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Abstract
A novel topological-data-analytical (TDA) method is proposed to distinguish, from noise, small holes surrounded by high-density regions
of a probability density function whose mass is concentrated near a
manifold (or more generally, a CW complex) embedded in a highdimensional Euclidean space. The proposed method is robust against
additive noise and outliers. In particular, sample points are allowed
to be perturbed away from the manifold. Traditional TDA tools, like
those based on the distance filtration, often struggle to distinguish
small features from noise, because of their short persistence. An alternative filtration, called Robust Density-Aware Distance (RDAD) filtration,
is proposed to prolong the persistence of small holes surrounded by
high-density regions. This is achieved by weighting the distance function by the density in the sense of Bell et al. Distance-to-measure
is incorporated to enhance stability and mitigate noise due to the
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density estimation. The utility of the proposed filtration in identifying small holes, as well as its robustness against noise, are illustrated
through an analytical example and extensive numerical experiments.
Basic mathematical properties of the proposed filtration are proven.
Keywords: Topological data analysis, topological inference, random
topology, weighted filtration, distance-to-measure, topological bootstrapping

1 Introduction
Topological data analysis (TDA) is non-parametric approach to data analysis
that looks for topological features, like connected components, loops and cavities. Since the seminal work of [1], TDA has been used for a wide range of
applications (for instance [2–7], see also the references therein). Such features,
called homology, are coordinate-free and hence invariant under a wide range of
transformations like rotation, translation, scaling and stretching. For instance,
the dataset in Figure 1, consisting of points sampled near a wavy circle, form
one loop (when appropriately connected), just like points sampled near the
unit circle.
In some datasets, the dominant features are precisely these topological
features. Consider the dataset on the left of Figure 2, which is motivated by
a cosmological model [8]. There are regions that the data points avoid, and
these features form conspicuous holes. Such topological features are arguably
the characteristic features of the dataset, and they deserve to be described
and modeled. In Section 5.2.2, this dataset will be discussed further and its
topological features will be analyzed.
There is also hope that the estimation of such features may help overcome the curse of dimensionality in manifold learning. A manifold is a possibly
curved geometric object, for instance, curves, like the unit circle and wavy circle in Figure 1 are 1-dimensional manifolds. Manifold learning refers to the
estimation of the manifold from which the sample points are drawn. Manifold learning is a field of active research, see for instance [9–18], and part
of the challenge is due to the inherent difficulty in the precise estimation of
the detailed geometrical quantities of the manifold. For instance, points sampled from the wavy circle in Figure 1 are almost indistinguishable from points
sampled from the unit circle despite the drastic difference in their curvatures.
However, there is hope that this difficulty can be bypassed by estimating the
topological features of the manifold. In the example of the wavy circle, while
it is hard to handle the oscillations in the circle’s curvature, the common loop
of the circle and the wavy circle is, at least intuitively, hard to miss.
Returning to the discussion of TDA, the traditional approach to TDA gives
a summary of information of holes and components of all sizes. The summary
is called persistence diagrams, since they record for how long these topological
features persist. We discuss homology and persistence diagrams in Section 2.1.
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Fig. 1 Wavy circle dataset. Points sampled from a wavy circle and corrupted by Gaussian
noise (left) and the wavy circle (right)

Fig. 2 Datasets with small topological features.

Distinguishing noise from signal in persistence diagrams is a subject of
active research. See for instance, [19–24]. Particularly challenging is the identification of small holes, because random noise and discretization error often
generate numerous spurious small holes in persistence diagrams. For instance,
consider the toy example of points on two squares on the right of Figure 2.
Visually it is apparent that there are two holes, but it is difficult to detect the
smaller square with the traditional approach. This example will be discussed
further in Section 3.3.1. Similarly, the detection of the smaller holes in the
cosmology-motivated dataset on the left of Figure 2 is not easy as well.
Small holes, however, are also relevant in many applications. They could be
signs of enclave communities in network analysis, as in [25, 26]; or evidence of
fractal structures or high-curvature regions, as in [27, 28]. Some datasets may
only have small holes, or have holes with a wide range of sizes, as in [29–32].
Sometimes small features have better predictive power, as in [33].
In the TDA literature, various approaches related to multi-parameter persistence have been proposed to handle datasets with varying scales, and
hence handle smaller features therein more fairly, for instance, [34–38]. Such
approaches, when implemented naively, are often much more computationally
challenging than the traditional single-parameter approach, and computing
multi-parameter persistence efficiently is an area of active research (for recent
advances, see for instance, [39–41]). Therefore, when the finer nuances offered
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by the multi-parameter perspective are not strictly necessary, it may be desirable to detect both big holes and small holes through a modification of the
traditional approach, which is still single-parameter.
The present work proposes a novel way to detect small features in the
embedded manifold (or its generalization) near which data points are sampled,
and distinguish these small features from noise. Under the proposed method,
the persistence diagrams themselves (not just the features, as in the traditional approach) are scale-invariant, in the sense that, distributions in the same
location-scale family give the same results, or empirically, uniformly scaling
the dataset gives rise to the same diagrams. Since the persistence of holes is
independent of sizes in the proposed setup, small holes can be detected more
easily.
Before describing the proposed method, we first briefly review the traditional method. A more thorough review is in Section 2.1. Suppose an iid sample
X1 , ..., XN ∈ RD from a probability measure supported near a manifold is
given. The traditional approach studies the topological features of a continuous object Ûr , which is formed by placing a closed radius-r ball at each point,
formally
Ûr = ∪N
(1)
i=1 B̄(Xi , r),
where B̄(x, r) denotes the closed ball centered at x with radius r. This is necessary because the points themselves are discrete and their topological features
are trivial. See Figure 3 and its caption for an example. Instead of choosing
one single r, the traditional approach grows the balls by varying r, and keeps
track of the evolution of the topological features as the balls grow. For points
sampled near a circle, when the balls centered at these points are big enough
that they start to overlap, a loop is born; when the balls are so big that they
cover the hole, the loop dies.
Bigger features persist longer, while noise arising from the discrete nature
and randomness of the sample points tends to be short-lived. A bigger circle
dies later, and hence persists longer, because it takes longer for the hole to be
completely covered. On the other hand, balls centered at nearby sample points
often form holes when they have just touched each other, but they are filled
up soon afterwards. Such small short-lived holes may not be actual holes of
the underlying manifold, but but likely consequences of the randomness of the
sample points and artifacts of the ball growing process.
Instead of growing balls uniformly, the present work proposes using a novel
filtration, which we call the robust density-aware distance (RDAD) filtration.
In this filtration, balls grow at a rate adapted to the local density estimate,
and incorporates the concept of distance-to-measure to enhance robustness.
Computationally, it is approximated by a cubical filtration [42]. We give an
intuitive description of the proposed method below, and define it precisely in
Section 3.
Our approach is designed for the situation where the sampling density is
high at or near the manifold, and is lower further away from it. In this situation,
small holes on the manifold are surrounded by high-density regions. In our
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Fig. 3 Unions of balls and their persistence diagrams. In the subplot at the top left corner
is a sample of points near a circle. Union of balls centered at these points are shown in all
but the top left and the bottom right subplots, in ascending order of the radii. The unions of
balls has a hole in the first two plots from the left on the bottom row, but not the rest. This
hole forms when the balls overlap enough at r ≈ 0.703, as shown in the rightmost subplot on
the top row, and the balls are so big that they cover the hole at r ≈ 2.578, as shown in the
third plot from the left on the bottom row. The unions on the third and fourth subplots from
the left on the top row have another hole, formed by the balls centered at points marked by
the polygon in the third subplot. This hole is (likely) an artifact of the ball-growing process
and the randomness of the points. This hole, having formed at r ≈ 0.509 as shown in the
third plot, is quickly filled at r ≈ 0.88 as shown in the first plot from the left on the bottom
row. The bottom right plot shows the persistence diagrams of these unions of balls. The
red diamond points correspond to the dimension-0 diagram, and the blue circular points
correspond to the dimension-1 diagram. The two points marked by dotted lines correspond
to the aforementioned main loop and the artificial loop. The point further away from the
diagonal, with coordinates (0.703, 2.578), corresponds to the main loop, because its birth
time is 0.703 and its death time is 2.578. The point closer to the diagonal, with coordinates
(0.509, 0.88) corresponds to the artificial loop.

approach balls around points in high-density regions grow slower. This allows
us not to extend the persistence of spurious small holes appearing in the data
due to noise in low-density regions.
The density is estimated by the k-nearest neighbor distance, which has
been extensively used in the TDA literature, to name a few, [17, 43, 44]. In
our case, the automatic adaptation of the k-nearest neighbor distance to the
local density ensures that it can help pick up holes of different sizes.
Since the growth rate of the ball depends on the density, which itself
needs to be estimated and hence is also subject to statistical error, it is desirable to combine this idea with the concept of distance-to-measure to enhance
robustness.
The proposed method builds on two strands of research in the TDA literature. The theory of growing balls at custom rates was first developed in
Bell et al’s work [45], and we apply it to the case where the rate is the local
density. The theory of distance-to-measure was introduced in [20] to enhance
robustness against noise and outliers, and was subsequently studied analytically, statistically and computationally in [23, 46, 47]. In the proposed method,

Springer Nature 2021 LATEX template
6

Robust Detection of Small Holes by the RDAD Filtration

it is used to mitigate the noise inherent in the data, as well as noise introduced
by the density estimation.
The present work illustrates the properties of the proposed filtration
through synthetic data and real data. A number of toy examples with two
square annuli like the one on the right of Figure 2 will be presented to illustrate
different aspects of the proposed filtration. Then more complicated synthetic
datasets like the one on the left of Figure 2 will be studied. We also show an
example of holes formed by American cellular towers on record.
The rest of the paper is organized as follows. After reviewing the mathematical background in Section 2, we define the proposed filtration and discuss
its properties in Section 3. In particular, we discuss how small features can be
more easily detected with the proposed filtration in Section 3.3.1. We discuss
bootstrapping in Section 4. We present numerical simulations in Section 5. A
discussion and the conclusion are presented in Section 6 and Section 7. We
collect proofs in Section A and simulation variables in Section B. An implementation of the proposed method is available at https://github.com/c-siu/
RDAD.
While we were preparing this preprint, we learnt that the idea of growing
balls at a rate related to the local density was also developed in [48]. Their
work focuses on the clean case when the density is supported on a manifold
M without additive noise, and instead of highlighting small holes, they aim at
recovering the topological features of the supporting manifold M by building
a single-parameter family of topological spaces Xt , such that for a wide range
parameters t, Xt has the same topological features as the supporting manifold.

