2)} >0.5 fF. (36)

qeM

In particular, using the same argument in the proof of Lemma G.2, we can show that p, <0 for
all g € M. In this case, for qE< M, the decision variable Yy, takes its smallest possible value in an
optimal solution to problem (35). Thus, without loss of generality, we can assume that the optimal
solution (x*,y*) to problem (35) satisfies y; = [Ziqu z; — |By| +1] " for all ¢ € M. Furthermore,
by the definition of X, we have E{X,} =« for all i € N and the different components of X are

independent of each other. In this case, noting (33), we get

Y OE(V(X) 1 (R(X)-2)} = Y (Mq [TEXI+D quE{fQ}>

q€M q€M i€By i€Byq
S (51 EX5 0y
qgeM i€ Byq 1€By
= Z (ge M) (uqu +Z€zq z)—i—Zl(qu]W (Zﬁzq z)
qeEM i€ By i€ Byq qeEM i€ By
= ) 1 qu< [Zx —\B!+1} +> by 1>+Zl(q¢M (Zezq >
qgeEM 1€ By i€Bqg qeM i€ Bgq
+ Y 1(ge M) <Hx —[Zx —|B|+1} )
qeM 1€Bq 1€Bg
+
= fR+Z:uq<Hx:_ [Z$Z_|Bq’+1] )
qEN i€By i€Bq
1
> fR‘f‘Z Zﬂq- (37)
qgEM

In the chain of inequalities above, the third equality uses the fact that if ¢ & M , then there exists
some j € B, such that p; < 2, in which case, we get j ¢ N. Having j ¢ N implies that x; =0. Thus,
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there exists some j € B, such that x} =0, which yields I1,c By xf = 0. The fifth equality is by the
fact that y = [Ziqu xf — |By| + 1]+ for all ¢ € M and ys; =0 for all ¢ ¢ M. To see that the
inequality holds, if |B,| =2 for nest ¢, then we use the fact that 0 <ab—[a+b— 1]" <1/4 for all
a,b € [0,1], whereas if |B,| =1 for nest ¢, then we use the fact that a —[a]* =0 for all a € [0, 1],

along with the fact that p, <0 for all g € M.

Next, we give a feasible solution to problem (35), which, in turn, allows us to construct a lower

bound on f#. We define the solution (&,9) to problem (35) as

. 1 oifieN ) 0 if |B,|=2
€Ti = o 2 = .
0 ifigN, )1 if B, =1.

It is straightforward to check that the solution (&,¢) is feasible to problem (35) when we do
not have a capacity constraint. Therefore, the objective value of problem (35) evaluated at (&, 9)

provides a lower bound on f¥, so we have

o> Z(uqyﬁzeiq:ﬁi) = > UqgeM)> Oydi+ > 1qg M) 0iyd

qgEM 1€ Bgq qEM i€Bqg qgEM 1€ Byg
1 . 1 - o 1 .
= 5D MaEeM) Y 0+ ) UgEM) Y 1GEN)b, > 5D AgeM) ) by
qeM i€ By qeM i€Byq qeM i€By
1 - 1
>y awein(Ton) - T
qeM i€By qeM

In the chain of inequalities above, the first equality holds because the definition of p, immediately
implies that 1, =0 when |B,| = 1. Also, we have g, =0 when |B,| = 2. Therefore, we have p, g, =0
for all ¢ € M. The second equality holds since having ¢ € M implies having ¢ € N for all i€ B,, in
which case, we have &; = % for all 7 € B,. The second inequality holds because if we have i € N,
then 6;, > 0 by the definition of N and 6;,. The last inequality follows from the fact that if we
have g € M, then the definition of pq implies that p, > 0. The chain of inequalities above yields
the inequality f% + %Z gext Hq = 0, in which case, by the chain of inequalities in (37), we get
P enr BAVA(X) (Ry(X) = 2)} > 4 S+ 5(FR+ 5 3 ens 1q) = 3 I, establishing (36).

The subset of products X is a random variable but we can use the method of conditional
expectations to de-randomize the subset of products X so that we obtain a deterministic subset of
products & that satisfies >, ;o Vij(£)9 (Ri;(£) —£) > 0.5 f*. In this case, & is a 0.5-approximate
solution to the uncapacitated problem under the generalized nested logit model with at most two
products in each nest. Unfortunately, our approach in Appendix H to obtain a 0.6-approximate
solution does not extend to the generalized nested logit model. In Appendix H, letting N =
{1,...,m}, we index the products such that 6; > 6, > ... >6,,. Under the generalized nested logit

model, it is not possible to ensure that we have 6,, > 05, >...>0,,, for all ¢ € M.
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M.4. Capacitated Problem

Considering the assortment problem with the capacity constraint, we let 2 be such that ff(2) = v, 2,
where f#(z) is the optimal objective value of problem (35). Our goal is to find a subset of products
& such that >\, Vo(2)" (Ry(&) — £) >0.25 f#(2) and }_,_ &: <c.

