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1 Introduction

We consider the problem of testing null hypotheses that include constraints on the variance

component in a linear mixed model (LMMs) with one variance component. Our main result

is the derivation of the finite sample distributions of the likelihood ratio test (LRT) and

restricted likelihood ratio test (RLRT). The spectral decomposition of the LRT and RLRT

statistics are used to explain finite sample behavior observed in empirical studies, e.g.,



Pinheiro and Bates (2000). For the important special case of the null hypothesis that the

variance component is zero, we also derive the asymptotic distributions of (R)LRT statistics

under weak assumptions on the eigenvalues of certain design matrices. We also derive the

finite sample and asymptotic probabilities that the estimated variance component is zero

or, equivalently, that the (R)LRT is zero.

One possible application is testing for a level (or group) effect in a mixed balanced

one-way ANOVA model. We use this example to compare our results with “standard”

asymptotic results derived for testing null hypotheses on the boundary of the parameter

space. Given its simplicity, the one-way ANOVA model will be used as a basis of comparison

with more complex models.

Another application is using (R)LRTs for testing a polynomial fit versus a general alter-

native described by penalized splines (P-spline). As shown in section 5, this is equivalent

to testing whether the variance component of a particular LMM is zero. Our (R)LRT ap-

proach of using nonparametric regression to test for general departures from a polynomial

model is part of a rich literature using kernel estimation (e.g. Azzalini and Bowman, 1993),

penalized splines (e.g. Hastie and Tibshirani; Ruppert, Wand and Carroll, 2003), or local

polynomial regression (e.g. Cleveland and Devlin, 1988).

A third application of our work is testing for a fixed smoothing parameter in a P-

spline regression. This is equivalent to testing a fixed number of degrees of freedom of the

regression against a general alternative. This application is important because it can be

used to derive confidence intervals for a variance component or smoothing parameter.

Our results are different from the ones derived by Self and Liang (1987, 1995) and Stram

and Lee (1994) under the restrictive assumption that the response variable vector can be

partitioned into i.i.d. subvectors and the number of independent subvectors tends to infinity

— we will call this the i.i.d. assumption. Self and Liang (1987, 1995) explicitly state that the

data are i.i.d. for all values of the parameter (see their introduction). Stram and Lee (1994)

assume that random effects are independent from subject to subject and they implicitly

assume that the number of subjects increases to infinity. Their results would not hold for

a fixed number of subjects, even if the number of observations per subject increased to

infinity. Feng and McCulloch (1992) show that for i.i.d. data (see their Theorems 2.2 and

2.3) the likelihood ratio test has classical asymptotic properties on an enlarged parameter

space. Our results are also different from the results in Andrews (2001), derived for the

random coefficients model.
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Consider a LMM with one variance component

Y = Xβ + Zb + ε, E
[

b
ε

]
=

[
0K

0n

]
, Cov

[
b
ε

]
=

[
σ2

bΣ 0
0 σ2

ε I n

]
, (1)

where 0K is a K dimensional column of zeros, Σ is a known symmetric positive definite

K×K matrix, β is a p-dimensional vector of fixed-effects parameters, b is a K dimensional

vector of random effects, and (b, ε) is normal distributed. Under these conditions it follows

that

E[Y ] = Xβ and Cov(Y ) = σ2
ε Vλ,

where λ = σ2
b/σ2

ε , Vλ = In + λZΣZ T , and n is the length of Y . The parameter λ can

be considered a signal-to-noise ratio since σ2
b determines the size of the “signal” given by

E[Y |b] = Xβ + Zb. Note that σ2
b = 0 if and only if λ = 0 and the parameter space for λ

is [0,∞). Consider testing for the null hypothesis

H0 : βp+1−q = β0
p+1−q, . . . , βp = β0

p , σ2
b = 0 (equivalently, λ = 0) , (2)

versus the composite alternative

HA : βp+1−q 6= β0
p+1−q or, . . . , or βp 6= β0

p , or σ2
b > 0 (equivalently, λ > 0) , (3)

for q > 0. In section 5 we show testing the null hypothesis of a p − q degree polynomial

versus a general alternative modeled by a p degree spline is a particular case of testing (2)

versus (3). If q = 0 then we have the important particular case of testing that the variance

component is zero:

H0 : σ2
b = 0 (λ = 0) , vs. HA : σ2

b > 0 (λ > 0) . (4)

Testing the null hypothesis (2) versus the alternative (3) is non-standard because the pa-

rameter under the null is on the boundary of the parameter space and also because the

response variables are not independent under the alternative.