2 Background
We first review the theory of homology and persistent homology in Section 2.1,
and we illustrate it with the distance filtration, which is the backbone of the
traditional TDA approach. Then we discuss various alternatives to the distance
filtration in Section 2.2, and we will explain their relevance to the present
work. We conclude this section with a brief review of the theory of density
estimation in Section 2.3.

2.1 Persistent Homology
Persistent homology is the mathematical language to describe components and
holes of different dimensions and scales in a manifold (or its generalization).
Homology, a concept in algebraic topology, captures the number of components
and holes in a manifold with linear algebra and group theory. Persistent homology generalizes homology and keeps track of the evolution of these components
and holes as the resolution changes. Such information may be succinctly summarized in persistence diagrams. Since all these concepts are based on algebra,
they are amenable to algorithmic computation. Below we explain these concepts with examples. We refer the reader to [49] for an exposition on algebraic
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topology, [50] for a gentle introduction to homology theory, [51], for an exposition on persistent homology, and [1, 52] for short surveys on topological data
analysis.

2.1.1 Homology
The tool of homology applies to topological spaces, i.e. spaces with a notion of
open set and convergence. The homology groups of a topological space contain
information about the space’s connected components and holes. When we allow
the coefficients of the elements of these groups to take values in a field, like the
field of rational numbers Q, or a field of prime order Z/pZ, where p is prime,
these groups become vector spaces. Below we restrict ourselves to homology
groups with field coefficients for simplicity.
For the 0th homology group, its generators (basis elements) correspond to
connected components of the topological space, and hence the dimension is
the number of connected components. For the k th homology group, where k
is a positive integer, the generators correspond to “irreducible” k-dimensional
holes, and the dimension is the “effective” number of such holes.
Homology groups are invariant under a wide range of transformations.
When the topological space is translated, scaled, or stretched, its homology
groups remain the same. Indeed, components do not get merged or created
under these transformation; likewise holes do not get created or filled.
We exemplify this with the torus, which is shown in Figure 4. The torus has
one connected component. It has one 2-dimensional hole, because it is hollow
and has a 2-dimensional contiguous cavity. Finally, it has two “irreducible” 1dimensional holes, which are represented by the meridian and the longitude in
Figure 4. There are other ways to wind around on the torus, e.g. coiling around
it, but they can all be expressed in terms of the meridian and the longitude.
Therefore, the 0th , 1st , 2nd homology groups of the torus are one-dimensional
(one connected component), two-dimensional (two loops) and one-dimensional
(one cavity).
To see the invariance of these features under a wide range of transformation,
the fact that a torus has one component, two 1-dimensional holes and one 2dimensional hole is independent of how the torus is drawn (or embedded in R3 ).
A scaled torus, a stretched torus, and a rippled torus all share these features.

2.1.2 Persistent Homology of the Distance Filtration
The first obstacle in applying topological theory to a dataset is that a dataset
X1 , ..., XN ∈ RD is discrete and does not form a continuous piece like the
torus does. The 0th homology group of X1 , ..., XN is N -dimensional and all
other homology groups are 0. As mentioned in the introduction, the traditional
solution is to intead consider
Ûr = ∪N
i=1 B̄(Xi , r),
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Fig. 4 A torus in R3 . The torus is the light blue surface in the figure. The meridian and
the longitude are the dark blue loops on the torus. The meridian is the loop on a vertical
plane while the longitude is the curve on a horizontal plane.

where B̄(x, r) denotes the closed ball centered at x with radius r, and let r
vary. Clearly,
Ûr ⊆ Ûs whenever r ≤ s.
As r increases, components get merged and holes may form and get filled.
See Figure 3 and its caption for an example. The value of r at which such a
component or a hole forms is called its birth time, and the value at which it
gets filled or merged, death time. If a component or a hole does not die, its
death time is infinite.
Persistence diagrams succinctly summarize these birth times and death
times. The k th persistence diagram is a multiset of points in the extended
plane R × (R ∪ {∞}). The x- and y-coordinates of each point in this multiset
is the birth and death times of a k-dimensional hole (a component, if k = 0).
Graphically, each persistence diagram is a scatter plot of its elements (birth
time-death time pairs), with higher opaqueness for repeated elements, and
persistence diagrams for different k’s are often overlaid with different colors
and markers. See the bottom right subplot of Figure 3 for an example.

2.1.3 General Filtration and Sublevel Filtration
The family {Ûr }r≥0 of growing sets is an example of a filtration. We call this
the distance filtration, for reasons that will be apparent later. Any family {Xt }
of topological spaces satisfying
Xs ⊆ Xt whenever s ≤ t
is a filtration, and for every filtration its persistent homology can be computed,
and its persistence diagrams can be plotted, to track and summarize the evolution of the topological features of the spaces Xt ’s. The distance filtration
is intuitive but other filtrations may have more desirable properties, depending on the application. The present work defines a filtration that “sees” small
holes better, and the Bell et al’s weighted filtration in [45] and the distance-tomeasure filtrations are modified versions of the distance filtration. We will also
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review cubical filtration, which we use to approximate the proposed filtration
in our implementation.
Every function f : X → R on a topological space X defines a filtration
{Xt } by
Xt = f −1 (−∞, t] = {x : f (x) ≤ t}.
These Xt ’s are called sublevel sets, also known as lower level sets. We often
abuse notations and identify the sublevel filtration of a function with the function. For instance, the distance filtration {Ûr } is the sublevel filtration of the
distance function dˆ : RD → R defined by
ˆ = min d(x, Xi ),
d(x)
i

and this explains the name.
In Section 2.2, the aforementioned filtrations other than the distance filtration will be defined in terms in terms of both growing sets and sublevel sets of
functions, depending on which approach being more natural for the particular
filtration.

2.1.4 Bottleneck Distance between Persistence Diagrams

Fig. 5 (Left) Bottleneck distance between persistence diagrams and (right) metric ball
under the bottleneck distance

We conclude this subsection with a discussion of a similarity measure
between two persistence diagrams (of the same dimension). It will be used to
construct confidence bound and identify significant features.
The bottleneck distance W∞ (P, Q) between persistence diagrams P and Q
is the minimal ∆ ≥ 0 such that there exists a “bijective” pairing of points in
P and Q with the sup-norm distance of the points in each pair bounded above
by ∆. “Bijective” is in quotes because in general, the two diagrams may have
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different number of points, and excessive points are allowed to be paired with
points on the diagonal {(x, x) : x ∈ R}. In symbols, we have
W∞ (P, Q) =

inf

sup kp − ϕ(p)k∞ .