M.4.1. Half-Integral Solutions Through Iterative Rounding Similar to our approach for
the capacitated problem, since Z is fixed, we exclude the reference to 2. In particular, we let
ftg = tig(2), Oig = 0ig(2), pig = pig(2), N=N(2), M =M(%) and f% = fB(2). For any H C N, we use
the polyhedron P(H) to denote the set of feasible solutions to problem (35) after we fix the values
of the decision variables {x;:i € H} at 1 and the values of the decision variables {; : i ¢ N} and

{yq,:q & M} at zero. Therefore, the polyhedron P(H) is given by

P(H) = {(w,y)e[o,uNxRLﬁ”' PYe> Y wi—|Byl+1 VgeM, Y x<c,

i€By ieN

1 - R
zi=5 VieH, z;=0 Vi¢gN, y,=0 ngZM}. (38)

An analogue of Lemma 5.1 holds for the polyhedron P(H) given above. In particular, for any
H C N, letting (Z,9) be an extreme point of P(H), we can use the same approach in the proof of
Lemma 5.1 to show that if there is no product ¢ € N such that 1 < &; <1, then we have 2; € {0, 3.1}
for all i € N. We use the same iterative rounding algorithm given in Section 5.1, as long as we
modify the objective function of the Variable Fixing problem to reflect the objective function of

problem (35). Thus, we replace the Variable Fixing problem in Step 2 with

= max{z (uq(z)yﬁzeiq(z)xi) : <m,y>ep(m)}. (39)

gEM i€Bq

At the first iteration of the iterative rounding algorithm, we have H' = @. Also, as discussed earlier,
there exists an optimal solution (z*,y*) to problem (35), where we have ¥ =0 for all i ¢ N and

=0 for all ¢ & M. Therefore, we have f! = f~.

As the iterations of the iterative rounding algorithm progress, we fix additional variables at

the value % Therefore, the optimal objective value of problem (39) degrades from iteration k to

k4 1. We can use the same approach in the proof of Lemma 5.3 to upper bound the degradation
in the optimal objective value. In particular, we can show that f*— f*1 <1 quM 1(ip € By) b5, 4
where 7, is the product that we choose in Step 3 of the iterative rounding algorithm at iteration k. To

see this result, we define the solution (&,9) to problem (39) at iteration k + 1 as follows. Letting

k

(z",y*) be an optimal solution to problem (39) at iteration k and i), be the product that we choose
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in Step 3 of the iterative rounding algorithm at iteration k, we set #; = 2% for all i € N\ {i,},
Z;, =3 and ; =0 for all ¢ ¢ N. Also, we set §j, = [Ziqu Z; — | By| + 1]+ for all g € M and §, =0
for all ¢ ¢ M. Using the same approach in the proof of Lemma 5.3, we can show that the solution
(Z,9) is feasible to problem (39) at iteration k+ 1. Furthermore, we can show that yf; > g, for all
q € M. In this case, since (&, 9) is a feasible but not necessarily an optimal solution problem (39)

at iteration k4 1, we obtain

=< f=y0 (uqﬂq+ > M) = fe= D _ talq— > Y 1 €B,)0iyE
qeEM 1€Byg qeEM i€N qgeM
N . 1 . ~

= > g WE =3, + D 1(in€ By (:vfk - 5) + Y D 1(i€ By) Oy, (af — i)

qeEM qeEM i€N\{i} €M

1 .
< 5 > 1(in € B,) b;, .

qEM

In the chain of inequalities above, the first equality holds since (*,y*) is an optimal solution to
problem (39) at iteration k. To see the last inequality, note that p, <0 and y(’; — 4, >0 for all € M,
whereas we have y,’; =0 for all ¢ & M by the definition of P(H) and g, =0 for all ¢ & M. Similarly,
we have #; = z¥ for all i € N \ {i),} and ¥ = 0=, for all i ¢ N. Lastly, we have zf <1and iy € N

in the iterative rounding algorithm, so ¢;, , > 0 for all ¢ € M such that i, € B,.

Building on the fact that f* — f** <237 | 1(ix € By)0;x,, we can use the same approach in
the proof of Lemma 5.4 to show that if (x*,y*) is an optimal solution to problem (39) at the last

iteration of the iterative rounding algorithm, then 3=\ (1qy; + 32,5, Oig2}) = 5 f1.

M.4.2. Feasible Subsets Through Coupled Randomized Rounding We let (x*,y*) be
an optimal solution to problem (39) at the last iteration of the iterative rounding algorithm. At
the last iteration, there is no product i € N such that % <z} <1, in which case, by the analogue
of Lemma 5.1 for the polyhedron P(H) in (38), we have x} € {0,1,1}. We apply the coupled
randomized rounding approach in Section 5.2 without any modifications to obtain a random subset
of products X = {X ciieN }. In this case, through minor modifications in the proof of Theorem 5.2,
we can show that > ., E{V,(X)" (R, (X) — 2)} > 3 2gen(Ba¥y + Dicp, bigxy). Therefore,

2

~

noting the discussion at the end of the previous section, we get quMIE{Vq(X)W (Ry(X)—2)}>
3 2qenr (Mg Yy + > ien, Yig i) = 1 /. We describe the modifications in the proof of Theorem 5.2. For
cach nest ¢, we will show that E{V,(X )% (R,(X)—2)} > gy + Ziqu g 7).

