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Balancing Revenues and Repair Costs under Partial
Information about Product Reliability
Chao Ding, Paat Rusmevichientong, Huseyin Topaloglu
We consider the problem faced by a company selling a product with warranty and under partial information
about the product reliability. The product can fail from multiple failure types, each of which is associated
with an inherently diﬀerent repair cost. If the product fails within the warranty duration, then the company
is required to pay the repair cost. The company does not know the probabilities associated with diﬀerent
failure types, but it learns the failure probabilities as sales occur and failure information is accumulated. If
the failure probabilities turn out to be too high and it becomes costly to fulﬁll the warranty coverage, then the
company may decide to stop selling the product, possibly replacing it with a more reliable alternative. The
objective is to decide if and when to stop. By formulating the problem as a dynamic program with Bayesian
learning, we establish structural properties of the optimal policy. Since computing the optimal policy is
intractable due to the high dimensional state space, we propose two approximation methods. The ﬁrst
method is based on decomposing the problem by failure types and it provides upper bounds on the value
functions. The second method provides lower bounds on the value functions and it is based on a deterministic
approximation. Computational experiments indicate that the policy from the ﬁrst method provides noticeable
beneﬁts, especially when it is diﬃcult to form good estimates of the failure probabilities quickly.
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1.

Introduction

We consider the problem faced by a company selling a product with warranty, while the reliability
information of the product is only partially available to the company. The product can be a physical
product or a repair service agreement. Whenever a sale occurs, the company receives a one time or
monthly payment from its customers. In return, the company is required to cover the repair cost
of the product during a certain warranty duration. Typically, a product can fail due to multiple
failure types, each of which is associated with an inherently diﬀerent repair cost and an unknown
failure probability. Initially, the company only has rough estimates of these failure probabilities,
usually from experience with similar products or a short test marketing stage that involves a small
number of units. If the true failure probabilities turn out to be too high and it becomes costly
to fulﬁll the warranty coverage, then the company may want to stop selling the product, possibly
replacing it with a more reliable alternative. As shown in the following examples, problems of this
ﬂavor naturally arise in a variety of industries.
Example 1: Printer Technical Support. To minimize the downtime of printing equipment,
customers, such as schools and business organizations, often buy a technical support agreement
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from either the manufacturer or a certiﬁed service provider for their printers. Companies
providing such services include Xerox, MIDCOM Service Group and CPLUS Critical Hardware
Support. Customers pay either a one time or monthly fee to the service provider. The service
provider is responsible for on site or depot repairs of the printer during the agreed time period,
ranging from one to ﬁve years; see Xerox Corporation (2011) for a sample service agreement. The
printer can break down due to fuser, motor, network failures and so on. The labor and part
costs associated with diﬀerent failures can vary widely. If the failure probabilities prove to be
too high, then the company may choose to stop selling this service or increase its fee for future
contracts. Similar technical support services for other types of equipment widely exist.
Example 2: Extended Vehicle Warranty. Most new vehicles come with a manufacturer warranty,
which typically covers the repair of components for a limited duration, for example, three years or
36,000 miles, whichever comes ﬁrst. When the initial manufacturer warranty expires, the customer
can buy an extended vehicle warranty, mostly from a third party service provider such as Warranty
Direct and CARCHEX; see, for example, Top Extended Vehicle Warranty Providers (2010). The
warranty contract works essentially like an insurance. The service provider charges a monthly fee to
the customer for a certain warranty duration, ranging from several months to ten years. If anything
covered by the warranty breaks down within this time period, then the service provider pays the
repair cost, including material and labor. Depending on the type of warranty contract and the
failed components, the repair costs can vary from a few hundred dollars to several thousands. If
the failure probabilities turn out to be too high, then the service provider may choose to increase
the payment rate of such warranty service for future demands.
Example 3: Cell Phone Warranty. Cell phone service providers routinely introduce new cell
phone models into the market. These companies make a certain revenue with the sale of each cell
phone, while each sold cell phone comes with a warranty that covers failures for a certain duration
of time. Generally, a cell phone can fail due to failures in ﬁve to ﬁfteen diﬀerent categories, while
the repair costs for failures in diﬀerent categories can vary substantially. For instance, according to
a nationwide repair service provider Mission Repair (2012), the screen repair for iPhone 4S costs
$99, the home button repair costs $79, while the battery repair costs $39. If the failure probabilities
turn out to be too high and the warranty coverage cost oﬀsets a large portion of the sales revenue,
then the company may decide to stop selling a particular cell phone model and turn its attention
to other possible alternative models.
The above motivating applications share common features. First, the product covered by the
warranty is fairly complex and it can fail from multiple failure types, while the repair costs
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associated with these failure types can vary substantially. Second, the company has a priori
knowledge of the types of failures that can occur, while it has limited information about the failure
probabilities. Third, the company has the option to stop selling the current product, possibly with
some follow up actions such as increasing the payment rate, terminating the product or switching
to another more reliable alternative. In case a stopping decision is made, the already sold warranty
contracts usually need to be honored by the company. The fundamental tradeoﬀ is that if the
company waits too long to get a better understanding of the reliability of the product, then it
may introduce too many units into the market and incur excessive repair costs due to them. On
the other hand, if the company does not spend enough time collecting data, then it may base its
decisions on unreliable estimates of the failure probabilities.
In this paper, motivated by the applications above, we analyze an optimal stopping model that
balances revenues and repair costs under partial information about product reliability. We formulate
the problem as a dynamic program with a high dimensional state variable that keeps track of our
beliefs about the probabilities of diﬀerent failure types. As new failure information is accumulated
at each time period, we adjust our beliefs about the probabilities of diﬀerent failure types according
to a Bayesian updating scheme. At each time period, we decide whether to continue or stop selling
the product. The objective is to maximize the total expected proﬁt, which is given by the diﬀerence
between the revenue from the sales and the total expected repair cost.
We make the following contributions in this paper. We give a characterization of the optimal
policy by showing that the value functions in our dynamic programming formulation are decreasing
and convex in our estimates of the failure probabilities (Proposition 1). By using this result, we
establish that the optimal policy is of boundary type (Propositions 2) and show that stopping will
not be optimal at the end of a period that contains no failures (Proposition 3). To deal with the high
dimensional state variable, we give two tractable approximation methods. The ﬁrst approximation
method decomposes the problem into a collection of one dimensional dynamic programs, one for
each failure type. By combining the value functions obtained from each one dimensional dynamic
program, we obtain upper bounds on the original value functions (Proposition 4). The second
approximation method is based on a deterministic formulation that ignores the beneﬁts from
future learning. Complementing the ﬁrst method, we show that the second approximation method
provides lower bounds (Proposition 5). By using the second approximation method, we demonstrate
that the relative value of learning the failure probabilities is larger when the demand quantities
in the diﬀerent time periods are smaller (Proposition 6). Finally, we establish that the lower
bounds from the second approximation method are asymptotically tight as the demand in each
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time period scales up linearly with the same rate (Proposition 7). Our numerical experiments
compare the performance of the policies from the two approximation methods with a variety of other
heuristic policies. Our computational results indicate that the policy from the ﬁrst approximation
method provides noticeable improvements with reasonable computational eﬀort, especially when
it is diﬃcult to form good estimates of the failure probabilities quickly.
The rest of the paper is organized as follows. In Section 2, we provide an overview of the related
literature. We give a dynamic programming formulation of the problem in Section 3, followed by
the structural properties of the optimal policy in Section 4. In Section 5, we develop an upper
bound approximation based on a dynamic programming decomposition idea. In Section 6, we
provide a lower bound approximation based on a deterministic formulation, along with an analysis
of the beneﬁts of learning. Computational experiments comparing the policies obtained by the
two approximation methods with various heuristics appear in Section 7. In Section 8, we provide
concluding remarks and discuss possible extensions of our model.

2.

Literature Review

Our paper is related to several streams of literature. The ﬁrst stream of work involves operations
management models that have embedded optimal stopping or learning features. Feng and Gallego
(1995) consider the optimal timing of a single price change between two ﬁxed prices. They show
that the optimal policy is characterized by sequences of time thresholds that depend on the
number of unsold units. Aviv and Pazgal (2005) use partially observed Markov decision processes
to analyze a dynamic pricing problem while learning an unknown demand parameter. They
develop upper bounds on the expected revenue and propose heuristics based on modiﬁcations of
the available information structure. Bertsimas and Mersereau (2007) give a model for adaptively
learning the eﬀectiveness of ads in interactive marketing. The authors formulate the problem as
a dynamic program with Bayesian learning and propose a decomposition based approximation
approach. Our decomposition idea resembles theirs. Caro and Gallien (2007) study a dynamic retail
assortment problem, where they use the multi armed bandit framework to learn the demand. They
develop an index policy and make extensions to incorporate lead times, assortment change costs
and substitution eﬀects. Araman and Caldentey (2009) study a dynamic pricing problem under
incomplete information for the market size. They formulate the problem as an intensity control
problem, derive structural properties of the optimal policy and give approximation methods. Farias
and Van Roy (2010) study a dynamic pricing problem, where the willingness to pay distribution
of the customers is known, but the customer arrival rate is unknown. The authors develop a
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heuristic to learn the customer arrival rate dynamically and give a performance guarantee for their
heuristic. Boyaci and Ozer (2010) study a model where a manufacturer collects advance demand
information to set its capacity level and characterize when it is optimal to stop collecting the
demand information. Harrison et al. (2010) consider a pricing problem where one of the two demand
models is known to apply, but they do not know which. They give asymptotic analyses for a family
of learning policies. Arlotto et al. (2011) study an optimal staﬃng problem through an inﬁnite
armed bandit model. They characterize the optimal policy as a Gittins index policy.
The second stream of related work involves decomposition methods for high dimensional
dynamic programs. Hawkins (2003) develops a Lagrangian relaxation method for the so called
weakly coupled dynamic programs, where the original dynamic program would decompose into
a collection of independent single dimensional subproblems when one relaxes a set of linking
constraints on the action space. Adelman and Mersereau (2008) compare the approximate linear
programming approach and the Lagrangian relaxation method for such weakly coupled dynamic
programs. Topaloglu (2009) explores the Lagrangian relaxation method in the network revenue
management setting to come up with tractable policies for controlling airline ticket sales. A
similar approach is adopted in Topaloglu and Kunnumkal (2010) to compute bid prices in network
revenue management problems, whereas Erdelyi and Topaloglu (2010) extend this approach to
obtain tractable solution methods for joint capacity allocation and overbooking problems over
an airline network. Brown et al. (2010) compute bounds on the value functions by relaxing the
nonanticipativity constraints and provide an analysis based on the duality theory.
Since our problem involves choosing between continuing and stopping under incomplete
information, a third stream of related literature is bandit problems. The one armed bandit problem
considers sampling from two options, where the reward from one option is known, but the expected
reward from the other option depends on an unknown parameter. The goal is to maximize the total
expected reward from sampling. Bradt et al. (1956) consider a setting that allows ﬁnite number of
sampling opportunities and show that the optimal policy is to stick with the known option until the
end once we switch to this option. Gittins (1979) characterizes the optimal policy for the inﬁnite
horizon one armed bandit problem as an index policy. Burnetas and Katehakis (1998) generalize
the results in Bradt et al. (1956) to the single parameter exponential family, whereas Burnetas
and Katehakis (2003) provide asymptotic approximations when the number of time periods goes
to inﬁnity. Goldenshluger and Zeevi (2009, 2011) consider minimax formulations of the one armed
bandit problem, establish lower bounds on the minimum regret under an arbitrary policy and
propose a policy that achieves a matching upper bound. When there are multiple options to choose
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from, the problem is referred to as a multi armed bandit problem. Berry and Fristedt (1985) and
Gittins (1989) give early analyses of multi armed bandit problems. Such problems tend to be
signiﬁcantly more diﬃcult than their one armed counterparts, since one needs to keep track of
the beliefs about the rewards of multiple options. The problem in this paper can be viewed as a
one armed bandit problem, where the unknown expected reward depends on multiple unknown
parameters. In this one armed bandit problem, the option with the unknown reward corresponds
to continuing to sell the product and the multiple unknown parameters correspond to the failure
probabilities. Similar to our problem, Burnetas and Katehakis (1996) study bandit problems where
the unknown expected reward depends on multiple unknown parameters. They use a frequentist
approach with the regret criterion, but we use a Bayesian formulation. Our Bayesian formulation
allows us to work with an optimality equation and our solution strategy is based on obtaining
approximate solutions to the optimality equation.
There is a rich literature in optimal stopping and its applications. Chow et al. (1971) and
Peskir and Shiryaev (2006) provide overviews of optimal stopping problems. One problem in this
area that is related to our work is optimal stopping of a risk process. This problem models an
insurance company receiving premiums and paying out claims that occur according to a renewal
process. The company invests its capital and premiums at an interest rate and claims increase
at a particular rate. The objective is to stop the process at a random time to maximize the net
expected gain. Boshuizen and Gouweleeuw (1993) and Muciek and Szajowski (2008) study such
models of various complexities. Schöttl (1998) studies a slight modiﬁcation of the problem, where
the goal is to ﬁnd the optimal time to recalculate the premiums so as to maximize the expected
net gain. Stopping a random process to maximize the net expected gain bears resemblance to our
problem, but the risk process literature usually works with known problem parameters.
Finally, the work on providing insurance under incomplete information is relevant to our
paper. Learning becomes crucial when an insurance company attempts to infer the risk levels of its
insurance buyers. In these settings, insurance buyers may act strategically and not report accidents
to manipulate how the insurance company infers their risk levels. By doing so, they try to secure
low insurance premiums in the future. Cooper and Hayes (1987), Hosios and Peters (1989) and
Watt and Vazquez (1997) study multi period models to address the strategic interaction between
an insurance company and its clients. In these models, the price of the service or the insurance
premium is an endogenous decision made by the insurance company and this feature causes the
clients to try to manipulate the perception of their risk levels. In our problem, the price of the
warranty is a parameter ﬁxed exogenously. Thus, we do not consider the strategic interaction
between the company and its clients.
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3.