ϕ:P →Q“bijective” p∈P

For points with infinite death time, we adopt the convention that ∞ − ∞ = 0
and ∞ − x = ∞ for x ∈ R.
Consider, for example, the two persistence diagrams in the left subplot of
Figure 5, which are overlaid in the same plot and may be distinguished by
different colors and markers. The green one with diamond points has exactly
one point, which is far away from the diagonal; the blue one with round points
has two points, one of which is near the point in the other diagram, and the
other of which is near the diagonal. Their bottleneck distance is the maximum
of the sup-norm length of the dotted edges, which are the sup-norm distance
between the two nearby points, and the sup-norm distance of the near-diagonal
point from the diagonal.
The bottleneck distance is a metric. The metric ball BW∞ (P, r) under the
bottleneck distance centered at a diagram P with radius r may be visualized
by drawing squares centered at each point in P with sides 2r, and each diagram
in the ball has a point in each square, and may have points beneath the line
y = x + 2r. See the right subplot in Figure 5 for an illustration.
The bottleneck distance is relevant to the present work in two ways. First,
it can be shown that for sublevel filtrations of two functions f, g, the bottleneck distance of their persistence diagrams is bounded by kf − gk∞ . This
could justify the approximation of the target filtration both statistically and
numerically as follows.
Suppose one is interested in the persistence diagram Pground truth (of
a specific dimension) of the sublevel filtration of a function gground truth
defined in terms of a probability measure µ, and one has an iid sample
X1 , ..., XN drawn from µ. Suppose one may construct gsample from the sample such that kgground truth − gsample k∞ is small with high probability, then
one may approximate Pground truth with the persistence diagram of gsample .
Further, if the persistence diagram of gsample cannot be exactly evaluated,
it may be further approximated by the persistence diagram Pnumerical of a
function gnumerical , such that kgsample − gnumerical k∞ is small and the persistence diagram of gnumerical can actually be computed. Together, we have
that BW∞ (Pground truth , Pnumerical ) is small with high probability because
kgground truth − gnumerical k∞ is small with high probability.
Second, the bottleneck distance metric ball will be the basis of discerning
significant features. In [19] as well as in the present work, confidence sets of
persistence diagrams are defined as bottleneck distance metric balls centered at
the empirical persistence diagram with radius r being the significance threshold
determined by bootstrapping. A hole (or component) is considered significant
if and only if the corresponding point p in the empirical diagram lies above
y = x + 2r, where r is the significance threshold obtained by bootstrapping,
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because any diagram in the ball must have a non-diagonal point paired with
the point p in the empirical diagram. For instance, a persistence diagram P
in the ball in the right subplot Figure 5 must have at least three non-diagonal
points, because for the three points in the empirical diagram above the line,
their squares are disjoint from the diagonal, and each of the squares must
contain a non-diagonal in P . Contrarily, for the point in the empirical diagram
under the line, its square intersects with the diagonal, and hence may not
contain any non-diagonal point in P .

2.2 Alternatives to Distance Filtration
While the plain distance filtration is effective in identifying clean global topological signals, handling small and noisy features is tricky. To overcomes this,
multiple approaches have been suggested. In this section, we review Bell et al’s
weighted filtration in [45], distance-to-measure filtration and cubical filtration.
The proposed filtration adopts the weighted filtration with density as weight,
and incorporates the concept of distance-to-measure to enhance robustness,
and is approximated as a cubical filtration in our implementation. We refer
the reader to [20, 23, 46, 47] for properties of the distance-to-measure filtration, and [42] for an efficient algorithm to compute the persistent homology of
a cubical filtration.

2.2.1 Bell et al’s Weighted Filtration
In [45], the weighted filtration, based on the idea of growing balls at custom
rates, is proposed. Given points {X1 , ..., XN } and rates v1 , ..., vN > 0,
V̂r = ∪i B̄(Xi , vi r)
is considered in place of Ûr ’s in (1). V̂r is the sublevel filtration of the function
dˆv : RD → R defined by
dˆv (x) = min d(x, Xi )/vi .
i

The number of points needs not be finite. Given E ⊆ RD and v : E →
(0, ∞), one may consider
Vr = ∪ξ∈E B(ξ, v(ξ)r),
where the overline means closure. Under nice assumptions, e.g. when there
exist constants v1 , v2 such that 0 < v1 ≤ v(ξ) ≤ v2 < ∞, then Vr is the
sublevel filtration of
dv (x) = inf d(x, ξ)/v(ξ).
(2)
ξ∈E

[45] establishes various combinatorial properties of the weighted filtration,
which will not be needed in the present work, as the proposed filtration is
implemented as a cubical filtration.
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In the application presented in [45], the rates are chosen to be pixel intensity
of an image, and applications to noisy dataset are alluded to. In the present
work, we will specialize to the case when v is a function of the density from
which the sample points X1 , ..., XN are drawn. However, the direct adaptation
struggles with low-density regions, and hence is not robust against noise and
outliers, as we will see in simulations in Section 3.3.2. A more nuanced approach
for handling low-density regions must be taken. This leads to the incorporation
of the distance-to-measure filtration.

2.2.2 Distance-to-Measure (DTM) Filtration and Robustness
The distance-to-measure (DTM) function is a modification to the distance
function designed to enhance robustness against potential noise and outliers.
As its name suggests, we start with a distance to a probability measure µ.
Roughly speaking, the distance-to-measure of a point x to a probability measure µ is the average distance of the nearest part of the support that carries
sufficient mass. As opposed to the distance to the support of µ, it is not estimated by a minimum. Rather, it is averaged over a positive mass, and hence
it is more robust. The distance-to-measure filtration is the sublevel filtration
of the distance-to-measure function.
Formally, the distance-to-measure function of a probability measure µ on
RD , with parameter 0 < mDTM < 1, is defined by

s
DT M (x) = DT M (x; µ, mDTM ) =

mDTM

Z

1
mDTM

2
G−1
x (q) dq,

(3)

0

where G−1
x is the generalized inverse function of
Gx (r) = µ[B(x, r)].

(4)

th
G−1
quantile of the distribution of d(x, X), where
x (q) may be seen as the q
X is the random vector with distribution µ.
The function takes a much simpler form for an empirical measure µ̂ =
P
1
δXi , where Xi ∈ RD , with mDTM = kDTM /N for some positive integer
N
kDTM . In this case, the function is simply the L2 average of the distances from
the first kDTM neighbors. Formally,

DT M (x; µ̂, kDTM

v
u
u
/N ) = t

1

kX
DTM

kDTM

i=1

d(x, X(i) )2 ,

(5)

where X(i) is the ith nearest neighbor to x among X1 , ..., XN .
To contrast this with the distance function, we recover the distance function
as a special case by putting kDTM = 1. Distance-to-measure is more robust
against noise and outliers than the plain distance function because it takes
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into account not just the nearest neighbor, which may be an outlier, but more
points as well.
In the present work, distance-to-measure will be incorporated in the
weighted filtration to enhance robustness.

2.2.3 Cubical Complex, Numerical Computations and Hole
Identification
So far, filtrations and their persistent homology are defined as abstract entities.
When the filtration consists of unions of balls, nerve lemma (Theorem 2.3 of
[1]) guarantees it can be algorithmically computed. This is not the case for the
distance-to-measure filtration as well as the proposed filtration. In the present
work, the proposed filtration is approximated by a cubical filtration. A cubical
filtration is a filtration consisting of unions of points, line segments, squares,
cubes and their higher-dimensional analogues. Since these topological spaces
are made up of parts that can be exhaustively enumerated, their persistent
homology can be efficiently computed. An efficient algorithm to compute the
persistent homology of a cubical filtration is proposed in [42] and it is used in
the present work.
In the present work, we approximate the proposed filtration function ϕ
defined on RD as follows. For simplicity, let D = 2. Let R be a rectangle large
enough to contain all topological features of ϕ. Consider the approximation ϕ̃
of ϕ that is piecewise constant on a grid on R, and whose value on each grid
cell agrees with the value of ϕ at the center of the cell. The value of ϕ̃ on
the intersection of different grid cells is the minimum of the values of all cells
containing it. The sublevel filtration of ϕ̃ is then a sequence of shapes with more
and more (closed) pixel squares added to it. If ϕ is Lipschitz continuous, when
the grid is fine enough, ϕ and ϕ̃ will be close in sup-norm, and their persistent
homology will be similar, in the sense that their persistence diagrams will be
close in bottleneck distance.
A byproduct of computing with cubical filtration is that the locations of
codimension-1 holes can be readily identified spatially. Consider, again, the
planar case for simplicity, then there are only 1-dimensional holes, which have
codimension 1. Consider a hole with birth and death times b and d. The algorithm to compute the persistent diagrams stores the birth-giving pixel square
that completes the hole (closing up a “C” to an “O”), and the killing pixel
square that fills up the hole. The killing square is often conveniently located
at the center of the hole. Therefore, besides tracking the temporal evolution of
the topological features, the computation also allows the identification of the
locations of the holes.

2.3 Density Estimation by Nearest Neighbors
In order to adapt the filtration function to the sample density, the density must
first be estimated. Common density estimation methods include the kernel
method and the nearest neighbor method. The latter is used in the proposed
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filtration, and the estimate (6) below will be the bridge between the theoretical
filtration and its empirical version. We refer the reader to [53] for the theory
of density estimation, and [54] for the theory of nearest neighbors.
The kernel method requires the choice of a smoothing parameter. When
topological features of different sizes are present in the underlying manifold,
this choice may be difficult.
On the other hand, nearest neighbor density estimation adapts the amount
of smoothing to the local density, and hence is more robust against variation
in the density function.
The nearest-neighbor density estimate is defined as follows. Let X1 ,..., XN
be an independent sample with density f on RD . The k-nearest neighbor
estimate fˆk is defined by
1
k
,
(6)
fˆk (x) = fˆk (x; X1 , ..., XN , k) =
N ωD dk (x)D
where ωD is the volume of the unit ball in RD and dk (x) is the distance from
x to the k th nearest neighbor of x among the sample points X1 , ..., XN , i.e.
letting
d(x, Xi1 ) ≤ d(x, Xi2 ) ≤ ... ≤ d(x, XiN ),
dk (x) = d(x, Xik ).
The estimate (6) is motivated by the local approximation
k
≈
N

Z

f (y)dy ≈ f (x)|B(x, dk (x))| = f (x)ωD dk (x)D ,
B(x,dk (x))

where |·| denotes the Lebesgue measure.
The first approximation holds because by definition k/N is the mass of the
closed ball centered at x with radius dk (x) under the empirical probability;
when N is large enough, this empirical mass is approximately the oracle mass,
which is the integral of f on the ball. The second approximation holds if f is
smooth enough and dk (x) is small.

