ORIE 6300 Mathematical Programming I November 17, 2014

Lecture 24

Lecturer: Damek Davis Scribe: Rundong Wu

1 Last Time

1. Definition 1 Let g : R® — R be a function. Then the set-valued operators
dg(z) = {veR"|Vy, g(y) >g(x)+ (v,y — )}
o0 n v
o) = {ver | [i] € Ny orston|

are called the subdifferential and horizontal subdifferential respectively. We left it as an exercise to
prove that 0% g(x) = Naom(q) ().

2. Theorem 1 Let g: R™ — R be closed, convex. Then Y € dom(g), we have
N (wg(e) = 2] ] 1o aa@ir>of u{[] 10 e o=y}

3. Corollary 2 Let g : R" — R be closed and convex. Then the following holds.

1. (Vi € dom(g)) Dg(x) U (99> (x)\{0}) # 0.
2. (Vo € int(dom(g))) dg(z) # 0.

2 Today

Assumption: All functions considered in this lecture are closed, proper, convex. With this assumption, the
set dg(x) is closed and convex. This fact will be needed later and we leave the proof as an exercise.

This will be a very technical lecture. However, it will be one of the most useful “fact sheets” for those of
you who study optimization.

To compute with subdifferentials, it’s extremely useful to relate subdifferentials to directional derivatives.

Definition 2 Letz € dom(g), we call g differentiable at x in the direction p € R™ if ¢’ (x; p) = lima o w
ezists.
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Lemma 3 Let g be closed, convez. Let x € int(dom(g)), then Vp € R™, ¢'(x;p) exists.

Proof:  Let r(a) = 1[g(z + ap) — g(z)] and z = 2 + Bp, where 0 < a < 8 < 00 and A = 5- Then

M) = ~lgle+ap) - g(a)]
= Slga+ (1= X)) (o)
< D)+ (1= Ngla) — gla)]
= Dgla+Bp) — Ag(a)]
= r(B)

such v must exist because z € int(dom(g))),

—~~

Thus r(«) is increasing. Further, Vv € dg(z)

1
rl@) = —lglz+ap) —g(z)
1
> —
> —(v,ap)
= (v,p)
which means r(«) is bounded below. Therefore the limit must exist. O

Proposition 4 Let g be closed, convex. If x € int(dom(g)), then the following holds.
1. ¢'(z;-) is convex, homogeneous function of degree one, which means ¢'(x;Tp) = 74’ (z;p).
2. (Vy e R") g(y) 2 g(x) + ¢ (x;y — x).
Proof:
1. We leave this as an exercise.
2. Define g, = (1 — @)z + ay. Then
9(a) < (1 —a)g(x) + ag(y)
= (1= a)[9(ya) — 9(@)] + 9(ya
= g(y) = liminfa 0{g(ya) + 5*[9(ya)
O

Finally, we find the following exact relation between ¢'(z;p) and dg(x).
Theorem 5 (Maz formula) Let g : R® — R be closed, convex. Suppose x € int(dom(g)), then Vp € R™,
g'(z;p) = sup{(v,p) | v € Og(x)}.
Proof:  First we prove the claim that dg(z) = 0,¢'(x;0).

“C”: Yo € 9g(x),
1
(e — lim= _
g (z;p) oggga[g(x+ap) g()]
1
> —
2 —(vap) (%)
= ¢'(z;0) + (v,p)
=v € 04 (x;0)
“2”: vy c Rn’

g(x) +g'(x;y — x)
g(f) + <’LU,y - {,C>

(AVARVS
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where w € 0,¢'(x;0). Thus w € dg(z). Therefore, dg(zx) = Opg’(z;0).
Let w € 0,9 (x;p), then Vp € R™, 7 > 0,

7¢'(x:p) = ¢'(w;7D) > ¢'(w;p) + (w, 75 — p)
Take 7 — oo, we get
g(z:p) = (w,p)=g(x;0) + (w,p)
=Sw € 9,9 (x;0)=09g(z)
Take 7 — 0, we get

g (z;p) < (w,p)

From (x) we have g'(z;p) = (w, p). Thus g'(2;p) = (w,p) = sup{(v,p) | v € Ig(2)}. O
Why is the max formula useful?

Definition 3 Given a closed conves set C C R"™, the support function is defined as

oc(v) = sup{{y,v) | y € C}.

Support functions “find” pointsy € C, s.t. v € Ne(y), because No(y) = {v € R™ | y maxizes (xz,v) over all x €
C}
The max formula shows that g'(z;v) = 0gg(z) (V).