Problem Formulation

We sell a product over a ﬁnite selling horizon. The product can fail from multiple failure types
and we sell the product with a warranty that covers the repairs of failed units within a certain
warranty duration. We incur a repair cost when a unit fails within its warranty duration. The
probabilities of diﬀerent failure types are unknown at the beginning of the selling horizon, but we
build estimates of the failure probabilities as failure information is accumulated over time. If the
failure probabilities turn out to be high and the repairs become too costly, then we may decide
to stop selling the product and avoid introducing new units into circulation, while honoring the
warranty coverage of existing units. On the other hand, if the failure probabilities turn out to be
low, then we may continue selling the product until the end of the selling horizon. The goal is to
decide if and when to stop selling the product so as to maximize the total expected proﬁt, which
is the diﬀerence between the total revenue from sales and the total expected repair cost.
There are n failure types indexed by 1, . . . , n, each of which has an associated unknown failure
probability. We assume that the true failure probabilities do not change overtime, but they are
unknown to us. The selling horizon consists of time periods {0, 1, . . . , τ }. At time period zero, we
sell the product to obtain an initial belief for the failure probabilities. We do not make a decision
at the beginning of this time period. At the beginning of the other time periods, we need to decide
whether to stop or continue selling the product. Thus, we can view time period zero as a test
marketing stage during which we form an initial belief about the failure probabilities. If we already
have a prior belief for the failure probabilities, then we can modify our model to skip time period
zero and start directly at time period one with the prior belief. At each time period, each unit may
suﬀer from one or more of multiple failure types. We assume that the failures of diﬀerent units and
the failures of each unit from diﬀerent failure types are independent of each other.
We generate a revenue of r from each unit sold. A sold unit is covered by warranty for K
consecutive time periods. If a unit under warranty fails from failure type i, then we incur a repair
cost of ci . A repaired unit remains in warranty only for the duration left in the original warranty
contract. In other words, the warranty for a particular unit does not start from scratch after
each repair. For simplicity, we ignore the possible lead time when a unit is being repaired. This
assumption is reasonable in the application settings we consider because companies usually have a
number of spare units that they can use to immediately replace a failed unit as the failed unit is
being repaired or a technician is sent immediately when a repair is requested. We assume that the
repaired units have the same unknown failure probabilities as the brand new units. This assumption
is reasonable when the failure types are mostly electrical or the repair is carried out by replacing the
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broken parts with new ones, which is again the case for the application settings that motivate our
work. Similarly, we assume that the failure probabilities do not depend on how long ago a product
was sold to a customer and how long ago a product was repaired. This assumption is reasonable
when the failure types are mostly electrical, rather than wear and tear related. We expand on this
assumption when listing possible extensions at the end of the paper in Section 8.
We use Dt to denote the demand for the product at time period t, which is assumed to be
deterministic. The deterministic demand assumption allows us to focus on the learning dynamics
for the failure probabilities and to identify structural insights from our model. We discuss possible
complications from relaxing this assumption at the end of the paper. Under this assumption the
number of units under warranty coverage in time period t, denoted by Wt , is simply the total
∑t
demand in the last K time periods. Thus, we have Wt = s=0 1(t − s < K) Ds , where 1(·) is the
indicator function. In this case, Wt corresponds to the number of units that we can potentially
receive as failed units for repairs at time period t. We naturally expect to receive only a fraction
of these units as failed units because not all of them fail at the same time. Finally, if we let
Mt = W0 +W1 +. . .+Wt−1 , then Mt is the maximum number of units that we could have potentially
received as failed units for repairs up until time period t. Each returned unit could have n types
of failure, implying that n Mt is the maximum possible number of failures. Since the demand is a
deterministic quantity, Wt and Mt are deterministic quantities, but the total number of failures
will be random and governed by the probability of each type of failure.
3.1.

Learning Dynamics

The learning process is based on a Bayesian update of the failure probabilities. At the beginning
of each time period, our prior belief about the probability of a particular failure type has a beta
distribution. After observing the number of failed units from a particular failure type, we apply
the Bayes rule to obtain an updated posterior belief about the failure probability. Since each unit
fails independently and the beta distribution is a conjugate prior of the binomial distribution, our
posterior belief continues to have a beta distribution.
Let Pit denote our random prior belief at the beginning of time period t for the probability of
failure type i. We recall that Mt corresponds to the maximum number of units that we could have
potentially received as failed units up until time period t. Using θit to denote the proportion of the
Mt units that have actually failed from failure type i, we assume that the random variable Pit has
a beta distribution with parameters (θit Mt , (1 − θit ) Mt ). The parameters θit Mt and (1 − θit ) Mt
are the number of units that have failed and have not failed, respectively, from failure type i up
until time period t. The expected value of Pit is θit Mt /[θit Mt + (1 − θit ) Mt ] = θit , which agrees
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with the intuition that the expected value of our prior belief for the probability of failure type i is
equal to the proportion of units that have failed from failure type i up to time period t.
Recall that Wt is the number of units that is still under warranty at time period t. If we let
the random variable Yit denote the number of units that we actually receive as failed units from
failure type i at time period t, then our prior belief implies that Yit has the binomial distribution
with parameters (Wt , Pit ), where the second parameter Pit is itself a beta random variable with
parameters (θit Mt , (1 − θit ) Mt ). Binomial random variables whose second parameter has a beta
distribution are commonly referred to as beta binomial random variables. In this case, since the beta
distribution is a conjugate prior for the binomial distribution, it is well known that our posterior
belief at time period t for the probability of failure type i has a beta distribution with parameters
(θit Mt + Yit , (1 − θit ) Mt + Wt − Yit ). The two parameters of this distribution correspond to the
number of units that have failed and have not failed, respectively, from failure type i up until time
period t + 1. Throughout the rest of the paper, we prefer writing the random variables Pit and
Yit as Pit (θit ) and Yit (θit ) to explicitly emphasize the fact that the distributions of these random
variables depend on θit . By conditioning on Pit (θit ), we compute the expected value of Yit (θit ) as
E{Yit (θit )} = E{E{Yit (θit ) | Pit (θit )}} = E{Wt Pit (θit )} = Wt θit . This computation shortly becomes
useful when constructing the cost function.
3.2.

Dynamic Program

Our prior belief at time period t for the probability of failure type i has a beta distribution with
parameters (θit Mt , (1 − θit ) Mt ). Noting that Mt is a deterministic quantity, we only need to know
θit in order to keep track of our prior belief for the probability of failure type i. Therefore, we
can use θt = (θ1t , . . . , θnt ) as the state variable in our dynamic programming formulation. Since θit
corresponds to the proportion of the Mt units that we have actually received as failed units from
failure type i up until time period t, the dynamics of θit is given by
θi,t+1 =

[
θit Mt + Yit (θit )
Mt
Mt ] Yit (θit )
=
θit + 1 −
,
Mt+1
Mt+1
Mt+1
Wt

(1)

where we use the fact that Mt+1 − Mt = Wt . Using the vector Yt (θt ) = (Y1t (θ1t ), . . . , Ynt (θnt )) and
deﬁning the deterministic quantity λt = Mt /Mt+1 , we write the dynamics of θt in vector notation
t
as θt+1 = λt θt + 1−λ
Yt (θt ). The quantity λt ∈ [0, 1] is called the shrinkage factor.
Wt

To develop the cost structure of our dynamic program, we begin by considering the case where
we continue selling the product at time period t. In this case, the number of units that fail from
failure type i at time period t is given by the random variable Yit (θit ). Since E{Yit (θit )} = Wt θit ,
∑n
we incur an expected repair cost of Ct (θt ) = i=1 ci Wt θit , if we continue selling the product. On
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the other hand, if we decide to stop selling the product at time period t, then all future demands
are lost, while the warranty for the already sold units needs to be honored. In this case, the
number of units that remain under warranty coverage at a future time period ℓ ≥ t is given by
∑t−1
s=0 1(ℓ − s < K) Ds . Therefore, the number of units that we receive as failed units from failure
type i at the future time period ℓ is given by a beta binomial random variable with parameters
(∑t−1
)
∑t−1
s=0 1(ℓ − s < K) Ds , Pit (θit ) , whose expectation is given by
s=0 1(ℓ − s < K) Ds θit , where we
use the same conditioning argument that we use to compute the expectation of Yit (θit ). Adding
over all of the future time periods and all of the failure types, this implies that we incur an expected
∑n ∑∞ ∑t−1
repair cost of St (θt ) = i=1 ℓ=t s=0 ci 1(ℓ − s < K) Ds θit from time period t onwards, given that
we stop selling the product at time period t. The implicit assumption in the last cost expression
is that if a unit is covered by the warranty beyond the selling horizon, then we are responsible for
fulﬁlling the repairs for this unit until its warranty coverage expires. If stopping to sell the product
also means switching to an alternative product, then we show how to incorporate the additional
revenue stream from the alternative product in Section 8.
We can formulate the problem as a dynamic program by using θt as the state variable at time
period t. If we continue selling the product at time period t, then we generate a revenue of rDt and
incur an expected repair cost of Ct (θt ), whereas if we stop selling the product at time period t,
then we incur an expected repair cost of St (θt ). Using the learning dynamics given in (1), the value
functions satisfy the optimality equation
}
{
t
Y
(θ
))
}
,
−
S
(θ
)
,
ϑt (θt ) = max rDt − Ct (θt ) + E{ϑt+1 (λt θt + 1−λ
t
t
t
t
Wt
with the boundary condition ϑτ +1 (·) = −Sτ +1 (·). If the ﬁrst term in the max operator is larger than
the second term, then it is optimal to continue. Otherwise, it is optimal to stop. The expectation
operator involves the random variable Yt (θt ). It turns out that we can simplify the optimality
equation by using a relationship between Ct (·) and St (·). Adding St (θt ) to both sides of the
optimality equation and letting Vt (θt ) = ϑt (θt ) + St (θt ), we obtain
{
t
Yt (θt ))}
Vt (θt ) = max rDt − Ct (θt ) + St (θt ) + E{Vt+1 (λt θt + 1−λ
Wt

}
t
Y
(θ
))
}
,
0
,
− E{St+1 (λt θt + 1−λ
t
t
Wt

with the boundary condition Vτ +1 (·) = 0. From the deﬁnition of St+1 (·), we see that it is a linear
function, hence we have E{St+1 (λt θt +

1−λt
Wt

Yt (θt ))} = St+1 (E{λt θt +

1−λt
Wt

Yt (θt )}) = St+1 (θt ),

where we use the fact that E{Yit (θit )} = Wt θit . Therefore, in the above optimality equation,
we can write the expression Ct (θt ) − St (θt ) + E{St+1 (λt θt +

1−λt
Yt (θt ))}
Wt

as Ct (θt ) − St (θt ) +
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St+1 (θt ). In addition, using the deﬁnitions of Ct (·) and St (·), a simple algebraic manipulation given
∑n
in Appendix A shows that Ct (θt ) − St (θt ) + St+1 (θt ) = K i=1 ci θit Dt = KcT θt Dt , where we let
c = (c1 , . . . , cn ). Thus, we can write the last optimality equation as
{
}
t
Y
(θ
))
}
,
0
.
Vt (θt ) = max (r − KcT θt ) Dt + E{Vt+1 (λt θt + 1−λ
t
t
Wt

(2)

The optimality equation above has an intuitive explanation. According to our belief at time period
t, we expect a unit to fail from failure type i with probability θit and the expression KcT θt can
be interpreted as the expected repair cost of a unit over its whole warranty coverage. Therefore,
the expression r − KcT θt in the optimality equation above corresponds to the expected net proﬁt
contribution of a sold unit. The optimality equation in (2) indicates that for each unit sold at
time period t, the total expected repair cost over the whole warranty duration can be charged
immediately at time period t according to our belief at this time period. This shift in the timing of
costs is possible because the repair cost is linear in θt and the Bayesian updates have the martingale
t
Yt (θt )} = θt ; see Whittle (1983).
property satisfying E{λt θt + 1−λ
Wt

In the optimality equation in (2), it is optimal to continue selling the product at time period
t whenever the state θt satisﬁes (r − KcT θt ) Dt + E{Vt+1 (λt θt +

1−λt
Wt

Yt (θt ))} > 0. Furthermore,

the state at time period t satisﬁes the last inequality if and only if Vt (θt ) > 0. Therefore, the
set of states at which it is optimal to continue selling the product at time period t is given by
Ct = {θt ∈ [0, 1]n : Vt (θt ) > 0}. We obtain an optimal policy by continuing to sell the product at

time period t if and only if the state θt at this time period satisﬁes θt ∈ Ct .
Our formulation assumes that we know all types of failures that can occur. In this case, we
can keep a belief about the probability of failure for each failure type. Exploiting the assumption
that the failures from diﬀerent types are independent, we obtain a tractable approach to update
our beliefs. At the end of the paper, we discuss a possible modiﬁcation of this assumption, where
each unit can fail from a single failure at a time, inducing dependence across failure types. This
modiﬁcation results in a Dirichlet multinomial learning model that is more diﬃcult to work
with. Also, we observe that our beliefs about the failure probabilities only aﬀect the repair costs
in the optimality equation in (2). Therefore, instead of working with multiple failure types and
keeping our beliefs about the associated failure probabilities, we can keep a belief about an
unknown repair cost distribution. This alternative approach bypasses the necessity to explicitly
work with multiple failure types. Assuming that the repair cost distribution can be characterized
by a small number of parameters, this alternative approach may require learning fewer unknown
parameters. Nevertheless, we obtain a rather simple scheme to update our prior beliefs when we
keep track of our beliefs about individual failure probabilities separately.
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4.

Structural Properties

In this section, we show that the value functions are componentwise decreasing and convex. Using
these properties, we establish the monotonicity of the optimal decision as a function of the state
variable and the time period. To that end, following Shaked and Shanthikumar (2007), we say that
a family of random variables {X(γ) : γ ∈ ℜ} is stochastically increasing if E{ϕ(X(γ))} is increasing
in γ for any increasing function ϕ(·) on ℜ. Similarly, a family of random variables {X(γ) : γ ∈ ℜ} is
stochastically convex if E{ϕ(X(γ))} is convex in γ for any convex function ϕ(·) on ℜ. Replicating
the proofs of Theorems 8.A.15 and 8.A.17 in Shaked and Shanthikumar (2007), we can show the
following closure properties for stochastically increasing and convex families.
Lemma 1 (Closure Properties). We have the following properties.
(1) Assume that the families of random variables {X(γ) : γ ∈ ℜ} and {Y (γ) : γ ∈ ℜ} are
stochastically increasing and stochastically convex. Furthermore, assume that X(γ) and Y (γ) are
independent of each other for all γ ∈ ℜ. Then, for any a, b ∈ ℜ+ , the family of random variables
{a X(γ) + b Y (γ) : γ ∈ ℜ} is stochastically increasing and stochastically convex.

(2) Let {X(γ) : γ ∈ ℜ} be a family of real valued random variables. Assume that the families of
random variables {X(γ) : γ ∈ ℜ} and {Y (θ) : θ ∈ ℜ} are stochastically increasing and stochastically
convex. Furthermore, assume that X(γ) and Y (θ) are independent of each other for all γ ∈ ℜ and
θ ∈ ℜ. Then, the family of random variables {Y (X(γ)) : γ ∈ ℜ} is stochastically increasing and
stochastically convex.
If we use Binomial(n, p) to denote a binomial random variable with parameters (n, p), then
Example 8.B.3 in Shaked and Shanthikumar (2007) establishes that the family of random variables
{Binomial(n, p) : p ∈ [0, 1]} is stochastically increasing and linear in the sample path sense,

which implies that this family of random variables is stochastically increasing and stochastically
convex. Similarly, if we use Beta(θ m, (1 − θ) m) to denote a beta random variable with parameters
(θ m, (1 − θ) m) and deﬁne Beta(0, m) = 0 and Beta(m, 0) = 1, then Adell et al. (1993) show that
the family of random variables {Beta(θ m, (1 − θ) m) : θ ∈ [0, 1]} is stochastically increasing and
stochastically convex. Using these results together with Lemma 1, we get the following monotonicity
and convexity result for the value functions. We defer the proof to Appendix B.
Proposition 1 (Monotonicity and Convexity of Value Functions). For all t = 1, . . . , τ
and i = 1, . . . , n, the value function Vt (θt ) is componentwise decreasing and convex in θit .
′
≤ θit , ∀ i = 1, . . . , n,
Based on the monotonicity property, if Vt (θt ) > 0, then for any θt′ with θit

we have Vt (θt′ ) ≥ Vt (θt ) > 0. In this case, we immediately obtain the following proposition, which
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gives a comparison between the decisions made by the optimal policy for diﬀerent values of the
state variable. In the statement of the next proposition, we recall that Ct = {θt ∈ [0, 1]n : V (θt ) > 0}
denotes the set of states for which it is optimal to continue selling the product.
Proposition 2 (Shape of the Continuation Region). For all t = 1, ..., τ and θt , θt′ ∈ [0, 1]n
′
that satisfy θit
≤ θit , ∀ i = 1, . . . , n, if θt ∈ Ct , then θt′ ∈ Ct .