3 Proposed Filtration
In this section, we define the proposed filtration, from both the oracle and
the empirical perspectives. Then we discuss, in Section 3.3, properties of the
proposed filtrations, most importantly, its scale invariance, which motivates
the definition itself and is the key to prolonging the persistence of small holes
surrounded by high density regions. These properties will be illustrated with
numerical examples. We conclude with basic mathematical properties of the
filtration.

3.1 Oracle Version
The proposed filtration function, Robust Density-Aware Distance (RDAD),
is defined as follows.
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Definition 1 [Oracle RDAD] Let f be a density supported on RD and P be the
measure on RD induced by f . Let mDTM ∈ (0, 1). The oracle robust density-aware
distance filtration function RDAD is defined by
RDAD(x) = RDAD(x; f, mDTM )
s
Z mDTM
1
Fx−1 (q)2 dq,
=
mDTM 0
where

h
i
Fx (r) = P f (X)1/D d(X, x) ≤ r .

(7)

(8)

It is called the oracle version because its definition involves the sampling
density, which in practice is unknown.
For the sake of comparison, the Density-Aware Distance (DAD) filtration
function, which is not designed to be robust against noise and outliers, is
defined as follows.
Definition 2 (Oracle DAD) Let f be a density supported on RD and P be the
measure on RD induced by f . The oracle density-aware distance filtration function
DAD is defined by
DAD(x) = ess- inf d(x, y)f (y)1/D ,
(9)
y∈RD

where ess- inf denotes essential infimum with respect to the measure P .

The use of essential infimum here is necessary because the density is defined
only up to a set of measure 0. Note that points outside of the support of f
does not contribute to the essential infimum.
To compare the formulae against those of the distance-to-measure filtration, (7) is the same as (3), with the exception that Gx is now replaced by Fx ,
which becomes Gx in (4) when f (X)1/D is removed from (8).
For a comparison with Bell et al’s weighted filtration, note that if the
essential infimum is replaced by an infimum, DAD(x) is precisely dv (x) in (2)
with v = f −1/D and E being the support of f .
The RDAD function converges to the DAD function when mDTM → 0. This
will be made precise in Proposition 2. The RDAD function may be seen as a
robust approximation of the DAD function, whose lower level sets may be seen
as the union of balls growing at rates dependent on the density f . This rate
slows down growth at high-density regions, and hence prolongs persistence of
holes formed by high-density regions. This intuition will be further explained
in Section 3.3.1.

3.2 Empirical Version
We estimate the oracle RDAD filtration function from an iid sample X1 , ..., XN
drawn from a density f with the empirical version of the function. It is built
by estimating the density f and adding weight to the distance-to-measure
function in a way similar to Bell et al’s weighted filtration.
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The local density may be estimated by distances to the nearest neighbors.
Let kden be a positive integer. Let di be the distance of Xi from its kden -nearest
neighbor; in other words, di is the kden -order statistics of {d(Xi , Xj )}N
j=1 .
\
The empirical (robust) density-aware distance filtration functions DAD
\ are defined as follows.
and RDAD
Definition 3 (Empirical DAD and RDAD) For each x ∈ RD , let d(x, X(i) )/d(i)
be the ith order statistic of d(x, X1 )/d1 ,..., d(x, XN )/dN . Let kDTM be a positive
integer in (0, N ). The empirical (robust) density-aware distance filtration functions
\ and RDAD
\ are defined by
DAD
\
\
DAD(x)
= DAD(x;
X1 , ..., XN , D, N, kden )
= min d(x, Xi )fˆkden (Xi )1/D
i

(10)

= min CN,kden ,D d(x, Xi )/di
i

\
\
RDAD(x)
= RDAD(x;
X1 , ..., XN , D, N, kden , kDTM )
v
u
DTM
u 1 kX
(d(x, X(i) )/d(i) )2
= CN,kden ,D t
kDTM

(11)

i=1

where CN,kden ,D =



1 kden
ωD N

1/D

and ωD is the volume of the unit ball in RD .

Below, we compare these formulae.
\ ((10) and the next line)
The equivalence of the two definitions of DAD
follows from the formula for nearest-neighbor density estimate (6).
\ and RDAD,
\ DAD(x)
\
\
To compare DAD
is simply RDAD(x)
with kDTM =
1.
We have observed that oracle DAD is a special case of Bell et al’s weighted
filtration, and the same is true of the empirical version, with E = {X1 , ..., XN }
−1/D
and vi = fkden . This E and this vi may be seen as estimates of the supp f
and f −1/D , which are the parameters plugged in Bell et al’s weighted filtration
in the oracle case.
Finally, we compare the empirical RDAD function and the empirical
distance-to-measure function (5). If di in (11) is replaced by 1, the empirical
\ function reduces to the empirical distance-to-measure function.
RDAD

3.3 Properties of the Proposed Filtration
In this section, we discuss some desirable properties of the proposed filtration.
We will first discuss its scale invariance and its robustness, which motivate the
definition in the first place. In particular, the persistence of small holes are
prolonged because of scale invariance. Then we discuss the role of the ambient
dimension D. These properties and issues will be numerically illustrated with
toy examples of two square annuli with different shapes, sizes and masses.
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These parameters are summarized in Table B3 and Table B4 in Section B,
and implementation details are deferred to Section 5.1. We conclude by giving
further mathematical properties of the proposed filtration.

3.3.1 Prolonged Persistence and Scale Invariance
We first discuss the property of scale invariance of the proposed filtration
in relations to the filtration’s ability to highlight small features, and we will
illustrate different facets of the property with numerical examples. To simplify
the discussion, we only demonstrate the behavior of the distance and DAD
filtrations with clean datasets. Distance-to-measure and the RDAD filtration
behave similarly with their counterparts on these clean datasets, but they will
be discussed in the next section, which is about robustness.
Prolonged Persistence

Fig. 6 Sample points of the “David and Goliath” two-square dataset.

As mentioned in Section 3.1, the growth of balls in sublevel sets of the
DAD and RDAD functions are slowed down at high-density regions, and hence
small features have longer persistence.
Consider the dataset in Figure 6, which we call “David and Goliath”. 100
points lie on the bigger square annulus on the left, and 400 lie on the smaller
annulus on the right. This dataset is the same as the one on the right of
Figure 2 in the introduction.
The contour plot and the persistence diagrams of the dataset for the
distance and DAD filtrations are shown in Figure 7.
We first consider the distance filtration. Visually, there are clearly two
squares in Figure 6, but since the right square is too small, the blue point
corresponding to the hole it forms on the persistence diagrams for the distance
filtration in the top-right corner of Figure 7 is very near the diagonal. In fact,
it lies at the top tip of the cluster of red diamond points (corresponding to
components) near the origin. The short persistence of the smaller square also
shows up in the contour plot in the top-left corner of Figure 7. While there
are many contour lines inside the bigger square, indicating its long persistence,
there are almost no contour lines inside the small square, indicating its short
persistence.
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Fig. 7 Contour plots and persistence diagrams of different filtrations for the “David and
Goliath” two-square dataset.

On the other hand, for the DAD filtration, two blue circular points in the
persistence diagrams in the bottom-right corner of Figure 7, which correspond
to the two squares, are comfortably far away from the diagonal. The contour
plot in the bottom-left corner in Figure 7 explains this. While there are still
many contour lines in the bigger square, the inside of the right square is filled
with a patch of changing color (or shade, in greyscale), and this is because
there are so many contour lines that their separation cannot be resolved, and
this means the hole of the smaller square persists through a wide range of
parameter. This shows the DAD filtration’s ability to prolong persistence of
small features surrounded by dense regions.
Scale Invariance

Fig. 8 Sample points of the “Antman” two-square dataset, and the persistence diagram of
the empirical DAD filtration for this dataset
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While many choices of growth rates prolongs persistences of small features,
our specific choice makes the filtration scale-invariant. This means a scaled
version of the same dataset has the same persistence diagrams. In particular,
no matter by how much a dataset is shrunk, its topological features still have
the original persistences. We make this idea precise in Proposition 1, and
illustrate it with another numerical example of two square annuli, which we
call “Antman”.
From (7), the proposed filtration is the same as the distance-to-measure
filtration, except that (8) has an extra factor of f (X)1/D . This factor ensures
the proposed filtration is scale-invariant, in the sense that densities in the same
location-scale family have RDAD functions with the same persistence diagrams, or empirically speaking, uniformly scaling and translating X1 , ..., XN
does not change the empirical RDAD function’s diagram. This prolongs the
persistence of small holes surrounded by high-density regions. Precisely, we
have the following proposition.
Proposition 1 (Scale invariance) Let a > 0 and b ∈ RD be constants.
Oracle version: Let 0 < mDTM < 1. Let X be a random vector in RD with density
f . Let X̃ = aX + b, and f˜ be the density of X̃. Then
RDAD(ax + b; f˜, mDTM ) = RDAD(x, f, mDTM ),
and hence the RDAD(·; f˜, mDTM ) and RDAD(·; f, mDTM ) have the same
persistence diagrams.
Empirical version: Let X1 , ..., XN be points in RD . Let kDTM be a positive integer
in (0, N ). Let X̃i = aXi + b. Then
\
RDAD(ax
+ b; X̃1 , ..., X̃N , D, N, kden , kDTM )
\
= RDAD(x;
X1 , ..., XN , D, N, kden , kDTM ),
\ filtrations have the same persistence diagrams.
and hence the two RDAD
DAD version: The two results above hold verbatim when all instances of RDAD and
\ are replaced by DAD and DAD.
\
RDAD

We illustrate the proposition with the “Antman” example in Figure 8. The
same number of points are sampled randomly from two square annuli, which
are scaled versions of each other. By scale invariance, the holes the two squares
form should have the birth and death times. Indeed, there are two nearby
(overlapping) blue circular points in the persistence diagrams in Figure 8.
Caveat
We conclude the discussion of the intuition of prolonged persistence and
scale invariance by pointing out a potential pitfall. Again, we illustrate the
phenomenon with a numerical example, which we call “Icarus”.
The caveat is that signals from a low-density but large-mass region may
eclipse signals from a nearby high-density region, because balls from the lowdensity region grow much faster and kill the nearby signals prematurely.
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Fig. 9 Sample points of the “Icarus” two-square dataset.