A generalization of (4) is

H0 : λ = λ0 , vs. HA : λ ∈ Λ ⊂ [0,∞) , (5)

where Λ can be any subset of [0,∞). We discuss the following cases of Λ: {λ1} for fixed

λ1 6= λ0, (λ0,∞), and {λ 6= λ0 : λ ∈ [0,∞)}. In section 6 show that testing for a fixed

smoothing parameter (or equivalently number of degrees of freedom) of a penalized spline

regression is equivalent to testing (5). Tests of this type can be inverted to create confidence

intervals for λ.
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Under the i.i.d. assumption, Stram and Lee (1994) proved that the LRT for testing the

null (2) against the alternative (3) has a 0.5χ2
q +0.5χ2

q+1 asymptotic distribution, where q is

the number of fixed effects parameters constrained under H0. However, the i.i.d. hypothesis

does not hold for most LMMs. Even for simple one-way balanced ANOVA model the

assumption only holds when the number of observations per level is fixed and the number

of levels tends to infinity. For the null hypothesis (4), q = 0, Crainiceanu, Ruppert and

Vogelsang (2002) calculated the finite sample probability mass at zero of LRT (and RLRT),

proving that, both for simple (one-way ANOVA) and more complex (P-spline regression)

models, the 0.5χ2
q + 0.5χ2

q+1 asymptotic approximations can be very poor.

By finding the null finite sample distributions of LRT (and RLRT) for testing the hy-

potheses (2) against (4) or (5), we provide an appealing practical testing methodology. The

advantage of our work over the Stram and Lee results (1994) is that the i.i.d. hypothesis is

eliminated, which changes the null distribution theory compared to Stram and Lee’s. These

changes can be severe. In section 6 we discuss the RLRTs for hypotheses (5). Our results

extend previous work by Shephard and Harvey (1990), Shephard (1993), and Kuo (1999)

for regression with a stochastic trend. In a related paper Stern and Welsh (2000) provide

local asymptotic approximations to construct confidence intervals for the components of the

variance that are close to the boundary of the parameter space in LMMs.

2 Finite sample distribution of LRT and RLRT

For simplicity, we first focus on testing the null hypothesis (2) using LRT. Similar reasoning

holds for RLRT. Twice the log-likelihood function for model (1) is

2 log L(β, λ, σ2
ε ) = −n log(σ2

ε )− log |Vλ| −
(Y −Xβ)T V −1

λ (Y −Xβ)
σ2

ε

(6)

and the LRT is defined as

LRTn = 2 sup
HA

L(β, λ, σ2
ε )− 2 sup

H0

L(β, λ, σ2
ε ) .

Under the alternative hypothesis, by fixing λ and solving the first order minimum conditions

for β and σ2
ε , we get the profile likelihood estimates

β̂(λ) =
(
XT V −1

λ X
)−1

XT V −1
λ Y , σ̂2

ε (λ) =
{Y −Xβ̂(λ)}T V −1

λ {Y −Xβ̂(λ)}
n

.

Plugging these expressions into (6) we obtain (up to a constant that does not depend on

the parameters) the profile log-likelihood function

LK,n(λ) = − log |Vλ| − n log
(
Y T P T

λ V −1
λ PλY

)
,
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where Pλ = In −X(XT V −1
λ X)−1XT V −1

λ . Under the null hypothesis the model becomes a

standard linear regression. If X1 is the matrix formed with the first p− q columns of X and

S1 = In −X1(XT
1 X1)−1XT

1 the LRT statistic is

LRTn = sup
λ≥0

{
n log(Y T S1Y )− n log(Y T P T

λ V −1
λ PλY )− log |Vλ|

}
.

The following theorem gives the spectral decomposition of the LRTn statistic for testing

the null (2) versus the alternative hypothesis (3). Define

fn(λ) = n log
{

1 +
Nn(λ)
Dn(λ)

}
−

K∑

s=1

log(1 + λµs,n),

where Nn(λ) and Dn(λ) are defined in the theorem.

Theorem 1 If µs,n and ξs,n are the K eigenvalues of the K×K matrices Σ1/2ZT P0ZΣ1/2

and Σ1/2ZT ZΣ1/2 respectively, where P0 = In −X(XT X)−1XT , then

LRTn
D= n

(
1 +

∑q
s=1 u2

s∑n−p
s=1 w2

s

)
+ sup

λ≥0
fn(λ), (7)

where us for s = 1, . . . , K, ws for s = 1, . . . , n − p, are independent N(0, 1), the notation
D= denotes equality in distribution, and

Nn(λ) =
K∑

s=1

λµs,n

1 + λµs,n
w2

s , Dn(λ) =
K∑

s=1

w2
s

1 + λµs,n
+

n−p∑

s=K+1

w2
s .

The distribution described in (7) depends only on the eigenvalues µs,n and ξs,n of two K×K

matrices. Once these have been calculated, simulations from this distribution can be done

extremely rapidly, much faster than direct bootstrapping which would not take advantage of

the spectral decomposition (7). The following algorithm provides a simple way to simulate

the null finite sample distribution of LRTn.