The intuition behind the proposition is that if the proportions of the units that failed in the past
from diﬀerent failure types are lower, then our estimates of the failure probabilities are also lower
and we are more likely to continue selling the product, all else being equal. The implication of this
proposition is that the optimal policy is a boundary policy. In other words, there is an optimal
stopping boundary at time period t and if the proportions of the units that failed in the past from
diﬀerent failure types are above the optimal stopping boundary, then it is optimal to stop selling
the product. Otherwise it is optimal to continue. The optimal stopping boundary at time period t
is an (n − 1)-dimensional hypersurface determined by the values of θt that satisfy (r − KcT θt ) Dt +
E{Vt+1 (λt θt +

1−λt
Wt

Yt (θt ))} = 0. For a problem instance with two failure types, the solid line in

Figure 1 shows the shape of the optimal stopping boundary at a particular time period t. The
horizontal and vertical axes in this ﬁgure give our expected beliefs about the probabilities of the two
failure types, which we indicate by (θ1t , θ2t ). The solid line shows the values of the expected beliefs
about the probabilities of the two failure types such that we would be indiﬀerent between stopping
and continuing to sell the product. To the lower left side of the stopping boundary, the optimal
decision is to continue selling the product. The dashed and dotted lines show approximations to
the optimal stopping boundary that we obtain by using the methods developed in Sections 5 and
6. We dwell on these stopping boundaries later in the paper. Using the monotonicity of the value
functions, the following proposition gives a comparison between the decisions made by the optimal
policy at diﬀerent time periods. The proof of this proposition appears in Appendix B.
Proposition 3 (No Failures Lead to Continuation). Assume that the state at time period
t is θt and θt ∈ Ct . If no units fail at time period t, then it is still optimal to continue selling the
product at time period t + 1.
Proposition 3 conveys the intuition that the absence of failures at time period t strengthens our
belief that failures are rare. Therefore, if it is optimal to continue selling the product at time period
t and we do not observe any failures at this time period, then it is sensible to continue selling the
product at time period t + 1 as well.
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Figure 1

Optimal stopping boundary and approximations to the optimal stopping boundary at t = 4 for a problem
instance with the following parameters: n = 2, τ = 5, K = 1, r = 1, c = (1.5, 0.5), Dl = 5, l = 0, ..., τ .
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The expectation in the optimality equation in (2) involves the random variable Yit (θit ), which
has a beta binomial distribution with parameters (Wt , Pit (θit )), where the random variable Pit (θit )
itself is a beta random variable. Computing expectations that involve such a beta binomial random
variable requires calculating beta functions, which can be computationally problematic in practice
when the parameters of the beta function are large. Teerapabolarn (2008) demonstrates that a
beta binomial distribution can be approximated well by a binomial distribution, especially when
the expectation of the beta random variable is small. This result brings up the possibility of
replacing the beta binomial random variable Yit (θit ) in the optimality equation in (2) with a
binomial random variable Zit (θit ) with parameters (Wt , θit ), which is a binomial random variable
with the same expectation as Yit (θit ). With this substitution, we can simplify the computation of
the expectation in (2). We use this approximation strategy in the numerical experiments presented
in Section 7. Using the fact that the value functions are componentwise convex, which is shown in
Proposition 1, it is possible to establish that approximating a beta binomial random variable with
the corresponding binomial one provides lower bounds on the original value functions. We provide
the details of this lower bound property in Appendix C.
The diﬃculty in obtaining the optimal policy for our problem is due to the fact that the optimality
equation in (2) has a high dimensional state vector. This high dimensionality makes it diﬃcult to
compute the value functions exactly when the number of failure types exceeds two or three. In the
next two sections, we develop computationally tractable methods to construct approximations to
the value functions. These methods scale gracefully with the number of failure types.
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5.

Upper Bounds and Decomposition Based Policy

In this section, we develop a tractable method for approximating the value functions by
decomposing the problem into a collection of one dimensional dynamic programs, each involving
a single failure type. To begin with, we observe that the expected repair cost KcT θt Dt =
∑n
K i=1 ci θit Dt in the optimality equation in (2) decomposes by the failure types. Furthermore, the
dynamics of θt given in (1) implies that our beliefs about the diﬀerent failure probabilities evolve
independently of each other. These observations motivate writing the revenue expression in the
∑n
optimality equation in (2) as rDt = i=1 ρi Dt , where we assume that the vector ρ = (ρ1 , . . . , ρn )
∑n
satisﬁes i=1 ρi = r, but we leave it unspeciﬁed otherwise for the time being. In this case, for each
i = 1, . . . , n, we propose solving the optimality equation
{
}
U
t
VitU (θit | ρi ) = max (ρi − Kci θit ) Dt + E{Vi,t+1
(λt θit + 1−λ
Y
(θ
)
|
ρ
)
}
,
0
,
it
it
i
Wt

(3)

U
with the boundary condition Vi,τ
+1 (· | ρi ) = 0. The optimality equation in (3) ﬁnds the optimal

policy for the case where the failures are only of type i and the revenue that we generate from
each sold unit is given by ρi . We use the subscript i in the value functions to emphasize that the
optimality equation in (3) focuses only on a single failure type i. The argument ρi in the value
functions emphasizes that the solution to the optimality equation depends on the choice of ρi . As
shown in the following proposition, the optimality equation in (3) can be used to construct upper
bounds on the original value functions and the superscript U in the value functions emphasizes
this upper bound property. Since the state variable in the optimality equation in (3) is a scalar,
we can solve this optimality equation in a tractable manner.
Proposition 4 (Upper Bound). For any vector ρ satisfying
∑n
U
n
i=1 Vit (θit | ρi ) for all t = 1, . . . , τ and θt ∈ [0, 1] .

∑n

i=1 ρi

= r, we have Vt (θt ) ≤

Proof. We show the result by using induction over the time periods. The result trivially holds
at time period τ + 1. Assuming that the result holds at time period t + 1, we have
n
∑
i=1

VitU (θit | ρi )

{
}
U
t
max (ρi − Kci θit ) Dt + E{Vi,t+1
(λt θit + 1−λ
Y
(θ
)
|
ρ
)
}
,
0
it
it
i
Wt
i=1 {
}
n
n
∑
∑
U
t
(ρi − Kci θit ) Dt +
E{Vi,t+1
(λt θit + 1−λ
≥ max
Yit (θit ) | ρi )}, 0
Wt
i=1
{ i=1
}
∑n
U
t
(λt θit + 1−λ
= max (r − KcT θt ) Dt + E{ i=1 Vi,t+1
Y
(θ
)
|
ρ
)
}
,
0
it it
i
Wt
{
}
1−λt
T
≥ max (r − Kc θt ) Dt + E{Vt+1 (λt θt + Wt Yt (θt ))}, 0 = Vt (θt ),

=

n
∑

where the ﬁrst inequality follows by noting that max{a, 0} + max{b, 0} ≥ max{a + b, 0}, the second
∑n
equality uses the fact that i=1 ρi = r, the second inequality follows from the induction assumption
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and the fact that the components of Yt (θt ) are independent of each other and the last equality


follows from the optimality equation in (2).

From the proof of the proposition above, we observe that the suﬃcient conditions for the upper
bound property to hold are the following. First, the immediate expected proﬁt should be of the
form a constant plus a separable function of the state. In our problem setting, this expected proﬁt
∑n
is of the form r Dt − K Dt i=1 ci θit . Second and perhaps more importantly, our beliefs about
the probabilities of the diﬀerent failure types should evolve independently of each other. As long
as these two conditions are satisﬁed, the decomposition approach described above provides upper
bounds on the original value functions, irrespective of the learning model that we use.
It is natural to ask how we can use Proposition 4 to choose a value for ρ and how we can use
the optimality equation in (3) to decide whether we should continue or stop selling the product at
a particular time period. By Proposition 4, the optimal objective value of the problem
{ n
}
n
∑
∑
U
U
Vit (θit | ρi ) :
ρi = r
Vt (θt ) = min
ρ

i=1

(4)

i=1

provides the tightest possible upper bound on Vt (θt ). Indeed, the problem above ﬁnds the tightest
∑n
possible upper bound on Vt (θt ) among all upper bounds of the form i=1 VitU (θit | ρi ). In this case,
we can mimic the optimal policy by deﬁning the set of states CtU = {θt ∈ [0, 1]n : VtU (θt ) > 0} and
continuing to sell the product at time period t if and only if the state θt at this time period
satisﬁes θt ∈ CtU . We refer to this policy as the decomposition based policy. Since we have VtU (θt ) ≥
Vt (θt ), we obtain CtU ⊇ Ct . Therefore, the decomposition based policy is more likely to continue
selling the product when compared with the optimal policy. The dashed line in Figure 1 shows the
approximation to the optimal stopping boundary that we obtain by using the decomposition based
policy. We observe from this ﬁgure that we indeed have CtU ⊇ Ct .
In Appendix D, we use induction over the time periods to show that VitU (θit | ρi ) is a convex
function of ρi . Furthermore, we establish that if we start at time period t in state θit , then the total
expected demand that we observe until we stop selling the product according to the optimality
equation in (3) gives a subgradient of VitU (θit | ·) at ρi . In other words, if we want to compute a
subgradient of VitU (θit | ·) at ρi , then we can solve the optimality equation in (3) with this value
of ρi . In this way, we obtain the value functions {VisU (· | ρi ) : s = 0, 1, . . . , τ }. According to the
optimality equation in (3), it is optimal to continue selling the product as long as the state variable
θis at a time period s satisﬁes VisU (θis | ρi ) > 0. In this case, starting at time period t in state θit , the
total expected demand that we observe until we stop selling the product provides a subgradient of
VitU (θit | ·) at ρi . Since we can use Monte Carlo simulation to estimate the total expected demand
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that we observe until we stop selling the product, it is straightforward to compute a subgradient of
VitU (θit | ρi ) with respect to ρi . Alternatively, we can compute this total expected demand exactly by
exploiting the fact that Yit (θit ) has a ﬁnite number of realizations. Once we have the subgradient
of VitU (θit | ρi ) with respect to ρi , we can solve problem (4) by using standard subgradient search
for minimizing a convex function subject to linear constraints; see Ruszczynski (2011).

6.

Lower Bounds and Greedy Policy

The goal of this section is to complement the approach in the previous section by providing lower
bounds on the value functions. We begin this section by motivating our lower bounds through
Jensen’s inequality. Following this motivation, we show that our lower bounds correspond to the
expected proﬁts obtained by a greedy policy that makes its decisions based only on the current
beliefs, ignoring future learning. Using the lower bounds, we construct a policy to decide if and
when to stop selling the product. Finally, we show that our lower bounds become asymptotically
tight as we scale up the demand at each time period linearly with the same rate.
6.1.

A Deterministic Approximation

Our approach is based on exchanging the order in which we compute the expectation and the
value function on the right side of the optimality equation in (2). In particular, we observe that
E{λt θt +

1−λt
Wt

Yt (θt )} = θt , which follows by the fact that E{Yt (θt )} = Wt θt or simply by the

t
martingale property of Bayesian updates. In this case, replacing E{Vt+1 (λt θt + 1−λ
Yt (θt ))} on the
Wt
t
right side of the optimality equation in (2) with Vt+1 (E{λt θt + 1−λ
Yt (θt )}) = Vt+1 (θt ), we obtain
Wt

the optimality equation
{
}
L
VtL (θt ) = max (r − KcT θt ) Dt + Vt+1
(θt ), 0 ,

(5)

with the boundary condition VτL+1 (·) = 0. The optimality equation above does not involve any
uncertainty and the state does not change as long as we continue selling the product. In this case,
letting [·]+ = max{·, 0} and using induction over the time periods, it is possible to show that the
value functions computed through the optimality equation in (5) are explicitly given by
VtL (θt )

= [r − Kc θt ]
T

+

τ
∑

Ds

(6)

s=t

for all t = 1, . . . , τ and θt ∈ [0, 1]n . We defer the details of this simple induction argument to
Appendix E. The following proposition shows that the value function VtL (·) provides a lower bound
on the original value function. The superscript L emphasizes this lower bound property.
Proposition 5 (Lower Bound). For all t = 1, . . . , τ and θt ∈ [0, 1]n , we have Vt (θt ) ≥ VtL (θt ).
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Proof. We show the result by using induction over the time periods. The result trivially holds
at time period τ + 1. Assuming that the result holds at time period t + 1, we have
L
t
t
E{Vt+1
(λt θt + 1−λ
Yt (θt ))} = E{[r − KcT (λt θt + 1−λ
Yt (θt ))]+ }
Wt
Wt

τ
∑

Ds

s=t+1
τ
∑

t
≥ [r − KcT E{λt θt + 1−λ
Yt (θt )}]+
Wt

= (r − KcT θt )+

τ
∑

Ds

s=t+1
L
Ds = Vt+1
(θt ),

(7)

s=t+1

where the equalities use the closed form expression for VtL (·) given in (6) and the inequality follows
by noting that [·]+ is a convex function and using Jensen’s inequality. Thus, we obtain
{
}
t
Vt (θt ) = max (r − KcT θt ) Dt + E{Vt+1 (λt θt + 1−λ
Y
(θ
))
}
,
0
t
t
Wt
{
}
1−λt
T
L
≥ max (r − Kc θt ) Dt + E{Vt+1 (λt θt + Wt Yt (θt ))}, 0
{
}
L
≥ max (r − KcT θt ) Dt + Vt+1
(θt ), 0 = VtL (θt ),
where the ﬁrst inequality follows from the induction hypothesis and the second one is by (7).



From the discussion at the end of Section 3, we can interpret r − KcT θt as the expected net
proﬁt contribution of a sold unit. Therefore, the expression for VtL (θt ) given in (6) corresponds to
the total expected proﬁt obtained by a policy that continues selling the product at all future time
periods whenever the expected net proﬁt contribution of a sold unit is positive. This policy does
not consider the beneﬁts from learning the failure probabilities at future time periods.
We can use the optimality equation in (5) to come up with a policy to decide whether we should
continue or stop selling the product at a particular time period. In particular, if we use VtL (·)
as an approximation to Vt (·), then we can mimic the optimal policy by deﬁning the set of states
CtL = {θt ∈ [0, 1]n : VtL (θ) > 0} and continuing to sell the product at time period t if and only if

the state θt at this time period satisﬁes θt ∈ CtL . We refer to this policy as the greedy policy. Since
we have VtL (θt ) ≤ Vt (θt ), we obtain CtL ⊆ Ct , which implies that the greedy policy is more likely to
stop selling the product when compared with the optimal policy. Furthermore, noting (6), we can
write CtL as CtL = {θt ∈ [0, 1]n : r − KcT θt > 0} and the stopping boundary from the greedy policy is
an (n − 1)-dimensional hyperplane determined by r − KcT θt = 0. Therefore, we do not even need
to solve an optimality equation to ﬁnd the decisions made by the greedy policy. The dotted line in
Figure 1 shows the approximation to the optimal stopping boundary that we obtain by using the
greedy policy and it demonstrates that we indeed have CtL ⊆ Ct .
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6.2.