Fig. 10 Contour plots and persistence diagrams of the empirical DAD filtration for the
“Icarus” two-square dataset.

Below, we illustrate the phenomenon with the DAD filtration. If the lowdensity region has sufficient mass, the same phenomenon may still occur for
the RDAD filtration.
Consider the “Icarus” dataset in Figure 9. The contour plot and the
persistence diagrams of the DAD filtration are shown in Figure 10.
The annuli are again scaled versions of each other, and so their features
should have the same persistence. However the two annuli are now closer to
each other. The two points representing the two holes in the persistent diagram
\ are no longer close together. Inspecting the contour plot
of the empirical DAD
reveals the eclipse of the smaller square. The contours inside the smaller square
are not concentric, but are skewed to the right. This is because di ’s for Xi ’s in
the bigger square are so large that min d(x, Xi )/di is attained by Xi ’s on the
bigger annulus even for points x inside the smaller square, and hence even the
function values inside the inner square of the smaller annulus are dominated
by the influence of the bigger annulus. This leads to the premature death of
the signal from the smaller square.

3.3.2 Robustness
With the concept of distance-to-measure incorporated to the DAD filtration,
the proposed RDAD filtration is robust against noise and outliers. The RDAD
filtration takes into account not just the minimal data point that attains the
minimum in (10), but a small mass. Therefore, unless the noise and outliers
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Fig. 11 Sample points of corrupted “Antman” two-square datasets (by outliers and by
additive noise).

affects a sizable portion of the mass, the oracle filtration can still be well
estimated. We contrast the behavior of the DAD and RDAD filtrations under
corruption by noise and outliers with the “Antman” example in Figure 11.
Outliers

Fig. 12 Contour plots and persistence diagrams of different filtrations for the outliercontaminated “Antman” two-square dataset.

For outliers, since the estimator (10) depends only on one minimal data
point, its value can changes drastically as long as one outlier is present. Their
effects are especially dramatic in the DAD filtration compared with the distance filtration because balls centered at outlier points grow quickly because
of the low density. On the other hand, the RDAD filtration takes into account
more data points, and hence can reduce the effects of outliers.
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Consider the outlier-contaminated “Antman” example on the left of
Figure 11. 8 outliers are added and they are annotated by red crosses. 4 of these
outliers fall outside of the square annuli. Their contour plots and persistence
diagrams are shown in contour plots in Figure 12.
While the two blue points in the persistence diagram for the DAD filtration
in the clean “Antman” dataset are nearby, they cease to be so in the presence
of outliers. Inspecting the contour plot of the DAD filtration shows the inside of
the smaller square is filled by ripples originating in the outliers under the small
square, and these ripples mean the outliers kill the smaller hole prematurely.
For the RDAD case, the contour plot and the persistence diagrams look
almost identical to those computed from the clean dataset. This shows the
proposed filtration’s robustness to outliers.
Additive Noise

Fig. 13 Contour plots and persistence diagrams of different filtrations for the additive
noise-contaminated “Antman” two-square dataset.

The issue of additive noise for the DAD filtration is even trickier. When
the noise is supported on the whole of RD , e.g. when the noise is Gaussian, the
oracle DAD function degenerates to identically 0, and its estimation becomes
trivial. Indeed, since the density of the support of the observed sample points is
the convolution of the support of the clean density and the density of the noise,
when the support of the noise is the whole of RD , the support of the oracle DAD
filtration becomes the whole of RD as well, and hence the essential infimum
of d(x, y)f (y)1/D is always attained by y = x and is always 0. Empirically, as
the sample size increases, sample points will eventually fill RD and distances
from sample points, weighted or not, can become arbitrarily small.
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On the other hand, since the RDAD filtration takes into account a small
mass, the filtration function does not suffer from the same issue.
Consider the noise-corrupted “Antman” dataset on the right of Figure 11.
Points are corrupted by isotropic Gaussian noises, whose standard deviations
on the two squares are in proportion to their sizes (in particular, there is less
noise on smaller square).
For the DAD filtration, since there are not too many points, the filtration
function is not close to 0, but the supposedly nearby blue circular points on the
persistence diagram are further apart in this case. For the RDAD filtration,
its persistence diagrams look similar to those for the clean dataset, and the
two blue circular points remain nearby.

3.3.3 The Role of the Ambient Dimension D

Fig. 14 Sample points of the 1D two-square dataset, and the persistence diagram of the
empirical DAD filtration for this dataset

We now discuss the role of the ambient dimension D. If the density f is
supported on a d-dimensional manifold M embedded in RD , one may consider
the oracle and empirical RDAD functions with all instances of D replaced by d.
The dimension d may be estimated from the data (e.g. [55–59], to name a few)
\ may be computed with d in place of D, but we do not pursue this
and RDAD
direction. In theory, if the “wrong” dimension is used, the empirical filtration
does not converge to the oracle one. In practice, however, it is safe to simply
use D, because
• common additive noise, like Gaussian noise, is often supported on the whole
of RD , making the support of the corrupted density the whole of RD as well,
so this assumption on the support is mild, and
\ function only through the normalizing
• D affects the empirical RDAD
constant CN,kden ,D , and hence does not affect the relative persistences of different topological signals, since all their birth and death times will be scaled
by the same constant when D is used in place of d. On the other hand,
comparison across persistent diagrams from data with drastically different
number of points without suitable normalization is not recommended, as the
normalizing constant depends on D through N .
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We illustrate this with the 1D two-square dataset in Figure 14. Even though
theoretically the best dimension to use is d = 1, we set D = 2 in our computation. If we set d = 1 in place of D = 2, the persistence diagrams will look the
same, except the numerical values are all scaled by CN,kden ,D /CN,kden ,d ≈ 67.4.
Visually, the persistent diagrams of the empirical DAD filtration look similar to the case when points are sampled on annuli, but the scale ranges from
0 to around 2 now as opposed to 0 to around 0.2 as in the annulus case.

3.3.4 Further Properties of RDAD
We present basic mathematical properties of the proposed filtration in this
subsection. Their proofs are delayed to Section A.
Proposition 2 (RDAD as an Approximation of DAD) Given a density f ,
RDAD(x) → DAD(x) pointwise as mDTM → 0.
Lemma 3 (Variational Characterization) For each x,
Z
[f (ξ)1/D d(ξ, x)]2 dν(ξ),
mDTM · RDAD(x)2 =
min
ν(RD )=mDTM
ν≤P

where ν ≤ P means ν(E) ≤ P (E) for every measurable set E. The minimum is
attained by some νx .
Proposition 4 (Pointwise Consistency) Let x ∈ RD and mDTM ∈ (0, 1). Suppose
kden
kden
kDTM
f is uniformly continuous. If log
N → ∞, N → 0 and N → mDTM , then
√
d
2
\
N (RDAD(x)
− RDAD(x)2 ) −
→ N (0, σx2 ),
(12)
d

where −
→ denotes convergence in distribution, and
Z rZ r
1
[Fx (min(s, t)) − Fx (s)Fx (t)]dsdt
σx2 = 2
mDTM 0 0
r = Fx−1 (mDTM )
Proposition 5 (Lipschitz Continuity) If f ∈ L1+2/D (RD ), then RDAD is
1+2/D
1
[m
kf kL1+2/D ]1/2 -Lipschitz continuous.

The variational characterization is useful for establishing various properties, for instance, RDAD is semiconcave because the characterization shows
it is the infimum of a family of smooth functions. In fact, it is used to prove
RDAD’s continuity. Its distance-to-measure analogue is Proposition 2.2 of [46].
The convergence results justify our constructions. Proposition 2 says the
more complicated RDAD function is indeed an approximation of the more
intuitive DAD function, while Proposition 4 says the empirical RDAD function
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does converge to its oracle counterpart, and hence is a consistent estimator.
Their distance-to-measure analogues are Theorem 3.2 and Theorem 5 of [23].
Finally, Lipschitz continuity of RDAD ensures that it can be numerically
approximated, and is an analogue of Theorem 3.1 of [23].

4 Bootstrapping

Fig. 15 Dimension-1 persistence diagrams of different filtration functions for the additive
noise-corrupted “Antman” two-square dataset with confidence bands. Blue points are points
in the dimension-1 empirical persistence diagram. The green solid lines and the orange
dashed lines are the confidence bands constructed by subsample and oracle bootstrapping
respectively.