Algorithm

Step 1. Define a grid 0 = λ1 < λ2 < . . . < λm of possible values for λ

Step 2. Simulate K independent χ2
1 random variables w2

1, . . . , w
2
K . Set SK =

∑K
s=1 w2

s

Step 3. Independently of step 1, simulate Xn,K,p =
∑n−p

s=K+1 w2
s with χ2

n−p−K distribution

Step 4. Independently of steps 1 and 2, simulate Xq =
∑q

s=1 u2
s with χ2

q distribution
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Step 5. For every grid point λi compute

Nn(λi) =
K∑

s=1

λiµs,n

1 + λiµs,n
w2

s , Dn(λi) =
K∑

s=1

w2
s

1 + λiµs,n
+ Xn,K,p

Step 6. Determine λmax which maximizes fn(λi) over λ1, . . . , λm

Step 7. Compute

LRTn = fn (λmax) + n log
(

1 +
Xq

SK + Xn,K,p

)

Step 8. Repeat Steps 2-7

An important feature of the algorithm is that its speed depends on the number of

random effects K but not on the number of observations n. As an example, for K = 20

knots we obtained 5, 000 simulations/second (2.66GHz CPU, 1Mb RAM) using efficient

matrix manipulations in Matlab. The algorithm remains feasible as long as we can obtain

the eigenvalues of K ×K matrices and simulation time remains in the order of seconds for

K as large as 500.

Direct bootstrap simulation of the null finite sample distribution increases with the

number of observations n and with the number of knots K. Some examples of simulation

times for 5,000 bootstrap simulations from the null distribution with an optimized Monte

Carlo program are: 1.5 minutes for K = 20 and n = 500, 10 minutes for K = 100 and

n = 1, 000, and 60 minutes for K = 300 and n = 2000. When K > 400, computation times

for direct bootstrap simulation become prohibitive. A similar algorithm can be given for

RLRTn using the spectral representation (9) below.

Using a grid of values for λ as in Step 1 provides a discrete and bounded approximation

for the true distribution of λ̂ML. Because for the null distributions of interest λ̂ML is zero,

or very close to zero, the grid needs to be very fine in a neighborhood of zero but can be

rougher for larger values. For λi > 0 we used 200 grid points equally spaced on the natural

log scale between [−12, 12]. Using a maximization algorithm with linear constraints (λ ≥ 0)

we also simulated the exact null distribution. This algorithm was slower than the algorithm

proposed in this paper but the results were practically indistinguishable, indicating that

our choice of grid provides an accurate approximation.

The spectral representations (7) and (9) below can be used to compute the probability

mass at zero of the (R)LRT statistic for testing that the variance component is zero with

no constraints on the fixed effects (q = 0, σ2
b = 0). The first order condition for fn(λ) to
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have a local maximum at λ = 0 is

∂fn(λ)
∂λ

∣∣∣∣
λ=0

≤ 0 .

It follows that the probability of having a local maximum of the profile likelihood at λ = 0

is

pr

(∑K
s=1 µs,nw2

s∑n−p
s=1 w2

s

≤ 1
n

K∑

s=1

ξs,n

)
. (8)

This is the exact probability of a local maximum at zero and provides an excellent ap-

proximations for the probability of a global maximum at λ = 0 (Crainiceanu, Ruppert and

Vogelsang, 2002). This probability can be easily obtained by simulation.

Because the finite sample distribution of the (R)LRT statistics can be simulated so easily

using Theorem 1, there is no practical need for asymptotic results. However, since practi-

tioners will be tempted to use “standard” chi-square mixture asymptotic approximations, it

is important to study the accuracy of these approximations. This is done in this paper, and

the accuracy is found often to be poor. From Theorem 1 it follows that the finite sample

distribution of LRTn depends on the eigenvalues µs,n and ξs,n. In section 3 we show that

the asymptotic behavior of the LRTn distribution depends essentially on the asymptotic

behavior of these eigenvalues. In section 7 we discuss the relationship between the types of

spectra and distribution theory.

Residual, or restricted maximum likelihood (REML) was introduced by Patterson and

Thompson (1971) to take into account the loss in degrees of freedom due to estimation

of β parameters and thereby to obtain unbiased variance components estimators. REML

consists of maximizing the likelihood function associated with n − p linearly independent

contrasts. It makes no difference which n − p contrasts are used because the likelihood

function for any such set differs by no more than an additive constant (Harville, 1977). The

restricted profile likelihood log-likelihood function is (Harville, 1977)

2lK,n(λ) = − log |Vλ| − log |XT V −1
λ X| − (n− p) log(Y T P T

λ V −1
λ PλY ) .

The RLRTn is defined like the LRTn using the restricted likelihood instead of the likelihood

function. Because the RLRTn uses the likelihood of residuals after fitting the fixed effects,

the RLRT is appropriate for testing only if the fixed effects are the same under null and

alternative. Therefore RLRTn will be used only when the number of fixed effects constrained

under H0 is q = 0 and we test for σ2
b = 0 only. Then, under the null described in (4)

RLRTn
D= sup

λ≥0

[
(n− p) log

{
1 +

Nn(λ)
Dn(λ)

}
−

K∑

s=1

log(1 + λµs,n)

]
, (9)
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and the probability of having a local maximum at λ = 0 is

pr

(∑K
s=1 µs,nw2

s∑n−p
s=1 w2

s

≤ 1
n− p

K∑

s=1

µs,n

)
,

where w1, . . . , wK are independent N(0, 1) random variables. The notations here are the

same as in Theorem 1. An efficient simulation algorithm for the finite sample distribution

of RLRTn can be easily obtained by direct analogy to the LRTn case.