Asymptotic Analysis

Although the greedy policy is simple to compute, it does not consider the beneﬁts from learning
the failure probabilities and a natural question is when we can expect the greedy policy to perform
reasonably well. In this section, we consider an asymptotic regime where we scale up the demand
at each time period linearly with the same rate. We show that the performance of the greedy
policy becomes optimal under this regime. The asymptotic regime we consider is interesting in
the following sense. On the one hand, if the demand at each time period is scaled up, then we
collect a large amount of information right after the ﬁrst time period and our estimates of the
failure probabilities immediately become accurate. Thus, it may not be a huge problem to make
decisions without considering the beneﬁts from learning the failure probabilities and the greedy
policy is expected to perform well. On the other hand, since the demand quantities at the future
time periods are also large, we have the potential to collect a large amount of information about
failure probabilities in the future, which may change our current belief about failure probabilities
dramatically. Furthermore, since the demand quantities are large, small errors in estimating the
failure probabilities may have serious consequences in absolute terms. Thus, ignoring the beneﬁts
from learning may cause serious problems and the greedy policy may perform poorly. From these
two conﬂicting perspectives, it is not clear a priori whether the greedy policy is expected to perform
well or not. The rest of this section dwells on this question by showing that the greedy policy is
optimal under our asymptotic scaling regime.
We consider a family of problems {P m : m = 1, 2, . . .} indexed by the parameter m ∈ Z+ . In
problem P m , the demand at time period t is mDt , but all other problem parameters are the same as
those in Section 3. Thus, the parameter m scales up the demand at each time period. Accordingly,
in problem P m , we have mMt units that we could potentially have received as failed units up
until time period t. We continue using θit to denote the proportion of the mMt units that we have
actually received as failed units from failure type i. In this case, if we let Pitm (θit ) be our prior
belief at time period t for the probability of failure type i, then Pitm (θit ) has a beta distribution
with parameters (θit mMt , (1 − θit ) mMt ). Similarly, in problem P m , we have mWt units that we
can potentially receive as failed units for repairs at time period t. We use Yitm (θit ) to denote the
number of units that we actually receive as failed units from failure type i at time period t. In this
case, Yitm (θit ) has a beta binomial distribution with parameters (mWt , Pitm (θit )).
We use {Vt (· | m) : t = 1, . . . , τ } to denote the value functions that we obtain by solving the
optimality equation in (2) for problem P m . In other words, these value functions are obtained by
m
(θnt )) in the optimality equation
replacing Dt with mDt and Yt (θt ) with Ytm (θt ) = (Y1tm (θ1t ), . . . , Ynt
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in (2) and solving this optimality equation. We note that λt in problem P m does not depend on m
since we have λt = mMt /mMt+1 = Mt /Mt+1 . Similarly, we use {VtL (· | m) : t = 1, . . . , τ } to denote
the value functions that we obtain by solving the optimality equation in (5) for problem P m . Noting
(6), we have VtL (θt | m) = m VtL (θt | 1) for all t = 1, . . . , τ and θt ∈ [0, 1]n .
For problem P m , it is optimal to continue selling the product at time period t whenever the state
θt at this time period is in the set Ct (m) = {θt ∈ [0, 1]n : Vt (θt | m) > 0}. Replacing Vt (θt | m) with
the lower bound VtL (θt | m), we can obtain an approximate policy for problem P m by continuing
to sell the product at time period t whenever the state θt at this time period is in the set CtL (m) =
{θt ∈ [0, 1]n : VtL (θt | m) > 0}. Since we have VtL (θt | m) ≤ Vt (θt | m) for all θt ∈ [0, 1]n , we naturally

obtain CtL (m) ⊆ Ct (m). Furthermore, since VtL (θt | m) = m VtL (θt | 1), we have CtL (m) = CtL (1) by the
deﬁnition of CtL (m). Therefore, we have CtL (1) ⊆ Ct (m) for all m ∈ Z+ . The following proposition
gives an ordering for {Ct (m) : m ∈ Z+ }, showing that Ct (m) shrinks as m increases. Its proof is in
Appendix F and uses the componentwise convexity of the value function shown in Proposition 1.
Proposition 6 (Learning is More Beneﬁcial for Smaller Demand). For all t = 1, . . . , τ ,
θt ∈ [0, 1]n and m ∈ Z+ , we have CtL (1) ⊆ Ct (m + 1) ⊆ Ct (m).
Proposition 6 indicates that the optimal policy is more likely to continue selling the product when
m is small. Noting that the demand quantities are smaller when m is smaller, this result builds
the intuition that if the demand quantities are smaller, then we should be more willing to learn
the failure probabilities by continuing to sell the product. In other words, we intuitively expect
the value of learning to be large when the demand quantities are small. In addition, Proposition
6 shows that the set of states at which we continue selling the product under our deterministic
approximation is always smaller than the set of states at which we continue selling the product
under the optimal policy. Thus, our deterministic approximation is at the extreme end in the sense
that no matter how large the demand quantities are, our deterministic approximation is more likely
to stop selling the product when compared with the optimal policy. In the following proposition,
√
we show that Vt (θt | m) deviates from VtL (θt | m) by a term that grows in the order of m. We
defer the proof of this result to Appendix G.
Proposition 7 (Vanishing Relative Gap with Lower Bound). For all t = 1, . . . , τ and
√
θt ∈ [0, 1]n , we have VtL (θt | m) ≤ Vt (θt | m) ≤ VtL (θt | m) + Ḡt m, where Ḡt is a constant that
depends on (D0 , . . . , Dτ ), (c1 , . . . , cn ) and K, but it is independent of m.
Since we have VtL (θt | m) = m VtL (θt | 1) for all t = 1, . . . , τ and θt ∈ [0, 1]n , Proposition 7 implies
√
that m VtL (θt | 1) ≤ Vt (θt | m) ≤ m VtL (θt | 1) + Ḡt m. Therefore, as long as VtL (θt | 1) is strictly
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positive, both VtL (θt | m) and Vt (θt | m) grow linearly with m, but the diﬀerence between VtL (θt | m)
√
t | m)
and Vt (θt | m) grows only in the order of m. In other words, we have limm→∞ VVLt (θ
= 1 as
(θ | m)
t

t

long as VtL (θt | 1) is strictly positive. Intuitively speaking, when the demand quantities get large,
the value of learning vanishes in a relative sense and the problem becomes reasonably easy. We
emphasize that although the relative gap between Vt (θt | m) and VtL (θt | m) vanishes as m gets
√
large, the absolute gap Vt (θt | m) − VtL (θt | m) can still grow in the order of m. Heyman and
Sobel (2003) and Muckstadt and Sapra (2010) give examples of stochastic optimization problems
in inventory control, marketing and capacity expansion settings where a greedy policy provides an
optimal policy. Our results suggest that the relative performance of the greedy policy is expected to
be good when m is large, but this policy should not be regarded as a consistently strong policy. In
particular, the greedy policy may suﬀer from a large absolute performance loss even when m is
large. Furthermore, our computational experiments indicate that when m is small so that there is
limited amount of demand at each time period, the greedy policy may also have a large relative
performance loss, as it ignores the beneﬁts from future learning.

7.

Computational Experiments

In this section, we provide computational experiments to test the performance of the policies
developed in Sections 5 and 6. We begin by describing our benchmark policies and experimental
setup. Following this description, we provide our computational results.
7.1.

Benchmark Policies

We compare the following ﬁve benchmark policies.
Ideal Policy (IDE). This benchmark policy corresponds to an idealized decision rule computed
under the assumption that the true failure probabilities are known. If we know that the true
failure probabilities are given by p = (p1 , . . . , pn ), then we generate a revenue of r and incur an
expected repair cost of KcT p for each sold unit. Therefore, if r > KcT p, then it is optimal to sell
the product until the end of the selling horizon, whereas if r ≤ KcT p, then it is optimal not to
sell the product at all. Since there is no decision to be made at the beginning of time period zero,
∑τ
the expected proﬁt obtained by IDE is simply D0 [r − KcT p] + t=1 Dt [r − KcT p]+ . This expected
proﬁt corresponds to the idealized scenario of knowing the true failure probabilities and it provides
an unattainable upper bound on the expected proﬁt from any policy that tries to learn the failure
probabilities. Nevertheless, by comparing the performance of a particular policy with this upper
bound, we can assess how diﬃcult the problem is and how well the policy performs.
Decomposition Based Policy (DBP). This benchmark policy corresponds to the one described in
Section 5. In particular, if our belief for the failure probabilities at time period t is captured by
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the vector θt , then DBP solves problem (4) to compute VtU (θt ) and continues selling the product
if and only if θt is in the set CtU = {θt′ ∈ [0, 1]n : VtU (θt′ ) > 0}.
Greedy Policy (GRP). This benchmark policy corresponds to the one described in Section 6. If
our belief for the failure probabilities at time period t is captured by the vector θt , then GRP
continues selling the product if and only if θt is in the set CtL = {θt′ ∈ [0, 1]n : r − KcT θt′ > 0}. We
note that implementing GRP does not require solving an optimality equation at all. Furthermore,
the set CtL does not depend on the time period.
One Step Look Ahead Policy (OSL). This benchmark policy tries to learn the failure probabilities
only for the current time period and evaluates the future expected proﬁt after the current time
period by using the value function of a heuristic policy. As for the heuristic policy, we use GRP
that we describe above. Thus, if our belief for the failure probabilities at time period t is captured
by the vector θt , then OSL solves the problem
{
}
L
t
VtO (θt ) = max (r − KcT θt ) Dt + E{Vt+1
(λt θt + 1−λ
Y
(θ
))
}
,
0
t
t
Wt

(8)

and continues selling the product if and only if θt is in the set CtO = {θt′ ∈ [0, 1]n : VtO (θt′ ) > 0}. We
L
observe that the value function Vt+1
(·) has an explicit form given by (6). Therefore, problem (8)

is not diﬃcult to solve. While GRP ignores the beneﬁts from future learning, OSL can be viewed
as an improvement of GRP, since it attempts to learn the failure probabilities for one time period
and switches to the decision rule followed by GRP after this time period.
Single Failure Policy (SFP). This benchmark policy is motivated by the observation that our
problem is not diﬃcult to solve when there is one failure type. Thus, SFP approximates our belief
for the failure probabilities by using a single weighted average of these probabilities. The weights
that we put on the diﬀerent failure probabilities are the repair costs so that more costly failures
tend to get more weight. In particular, SFP solves the optimality equation
}
{
S
S
t
(Θ
))
}
,
0
,
Y
VtS (Θt ) = max (r − K cS Θt ) Dt + E{Vt+1
(λt Θt + 1−λ
t
t
Wt
where the state variable at time period t is the scalar Θt and we let cS =

∑n

i=1 ci

and YtS (Θt ) =

Binomial(Wt , Beta(Θt Mt , (1 − Θt ) Mt )). We deﬁne CtS = {Θt ∈ [0, 1] : VtS (Θt ) > 0} to represent the
set of states for which we continue selling the product. If our belief for the failure probabilities at
time period t is captured by the vector θt , then SFP continues selling the product if and only if
cT θt
cS

is in the set CtS . We note that

cT θt
cS

is a weighted average of the components of θt .
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7.2.

Experimental Setup

We use simulation to test the performance of our benchmark policies. For each test problem, we
simulate the performance for 500 sample paths. At the beginning of each sample path, we sample
the true failure probabilities p = (p1 , . . . , pn ) such that pi has a beta distribution with mean µi and
standard deviation σi and the components of the vector p are independent of each other. Once we
ﬁx the true failure probabilities, we use these probabilities to generate the numbers of failed units
throughout the selling horizon. In particular, letting Ỹit be the number of units that fail from failure
type i at time period t, we generate Ỹit from the binomial distribution with parameters (Wt , pi ). At
t
each time period, we update the state of the system by using the dynamics θt+1 = λt θt + 1−λ
Ỹ t ,
Wt

where Ỹ t = (Ỹ1t , . . . , Ỹnt ). The initial value of the state variable is given by θi1 =

1
Ỹ
W0 i0

for all

i = 1, . . . , n, which corresponds to the fraction of units under warranty that fail from failure type i
at time period zero. If we are testing DBP, then we continue selling the product at time period t if
and only if the state θt at this time period satisﬁes θt ∈ CtU . Similarly, if we are testing GRP, then
we continue selling the product at time period t if and only if we have θt ∈ CtL . If we are testing
OSL, then we continue selling the product at time period t if and only if θt ∈ CtO , whereas if we are
testing SFP, then we continue selling the product at time period t if and only if

cT θt
cS

∈ CtS . Finally,

if we are testing IDE, then we continue selling the product until the end of the selling horizon if
and only if r > KcT p. Otherwise, we stop selling the product as early as possible, which is the
beginning of time period 1. We note that IDE has access to the true failure probabilities to make
its decisions, whereas DBP, GRP, OSL and SFP make their decisions only by using the samples of
the failed units given by {Ỹ t : t = 0, 1, . . . , τ }.
By simulating the decisions of each benchmark policy as described above, we accumulate the
proﬁt obtained over the selling horizon. Averaging the accumulated proﬁts on 500 sample paths,
we estimate the expected proﬁt obtained by a particular benchmark policy. We note that this
way of testing the performance of the benchmark policies corresponds to a frequentist framework,
where the true failure probabilities are ﬁxed at the beginning of a sample path and all failures
occur according to these ﬁxed true failure probabilities, in which case, the immediate expected
proﬁt obtained at each time period is driven by these ﬁxed true failure probabilities. In contrast,
the dynamic programming formulation in (2) is under a Bayesian framework, where the failure
probabilities are assumed to evolve over the time periods according to the Bayes rule. In particular,
as a function of our beliefs θt about the probabilities of diﬀerent failure types, the immediate
expected proﬁt at time period t in (2) is given by (r − KcT θt ) Dt and our beliefs about the
failure probabilities evolve from time period t to time period t + 1 according to θt+1 = λt θt +
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1−λt
Wt

Yt (θt ). Therefore, the immediate expected proﬁt at each time period in the optimality equation

in (2) is not computed according to ﬁxed failure probabilities. As a result, although one can use
the optimality equation in (2) to construct a policy to make stopping and continuing decisions
over time, if the performance of this policy is tested in a frequentist framework, then the total
expected proﬁt obtained by the policy is not necessarily equal to the total expected proﬁt predicted
by the value function V1 (·) evaluated at the initial belief. Similarly, although we obtain tractable
upper bounds {VtU (·) : t = 1, . . . , τ } on {Vt (·) : t = 1, . . . , τ } by using the decomposition approach in
Section 5, the total expected proﬁts collected by our benchmark policies can be larger or smaller
than the upper bound V1U (·) evaluated at the initial belief.
A few setup runs demonstrated that if r is substantially larger than KcT p, then it is clearly
optimal to continue selling the product and DBP, GRP, OSL and SFP are all quick to realize
this fact. In this case, the performance of the four benchmark policies is comparable. Similarly,
if r is substantially smaller than KcT p, then it is clearly optimal to stop selling the product, in
which case, DBP, GRP, OSL and SFP end up performing comparably as well. Therefore, test
problems tend to be more diﬃcult when r is roughly equal to KcT p so that it is not easy to
detect immediately whether it is optimal to continue or stop selling the product. To generate test
problems with this nature, we set the mean vector µ = (µ1 , . . . , µn ) of p to satisfy r = KcT µ. In
this case, if the standard deviation σ = (σ1 , . . . , σn ) of p is small, then the sampled value of p in
many sample paths roughly satisﬁes r = KcT p and we obtain test problems for which it is diﬃcult
to detect whether it is optimal to continue or stop selling the product. Therefore, we generally
expect the test problems to be more diﬃcult as σ gets smaller.
In all of our test problems, the number of time periods in the selling horizon is 12 and the
warranty coverage is for six time periods so that τ = 12 and K = 6. We work with test problems
with two or ﬁve failure types, corresponding to n = 2 or n = 5. For the demand at each time
period, one set of test problems assume that D0 = 50 and D1 = . . . = Dτ = D̄, where we vary D̄
over 50, 100, 200, 500 and 1000. Another set of test problems assume that D0 = D1 = . . . = Dτ = D̄,
varying D̄ over 50, 100, 200, 500 and 1000. Therefore, the test marketing stage in the ﬁrst set of test
problems always involves a small number of units, irrespective of the magnitude of the demand
at the subsequent time periods. The second set of test problems correspond to the case where the
demand in the test marketing stage is equal to the demand at the subsequent time periods and the
demand at each time period is scaled up as D̄ gets larger. This way of scaling the demand matches
the asymptotic regime in Section 6. The ﬁrst set of test problems arguably correspond to a more
realistic situation, where ﬁrms can go through only limited test marketing eﬀort.
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In all of our test problems, we normalize the unit revenue to r = 1. For the test problems with two
failure types, we set the repair costs as c = (0.4, 0.8), whereas we use c = (0.4, 0.5, 0.6, 0.7, 0.8) for
the test problems with ﬁve failure types. To choose the vector µ, we assume that µ1 = µ2 = . . . = µn
and pick the common value by solving r = KcT µ for µ. Finally, we choose the value of σ by letting
σi = CV µi for all i = 1, . . . , n so that CV gives the coeﬃcient of variation for each component of
the vector p. We vary CV over 0.6, 0.62 , 0.63 and 0.64 . We label our test problems by using the
tuple (D0 , D̄, n, CV ). In our ﬁrst set of test problems, we have D0 = 50, whereas in the second set
of test problems, we have D0 = D̄. We vary D̄ over {50, 100, 200, 500, 1000}, n over {2, 5} and CV
over {0.6, 0.62 , 0.63 , 0.64 }, yielding 80 test problems for our computational experiments.
7.3.