In order to distinguish statistically significant topological signals from
noise, a confidence band as in [19, 23] is desirable. Below, we discuss its construction when the density f from which the points are sampled is known and
when it is unknown. We show that the resulting bands are empirically similar
in the additive noise-corrupted “Antman” example in this section, and more
complicated examples will be considered in Section 5.2.
When the oracle is available, i.e. when one may sample from the data generation density f , the natural variation of the persistence diagrams may be
estimated by generating some samples and computing the the bottleneck distances between the resultant persistence diagrams. The confidence set with
significance level at least α is then simply the ball, under the bottleneck metric, centered at the empirical persistence diagram P with radius r being the
(1 − α)-quantile of the distribution of the bottleneck distance of the empirical persistence diagram and a persistence diagram computed from a random
sample generated by the oracle, which can be estimated by a Monte Carlo simulation. The confidence band is then y = x + 2r, and holes (or components)
corresponding to points above this line in the persistence diagram are then
deemed significant, as aforementioned in Section 2.1.4.
Remark 1 In simulations with synthetic datasets below, we sometimes corrupt the
datasets with Gaussian noise and outliers. When bootstrapping with the oracle, we
corrupt the bootstrap samples with Gaussian noise and outliers as well.
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However, the data generation mechanism is typically unknown. In this case,
we adapt the subsampling method proposed in [23] to construct a confidence
band in our simulations. Specifically, we sample N points from X1 , ..., XN with
replacement and compute the persistent diagrams of the resultant RDAD∗ ,
and we generate B such samples (B = 100 in our simulations) and compute the
\ The
(1−α)-quantile q of their bottleneck distances from the empirical RDAD.
desired confidence set is then persistent diagrams whose bottleneck distance
\
is within q of the empirical RDAD.
Remark 2 Since the same point Xi∗ may be sampled multiple times in a bootstrap
sample, the nearest neighbor distance d∗i may vanish, and d(x, Xi∗ )/d∗i may be infi\ is still well defined in this case with all infinite entries
nite. The empirical RDAD
ignored, because only the minimal k terms matter.

In [19], each bootstrap sample should contain o(N ) points. However, since
the scale of the proposed filtration changes with the sample size, we fix the
bootstrap sample size to be N to ensure comparability of the bootstrap sample
and the empirical sample.
Consider, again, the additive noise-corrupted “Antman” two-square dataset
on the right of Figure 11. The persistence diagrams for the distance-to-measure
filtration and the RDAD filtration are shown in Figure 15 with different confidence bands. Note that in both figures the bands constructed by oracle
bootstrapping and by subsample bootstrapping are very close to each other,
and both of them correctly give two significant loops.

5 Simulations
We illustrate the utility of the proposed filtration with synthetic and real data
after a brief description on the computation of the persistent diagrams of the
\ filtration.
empirical RDAD
First, in Section 5.2, motivated by the multiscale nature of the cosmic web,
we attempt to identify Voronoi cells with a range of sizes from observed sample
points on cell edges.
Then, in Section 5.3 we apply our method to a dataset of cellular towers
in the United States to discover mesoscale holes formed by geography and
missing data.
Model parameters and sample sizes of different datasets are summarized in
tables in Section B.

5.1 Implementation
\ filtration function by a function that
We approximate the empirical RDAD
\ function at
is piecewise constant on a fine grid and coincides with the RDAD
the center of each grid cell. We use the implementation in [42]. The field F we
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use is Z/11Z. This computation is feasible for 2- to 3-dimensional data, but
we confine ourselves to 2-dimensional data for easier visualization.
Contour plots in Section 3.3 are generated by choosing 30 best-fit contour lines for each plot, and hence lines of the same color in different plots
correspond to different function values.

5.2 Recovery of Synthetic Voronoi Cells
In this subsection, we attempt to recover Voronoi cells with the proposed filtration from a sample of points on (or near) edges of a planar Voronoi diagram
with cells of different sizes and densities. This is motivated by the cosmological
Voronoi model in [8] (see also [6, 60]), where galactic matter is concentrated on
walls and filaments of a Voronoi diagram, whose cell sizes span a wide range
of scale, as discussed observed in [31, 32]. For easy visualization, we consider
only planar Voronoi diagrams.
We sample points from edges of a Voronoi diagram and aim at recovering
the cells of the Voronoi diagram, especially the small ones. The Voronoi diagram is constructed such that cells at the center are smaller. We sample points
on the edges of the Voronoi diagram by first uniformly randomly selecting a
cell and then sampling from the uniform distribution on the boundary of the
cell. This means the density on the the boundaries of smaller cells is higher,
because all cells have the same mass while smaller cells have shorter boundaries. We also consider the case when the dataset is corrupted by additive noise
and outliers. Further details of the data generation process may be found in
Section B.
We compare the performance of the proposed filtration against that of the
distance-to-measure filtration.
For the clean and outlier cases, since the sample points (except the outliers)
lie on edges of the Voronoi diagram, the dataset is not drawn from a density
on R2 . We apply the proposed method with d = 1. This only affects the scaling
of the persistence diagrams. The significant loops based on subsample bootstrapping are the same regardless of the choice of d = 1 and D = 2. The choice
does affect oracle bootstrapping slightly because with our specific sampling
method, which is described in detail in Section B, the sample size is random,
and hence different oracle bootstrap samples have slightly different numbers
of points. In practice, without access to the data generation mechanism, the
choice does not matter because oracle bootstrapping cannot be done at all. We
use d = 1 to give a better benchmark to compare the bootstrapping results.
In the following subsections, we investigate different datasets (corrupted in
different ways) one by one.

5.2.1 Clean Case
We first consider the clean case. The sample points are shown in Figure 16 and
the significant loops found by oracle and subsample bootstrapping are shown
in Figure 17. The persistence diagrams are shown in Figure 18.
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Fig. 16 Sample points of the clean Voronoi dataset.

Fig. 17 Significant loops under different filtrations and different bootstrapping methods
for the clean Voronoi dataset. Significant loops under different filtrations but the same
bootstrapping methods share the same plot and are distinguished by their colors.

As shown in Figure 17, which shows significant loops, which correspond to
points above the confidence bands, while the proposed method misses some of
the bigger cells detected by distance-to-mesaure, it detects many smaller cells
in the middle that distance-to-measure cannot detect.
The persistence diagrams of the two filtrations are visually very different.
Points in the diagram for the distance-to-measure filtration are more spreadout on a sector centered at the origin above the diagonal. This reflects the
different sizes and densities of the cells. Points lie on a sector because the
death time cannot be too large relative to the birth time. Indeed, cells with
large death times are big, and have low density by construction, and hence
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Fig. 18 Dimension-1 persistence diagrams of different filtration functions for the clean
Voronoi dataset with confidence bands. Blue points are points in the dimension-1 empirical
persistence diagram. The green solid lines and the orange dashed lines are the confidence
bands constructed by subsample and oracle bootstrapping respectively.

their birth time is late, and hence the death time relative to the birth time
cannot be too big. On the other hand, points in the persistence diagram for the
proposed filtration are concentrated near a column, which means they have a
much more similar birth time and their death times are spread out.
To see the proposed filtration does increase the persistences of smaller loops
relative to the distance-to-measure filtration, since the death times of cycles
are spread out under the proposed filtration, and the birth times are similar,
many points lie above the confidence bands generated by either bootstrapping
methods.
Finally, we note that the two bootstrapping methods have similar confidence bands.

5.2.2 The Noisy and Outlier Cases

Fig. 19 Sample points of the noisy Voronoi dataset.

In this section, we present the results for the (additively) noisy case and
outlier case. For the noisy dataset, the sample points are shown in Figure 19
and the significant loops found by oracle and subsample bootstrapping are
shown in Figure 20. The persistence diagrams are shown in Figure 21.
This dataset is the one shown on the left of Figure 2 in the Introduction.
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Fig. 20 Significant loops under different filtrations and different bootstrapping methods
for the noisy Voronoi dataset. Significant loops under different filtrations but the same
bootstrapping methods share the same plot and are distinguished by their colors.

Fig. 21 Dimension-1 persistence diagrams of different filtration functions for the noisy
Voronoi dataset with confidence bands. Blue points are points in the dimension-1 empirical
persistence diagram. The green solid lines and the orange dashed lines are the confidence
bands constructed by subsample and oracle bootstrapping respectively.

For the dataset corrupted by outliers, the sample points are shown in
Figure 22 and the significant loops found by oracle and subsample bootstrapping are shown in Figure 23. The persistence diagrams are shown in
Figure 24.
The results for the outlier case is very similar to those in the clean case,
showing the proposed method’s robustness. Additive noise affects both the
distance-to-measure and the proposed filtration and many of the larger cells
can no longer be detected. Indeed, inspecting the scatter plot of the sample
points in Figure 19, points from the larger cells are very dispersed and some of
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Fig. 22 Sample points of the Voronoi dataset with outliers. Outlier points are marked in
red.

Fig. 23 Significant loops under different filtrations and different bootstrapping methods for
the Voronoi dataset with outliers. Significant loops under different filtrations but the same
bootstrapping methods share the same plot and are distinguished by their colors.

holes are simply visually unclear. However, the proposed filtration still picks
up a lot of the small cells in the middle.