3 Asymptotic results

This section presents the asymptotic distributions of the LRTn and RLRTn statistics for

testing the null hypothesis (2) and (4) respectively. Because the finite sample results in

section 2 depend essentially on the eigenvalues µs,n and ξs,n one may expect to have a

relationship between the asymptotic distributions of test statistics and the asymptotic be-

havior of these eigenvalues. The following theorem provides the formal description of this

relationship.

Theorem 2 Assume that hypothesis H0 in (2) is true. Suppose that there exists an α ≥
0 so that for every s the K eigenvalues µs,n and ξs,n of matrices Σ1/2ZT P0ZΣ1/2 and

Σ1/2ZT ZΣ1/2 respectively satisfy limn→∞ µs,n = µs, limn→∞ ξs,n = ξs, where not all µs are

zero. Then

LRTn ⇒
K+q∑

s=K+1

w2
s + sup

d≥0
LRT∞(d) ,

where the two terms in the asymptotic distribution are independent, ws are i.i.d. N(0,1),

and

LRT∞(d) =
K∑

s=1

dµs

1 + dµs
w2

s −
K∑

s=1

log(1 + dξs) .

Here “⇒” denotes weak convergence. The proof of this result is based on the weak con-

vergence of the profile LRT in the space C[0,∞) of continuous functions on [0,∞) and a

Continuous Mapping Theorem and is presented in the Appendix. The first part of the

asymptotic distribution is a χ2
q distribution corresponding to testing for q fixed effects and

the second part corresponds to testing for σ2
b = 0. Asymptotic theory for a null hypothesis

on the boundary of the parameter space developed for i.i.d. data suggests the following

asymptotic result

LRTn ⇒
K+q∑

s=K+1

w2
s + U2

+ ,
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where U is a N(0, 1) random variable independent of all ws, U2
+ = U2I(U > 0) with I(·) the

indicator function. The distribution of U2
+ is a 0.5χ2

0 : 0.5χ2
1 mixture between a χ2

0 (Dirac

distribution at 0) and a χ2
1 distribution. In contrast, the distribution of supd≥0 LRT∞ de-

pends essentially on the asymptotic eigenvalues µs and ξs and is generally different from

the 0.5χ2
0 : 0.5χ2

1 mixture, and differences can be severe. In one example, Crainiceanu,

Ruppert and Vogelsang (2002) show that supd≥0 LRT∞ is essentially the Dirac measure at

zero when testing for a linear model against a general alternative modelled by a penalized

spline! Obviously, the LRT will have little power because of this behavior, but i.i.d. asymp-

totic theory gives no indication of the lack of power. Crainiceanu, Ruppert and Vogelsang

(2002) show that the RLRTn does not have this problem of a near degenerate asymptotic

null distribution and suggest using the RLRT to increase power.

Under the same assumptions as in Theorem 2, if the null hypothesis H0 in equation (4)

is true then

RLRTn ⇒ sup
d≥0

RLRT∞(d) ,

where

RLRT∞(d) =
K∑

s=1

dµs

1 + dµs
w2

s −
K∑

s=1

log(1 + dµs) .

If q = 0, then the LRT and RLRT statistics have probability mass at zero. Crainiceanu,

Ruppert and Vogelsang (2002) showed that this mass can be very large for LRT∞ and

RLRT∞ and is equal to the null probability that LRT∞(·) and RLRT∞(·) have a global

maximum at zero. The latter is well approximated by the null probability of having a local

maximum at λ = 0. The first order conditions for local maximum at λ = 0 are

∂

∂d
LRT∞(d)

∣∣∣∣
d=0

≤ 0 or
∂

∂d
RLRT∞(d)

∣∣∣∣
d=0

≤ 0 .

Therefore, the probability of having a local maximum at d = 0 for LRT∞(·) and RLRT∞(·)
is

pr

(
K∑

s=1

µsw
2
s ≤

K∑

s=1

ξs

)
or pr

(
K∑

s=1

µsw
2
s ≤

K∑

s=1

µs

)
,

where ws are i.i.d. N(0, 1) random variables.

While the asymptotic distributions are not needed to approximate the finite sample

distributions, two important conclusions follow from the result of this section. The first

is that the usual boundary asymptotic theory for i.i.d. data does not apply to testing a

hypothesis about the variance component. The second is that the asymptotic distribution

depends on the model through the eigenvalues µs and ξs.
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In sections 4 and 5 we investigate further the differences between standard boundary

asymptotic theory for i.i.d. data and our results. We also compare finite sample and asymp-

totic distributions of (R)LRT statistics.