Computational Results

We give our main computational results in Tables 1 and 2. Table 1 focuses on the test problems
where the demand at the test marketing stage is always 50, whereas Table 2 focuses on the test
problems where the demand at the test marketing stage is as large as the demand at the subsequent
time periods. The layouts of the two tables are the same. The left and right portions of the tables
respectively give the results for the test problems with two and ﬁve failure types. In each portion, the
ﬁrst column shows the characteristics of the test problems by using the tuple (D0 , D̄, n, CV ). The
second column shows the percent gaps between the expected proﬁts obtained by IDE and DBP,
giving an indication of how much the expected proﬁt from DBP lags behind the unattainable upper
bound provided by IDE. Our computational experiments indicate that DBP generally provides
improvements over GRP, OSL and SFP. We design the presentation of our results to demonstrate
the additional beneﬁts from using DBP. So, the third column in Tables 1 and 2 shows the percent
gaps between the expected proﬁts obtained by DBP and GRP, whereas the fourth column shows
the percent gaps between the expected proﬁts obtained by DBP and OSL. Finally, the ﬁfth column
shows the percent gaps between the expected proﬁts obtained by DBP and SFP. Positive gaps in
the last three columns favor DBP, whereas negative gaps favor GRP, OSL or SFP.
For the test problems where the demand at the test marketing stage is always 50, the results
in Table 1 indicate that DBP provides signiﬁcantly better performance than GRP. The average
performance gap between DBP and GRP is 22.26% and there are test problems where the
performance gap between the two benchmark policies can exceed 50%. DBP generally provides
improvements over OSL as well and the performance gap between DBP and OSL becomes
particularly noticeable for the test problems with ﬁve failure types, reaching 20.95%. DBP and
SFP are comparable for the test problems with two failure types. This observation is sensible
because SFP makes its decisions by aggregating all failure types and if the number of failure types
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Table 1

Computational result for the test problems with D0 = 50 and Dℓ = D̄ for ℓ = 1, . . . , τ . In the last three
columns, cells shaded in gray are statistically significant at 5% level.

Test Problem
D0 D̄ n CV
50 50 2 0.6
50 50 2 0.62
50 50 2 0.63
50 50 2 0.64
50 100 2 0.6
50 100 2 0.62
50 100 2 0.63
50 100 2 0.64
50 200 2 0.6
50 200 2 0.62
50 200 2 0.63
50 200 2 0.64
50 500 2 0.6
50 500 2 0.62
50 500 2 0.63
50 500 2 0.64
50 1000 2 0.6
50 1000 2 0.62
50 1000 2 0.63
50 1000 2 0.64
Average

Table 2

IDE vs.
DBP
3.67%
8.95%
23.29%
27.44%
3.23%
8.18%
19.70%
22.05%
2.57%
7.40%
17.39%
20.24%
2.29%
6.35%
15.77%
17.79%
2.17%
5.99%
14.69%
16.05%
12.26%

Percent Gaps
DBP vs. DBP vs.
GRP
OSL
2.70%
-0.18%
8.63%
2.79%
17.32%
-0.21%
28.92%
5.53%
3.08%
-0.17%
8.01%
1.56%
19.30%
1.56%
35.82%
7.94%
3.75%
0.40%
7.58%
2.18%
21.93%
3.32%
34.31%
12.98%
3.72%
0.53%
7.68%
3.00%
17.75%
1.94%
30.42%
10.48%
3.81%
1.31%
7.95%
3.94%
16.10%
7.10%
29.47%
13.12%
15.41%
3.96%

DBP vs.
SFP
1.15%
1.05%
-1.78%
-5.00%
0.71%
0.85%
0.06%
-3.03%
0.91%
0.78%
-1.71%
-5.01%
1.08%
1.18%
-1.38%
-3.70%
0.82%
0.61%
-2.32%
-4.46%
-0.96%

Test Problem
D0 D̄ n CV
50 50 5 0.6
50 50 5 0.62
50 50 5 0.63
50 50 5 0.64
50 100 5 0.6
50 100 5 0.62
50 100 5 0.63
50 100 5 0.64
50 200 5 0.6
50 200 5 0.62
50 200 5 0.63
50 200 5 0.64
50 500 5 0.6
50 500 5 0.62
50 500 5 0.63
50 500 5 0.64
50 1000 5 0.6
50 1000 5 0.62
50 1000 5 0.63
50 1000 5 0.64
Average

IDE vs.
DBP
10.05%
19.00%
32.11%
37.98%
9.85%
14.11%
25.23%
37.74%
7.88%
12.69%
22.21%
31.20%
6.97%
10.84%
19.95%
26.68%
6.67%
10.25%
17.72%
24.90%
19.20%

Percent Gaps
DBP vs. DBP vs.
GRP
OSL
8.87%
3.44%
25.03%
7.04%
43.08%
15.55%
54.99%
20.95%
8.51%
2.17%
24.28%
7.77%
39.71%
17.15%
51.75%
5.92%
8.80%
2.72%
26.36%
9.86%
41.02%
17.73%
34.29%
13.23%
9.40%
4.04%
26.20%
11.74%
35.56%
15.21%
42.79%
17.36%
8.65%
3.51%
24.66%
11.82%
37.49%
20.93%
30.97%
16.12%
29.12%
11.21%

DBP vs.
SFP
1.89%
-0.71%
-0.46%
5.21%
0.88%
4.16%
2.86%
10.29%
3.17%
4.52%
5.19%
5.96%
2.23%
3.79%
4.43%
8.61%
3.84%
7.28%
9.93%
11.34%
4.72%

Computational result for the test problems with D0 = D̄ and Dℓ = D̄ for ℓ = 1, . . . , τ . In the last three
columns, cells shaded in gray are statistically significant at 5% level.

Test Problem
D0 D̄ n CV
50 50 2 0.6
50 50 2 0.62
50 50 2 0.63
50 50 2 0.64
100 100 2 0.6
100 100 2 0.62
100 100 2 0.63
100 100 2 0.64
200 200 2 0.6
200 200 2 0.62
200 200 2 0.63
200 200 2 0.64
500 500 2 0.6
500 500 2 0.62
500 500 2 0.63
500 500 2 0.64
1000 1000 2 0.6
1000 1000 2 0.62
1000 1000 2 0.63
1000 1000 2 0.64
Average

IDE vs.
DBP
3.67%
8.95%
23.29%
27.44%
2.49%
4.51%
11.97%
17.95%
1.27%
3.66%
8.01%
14.65%
0.52%
1.75%
4.39%
7.33%
0.52%
0.75%
2.77%
4.51%
7.52%

Percent Gaps
DBP vs. DBP vs. DBP vs.
GRP
OSL
SFP
2.70%
-0.18%
1.15%
8.63%
2.79%
1.05%
17.32%
-0.21%
-1.78%
28.92%
5.53%
-5.00%
0.63%
-0.17%
0.40%
3.98%
0.34%
0.79%
9.48%
0.66%
1.02%
28.82%
5.98%
-1.20%
0.84%
0.13%
0.33%
2.68%
0.42%
0.03%
5.86%
0.44%
1.22%
12.47%
1.66%
0.24%
0.36%
-0.07%
0.09%
0.75%
-0.04%
0.13%
2.04%
0.50%
0.27%
4.34%
2.06%
0.50%
0.34%
0.15%
0.01%
0.48%
-0.18%
0.18%
1.86%
-0.21%
0.81%
6.09%
2.46%
0.80%
6.93%
1.10%
0.05%

Test Problem
D0 D̄ n CV
50 50 5 0.6
50 50 5 0.62
50 50 5 0.63
50 50 5 0.64
100 100 5 0.6
100 100 5 0.62
100 100 5 0.63
100 100 5 0.64
200 200 5 0.6
200 200 5 0.62
200 200 5 0.63
200 200 5 0.64
500 500 5 0.6
500 500 5 0.62
500 500 5 0.63
500 500 5 0.64
1000 1000 5 0.6
1000 1000 5 0.62
1000 1000 5 0.63
1000 1000 5 0.64
Average

IDE vs.
DBP
10.05%
19.00%
32.11%
37.98%
6.38%
12.09%
24.12%
33.40%
4.89%
9.21%
17.76%
24.99%
3.44%
6.00%
13.14%
20.32%
2.32%
5.55%
10.74%
17.16%
15.53%

Percent Gaps
DBP vs. DBP vs.
GRP
OSL
8.87%
3.44%
25.03%
7.04%
43.08%
15.55%
54.99%
20.95%
3.80%
1.27%
19.70%
5.75%
32.26%
17.03%
24.87%
4.42%
2.57%
-0.58%
5.35%
-0.73%
20.26%
6.53%
25.62%
5.12%
-0.45%
-1.58%
1.96%
-2.63%
6.20%
-3.90%
8.79%
-2.64%
-0.60%
-1.35%
-2.80%
-4.07%
-0.50%
-5.48%
0.16%
-6.25%
13.96%
2.89%

DBP vs.
SFP
1.89%
-0.71%
-0.46%
5.21%
3.74%
4.13%
6.19%
6.10%
1.55%
3.56%
4.72%
6.13%
1.77%
3.00%
5.90%
5.50%
0.97%
2.11%
4.48%
5.59%
3.57%

is smaller, then the error induced by the aggregation is likely to be less signiﬁcant. However, DBP
provides signiﬁcant beneﬁts over SFP when we have ﬁve failure types. For the test problems with
ﬁve failure types, the performance gap between DBP and SFP can exceed 10%.
We observe some interesting trends in Table 1. To begin with, the performance gap between
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DBP and GRP increases as CV decreases. As mentioned above, as CV gets smaller, it becomes
more likely that the true failure probabilities p roughly satisfy r = KcT p. In this case, it is more
diﬃcult to detect whether it is proﬁtable to continue or stop selling the product. It is encouraging
that DBP, which captures the learning process by using a dynamic program, performs better than
GRP as the underlying problem gets more diﬃcult. A similar trend holds when we compare the
performance of DBP with that of OSL and SFP, especially for the test problems with ﬁve failure
types. On the other hand, comparing the left and right portions of Table 1, we observe that the
gap between IDE and DBP gets larger when we have a larger number of failure types, indicating
that the problem tends to be more diﬃcult when there are more failure types. Furthermore, the
performance gaps between DBP and the remaining three benchmark policies GRP, OSL and SFP
tend to increase as the number of failure types increases. Finally, the performance gap between IDE
and DBP decreases as the demand at each time period increases. This trend is sensible because
we collect more information on the failure probabilities when the demand at each time period is
larger, in which case, DBP is able to assess the failure probabilities quickly and make a sound
decision on whether to continue or stop selling the product.
Table 2 gives our results for the test problems where the demand at the test marketing stage is
equal to the demand at the subsequent time periods. For these test problems, DBP continues to
provide improvements over GRP, but the performance gap between these two benchmark policies
decreases as D̄ increases and we observe more demand at each time period. As we observe more
demand at each time period, GRP can quickly assess the failure probabilities. This observation
also agrees with the results in Section 6, which show that the lower bounds obtained by GRP
become asymptotically tight as the demand at each time period is scaled up linearly with the same
rate. When both the demand at each time period and the value of CV are small, DBP provides
improvements over OSL. For example, considering the test problems where the demand at each
time period is 50, 100 or 200 and CV is 0.64 , the performance gap between DBP and OSL ranges
roughly around 5 to 20%. When the demand at each time period is small, it becomes diﬃcult to
learn the failure probabilities quickly. Furthermore, as CV gets smaller, it becomes more diﬃcult
to detect whether it is proﬁtable to continue or stop selling the product. In this type of situation,
DBP can provide improvements over OSL. However, for the test problems with larger demands
or with larger values of CV , OSL can perform noticeably better than DBP. For the test problems
with two failure types, DBP and SFP perform comparably, but DBP performs signiﬁcantly better
than SFP when there are ﬁve failure types.
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To sum up, when we have smaller demand quantities at each time period, it is more diﬃcult
to learn the failure probabilities. Furthermore, if the value of CV is small, then it is diﬃcult to
detect whether it is proﬁtable to continue or stop selling the product and it becomes important
to have good estimates of the failure probabilities. In these cases, DBP generally performs better
than GRP, OSL and SFP. We observe that DBP bases its decisions on a dynamic programming
formulation. In addition, this benchmark policy attempts to capture the interactions between the
diﬀerent failure types to a certain extent through solving problem (4). These features help DBP
perform particularly well when it is diﬃcult to form good estimates for the failure probabilities
quickly and it is important to have such good estimates. As we are able to observe more demand
at each time period, the performance gap between DBP and GRP gets smaller. OSL, which is
obtained by applying a one step look ahead on the decision rule used by GRP, can improve the
performance of GRP to such an extent that it can provide better expected proﬁts than DBP, but
such improvements tend to occur only when there is a large amount of demand at the test marketing
stage so that we can quickly assess the failure probabilities. Since SFP is based on aggregating our
beliefs about the failure probabilities of diﬀerent failure types, it is eﬀective when we have a small
number of failure types, but this benchmark policy becomes unreliable as the number of failure
types gets larger. With the goal of understanding how the behavior of diﬀerent benchmark policies
is aﬀected by various problem parameters, we give additional computational results in Appendix
H that compare when we stop selling the product under diﬀerent benchmark policies.
Considering the computational eﬀort for the diﬀerent benchmark policies, the computation
time per decision for GRP is negligible. OSL requires computing the expectation of a piecewise
linear function of a beta binomial random variable and it still requires a fraction of a second
per decision. SFP requires solving a dynamic program with a scalar state variable. This dynamic
program is solved only once, after which the computation time per decision is also negligible. The
computation time for DBP grows roughly linearly with the number of failure types. For the test
problems with ﬁve failure types, DBP takes about one minute per decision on a Pentium IV Desktop
PC with 2.4 GHz CPU and 4 GB RAM running Windows XP. Majority of this computation time
is spent on solving problem (4) by using standard subgradient search.