5.3 Real Data
Finally we test our method on real data. The distance-to-measure filtration
and the proposed filtration are applied to an open dataset [61] of cellular tower
locations recorded by the Federal Communications Commission (FCC). Cycles
in the two filtrations reveal uninhabited regions in America and missing data.
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Fig. 24 Dimension-1 persistence diagrams of different filtration functions for the Voronoi
dataset with outliers with confidence bands. Blue points are points in the dimension-1 empirical persistence diagram. The green solid lines and the orange dashed lines are the confidence
bands constructed by subsample and oracle bootstrapping respectively.

Fig. 25 Sample points of the clean cellular tower dataset (black) and significant loops under
different filtrations and different bootstrapping methods (red and blue).

Fig. 26 Dimension-1 persistence diagrams of different filtration functions for the clean
cellular tower dataset with confidence bands. Blue points are points in the dimension-1
empirical persistence diagram. The green solid lines are the confidence bands constructed
by subsample bootstrapping.

As expected, regions found by the distance-to-measure filtration are large while
the small ones are detected only by the proposed filtration.
The dataset contains coordinates of cellular towers from the FCC Universal Licensing System Database. Details of the dataset and our preprocessing
method are summarized in Section B.
The scatter plot of the cell towers is shown in Figure 25, followed by the
persistence diagrams of the two filtrations in Figure 26. Even without the aid of
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the confidence bands, one point is conspicuously far away from the diagonal in
the persistence diagram of each filtration. Bootstrapping shows the proposed
filtration picks up 2 more significant loops.
The two filtrations pick up completely different cycles. The 1 cycle picked
up by the distance-to-measure filtration is near Steens Mountain Wilderness in
Oregan. The 3 cycles picked up by the proposed filtration are Lake Michigan;
Dallas, Texas; and the Texan region surrounded by Houston, Austin and San
Antonio. The last two regions have considerable population, and the sparsity
of cellular towers there is likely due to the dataset’s incompleteness.
The cycle picked up by the distance-to-measure filtration is a large sparsely
populated area with few cellular towers if any. Those picked up by the proposed filtration are comparatively smaller regions with a drastic abrupt drop in
density. The distance-to-measure filtration fails to pick up the smaller cycles.
Even Lake Michigan is too small because of its narrowness. The proposed filtration cannot detect the large sparsely populated regions because the drop
in density there is not sharp enough – nearby regions have very low density
anyway, and balls there grow quickly to fill the hole very quickly.

6 Discussion
While computational examples show the proposed filtration prolongs the persistence of dense but small topological signals in a robust manner, a range
of practical, theoretical, statistical and computational issues warrant further
investigation.
In practice, while the proposed filtration is designed to handle data with
non-uniform density, and can detect well-separated features in a scale-invariant
manner, it may not be able to detect all features when the density is illbehaved and when corruption is severe. Particularly challenging are densities
with a large low-denstiy region, where balls grow quickly and eclipse features
in nearby regions. However, since low-density regions yield little information
(points are sparsely sampled there), any analysis density with a large lowdensity region must proceed with caution. All in all, the proposed filtration
complements existing topological data analytical methods by providing an
alternative perspective to explore the data.
From the point of view of modeling, the effects of the parameters mDT M
and kden need to be studied in greater detail. For kden , density estimation
is well-researched in the literature. Since nearest-neighbor density estimation
adapts to the local density, the resultant estimate is often not very sensitive
to the choice of kden . Formally, one may do cross-validation to choose the
optimal kden . The effect of different choices of mDT M is much less understood.
In particular, since topological signals are inherently global in nature, crossvalidation does not directly apply. In [23], it was proposed trying different
values of mDT M and choose the one giving the narrowest confidence band.
This approach is challenging in our setup because
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• conceptually, since the function values of the proposed filtration no longer
corresponds to physical distances, the width of a confidence band must be
interpreted with care, and hence one must exercise caution when comparing
the widths of the confidence bands with different parameter configurations,
and
• computationally, with two parameters, trying out a wide range of parameters
is computationally expensive.
Statistically, while pointwise convergence of the empirical function to the
oracle has been established, uniform convergence is not. Since topological signals are global in nature, uniform bounds are desirable. It is expected that
the corresponding bounds in [23] for distance-to-measure can be generalized
to the proposed filtration. Furthermore, the theoretical foundation of the
bootstrapping method remains to be developed. To the best of the authors’
knowledge, the validity of the confidence band for persistent diagram bootstrapping has not been proven for distance-to-measure, and establishing the
theoretical basis of bootstrapping with the proposed filtration is expected to
be more challenging.
Computationally, in order to obtain arbitrary precision, all computations
above are done on a grid, at the cost of restricting the ambient dimension.
Computation of the associated Rips complex is likely more feasible. Even then,
since iterating over all size-kDTM subsets of {X1 , ..., XN } is computationally
intractible, approximations as in [46] will be needed as well.

7 Conclusion
The novel robust density-aware distance filtration is proposed in the present
work for studying data with a non-uniform density. It is designed to make small
holes surrounded by high-density regions more prominent. It is scale-invariant
and persistence under the proposed filtration depends on the shape rather
than the size of the features. Robustness against noise is enhanced through
the incorporation with the distance-to-measure filtration. A bootstrapping
method, whose precise mathematical properties warrants further investigation,
is proposed to approximate the significance of a topological feature. The above
properties have been illustrated with toy examples, and the Voronoi example
and cellular tower example show the potential of using the proposed filtration
for hole detection in realistic settings.
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Appendix A
A.1

Proofs

Proof of Proposition 1

We only consider the RDAD case. The DAD case follows by, for in oracle case,
letting mDTM → 0 (and applying Proposition 2) and, in the empirical case,
putting kDTM = 1.
Fix x and let x̃ = ax + b. Let P̃ be the measure induced by f˜ and F̃x̃ (r) =
˜
P̃ [f (X̃)1/D d(X̃, x̃) < r].
To show the two RDAD functions are the same (up to scaling and translation in the equation to be proven), it suffices to show F̃x̃−1 (r) = Fx−1 (r) for
every r.
Let Ex = {y : f (y)1/D d(y, x) < r} and Ẽx̃ = {ỹ : f˜(ỹ)1/D d(ỹ, x̃) < r}.
Then it can be readily verified taht Ẽx̃ = aEx + b = {ay + b : y ∈ Ex }. Then
change of variable formula implies
Z
Z
F̃x̃ (r) =
f˜(ỹ)dỹ =
f (y)dy = Fx (r),
Ẽx̃

Ex

from which the equality of the two functions follows.
Equality of the persistence diagrams is now apparent from the equality
of the two filtration functions, because the sublevel sets of the two filtrations
are scaled and translated versions of each other, and hence share the same
topological features.
For the empirical version, the equality of filtration function up to scaling
and translation is clear because the scaling multiplies both numerator and
denominator of d(x, X(i) )/d(i) by the same factor, and the translation affects
neither of them. The equality of persistence diagrams is analogous to the oracle
case.

A.2

Proof of Proposition 2

Since RDAD is an L2 average of Fx−1 (q) on [0, mDTM ] and Fx−1 is increasing,
letting Fx−1 (0+ ) = limq→0+ Fx−1 (q),
Fx−1 (0+ ) ≤ RDAD(x) ≤ Fx−1 (mDTM ) → Fx−1 (0+ )
as mDTM → 0. The convergence then follows from the fact that Fx−1 (0+ ) is
precisely the essential infimum.
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A.3

Proof of Lemma 3

We follow the proof of Proposition 2.2 of [46].
Proof Fix x. Below, we drop the subscript DTM in m.
We first show m · RDAD(x)2 is a lower bound. Fix ν such that ν ≤ P . Consider
the random variable Y = f (X)1/D d(X, x).
Let FP−1 and Fν−1 be the quantile functions of Y under the pushforwards of P
Rm
and ν respectively. Then m · RDAD(x)2 = 0 FP−1 (q)2 dq. We will find an analogous
expression for ν.
Let Y# ν be the pushforward of ν under ξ 7→ f (ξ)d(ξ, x). Then change of variable
formula and Fubini’s theorem imply
Z
Z
Z m
[f (ξ)1/D d(ξ, x)]2 dν(ξ) = Y 2 dY# ν =
Fν−1 (t)2 dt.
0

Since ν ≤ P ,
hence

Z

FP−1 ≤ Fν−1 ,

[f (ξ)1/D d(ξ, x)]2 dν(ξ) ≥

Z

m

0

(A1)

FP−1 (q)2 dq = m · RDAD(x)2 .

The lower bound then follows.
To find the minimizer, it suffices to find a ν such that equality holds on (0, m) in
(A1). Let
E< = {ξ : f (ξ)1/D d(ξ, x) < FP−1 (m)}
E= = {ξ : f (ξ)1/D d(ξ, x) = FP−1 (m)}.
Define

P | E=
.
P (E= )
We claim this ν has the desired property. Indeed, by construction, FP (y) = Fν (y) for
y < FP−1 (m), and hence FP−1 (t) = Fν−1 (t) for t < m. The result then follows.