4 Balanced one-way ANOVA

Consider the balanced one-way ANOVA model with K levels and J observations per level

Ykj = µ + bk + εkj , k = 1, . . . , K and j = 1, . . . , J.

where εij are i.i.d. N(0, σ2
ε ), bi are i.i.d. random effects distributed N(0, σ2

b ) independent of

the εkj , µ is a fixed unknown intercept. Define λ = σ2
b/σ2

ε . The matrix X for fixed effects

is simply a JK × 1 column of ones, the matrix Z is a JK ×K matrix with every column

containing only zeros with the exception of a J-dimensional vector of 1’s corresponding to

the level parameter, and the matrix Σ is the identity matrix IK . The size of the response

vector Y is n = JK.

Consider the test for σ2
b = 0. To find the finite sample distributions of (R)LRTn one

needs to determine the eigenvalues of Z T Z and Z T P0Z . In this simple model we can actually

find them explicitly. All K eigenvalues of the matrix Z T Z are equal to ξs,n = J . Also, one

eigenvalue of the matrix Z T P0Z is equal to zero and the remaining K − 1 eigenvalues are

equal to µs,n = J . Using Theorem 1 it follows that

LRTn
D= n log(XK−1 + Xn−K)− inf

d≥0

{
n log

(
XK−1

1 + d
+ Xn−K

)
+ K log(1 + d)

}
,

where XK−1 and Xn−K are independent random variables with distributions χ2
K−1 and

χ2
n−K respectively. This distribution can be obtained explicitly or simulated using a simpler

version of the algorithm in section 2. In particular, the finite sample probability mass at

zero given by equation (8) is

pr
{

FK−1,n−1 ≤ K(n− 1)
(K − 1)n

}
,

where FK−1,n−1 has an F distribution with (K−1, n−1) degrees of freedom. The probability

mass at zero for this special case is similar to that obtained by Searle, Casella and McCulloch

(1992, p. 137) for the ANOVA estimator of σ2
b .

To obtain the asymptotic distribution when J →∞ and K is constant note that if α = 1

then

n−1ξs,n → 1
K

, s = 1, . . . , K, n−1µs,n → 1
K

, s = 1, . . . , K − 1, n−1µs,K → 0 .
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(In each case, “→” is, in fact, equality.) Using these expressions of µs and ξs in Theorem 2

the following result holds

LRTn ⇒
{

XK−1 −K −K log
(

XK−1

K

)}
I {XK−1 > K} , (10)

where XK−1 denotes a random variable with a χ2
K−1 distribution, and I is the indicator

function. Note that this asymptotic distribution has mass at zero equal to P (XK−1 < K).

The usual nonstandard asymptotic results requires K to increase to infinity, with J either

fixed or also increasing to infinity, so that P (XK−1 < K) → 1/2.

The balanced one-way ANOVA model is one of the few possible cases when the observed

response vector Y can be partitioned into i.i.d. sub-vectors corresponding to each level.

Moreover, both the finite sample and the asymptotic distributions can be obtained explicitly.

Therefore, it may be interesting to compare these distributions with the 0.5χ2
0 : 0.5χ2

1

mixture which is the asymptotic distribution when K → ∞, with J either fixed or also

increasing to ∞.

Figure 1 displays the QQ-plots of the 0.5χ2
0 : 0.5χ2

1 mixture versus the asymptotic dis-

tribution of the LRTn for a fixed number of levels K = 5 and two finite sample distributions

corresponding to n = 50 (J = 10 observations per level) and n = 100 (J = 20 observa-

tions per level). Note that the finite sample distributions converge quickly to the K-fixed

asymptotic distribution described in (10) and away from the 0.5χ2
0 : 0.5χ2

1 distribution. The

0.5χ2
0 : 0.5χ2

1 is a conservative approximation of this asymptotic distribution. For example,

the quantile corresponding to probability 0.99 is 5.41 for the 0.5χ2
0 : 0.5χ2

1 distribution and

3.48 for the asymptotic distribution.

The difference between the 0.5χ2
0 : 0.5χ2

1 asymptotic distribution and either the K-fixed

asymptotic distribution or the finite-sample distribution is due both to different probability

masses at zero and to differences in the non-zero parts of the distributions. For K = 5, 10,

20, and 100, the probability mass at zero of the LRT statistic is 0.71, 0.65, 0.61, and 0.55,

respectively, showing that unless the number of levels K is very large, the 0.5 asymptotic

value is inaccurate. Figure 2 shows the QQ-plots of the χ2
1 distribution versus the K-fixed

asymptotic distribution of LRTn conditional on LRTn > 0 for K = 3, 5, and 20. The

quantiles were obtained using 1 million simulations from these conditional distributions.

When K goes to infinity, the conditional distributions converge to the χ2
1 distribution.

However, for moderately large K, χ2
1 is conservative relative to these distributions. For

example, for K = 3 the 0.99 quantile for the χ2
1 distribution is 6.63 and for the LRT

distribution is 4.99. Because the curves in Figure 2 are nearly straight lines, the asymptotic
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distribution LRTn can be closely approximated by a scalar multiple of a χ2
1 random variable,

with the scalar depending on K and increasing to 1 as K →∞.

Similar results, but with less severe differences, can be obtained for the RLRTn statistic.