8.

Conclusions and Extensions

We studied the problem faced by a company selling a product under limited information about the
probabilities of diﬀerent failure types. The goal is to learn the failure probabilities as sales take
place and dynamically decide whether it is proﬁtable to continue or stop selling the product. Our
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approach builds on a dynamic programming formulation with embedded optimal stopping and
learning features. To deal with the high dimensional state variable in the dynamic program, we
proposed approximation methods that provide upper and lower bounds on the value functions. Our
computational experiments indicated that the approximation method based on upper bounds is
more computationally intensive, but it can provide signiﬁcant improvements.
There are a number of possible extensions to our model. Our model assumes that there is no
other revenue stream once we stop selling the product, but it is not diﬃcult to extend our model
to deal with the case where there is a standard substitute product that brings a known expected
net proﬁt contribution and stopping to sell the current product means switching to this substitute
product. Similarly, our model assumes that the warranty coverage is for K consecutive time periods,
but we can work with other forms of warranty coverage. We can also incorporate repair costs
that depend on how long a unit has been with the owner. Although our model assumes that each
unit can fail from multiple failure types at a time period, we can use a Dirichlet multinomial
learning model to capture the situation where each unit can fail from at most one failure at a time
period. Finally, our model assumes that the failure probabilities are constant, but we can work
with failure probabilities that depend on how long ago the product was sold to a customer. In
Appendix I, we describe in detail how to incorporate all of these extensions into our model.
The extensions described above are not too diﬃcult to incorporate into our model, but some other
extensions need signiﬁcant changes in our approach, requiring additional research. In this paper,
we assume that the demand quantities are deterministic. There are some settings with accurate
forecasts or advance demand information that may make this assumption reasonable, but it is
certainly desirable to incorporate demand uncertainty into our model. The advantage of working
with deterministic demand quantities is that when this assumption holds, it is straightforward to
compute the number of units that are under warranty coverage at any time period. In contrast,
if the demand quantities are random, then we need to extend the state variable of our dynamic
programming formulation to keep track of the numbers of units that were sold at diﬀerent time
periods. This additional component in the state variable brings complications. For example, when
the state variable has this additional component, it is not possible to shift the timing of the costs,
as it was done in Section 3 to obtain the optimality equation in (2). Also, if the state variable keeps
track of the numbers of units sold at diﬀerent time periods, then the update of our belief about
a particular failure probability depends on the numbers of units sold at diﬀerent time periods. In
this case, the diﬀerent components of the state variable do not evolve independently and the
decomposition idea that we use in Section 5 may become ineﬀective.
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Also, our beta binomial learning model assumes that diﬀerent types of failures occur
independently of each other, while the Dirichlet multinomial learning model described above
ensures that each unit can fail from at most one failure at a time, inducing negative correlations
between numbers of failures of diﬀerent types. In reality, there may be general correlations
among the diﬀerent failure types and one may adopt other learning models to allow more general
correlations. For example, we may use generalized Dirichlet distribution which allows general
correlations and is still a conjugate prior for the multinomial distribution. Finally, it is worthwhile
to investigate the possibility that it may be better for the company not to serve all of the demand
in a time period. By rationing the supply in the early time periods, the company may be able to
learn about the reliability of the product while controlling the risk of facing too many returns.
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Online Appendix to “Balancing Revenues and Repair Costs
under Partial Information about Product Reliability ”
Appendix A:

Simpliﬁcation of the Cost Function

In this section, we show that Ct (θt ) − St (θt ) + St+1 (θt ) = K

∑n
i=1

ci θit Dt . To see that this identity holds,

we use the deﬁnitions of Ct (·) and St (·) to obtain
Ct (θt ) − St (θt ) + St+1 (θt ) =

n
t
∑
∑

ci 1(t − s < K) Ds θit −

i=1 s=0

+

n
∞
t
∑
∑
∑

n
∞ t−1
∑
∑
∑

ci 1(ℓ − s < K) Ds θit

i=1 ℓ=t+1 s=0
t

=

n
∞
∑
∑
∑

ci 1(ℓ − s < K) Ds θit −

i=1 ℓ=t s=0
n
∞

=

∑∑
i=1 ℓ=t
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n
∞ t−1
∑
∑
∑

ci 1(ℓ − s < K) Ds θit

i=1 ℓ=t s=0
n

ci 1(ℓ − t < K) Dt θit = K

where the ﬁrst equality uses the fact that Wt =

ci 1(ℓ − s < K) Ds θit

i=1 ℓ=t s=0

∑

ci θit Dt ,

i=1

∑t
s=0

1(t − s < K) Ds .

Proofs of Structural Properties

Proof of Proposition 1. Using the notation deﬁned after Lemma 1, we observe that the random variable
Yit (θit ) can be written as Binomial(Wt , Beta(θit Mt , (1 − θit ) Mt )). In this case, using the second part of
Lemma 1 and the discussion that follows this lemma, we observe that the family of random variables
{Yit (θit ) : θit ∈ [0, 1]} is stochastically increasing and stochastically convex. Thus, the ﬁrst part of Lemma 1
−λt
implies that {λt θit + 1W
Yit (θit ) : θit ∈ [0, 1]} is a stochastically increasing and stochastically convex family
t

of random variables. Based on these observations, we proceed to showing the desired result by using induction
over the time periods. The result trivially holds at time period τ + 1. Assuming that the result holds at time
period t + 1, we write the expectation on the right side of (2) as
−λt
−λt
E{Vt+1 (λt θt + 1W
Yt (θt ))} = E{E{Vt+1 (λt θt + 1W
Yt (θt )) | Yjt (θjt ) for all j ∈ {1, . . . , n} \ {i}}}.
t
t

We note that Vt+1 (θt+1 ) is decreasing and convex in θi,t+1 by the induction argument. Furthermore, the
family of random variables {λt θit +

1−λt
Wt

Yit (θit ) : θit ∈ [0, 1]} is stochastically increasing and stochastically

convex. Thus, it follows that
−λt
E{Vt+1 (λt θt + 1W
Yt (θt )) | Yjt (θjt ) for all j ∈ {1, . . . , n} \ {i}}
t

is a decreasing and convex function of θit for any realization of the random variables Yjt (θjt ) for j ∈ {1, . . . , n}\
{i}. Noting that {Yit (θit ) : i = 1, . . . , n} are independent of each other, taking the expectation of the expression
−λt
above, we get that E{Vt+1 (λt θt + 1W
Yt (θt ))} is decreasing and convex in θit . Thus, since (r − KcT θt ) Dt
t

is a decreasing and linear function of θit , (r − KcT θt ) Dt + E{Vt+1 (λt θt +

1−λt
Wt

Yt (θt ))} is decreasing and

convex in θit as well. Since the pointwise maximum of two decreasing and convex functions is decreasing and
convex, the optimality equation in (2) implies that Vt (θt ) is decreasing and convex in θit .



2
Proof of Proposition 3. Since it is optimal to continue at time period t when the state of the system
is θt , it must be the case that (r − KcT θt ) Dt + E{Vt+1 (λt θt +

1−λt
Wt

Yt (θt ))} > 0. If no units fail at time

period t, then the state at time period t + 1 is θt+1 = λt θt . To obtain a contradiction, we assume that
(r − KcT θt+1 ) Dt+1 + E{Vt+2 (λt+1 θt+1 +

1−λt+1
Wt+1

Yt+1 (θt+1 ))} ≤ 0 so that it is optimal to stop at time period

t + 1 when the state is θt+1 = λt θt . The last inequality implies that (r − KcT θt+1 ) Dt+1 ≤ 0 since we have
Vt (·) ≥ 0 for all t = 1, . . . , τ by the optimality equation in (2). In this case, we have
−λt
Yt (θt ))} ≤ (r − KcT θt ) Dt + E{Vt+1 (λt θt )}
0 < (r − KcT θt ) Dt + E{Vt+1 (λt θt + 1W
t

= (r − KcT θt ) Dt ≤ (r − Kλt cT θt ) Dt = (r − KcT θt+1 ) Dt ≤ 0,
which is a contradiction and this completes the proof. The second inequality in the chain of inequalities above
−λt
follows by noting that λt θt ≤ λt θt + 1W
Yt (θt ) and using the fact that the value functions are decreasing by
t

Proposition 1. The ﬁrst equality follows from the fact that Vt+1 (λt θt ) = 0 since we assume that it is optimal
to stop at time period t + 1 when the state is λt θt .

Appendix C:



Simplifying the Computation of Expectations Involving Beta
Binomial Random Variables

In this section, we show that by replacing the beta binomial random variable Yit (θit ) in the optimality
equation (2) with a binomial random variable Zit (θit ) with parameters (Wt , θit ), we obtain lower bounds on
the value functions. Using the vector Zt (θt ) = (Z1t (θ1t ), . . . , Znt (θnt )), consider the optimality equation
{
}
−λt
V̄t (θt ) = max (r − KcT θt ) Dt + E{V̄t+1 (λt θt + 1W
Z
(θ
))},
0
,
(C.1)
t
t
t
with the boundary condition V̄τ +1 (·) = 0. The expectation above is computed with respect to the vector of
binomial random variables Zt (θt ). The main result of this section is the following proposition, which shows
that the value function V̄t (·) provides a lower bound on the original value function.
Proposition C1. For all t = 1, . . . , τ and θt ∈ [0, 1]n , we have Vt (θt ) ≥ V̄t (θt ).
The proof of the above result makes use of the following general form of Jensen’s inequality for
componentwise convex functions.
Lemma C1. If g(·) : ℜn → ℜ is a componentwise convex function and X = (X1 , . . . , Xn ) is a random
variable taking values in ℜn with independent components, then E{g(X)} ≥ g(E{X}).
Proof. We prove the result by induction on n. When n = 1, we have a scalar convex function and the
result trivially holds by the standard form of Jensen’s inequality. Assuming that the result holds when we
deal with functions that map ℜn−1 to ℜ, we have
E{g((X1 , . . . , Xn ))} = E{E{g((X1 , . . . , Xn−1 , Xn )) | X1 , . . . , Xn−1 }}.
Since g(·) is componentwise convex, g((X1 , . . . , Xn−1 , Xn )) is a convex function of Xn and applying Jensen’s
inequality on the scalar convex function g(X1 , . . . , Xn−1 , ·), we obtain
E{g((X1 , . . . , Xn−1 , Xn )) | X1 , . . . , Xn−1 } ≥ g((X1 , . . . , Xn−1 , E{Xn })),

3
where we use the fact that the distribution of Xn conditional on X1 , . . . , Xn−1 is the same as the unconditional
distribution of Xn . Viewing g(·, . . . , ·, E{Xn }) on the right side of the inequality above as a function that
maps ℜn−1 to ℜ, by the induction assumption, we have
E{g((X1 , . . . , Xn−1 , E{Xn }))} ≥ g((E{X1 }, . . . , E{Xn−1 }, E{Xn })),
so that we obtain
E{g(X)} = E{E{g((X1 , . . . , Xn−1 , Xn )) | X1 , . . . , Xn−1 }}
≥ E{g((X1 , . . . , Xn−1 , E{Xn }))} ≥ g((E{X1 }, . . . , E{Xn−1 }, E{Xn })) = g(E{X}). 
Proof of Proposition C1. We show the result by using induction over the time periods. The result trivially
holds at time period τ + 1. Assuming that the result holds at time period t + 1, we have
−λt
−λt
E{Vt+1 (λt θt + 1W
Yt (θt ))} = E{E{Vt+1 (λt θt + 1W
Yt (θt )) | Pt (θt )}} = E{Gt+1 (Pt (θt ))},
t
t

(C.2)

where we use the vector Pt (θt ) = (P1t (θ1t ), . . . , Pnt (θnt )) and deﬁne the function Gt+1 (·) : [0, 1]n → ℜ as
−λt
Yt (θt )) | Pt (θt ) = p}. Conditional on Pit (θit ) = pi , the random variable Yit (θit )
Gt+1 (p) = E{Vt+1 (λt θt + 1W
t

has a binomial distribution with parameters (Wt , pi ). Therefore, noting that the family of random variables
{Binomial(Wt , pi ) : pi ∈ [0, 1]} is stochastically convex and Vt+1 (·) is componentwise convex by Proposition
1, Gt+1 (p) = E{Vt+1 (λt θt +

1−λt
Wt

Yt (θt )) | Pt (θt ) = p} is componentwise convex in p. In this case, Jensen’s

inequality in Lemma C1 implies that E{Gt+1 (Pt (θt ))} ≥ Gt+1 (E{Pt (θt )}) = Gt+1 (θt ) and we continue the
chain of equalities in (C.2) as
−λt
−λt
E{Vt+1 (λt θt + 1W
Yt (θt ))} ≥ Gt+1 (θt ) = E{Vt+1 (λt θt + 1W
Yt (θt )) | Pt (θt ) = θt }
t
t
−λt
−λt
Zt (θt ))} ≥ E{V̄t+1 (λt θt + 1W
Zt (θt ))},
= E{Vt+1 (λt θt + 1W
t
t

where the second equality follows from the fact that conditional on Pt (θt ) = θt , the random variable Yt (θt ) has
the same distribution as Zt (θt ) and the second inequality follows from the induction assumption. Therefore,
we have E{Vt+1 (λt θt +

1−λt
Wt

Yt (θt ))} ≥ E{V̄t+1 (λt θt +

1−λt

equations in (2) and (C.1), it follows that Vt (θt ) ≥ V̄t (θt ).