Support functions completely characterize convex sets.

Proposition 6 Let Cy,Cy C R"™ be closed convex sets. Suppose that oo, = oc,, then Cy = Cs.

Proof: Lety € (1, and suppose that y ¢ Cy. Then by the separating hyperplane theorem, Jv € R™®, b € R,
such that

00,(v) = (v,y) > b > sup (v,2) = 00, (v)
x€Cly

Thus we’ve reached a contradiction and o¢, = o¢,. O

3 Calculus

Convex subdifferentials satisfy several calculus rules. We start with differentiable functions.

Proposition 7 Let g : R® — R be differentiable on its domain and let x € int(dom(g)), then 9g(x) =

{Vg(a)}.
Proof: By the max formula we have Vp € R™,
0wy} () = (Vg(x),p) = ¢'(2;p) = 0og(a)(P).

0O
Functions of the form g(c(x)), where g : R* — R, ¢ : R™ — R" and g, ¢ are both smooth, satisfy the chain
rule V(g o ¢)(z) = Ve(x)TVg(c(x)). Nonsmooth functions also satisfy a chain rule. But, in general, g o c is
NOT convex, unless C' is linear.
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Proposition 8 (Chain rule) Let A € R™*™ and b € R™. Let f(y) = g(Ay — b) and x € int(dom(f)). Then
Of (z) = ATO0g(Ax — b).

Proof: Vp € R™, we have

f(z + ap) = f(x)

! . — 1
f(z;p) lim "
(At ap) )~ g(Ar - b)
al0 «
= lim 9(z +adp) = 9(2) (z:= Az —b)
al0 «
g'(Ax —b; Ap)

= max{{v,Ap) | v € dg(Az — b)}
= max{(7,p) | v € ATdg(Azx —b)}

Thus Vp € R”, max{(v,p) | v € 0f(z)} = f'(z,p) = max{(v,p) | v € ATOg(Ax — b)}, i.e. Of(x) =
ATdg(Az —b). o

Exercise: Given g; : R® — R and g : R™ — R. Let g(z,y) = g1(2)+9g2(y), then dg(x,y) = g1 (x) x Vg2 (y).

Corollary 9 (Sum rule) Let gi,g2 : R® — R and define g := g1 + g2. Suppose that x € int(dom(g)) =
int(dom(gy)) Nint(dom(gs2)). Then dg(z) = Og1(x) + Dga(x).

1

Proof:  Define f(x1,22) = g1(21) + g2(z2) and let g = [I

} Then using the chain rule, we get

dg(z) = [I 1I]o ([ﬂ x
(I I]8g1(z) x Oga(x)
= 0g1(z) + 0ga2()

The product of convex functions is usually not convex so we shouldn’t expect to see a “product rule”.

We do have one final rule for maximums of convex functions.

Lemma 10 Let gy,...,gm : R® — R, define g(z) := max{gi(x),...,gm(x)}. Assume z € int(dom(g)) =

N int(dom(g;)). Then dg(x) = conv{dg;(x) | gi(x) = g(x)}.

Proof: = Without loss of generality, assume {i | g;(x) = g(z)} = {1,...,k}. Then Vp € R™, we have
g(@p) = max gi(z;p)  (Ezercise)

.....

= mmax {{vi,p) | vi € 0gi(x)} (%)
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Define Ay, = {\ € [0,1]* | =¥, \; = 1}. Then

k

() = irelfgc{z&max{%m\vieagi(w)}}

k
= max{Z()\ivi,m | V; € 891(3:),)\ < Ak}

i=1
k
= max{(v,p) |ve Z)\ivi,vi € 9g;(z), A € Ay}

= max{{v,p) |v e c;nv{agi(x) | gi(x) = g(x)}}

= Oconv{dg;(z) | gi(z)=g(x)}

O

Example 2 Consider the mazimal value function v(u) := max{cTz | Az < b+u}. Suppose that P(AT ¢) =
{y | ATy = ¢,y > 0} is bounded. Then

v(w) = min{(b+u)"y |y e PAT,c)}
= min{(b+u)Ty; |i=1,..k}

where y1, ..., yr are the vertices of P(AT c).
Then =V (u) is convex and O[—V](u) = conv{—y; | (b+u)Ty; = V(v)}.

We previously showed that —0[—V|(u) = argmin{(b+u)Ty | y € P(AT,c)}. Thus, every solution to the dual
is a convex combination of vertices.

Next time we will examine properties of the subdifferential that immediately lead to algorithms.
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