For example, the asymptotic distribution is

RLRTn ⇒
{

XK−1 − (K − 1)− (K − 1) log
(

XK−1

K − 1

)}
I {XK−1 > K − 1} , (11)

and the asymptotic probability mass at zero is pr(XK−1 < K − 1).

5 Nonparametric testing for polynomial regression against a general alterna-
tive

In this section we show that nonparametric regression using penalized splines is equivalent to

a particular LMM and that testing for a polynomial regression versus a general alternative

can be viewed as testing for a zero variance component in this LMM. We then compute the

finite sample and asymptotic distribution LRT and RLRT statistics in several important

cases. While we focus on penalized splines, results are very general and can be used for any

type of basis function (truncated polynomials, B-splines, trigonometric polynomials) and

for any type of quadratic penalty.

5.1 P-Splines regression and linear mixed models

Consider the following regression equation

yi = m (xi) + εi,

where εi are i.i.d. N
(
0, σ2

ε

)
and m(·) is the unknown mean function. Suppose that we are

interested in testing if m(·) is a p− q degree polynomial:

H0 : m (x) = β0 + β1x + . . . + βp+1−qx
p−q. (12)

To define an alternative that is flexible enough to describe a large class of functions, we

consider the class of splines

HA : m(x) = m (x,θ) = β0 + β1x + . . . + βpx
p +

K∑

k=1

bk (x− κk)
p
+ ,

where θ = (β0, . . . , βp, b1, . . . , bK)T is the vector of regression coefficients, β = (β0, . . . , βp)T

is the vector of polynomial parameters, b = (b1, . . . , bK)T is the vector of spline coefficients,

and κ1 < κ2 < . . . < κK are fixed knots. Following Gray (1994) and Ruppert (2002), we
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consider a number of knots that is large enough (e.g., 20) to ensure the desired flexibility.

The knots can be taken to be equally-spaced quantiles of the x’s, that is, the 1/(K +1),. . . ,

K/(K+1) sample quantiles. To avoid overfitting, the criterion to be minimized is a penalized

sum of squares
n∑

i=1

{yi −m (xi; θ)}2 +
1
λ

θT Lθ , (13)

where λ ≥ 0 is the smoothing parameter and L is a positive semi-definite matrix. The fitted

function is called a penalized spline, or simply P-spline. A common choice of L is

L =
[

0 0
0 Σ−1

]
,

where Σ is a known K ×K positive definite matrix, with Σ = IK being a standard choice.

Define Y = (y1, y2, . . . , yn)T , let X be the matrix having the i-th row Xi = (1, xi, . . . , x
p
i ) ,

let Z be the matrix having the i-th row Zi = {(xi − κ1)
p
+ , . . . , (xi − κK)p

+} , and define

X = [X |Z ]. If criterion (13) is divided by σ2
ε one obtains

1
σ2

ε

‖Y −Xβ − Zb‖2 +
1

λσ2
ε

bT Σ−1b . (14)

Minimizing this expression shrinks the curve towards a p-th degree polynomial fit. Define

σ2
b = λσ2

ε , consider the vector β as unknown fixed parameters, and consider the vector

b as a set of random parameters with E(b) = 0 and cov(b) = σ2
b Σ. If (bT , εT )T is a

normal random vector and if b and ε are independent, then one obtains an equivalent model

representation of the penalized spline in the form of a linear mixed model (Brumback et al.,

1999). Specifically, the P-spline is equal to the BLUP of Xβ + Zb in the LMM

Y = Xβ + Zb + ε, cov
(

b
ε

)
=

[
σ2

bΣ 0
0 σ2

ε In

]
. (15)

For this model E(Y ) = Xβ and cov(Y ) = σ2
ε Vλ, where Vλ = In +λZΣZT and n is the total

number of observations.

We will consider the case Σ = IK , penalizing the sums of squares of the jumps at the

knots of the pth derivative of the fitted curve. While theoretical results in section 3 hold

for a general known symmetric positive definite penalty matrix Σ , the choice Σ = IK will

be used in the remainder of the paper to illustrate the results.

5.2 Tests for polynomial regression

We have transformed our problem of testing for a polynomial fit against a general alternative

described by a P-spline to testing the null hypothesis

H0 : βp+1−q = β0
p+1−q, . . . , βp = β0

p , σ2
b = 0 (λ = 0)
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versus the alternative

HA : βp+1−q 6= β0
p+1−q or, . . . , or βp 6= β0

p , or σ2
b > 0 (λ > 0).

These are exactly the null and alternative hypotheses described in equations (2) and (3)

respectively. Because the bi have mean zero, σ2
b = 0 in H0 is equivalent to the condition that

all coefficients bi of the truncated power functions are identically zero. These coefficients

account for departures from a polynomial.

There is one very important point that we wish to emphasize. The assumption that the

bi’s are i.i.d. normal random variables is, of course, a convenient fiction that converts non-

parametric regression into a LMM. There are legitimate concerns about making inferences

based on this assumption. However, if the null hypothesis (12) that m is a p − q degree

polynomial is true, then the bi are all zero and therefore they are, in fact, i.i.d. N(0, σ2
b )

with σ2
b = 0! In other words, the LMM holds exactly under the null hypothesis (12). There-

fore, a test that is exact within the LMM framework is, in fact, exact more generally for

testing (12) against a general alternative. Moreover, by using simulated quantiles from the

finite-sample null distribution of the (R)LRT, we do obtain exact tests.