Appendix D:

Zt (θt ))}. In this case, noting the optimality

Wt



Upper Bound on the Value Functions

In this section, we establish that VitU (θit | ρi ) is a convex function of ρi and show how to compute a subgradient
of VitU (θit | ρi ) with respect to ρi . We begin by using induction over the time periods to show that VitU (θit | ρi )
is a convex function of ρi . The result trivially holds at time period τ + 1. Assuming that the result holds at
1−λt
U
time period t + 1, it follows that Vi,t
+1 (λt θit + Wt Yit (θit ) | ρi ) is a convex function of ρi for every realization
U
of Yit (θit ). Therefore, (ρi − Kci θit ) Dt + E{Vi,t
+1 (λt θit +

1−λt
Wt

Yit (θit ) | ρi )} is a convex function of ρi . Since

the pointwise maximum of two convex functions is also convex, the optimality equation in (3) implies that
VitU (θit | ρi ) is a convex function of ρi .
We deﬁne some new notation to compute the subgradient of VitU (θit | ρi ) with respect to ρi . We let 1∗it (· | ρi ) :
[0, 1] → {0, 1} be the decision function at time period t that we obtain by solving the optimality equation

4
1−λt
U
in (3). In other words, we have 1∗it (θit | ρi ) = 1 when (ρi − Kci θit ) Dt + E{Vi,t
+1 (λt θit + Wt Yit (θit ) | ρi )} > 0

and 1∗it (θit | ρi ) = 0 otherwise. In the optimality equation in (3), if we start with state θit at time period t
and use ∆it (θit | ρi ) to denote the total expected demand that we observe until we stop selling the product,
then ∆it (θit | ρi ) satisﬁes the recursion

{
}
−λt
∆it (θit | ρi ) = 1∗it (θit | ρi ) Dt + E{∆i,t+1 (λt θit + 1W
Y
(θ
)
|
ρ
)}
,
it
it
i
t

(D.1)

with the boundary condition ∆i,τ +1 (· | ρi ) = 0. In the rest of this section, we use induction over the time
periods to show that VitU (θit | ·) satisﬁes the subgradient inequality
VitU (θit | ρ̂i ) ≥ VitU (θit | ρi ) + ∆it (θit | ρi ) [ρ̂i − ρi ],

(D.2)

which implies that ∆it (θit | ρi ) is a subgradient of VitU (θit | ρi ) with respect to ρi . If we start with state θit at
time period t and follow the decision function 1∗is (· | ρi ) at time periods s = t, t + 1, . . . , τ , then ∆it (θit | ρi )
corresponds to the total expected demand that we observe until we stop selling the product. Therefore,
we can use Monte Carlo simulation to estimate ∆it (θit | ρi ). Alternatively, noting that the random variable
Yit (θit ) has a ﬁnite number of realizations, we can compute ∆it (θit | ρi ) by computing ∆is (· | ρi ) for a ﬁnite
number of values at time periods s = t + 1, t + 2, . . . , τ .
The subgradient inequality in (D.2) trivially holds at time period τ + 1. Assuming that this subgradient
inequality holds at time period t + 1, we write the optimality equation in (3) as
{
}
U
1−λt
VitU (θit | ρi ) = 1∗it (θit | ρi ) (ρi − Kci θit ) Dt + E{Vi,t
+1 (λt θit + Wt Yit (θit ) | ρi )} .
On the other hand, since we have 1∗it (θit | ρi ) ∈ {0, 1}, if we solve the optimality equation in (3) after replacing
ρi with ρ̂i , then the value function VitU (θit | ρ̂i ) satisﬁes
}
{
U
1−λt
VitU (θit | ρ̂i ) ≥ 1∗it (θit | ρi ) (ρ̂i − Kci θit ) Dt + E{Vi,t
+1 (λt θit + Wt Yit (θit ) | ρ̂i )} .
Subtracting the last equality from the last inequality side by side, we obtain
{
VitU (θit | ρ̂i ) ≥ VitU (θit | ρi ) + 1∗it (θit | ρi ) Dt [ρ̂i − ρi ]

}
U
1−λt
1−λt
U
+ E{Vi,t
(D.3)
+1 (λt θit + Wt Yit (θit ) | ρ̂i )} − E{Vi,t+1 (λt θit + Wt Yit (θit ) | ρi )} .

The induction assumption implies that
U
1−λt
1−λt
U
E{Vi,t
+1 (λt θit + Wt Yit (θit ) | ρ̂i )} − E{Vi,t+1 (λt θit + Wt Yit (θit ) | ρi )}
−λt
Yit (θit ) | ρi )} [ρ̂i − ρi ], (D.4)
≥ E{∆i,t+1 (λt θit + 1W
t

in which case, the subgradient inequality in (D.2) follows by using (D.4) and (D.1) in (D.3).

Appendix E:

Closed Form Expression for the Lower Bound

In this section, we use induction over the time periods to show that the value functions computed through
the optimality equation in (5) are given by the expression in (6). The result trivially holds at time period
τ + 1. Assuming that the result holds at time period t + 1, the optimality equation in (5) implies that
τ
τ
}
{
∑
∑
Ds ,
Ds , 0 = [r − KcT θt ]+
VtL (θt ) = max (r − KcT θt ) Dt + [r − KcT θt ]+
s=t+1

s=t

where the second equality follows by noting that the fact that the max operator above returns a nonzero
value if and only if we have r − KcT θt > 0.
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Appendix F:

Shrinking Property of Ct (m) as a Function of m

In this section, our ultimate goal is to give a proof for Proposition 6. This proof requires establishing results
for stochastic convex orders that do not appear in the earlier literature. We begin this section with two
new results for stochastic convex orders. For two random variables X and Y , we say that X is greater
than or equal to Y in stochastic convex order whenever E{ϕ(Y )} ≤ E{ϕ(X)} for any convex function ϕ(·) :
ℜ → ℜ. We denote this stochastic convex order between X and Y by using Y ≤cx X. The following two
lemmas show convex orders for the families of random variables {Binomial(W, θ)/W : W = 1, 2, . . .} and
{Binomial(mW, Beta(θ mM, (1 − θ) mM ))/mW : m = 1, 2, . . .} for any ﬁxed θ ∈ [0, 1]. These lemmas are useful
for proving Proposition 6, but they may also have independent interest.
Lemma F2. For any fixed θ ∈ [0, 1], letting X(W ) = Binomial(W, θ)/W , we have X(W + 1) ≤cx X(W ).
Proof. Throughout the proof, we use =st to denote equality in distribution. By Theorem 3.A.4 in Shaked
and Shanthikumar (2007), it suﬃces to construct a pair of random variables X̂(W + 1) and X̂(W ) such that
X̂(W + 1) =st X(W + 1), X̂(W ) =st X(W ) and {X̂(W + 1), X̂(W )} is a martingale.
We let X̂(W + 1) = X(W + 1) = Binomial(W + 1, θ)/(W + 1), in which case, X̂(W + 1) takes values in the
set {0, 1/(W + 1), . . . , W/(W + 1), 1}. We construct X̂(W ) in the following way. If X̂(W + 1) = 0 or 1, then
we set X̂(W ) = X̂(W + 1). If, on the other hand, X̂(W + 1) = j/(W + 1) for some j = 1, . . . , W , then we set
X̂(W ) = (j − 1)/W with probability

j/W −j/(W +1)
1/W

and X̂(W ) = j/W with probability

j/(W +1)−(j−1)/W
1/W

. It is

straightforward to check that these probabilities add up to one.
We proceed to showing that X̂(W ) =st X(W ). To see this equivalence in distribution, we note that
P{X̂(W ) = 0} = P{X̂(W ) = 0 | X̂(W + 1) = 0} P{X̂(W + 1) = 0}
P{X̂(W)+ 1) = 1/(W + 1)}
(+ P{X̂(W
) ) = 0 | X̂(W + 1) = 1/(W + 1)}(
W +1
1/W
−
1/(W
+
1)
W +1
=1
(1 − θ)W +1 +
θ (1 − θ)W
0
1/W
1
1
= (1 − θ)W +1 +
(W + 1) θ (1 − θ)W = (1 − θ)W .
W +1
Similarly, we can show that P{X̂(W ) = 1} = θW . On the other hand, for j = 1, . . . , W − 1, the deﬁnition of
X̂(W ) implies that
P{X̂(W ) =

j
W

} = P{X̂(W ) =

j
W

| X̂(W + 1) =

j
W +1

} P{X̂(W + 1) =

j
W +1

}

+ P{X̂(W ) = | X̂(W(+ 1) =)
} P{X̂(W + 1) = Wj +1
}
+1
j/(W + 1) − (j − 1)/W W + 1 j
θ (1 − θ)W +1−j
=
1/W
j
(
)
(j + 1)/W − (j + 1)/(W + 1) W + 1 j +1
+
θ
(1 − θ)W −j
1/W
j
+
1
[
]
W − j + 1 (W + 1)W . . . (W − j + 2) j
=
θ (1 − θ)W +1−j
W +1 [
j!
]
j + 1 (W + 1)W . . . (W − j + 1) j +1
+
θ
(1 − θ)W −j
W
+
1
(j
+
1)j!
( )
( )
W j
W j
=
θ (1 − θ)W −j (1 − θ + θ) =
θ (1 − θ)W −j .
j
j
j
W

j +1
W +1
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Therefore, we have X̂(W ) =st Binomial(W, θ)/W =st X(W ).
It remains to show that {X̂(W + 1), X̂(W )} is a martingale. Correspondingly, if X̂(W + 1) = 0 or 1, then
we naturally have E{X̂(W )|X̂(W + 1)} = X̂(W + 1) and the martingale equality holds. If, on the other hand,
X̂(W + 1) = j/(W + 1) for some j = 1, . . . , W , then we have
[
]
[
]
j − 1 j/W − j/(W + 1)
j j/(W + 1) − (j − 1)/W
j
E{X̂(W )|X̂(W +1)} =
+
=
= X̂(W +1).
W
1/W
W
1/W
W +1
Therefore, {X̂(W + 1), X̂(W )} is indeed a martingale.
Lemma F3. For any fixed θ ∈ [0, 1], let X(m) =

Y m (θ )
mW


, where Y m (θ) = Binomial(mW, P m (θ)) and P m (θ) =

Beta(θ mM, (1 − θ) mM ). Then, it holds that X(m + 1) ≤cx X(m) for all m = 1, 2, . . ..
Proof. The result follows by noting that for any convex function ϕ(·) : ℜ → ℜ, we have
{ ( Y m (θ) )}
{ ( Binomial(mW, P m (θ)) )}
{ ( Binomial(mW, P m+1 (θ)) )}
E ϕ
=E ϕ
≥E ϕ
mW
mW
{ ( Binomial((m
{ ( YmW
m+1
+ 1)W, P m+1 (θ)) )}
(θ) )}
≥E ϕ
=E ϕ
.
(F.1)
(m + 1)W
(m + 1)W
{ ( m )
}
To see that the ﬁrst inequality holds, for p ∈ [0, 1], we let g(p) = E ϕ YmW(θ) | P m (θ) = p so that the
expression on the left side of the ﬁrst inequality can be written as E{g(P m (θ))}. Therefore, the ﬁrst inequality
can be written as E{g(P m (θ))} ≥ E{g(P m+1 (θ))}. To see that this last inequality holds, conditional on
P m (θ) = p, Y m (θ) has a binomial distribution with parameters (mW, p). Due to stochastic convexity of the
binomial family {Binomial(mW, p) : p ∈ [0, 1]}, we get that g(·) is also a convex function. In this case, the
ﬁrst inequality in (F.1) follows from the monotone convergence property of the beta operator under convex
functions shown by Adell et al. (1996). The second inequality in (F.1) follows by conditioning on P m+1 (θ)
and successively applying Lemma F2 above W times.



Proof of Proposition 6. The proposition states that if θt ∈ Ct (m + 1), then we have θt ∈ Ct (m). Noting the
deﬁnition of Ct (m), it suﬃces to show that
1
1
Vt (θt | m) ≥
Vt (θt | m + 1)
m
m+1
for all t = 1, . . . , τ and θt ∈ [0, 1]n . We show this inequality by using induction over the time periods. The
result trivially holds at time period τ + 1. Assuming that the result holds at time period t + 1, we have
1
1
−λt
−λt
E{Vt+1 (λt θt + 1mW
Ytm (θt ) | m)} ≥
E{Vt+1 (λt θt + 1mW
Ytm (θt ) | m + 1)}
t
t
m
m+1
1
−λt
≥
E{Vt+1 (λt θt + (m1+1)
Ytm+1 (θt ) | m + 1)}.
Wt
m+1

(F.2)

The ﬁrst inequality above follows from the induction assumption. To see that the second inequality holds, we
note that Vt+1 (· | m + 1) is a componentwise convex function by Proposition 1, in which case, we can apply
Lemma F3 component by component n times. To obtain the desired result, we observe that
}
{
1
1
−λt
m
Y
(θ
)
|
m)},
0
Vt (θt | m) = max (r − KcT θt )Dt + E{Vt+1 (λt θt + 1mW
t
t
t
m
m
}
{
1
T
1−λt
≥ max (r − Kc θt )Dt +
E{Vt+1 (λt θt + (m+1)Wt Ytm+1 (θt ) | m + 1)}, 0
m+1
1
=
Vt (θt | m + 1),
m+1
where the two equalities follow from the optimality equation in (2) and the inequality uses (F.2).
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Appendix G:

Proof of Proposition 7

In this section, we give a proof for Proposition 7, showing that Vt (θt | m) deviates from VtL (θt | m) by a term
√
that grows in the order of m.
Proof. Since Proposition 5 shows the ﬁrst inequality, we only focus on the second inequality. The proof
√
uses induction over the time periods to show that Vt (θt | m) ≤ VtL (θt | m) + Gt (θt ) m, where Gt (θt ) is a
componentwise concave function of θt , which does not depend on m. The result trivially holds at time
period τ + 1. Assuming that the result holds at time period t + 1, we deﬁne the random variable Θm
t+1 (θt )
1−λt
m
as Θm
t+1 (θt ) = λt θt + mWt Yt (θt ). In this case, we obtain

√
L
m
m
E{Vt+1 (Θm
m
t+1 (θt ) | m)} ≤ E{Vt+1 (Θt+1 (θt ) | m)} + E{Gt+1 (Θt+1 (θt ))}
√
L
m
m
≤ E{Vt+1 (Θt+1 (θt ) | m)} + Gt+1 (E{Θt+1 (θt )}) m
τ
∑
√
+
= E{[r − KcT Θm
(θ
)]
}
mDs + Gt+1 (θt ) m,
t
t+1

(G.1)

s=t+1

where the ﬁrst inequality follows from the induction assumption, the second inequality follows by noting
that Gt+1 (·) is a componentwise concave function and using the general form of Jensen’s inequality for
componentwise convex functions that we derive in Appendix C and the last equality follows by using the
closed form expression for VtL+1 (· | m) given in (6) and noting that E{Θm
t+1 (θt )} = θt .
+
We proceed to bound the expectation E{[r − KcT Θm
t+1 (θt )] } on the right side of (G.1). The variance of

the random variable KcT Θm
t+1 (θt ) can be bounded by noting that
(1 − λt )2 ∑ 2
ci Var(Yitm (θit ))
2W 2
m
t
i=1
i=1
n
2 ∑
2 (1 − λt )
2 mWt (mMt θit ) mMt (1 − θit )(mMt + mWt )
=K
c
m2 Wt2 i=1 i
(mMt )2 (mMt + 1)
n
(1 − λt )2 (Mt + Wt ) ∑ 2
≤ K2
ci θit (1 − θit ),
mWt Mt
i=1

2
Var(KcT Θm
t+1 (θt )) = K

n
∑

n

2
c2i Var(Θm
i,t+1 (θit )) = K

(G.2)

where the ﬁrst equality follows because components of Θm
t+1 (θt ) are independent, the third equality uses the
fact that Yitm (θit ) is a beta binomial random variable with parameters (mWt , Pitm (θit )) and Pitm (θit ) is a beta
random variable with parameters (θit mMt , (1 − θit ) mMt ), and the inequality follows simply by noting that
mMt +1 ≥ mMt . For a deterministic scalar z and a real valued random variable Z with ﬁnite mean µ and ﬁnite
√
variance σ 2 , Gallego (1992) shows that E{[z − Z]+ } ≤ [ σ 2 + (z − µ)2 + (z − µ)]/2 ≤ [z − µ]+ + σ/2. Thus,
+
we can bound the expectation E{[r − KcT Θm
t+1 (θt )] } by
v
u
n
1u
(1 − λt )2 (Mt + Wt ) ∑ 2
+
T
+
2
t
E{[r − KcT Θm
(θ
)]
}
≤
[r
−
Kc
θ
]
+
K
ci θit (1 − θit )
t
t
t+1
2
mWt Mt
i=1

Lt (θt )
= [r − KcT θt ]+ + √ ,
m
√
∑n
where we let Lt (θt ) = K (12−λt ) (MWtt+MWtt ) i=1 c2i θit (1 − θit ). In this case, we can continue the chain of
inequalities in (G.1) as
τ
[
√
Lt (θt ) ] ∑
T
+
√
mDs + Gt+1 (θt ) m
E{Vt+1 (Θm
(θ
)
|
m)}
≤
[r
−
K
c
θ
]
+
t
t
t+1
m s=t+1
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= [r − K cT θt ]+

τ
∑
s=t+1
τ

= [r − K c θt ]
T

where we let Gt (θt ) = Lt (θt )

∑τ
s=t+1

+

∑

τ
∑
√
√
mDs + m Lt (θt )
Ds + Gt+1 (θt ) m.
s=t+1

√
mDs + Gt (θt ) m,

s=t+1

Ds + Gt+1 (θt ). We note that Lt (·) is componentwise concave and since

Gt+1 (·) is componentwise concave by the induction assumption, it follows that Gt (·) is also componentwise
concave. To ﬁnish the proof, we write the optimality equation in (2) as
{
}
Vt (θt | m) = max (r − KcT θt ) mDt + E{Vt+1 (Θm
t+1 (θt ) | m)}, 0
≤ [r − KcT θt ]+ mDt + E{Vt+1 (Θm
t+1 (θt ) | m)}
τ
∑
√
√
T
+
T
+
≤ [r − Kc θt ] mDt + [r − K c θt ]
mDs + Gt (θt ) m = VtL (θt | m) + Gt (θt ) m,
s=t+1

where the ﬁrst inequality follows by noting that [r − KcT θt ]+ ≥ r − KcT θt and Vt+1 (· | m) ≥ 0 and the
second equality follows by noting (6). This completes the induction argument and we have Vt (θt | m) ≤
√
VtL (θt | m) + Gt (θt ) m for all t = 1, . . . , τ and θt ∈ [0, 1]n .
To obtain the result in the statement of the proposition, we let

1̄
2

= ( 12 , . . . , 12 ) ∈ ℜn and note that Lt (θt ) ≤

Lt ( 1̄2 ) for all t = 1, . . . , τ and θt ∈ [0, 1]n . In this case, we obtain Gt (θt ) ≤ Gt ( 21̄ ) and letting Ḡt = Gt ( 1̄2 ) in the
statement of the proposition suﬃces.