ν = P | E< + (m − P (E< ))

A.4

Proof of Proposition 4

We adapt the proof of Theorem 5 of [23].
Proof Under the assumption of uniform continuity,
kfˆkden − f k∞ → 0
almost surely (Theorem 4.2 of [54]). Then almost surely,
max|CN,kden ,D 1/di − f (Xi )1/D | → 0,
i

hence

1

[f (X(i) )1/D d(x, X(i) )]2 + op (1).
kDTM
The rest of the proof then follows from replacing the Fx in the proof of Theorem
5 of [23] with Fx (t) = P ((f (X)d(x, X))2 ≤ t).

2
\
RDAD(x)
=

X
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Proof of Proposition 5

Proof Lemma 3 implies
1
RDAD(x) = √ kf (·)1/D d(·, x)kL2 (νx ) .
m
Now,
1
RDAD(y) ≤ √ kf (·)1/D d(·, y)kL2 (νx )
m
1
≤ √ kf (·)1/D d(x, y) + f (·)1/D d(·, x)kL2 (νx )
m
1
1
≤ √ kf (·)1/D d(x, y)kL2 (νx ) + √ kf (·)1/D d(·, x)kL2 (νx )
m
m
1
= √ kf (·)1/D kL2 (νx ) d(x, y) + RDAD(x)
m
1
≤ √ kf 1/D kL2 (P ) d(x, y) + RDAD(x).
m
Z
1/2
1
≤ √
f (z)1+2/D dz
d(x, y) + RDAD(x).
m
The result then follows by interchanging x and y.


Appendix B

Simulation Parameters

We give details on the constructions of synthetic datasets, and the parameters
used in our experiments, in this section. For parameters, model parameters
are summarized in Table B1. The sample sizes and the density estimation
parameters kden , which depends on the sample sizes, are summarized in
Table B2.
For two-square datasets, the precise values used are summarized in
Table B3 and Table B4. The inner radius r and outer radius R of a square
annulus refer to half of the sidelengths of the inner and outer squares in a
square annulus. This is illustrated in Figure B1.

Fig. B1 Inner and outer radii of a square annulus
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meanings
density estimated from the kden -nearest neighbor
distance ; N is the sample size
mDTM
0.002
amount of mass taken into account by the
distance-to-measure setup to stabilize the empirical filtration
∆x (two-square)
0.02
grid size on of the grid on which the filtration functions are evaluated in the two-square
experiments
∆x (Voronoi)
0.01
grid size on of the grid on which the filtration
functions are evaluated in the Voronoi experiment
∆x (cellular towers)
0.260
grid size on of the grid on which the filtration functions are evaluated in the cellular tower
experiment; this value is 0.01 times of the shorter
edge of the rectangle on which the computation
is done
B
100
the number of bootstrap samples
α
0.05
Confidence sets are bottleneck metric balls whose
radii are (1 − α)-percentile of the bottleneck distances of the empirical persistence diagram and
the diagrams of the bootstrap samples.
Table B1 Model parameters used in the simulations.
parameters
kden

values
d(log10 N )2 e

datasets
N
two-square – David and Goliath
500
two-square – all others
5000
Voronoi – clean
10677
Voronoi – noisy
10676
Voronoi – outlier
10697
23389
cellular towers
Table B2 Sample sizes (N ) and density estimation paremeter

kden
8
14
17
17
17
20
kden For different datasets.

parameters
David & Goliath
Icarus
1D
all others
(x1 , x2 )
(0, 4)
(0, 1.7)
(0, 4)
(0, 4)
(0, 0)
(0, 0)
(0, 0)
(0, 0)
(y1 , y2 )
(p1 , p2 )
(0.4, 0.6)
(0.5, 0.5)
(0.5, 0.5)
(0.5, 0.5)
(r1 , r2 )
(1, 0.1)
(1, 1/3)
(1, 1/3)
(1, 1/3)
(R1 , R2 )
(1.1, 0.12)
(1.2, 1.2/3)
(1, 1/3)
(1.4, 1.4/3)
(σ1 , σ2 )
–
–
–
(0.15, 0.05)
–
–
–
8
Noutliers
Table B3 Parameters used to generate two-square datasets (in alphabetical order, Greek
letters follow Latin ones). The variables’ meanings are explained in Table B4.

The precise values used in the setup of the two-square experiments are
summarized in Table B3 and Table B4, and those for Voronoi experiments are
summarized in Table B5.
For Voronoi datasets, we first describe the data generation process. The
actual values of parameters used is summarized in Table B5.
+
Generation of the Voronoi diagram A fixed number Mcell
of centers of Voronoi
cells are sample points on an infinite strip R×[−y+ , y+ ] so that more points will
be near the central vertical line y = 0. Specifically, the x- and y-coordinates
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meanings
the x-coordinates of centers of the two square annuli
the y-coordinates of centers of the two square annuli
the masses of the two square annuli
the inner radii of the two square annuli, see Figure B1
the outer radii of the two square annuli, see Figure B1; for the dataset in
, R2 is chosen such that the death time of the smaller square with respect
to the DAD filtration is 1.1 times of that of the bigger square
(σ1 , σ2 )
the standard deviations of the isotropic Gaussian noises on the two square
annuli
Noutliers
number of outliers
Table B4 Meanings of parameters used to generate the two-square datasets (in
alphabetical order, Greek letters follow Latin ones)
parameters
(x1 , x2 )
(y1 , y2 )
(p1 , p2 )
(r1 , r2 )
(R1 , R2 )

are sampled independently from a biexponential distribution Biexp(λ) with
scale parameter λ and a uniform distribution. The Voronoi diagram is then
generated from these Voronoi cell centers. Since more points are sampled at
the central vertical line, cells near the line are smaller than those on the right.
The Voronoi diagram used in our simulation is shown in Figure B2.
Generation of a super-sample For each cell c of the Voronoi diagram, let µc be
the uniform probability measure on the union of finite edges of c. We sample
N + points from the mean of the µc ’s, where c ranges over all cells. Then smaller
cells have edges with higher density. (Alternatively, one may drop unbounded
cells. This simulation was also done. The proposed method still detected small
cells that the distance-to-measure cannot, at the cost of missing bigger cells,
which have lower, and hence harder-to-estimate density. We do not show these
results to keep the paper short.)
Corruption by additive noise (optional) To add noise to the dataset, for each
sample point (x, y) on edges of the Voronoi diagram, we perturb it with independent mean-zero Gaussian noise, whose standard deviation is σ0 ex/λ , so
points near the central vertical line are corrupted by a smaller noise.
Corruption by outliers (optional) To add outliers to the dataset, with probability poutlier , each sample point, possibly corrupted by additive noise, is
replaced by an outlier independently. Half of the outliers are formed by
a random sample of the Voronoi cell centers that lie in a rectangle R =
[−x0 , x0 ] × [−y0 , y0 ] contained in the strip R × [−y+ , y+ ], where y0 < y+ . The
other half are formed by a uniform random sample from R. The rectangle R
used in our simulation is shown in Figure B2.
Removal of ill-behaving points to obtain the sample Since cells near the
boundary, even if finite, tend to be very elongated, we discard all points
outside of R. This motivates our choice that outliers lie in R, because outliers
lying outside of R will be discarded.
We analyze the dataset formed by the remaining N points with the proposed TDA pipeline. The values of N for different datasets are summarized
in Table B2. The framing rectangles of the scatter plots as well as plots of
significant loops in Section 5.2 are all the rectangle R.
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Fig. B2 Geometric setup for Voronoi datasets. (See the online version for colors.) The blue
points, which are the centers from which the Voronoi diagram is generated, are drawn from
a distribution supported on the strip between the two horizontal parallel red lines. Sample
points are then drawn from the black edges of the Voronoi diagram. Since the irregularity
of cells near the red lines is an artifact of the boundary, we only keep points in the orange
rectangle R for subsequent topological computations.

For the cellular tower dataset, it is preprocessed as follows. Only towers in
the contiguous United States are retained. Incorrectly labelled towers are left
as-is, except that one Texas tower, which is erroneously labelled to be in the
middle of the Atlantic Ocean, is removed. We treat the longitude and latitude
of each of the remaining 23389 towers as the x- and y-coordinates of a data
point.
From the data points, the filtration function values are evaluated on the
grid, on the rectangle [−126, −65.8] × [23.9, 50.0], which contains all points.
The grid size is 1/100 times of the shorter side of the rectangle.
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meanings
number of Voronoi cells completely contained in the rectangle R
number of cells in the full Voronoi diagram
number of sample points in the full Voronoi diagram
proportion of the N + sample points that are replaced by outliers
the rectangle [−x0 , x0 ] × [−y0 , y0 ] only on which sample points
are passed to topological computation
x0
3
maximum absolute value of the x-coordinates of sample points
that are passed to topological computation
y0
1
maximum absolute value of the y-coordinates of sample points
that are passed to topological computation
y+
2
maximum possible absolute values of the y-coordinates of
Voronoi cell centers
λ
1
scale parameter of the biexponential distribution, from which the
x-coordinates of Voronoi cell centers are drawn
0.01
scale parameter of the additive Gaussian noise
σ0
Table B5 Parameters used to generate Voronoi datasets (in alphabetical order, Greek
letters follow Latin ones)
parameters
Mcell
+
Mcell
N+
poutlier
R

values
88
200
20000
0.002
–
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