As a first example, let us consider the problem of testing for a constant mean regression

versus a general alternative. We will model the alternative as a piecewise constant spline

with K knots and test

H0 : m (x) = β0 vs. HA : m(x) = β0 +
K∑

k=1

bkI {x > κk} .

As shown in section 2, the finite sample distribution of the (R)LRTn statistics depend on

the eigenvalues of the K×K matrices Z T P0Z and Z T Z . Penalized splines use a moderately

large number of knots K, with K ≤ 20 in most applications and K = 100 being a rather

extreme choice. With K in this range, these eigenvalues can be computed numerically

using an efficient matrix diagonalization algorithm, such as the one implemented in Matlab

(function eig) and need to be computed only once before the simulation algorithm described

in section 2. We recommend using the finite sample distribution because it is exact, easy

to simulate and does not require additional assumptions.

Although finite-sample distributions are recommended for practical testing problems,

asymptotics are of interest, if for no other reason, to show the inaccuracy of “standard”

asymptotics assuming i.i.d. data. If we want the asymptotic distribution to approximate

accurately the finite-sample distribution, then K should be keep fixed at its actual in a

given application. Therefore, we are interested in asymptotic results when the number of
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observations n tends to infinity and the number of knots K is kept constant. For this case,

the asymptotic behavior of matrices Z T Z and Z T P0Z was studied by Crainiceanu, Ruppert

and Vogelsang (2002). If we denote by ns(n) the number of x’s larger than the s-th knot

and assume that ns(n)/n → ps as n →∞ one can show that

lim
n→∞

Z T Z
n

= R and lim
n→∞

Z T P0Z
n

= M ,

where the (i, j)-th entries for matrices R and M are rij = pmax(i,j) and mij = pmax(i,j)−pipj

respectively. Denoting by ξ1, . . . , ξK the eigenvalues of R and µ1, . . . , µK the eigenvalues of

M , it follows that

lim
n→∞n−1ξs,n = ξs and lim

n→∞n−1µs,n = µs .

Substituting these values into LRT∞(d) of theorem 2, the asymptotic distributions of inter-

est can easily be simulated. In particular, when the x values are equally spaced and K = 20

equally spaced knots are used, the asymptotic probability mass at zero is 0.66 for RLRT

and 0.95 for LRT.

Figure 3 shows the QQ-plots for comparing quantiles of the 0.5χ2
0 : 0.5χ2

1 distribution

(horizontal axis) with quantiles of the RLRTn null distributions when testing for a constant

mean versus a general alternative modeled by a piecewise constant spline with K-knots. We

used the case of equally spaced x’s in [0,1] with the k-th knot being the empirical quantiles

of the x’s corresponding to probability k/(K + 1). We consider K = 10 and K = 20. The

solid line is the 45 degree line corresponding to the 0.5χ2
0 : 0.5χ2

1 distribution, the dotted

lines correspond to finite sample distributions for n = 50 and n = 100 respectively, and the

dashed line corresponds to the asymptotic distribution. One million simulations (taking

approximately 3.5 minutes) were used for each distribution. These many simulations are

generally not necessary, but we wanted to emphasize again the speed of the simulation

algorithm and to ensure that extreme quantiles were estimated accurately.

The 0.5χ2
0 +0.5χ2

1 distribution represents a very conservative approximation of the finite

sample and asymptotic distributions. Therefore, using the 0.5 : 0.5 mixture can result in

severe losses in power. Using an analogy with the ANOVA case, one may hope that if we

increased the number of knots then the asymptotic distribution would tend to the 0.5 : 0.5

mixture. However this is not the case here, since the probability mass at zero remains

practically unchanged, 0.65, for K between 2 and 100.

We do not show QQ-plots for LRTn due to the large probability mass at zero (approxi-

mately 0.95) of the finite sample and asymptotic distributions, which makes the construction

of a test impractical.
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Consider the problem of testing for a linear polynomial versus a general alternative

modelled by a piecewise linear spline with K knots. Suppose that xi = i/(n+1), i = 1, . . . , n

are equally-spaced points in [0, 1] and κk = k/(K+1), k = 1, . . . , K are fixed equally-spaced

knots. We want to test

H0 : m (x) = β0 + β1(x− x̄) vs. HA : m(x) = β0 + β1(x− x̄) +
K∑

k=1

bk(x− κk)+ .

As in the previous case, it is easy to obtain the finite sample distribution of the (R)LRTn

test by diagonalizing the corresponding matrices Z T P0Z and Z T Z and using the simulation

algorithm described in section 2. To obtain the asymptotic distribution note that

lim
n→∞

Z T Z
n

= U and lim
n→∞

Z T P0Z
n

= V ,

where both limit matrices are symmetric and for k ≥ l the (l, k)-th entry of U is

ulk =
1
3

(
1− κ3

k

)− 1
2

(κl + κk) (1− κ2
k) + κlκk(1− κk) ,

and the (i, j)-th entry of V is

vlk = ulk − 1
12

(1− κl)2(1− κk)2{3 + (2κl + 1)(2κk + 1)} .