Appendix H:



Stopping Times for Diﬀerent Benchmark Policies

In this section, we provide additional experimental results that give a comparison of when we stop selling
the product under diﬀerent benchmark policies. Our goal is to understand how the behavior of diﬀerent
benchmark policies is aﬀected by various problem parameters and how each benchmark policy compares to
others in terms of its stopping decisions. Throughout this section, for economy of space, we consider a subset
of our test problems.
Table 3 shows the average stopping times of diﬀerent benchmark policies, averaged over 500 sample
paths. This table focuses on test problems with ﬁve failure types. Recalling that there are 12 time periods in
the selling horizon, if a benchmark policy does not stop selling the product over the whole selling horizon,
then we deﬁne its stopping time to be time period 13 by convention. The left portion of the table focuses
on the test problems where the demand at the test marketing stage is always 50, whereas the right portion
focuses on the test problems where the demand at the test marketing stage is equal to the demand at the
subsequent time periods. In both portions of the table, the ﬁrst column shows the characteristics of the
test problems by using the tuple (D0 , D̄, n, CV ). Each one of the remaining ﬁve columns shows the average
stopping times for IDE, DBP, GRP, OSL and SFP. We note that the stopping decision for IDE is based on
comparing r with KcT p. The problem parameters r, K and c are constants and the sampled values of the
true failure probabilities p depend on CV . Therefore, the stopping times for IDE depend on CV , but they
do not depend on D̄.
The results in Table 3 indicate that the stopping times for DBP tend to be larger than those for GRP,
which is in agreement with Propositions 4 and 5. In particular, the discussion that follows Proposition 4
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Table 3

Average stopping times for the test problems with five failure types.

Test Problem
D0 D̄ n CV
50 50 5 0.6
50 50 5 0.62
50 50 5 0.63
50 50 5 0.64
50 100 5 0.6
50 100 5 0.62
50 100 5 0.63
50 100 5 0.64
50 200 5 0.6
50 200 5 0.62
50 200 5 0.63
50 200 5 0.64
50 500 5 0.6
50 500 5 0.62
50 500 5 0.63
50 500 5 0.64
50 1000 5 0.6
50 1000 5 0.62
50 1000 5 0.63
50 1000 5 0.64

Average Stopping Times
IDE DBP GRP OSL SFP
7.43 7.84 5.65 6.52
8.33
7.43 8.17 5.16 6.30
8.83
7.38 8.20 4.25 5.77
8.92
7.29 8.36 4.16 5.83
9.24
7.43 7.90 5.65 6.38
8.42
7.43 8.28 5.39 6.46
8.87
7.38 8.61 4.28 5.71
9.26
7.29 8.48 3.92 5.52
9.20
7.43 8.02 5.77 6.50
8.57
7.43 8.43 5.31 6.34
8.95
7.38 8.61 4.48 5.83
9.29
7.29 8.68 4.39 5.67
9.66
7.43 8.12 5.75 6.36
8.50
7.43 8.40 5.43 6.28
8.83
7.38 8.60 4.60 5.67
9.32
7.29 8.91 4.22 5.37
9.60
7.43 7.98 5.84 6.35
8.52
7.43 8.29 5.53 6.16
8.89
7.38 8.64 4.45 5.29
9.36
7.29 8.94 4.51 5.31
9.67

Test Problem
D0 D̄ n CV
50 50 5 0.6
50 50 5 0.62
50 50 5 0.63
50 50 5 0.64
100 100 5 0.6
100 100 5 0.62
100 100 5 0.63
100 100 5 0.64
200 200 5 0.6
200 200 5 0.62
200 200 5 0.63
200 200 5 0.64
500 500 5 0.6
500 500 5 0.62
500 500 5 0.63
500 500 5 0.64
1000 1000 5 0.6
1000 1000 5 0.62
1000 1000 5 0.63
1000 1000 5 0.64

Average Stopping Times
IDE DBP GRP OSL SFP
7.43 7.84 5.65 6.52
8.33
7.43 8.17 5.16 6.30
8.83
7.38 8.20 4.25 5.77
8.92
7.29 8.36 4.16 5.83
9.24
7.43 8.01 6.14 6.85
8.38
7.43 8.44 5.48 6.50
8.98
7.38 8.47 4.59 6.06
9.15
7.29 8.70 4.44 5.94
9.54
7.43 8.33 6.33 6.93
8.26
7.43 8.51 6.08 6.90
8.81
7.38 8.91 4.97 6.30
9.39
7.29 9.03 4.67 6.08
9.66
7.43 7.97 6.56 7.05
8.21
7.43 8.43 6.38 7.00
8.70
7.38 8.87 5.71 6.75
9.30
7.29 9.19 5.25 6.49
9.64
7.43 7.96 6.72 7.16
8.11
7.43 8.32 6.88 7.26
8.59
7.38 8.77 5.99 6.82
9.11
7.29 9.22 5.67 6.66
9.66

indicates that DBP is more likely to continue selling the product when compared with the optimal policy,
whereas the discussion that follows Proposition 5 indicates that GRP is more likely to stop selling the
product. The stopping times for OSL are consistently larger than those for GRP. GRP ignores the beneﬁts
from future learning altogether. In contrast, by applying a one step look ahead on the decision rule used by
GRP, OSL tries to take the beneﬁts from future learning into consideration, spending more time to learn
the failure probabilities, which results in larger stopping times. The stopping times for SFP are generally
larger than those for the other benchmark policies, but larger amount of time spent on learning the failure
probabilities does not necessarily translate into larger expected proﬁts, as indicated by the inferior expected
proﬁt performance of SFP for the test problems with ﬁve failure types.
Our ﬁndings indicate that GRP tends to stop selling the product early. To make up for this shortcoming of
GRP, we check the performance of an augmented version of this benchmark policy, where we continue selling
the product for at least T time periods irrespective of our belief about the failure probabilities and switch to
the decision rule of GRP after these T time periods. For each test problem, we try every possible value of T
and report the results corresponding to the best value. Table 4 gives our ﬁndings. To conserve space, we focus
on the test problems where the demand in the test marketing stage is always 50. For the other test problems,
the augmented version of GRP does not improve the original version noticeably. The left and right portions
of the table respectively give the results for the test problems with two and ﬁve failure types. In each portion,
the ﬁrst column shows the characteristics of the test problems by using the tuple (D0 , D̄, n, CV ) and the
second column shows the percent gaps between the expected proﬁts obtained by DBP and the augmented
version of GRP. Comparing the results in Table 4 with those in the third column of Table 1 indicates that the
augmented version of GRP signiﬁcantly improves the earlier version of GRP. Nevertheless, the augmented
version of GRP generally lags behind DBP unless the demand quantities are large and it is possible to learn
the failure probabilities quickly.
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Table 4

Performance of GRP when we continue selling the product for at least T time periods.
Test Problem
D0 D̄ n CV
50 50 2 0.6
50 50 2 0.62
50 50 2 0.63
50 50 2 0.64
50 100 2 0.6
50 100 2 0.62
50 100 2 0.63
50 100 2 0.64
50 200 2 0.6
50 200 2 0.62
50 200 2 0.63
50 200 2 0.64
50 500 2 0.6
50 500 2 0.62
50 500 2 0.63
50 500 2 0.64
50 1000 2 0.6
50 1000 2 0.62
50 1000 2 0.63
50 1000 2 0.64
Average

Appendix I:

DBP vs.
GRP
2.70%
7.61%
7.61%
10.61%
3.08%
7.82%
9.85%
14.21%
3.75%
6.54%
5.14%
6.48%
3.72%
4.68%
1.06%
0.12%
3.81%
4.59%
-1.96%
-1.90%
4.98%

Test Problem
D0 D̄ n CV
50 50 5 0.6
50 50 5 0.62
50 50 5 0.63
50 50 5 0.64
50 100 5 0.6
50 100 5 0.62
50 100 5 0.63
50 100 5 0.64
50 200 5 0.6
50 200 5 0.62
50 200 5 0.63
50 200 5 0.64
50 500 5 0.6
50 500 5 0.62
50 500 5 0.63
50 500 5 0.64
50 1000 5 0.6
50 1000 5 0.62
50 1000 5 0.63
50 1000 5 0.64
Average

DBP vs.
GRP
8.87%
12.86%
18.11%
37.06%
8.51%
6.44%
12.80%
31.23%
6.50%
6.66%
17.41%
10.44%
5.34%
3.24%
0.69%
6.35%
4.27%
1.20%
-0.64%
-4.05%
9.66%

Possible Extensions

In this section, we discuss possible extensions of our model and point out which results in the paper continue
to hold under these extensions.
Substitute Product. Our model assumes that there is no other revenue stream for the company once we
stop selling the product. We can extend our model to deal with the case where there is a standard substitute
product that brings a known expected net proﬁt contribution of r0 per sold unit and stopping to sell the
current product means switching to this substitute product. To incorporate this extension, all we need to do
is to replace r with r − r0 in the optimality equation in (2). In this case, all of our results in the paper go
through without any modiﬁcations.
Alternative Warranty Coverage. In this paper, we assume that the warranty coverage is for K time periods,
but it is possible to work with other forms of warranty coverage. For example, units may be covered until
the end of the selling horizon irrespective of when they were sold or the warranty duration may depend
on when the unit was actually sold to a customer. The key observation is that no matter which form of
warranty coverage we use, since the demand quantities at diﬀerent time periods are deterministic, it is simple
to compute the number of units that are under warranty coverage at any time period. All of our results hold
as long as we can compute the number of units that are under warranty coverage at any time period.
Alternative Costs. The cost structure in our model assumes that the cost of repairing a unit that fails from
a particular failure type is constant, irrespective of how long the unit has been with the customer. It is not
diﬃcult to work with repair costs that depend on how long the customer has used the unit. In particular,
if we use cik to denote the repair cost of a unit that fails from failure type i after having been with the
customer for k time periods, then a close inspection of the dynamic programming formulation in Section 3
shows that we can capture such age dependent repair costs by replacing KcT θt in the optimality equation
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in (2) with

∑n ∑K−1
i=1

k=0

cik θit . All of our results continue to hold under this modiﬁcation. More generally, all

of our results go through when we replace KcT θt in the optimality equation in (2) with a separable concave
increasing function, allowing us to model possible nonlinear costs associated with product failures.
Dirichlet Multinomial Learning. By using the Dirichlet multinomial learning model, we can capture the
situation where each product can fail from at most one failure at a time. Under the Dirichlet multinomial
learning model, the learning dynamics is similar to that under the beta binomial model that we use
throughout the paper. In particular, at time period t, the learning dynamics can still be summarized by θt+1 =
−λt
λt θt + 1W
Yt (θt ), but the diﬀerence is that Yt (θt ) has to be a Dirichlet multinomial random variable instead
t

of a random vector consisting of independent beta binomial random variables. With this new interpretation
of the learning dynamics, we reach the same optimality equation as in (2). It is worthwhile to observe that
if each product can fail from at most one failure at a time, then we end up introducing correlations in our
beliefs about the probabilities of diﬀerent failure types.
Under the Dirichlet multinomial learning model, the structural properties in Propositions 1, 2 and 3
continue to hold. In particular, the value functions are componentwise decreasing, an optimal stopping
boundary exists and the optimality of continuing decision is preserved at the next time period when there
are no failures at the current time period. The proof of Proposition 4 does not necessarily hold anymore,
since the components of Yt (θt ) are not independent. We need more advanced analysis in multi dimensional
stochastic orders to show an analogue of the upper bound property given in Proposition 4. The lower bound
property given in Proposition 5 holds, which implies that we still obtain a lower bound from the deterministic
approximation. The proof of Proposition 6 uses properties of beta binomial random variables and it does not
necessarily hold under the Dirichlet multinomial learning model. Proposition 7 still holds so that the lower
bound is asymptotically tight when we scale up the demand at each time period.
Age Dependent Failures. In our model, we assume that a product fails from each failure type with a ﬁxed
probability. In particular, the failure probabilities do not depend on how long ago the product was sold to
a customer or how long ago the product was last repaired. This assumption is reasonable when the failure
types are mostly electrical, rather than wear and tear related. It is possible to extend our model to address
the case where the probability of failure from a certain failure type depends on when the product was sold to
a customer. To make this extension, we use pik to denote the true probability that a product that was sold
to a customer k time periods ago fails from failure type i. Since the warranty duration is K time periods,
we do not need to know the failure probabilities for the products that were sold more than K time periods
ago. Therefore, we need to learn nK parameters. Furthermore, since the demand quantities are deterministic,
it is straightforward to compute the number of products that were sold to a customer a certain number of
time periods ago. In this case, we can use essentially the same learning dynamics that we use in the paper
to update our beliefs about the nK unknown failure probabilities.
This discussion indicates that it is not diﬃcult to deal with failure probabilities that depend on how long
ago the product was sold to a customer. In contrast, we need to augment our modeling approach when the
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failure probabilities depend on how long ago the product was last repaired. Although the demand quantities
are deterministic, the product failures are uncertain and there is no straightforward way to compute the
number of products that were repaired a certain number of time periods ago. This complication requires
us to extend the state variable of our dynamic programming formulation to keep track of the number of
products that were repaired a certain number of time periods ago. The dynamic programming formulation
becomes signiﬁcantly more diﬃcult to analyze with this extra component in the state variable.