7

By the construction of the coupled randomized rounding approach, E{Xl} =z}. Noting (33), we
have V,(X)" (Ry(X) —2) = g Hiqu X; +Ziqu 0;, X;. If | B,| = 1, then the definition of 1, implies
that p, = 0, in which case, we obtain E{V,(X )1 (R (X) — 2)} = Yien, Biq®i 2 %Ziqu Oigxf =
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T (gl + > icn, Biqx;)- To see the inequality, note that if 7 € N, then 6, >0, but if i ¢ N, then
¥ = 0. Thus, we have E{V, (X )% (R,(X)—2)} > 1 5 (qys —i—ZieB iq x;) whenever |B,| =1. In the

rest of the discussion, we assume that |B,| =2 and consider three cases.

Case 1: Suppose that the two products in B, are paired in the coupled randomized rounding

approach. Therefore, we have [ X, =0. Since the products in B, are paired, we have x} = % for

i€Byq
all € By, in which case, noting problem (39), we must have ¢ € N for all i € B,. Thus, we obtain
g€ M. In this case, we have E{V,(X)% (R, (X) — %)} = >ien, Pig Tl 2 3 S (uqys + Dien, PiaT});
where the inequality holds because p, <0 and 6,, > 0 for all ¢ € B, for any nest g € M.

Case 2: Suppose that the two products in B, are not paired in the coupled randomized rounding
approach and ¢ € M. In this case, {X; : i € B,} are independent so that E{V,(X )% (R,(X)—2)} =
Ig Hiqu x; + >, ien, Vig 7. Furthermore, since ¢ € M, we have p, <0, in which case, Yy =
[Zlqu —|B,| + ] [Ziqu xf— 1]+. Noting that 3., «f <2, if ;=0 for some j € By,
then we have y; = [Ziqu z; —1] T=0= [Licp, #i- Thus, it follows that

E{Vy(X)" (Ry(X) =2)} = pg [[ 27+ big2;

i€Bqg i€Byq

E;MqHIJFZ@ml :%quq‘l_zelql (40)

i€Bq i€Byq i€ Bq

where the inequality holds because if ¢q € M , then we have p, >0 and 6,, > 0 for all i € B, so get

Hq Hiqu ri + ZieB iqLi = Pq Hiqu i+ Ez‘qu Oiq (1 - HJqu\{ i} ]) z; > 0. Similarly, if 27 =1

for some j € B, then we can show that y; = [Z ] — 1] = Hz‘qu x} and we can follow the

i€By

same line of reasoning in (40) to get E{V,(X )% (R,(X) - 2)} > T (pqu + >icn, Biq ;). Lastly, if

*

x; =3 for all i € By, then we have y; = [Zlqu —|B, |+1} [Ziqu:L“f—l] =0, so

BV, (X) (R,(X —z}—ﬂqnwzew1—pqnx:+zeiq(1— I =)

1€By i1€Bq i€Byg 1€By JEBg\{i}
* * 1
> ZQMG_ I] m)w = gt 2 )
i€Byq jeBg\{i} i€Bq

where the last equality in the chain of inequalities above holds because we have y; =0 and z} =

for all j € B,, along with the fact that |B,| = 2.

Case 3: Suppose that the two products in B, are not paired in the coupled randomized rounding
approach and g ¢ M. Since ¢ ¢ M, noting problem (39), we get y; = 0. Furthermore, since q ¢ M,
we have p; < 2 for some j € B,, in which case, j & N. Therefore, we have z7 =0, which implies

that J[,cp, «7 = 0. In this case, we get E{V, (X)) (R, (X) — 2)} = g, [Licn, #i + Xicn, Oig @i =
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> ien, Pig T 2 3 >icn, VigTi = s gy + > icn, Yiq;), where the inequality holds because if i € N,
then 6;, > 0, but if ¢« ¢ N, then x7 = 0. In all of the three cases considered above, we have
E{V,(X)" (R, (X) — 2)} > 5 (g + >icn, Piq@}), as desired. Therefore, the random subset of
products X satisfies > geM E{V,(X)% (R,(X) —2)} > 0.25 fE. Also, we have Yien X, <c by the
construction of the coupled randomized rounding approach. As in Section 5.2, we can de-randomize
the subset of products X by using the method of conditional expectations to obtain a deterministic

subset of products & that satisfies 3 ), Vy(2)"(R,(#) — 2) > 0.25 f* and 3,y & <c.
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