Computing the eigenvalues of U and V is all that is needed to simulate the asymptotic

distributions of RLRT and LRT. The mass at zero of these distributions when K is 20

is 0.68 for RLRT and > 0.99 for LRT. Hence, the asymptotic distribution of the LRT is

practically a point mass at zero, making the LRT impractical for this case. This is due to

the downward bias of ML variance estimation.

Simulations were used to obtain the finite sample and asymptotic distributions of RLRTn.

Similar patterns to the ones presented in Figure 3 for testing for a constant mean were ob-

tained for testing for a linear mean.

Under the same assumptions on x’s and knots, consider testing for a constant mean

versus a general alternative modelled by a piecewise linear spline

H0 : m (x) = β0 vs. HA : m(x) = β0 + β1(x− x̄) +
K∑

k=1

bk(x− κk)+ .

As in the previous cases, this can be reduced to testing

H0 : β1 = 0, σ2
b = 0 (λ = 0) vs. HA : β1 6= 0, or σ2

b > 0 (λ > 0) .
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Theorem 1 provides the finite sample distribution of the LRTn statistic. Using theorem

2, the asymptotic distribution for LRT is supd≥0 LRT∞(d) + Z2, where supd≥0 LRT∞(d)

is the asymptotic distribution for LRT for testing a linear polynomial versus a piecewise

linear spline, and Z is a standard normal random variable. Because we already proved that

supd≥0 LRT∞(d) is practically the point mass at zero, we conclude that the asymptotic

distribution for testing a constant mean versus a piecewise linear spline (two constrained

parameters under the null) is practically a χ2
1 while the “standard” i.i.d. asymptotic distri-

bution is .5χ2
1 + .5χ2

2! For RLRT the finite sample and asymptotic distributions are different

from a χ2
1 because supd≥0 RLRT∞(d) for testing a linear polynomial versus a piecewise lin-

ear spline does not have the entire mass at zero. Nonetheless, the “standard” .5χ2
1 + .5χ2

2

approximation is not very accurate for the RLRT.

5.3 Upper Cape Cod birth weight data

Figure 4 shows the child birth weight for all 1630 births in 1990 across five towns in the Upper

Cape Cod region of Massachusetts, USA: Barnstable, Bourne, Falmouth, Mashpee and

Sandwich. Birthweight is sensitive to recent exposures, thus facilitating the determination of

exposures of biological importance for human health. The predictor variable is maternal age.

These data were obtained as part of a study into geographical variation of health outcomes

commissioned in the late 1990s by the Department of Public Health, Commonwealth of

Massachusetts (Ruppert, Wand and Caroll, 2003). Figure 4 also shows the no-effect and

the ML linear penalized splines fits (K = 20). The ML estimator is very close to the overall

mean (the smoothing parameter was estimated to be zero).

We would like to test whether the maternal age has no effect on the child birth weight.

In this case the hypotheses are

H0 : E [birth weight|maternal.age] = constant
HA : E [birth weight|maternal.age] = f(maternal.age) .

f can be modeled either as a piecewise constant spline

fc(x) = β0 +
K∑

k=1

bkIx>κk
, bk i.i.d N(0, σ2

b ) ,

or as a linear spline

fl(x) = β0 + β1 +
K∑

k=1

bk(x− κK)+ , bk i.i.d N(0, σ2
b ) .
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In the first case the hypotheses become

H0 : σ2
b = 0 vs. HA : σ2

b > 0 ,

and we can use RLRT because the fixed effects are the same under the null and alternative.

In the second case we use LRT to test the hypotheses

H0 : β1 = 0 , σ2
b = 0 vs. HA : β1 6= 0 or σ2

b > 0 .

Table 1 shows the values of all these statistics, the corresponding finite sample p-value

and the approximate p-values using standard boundary asymptotics for i.i.d. data for K =

10 and K = 20 knots. Knots are equally spaced quantiles on the space of observed maternal

age, and 100, 000 simulation of the null distribution have been used for each test statistic.

Results show that neither RLRTn nor LRTn can reject the null at the level α = 0.10. The

approximate p-values are much larger than the true p-values which is in accordance with

our theoretical results. For example for K = 20 when LRT is used the exact p-value is 0.11

and the approximate p-value is 0.21. The severe inaccuracy of the approximate p-value

could be a serious problem in examples where the exact p-value is closer to typical critical

values such as .05.

Table 1: Testing for no-effect of maternal age on child birth weight

K = 10 K = 20
value p-value ≈ p-value value p-value ≈ p-value

RLRT 0 0.35 0.50 0.04 0.29 0.49
LRT 2.46 0.12 0.20 2.43 0.11 0.21

Note: “p-value” is the exact p-value, “≈ p-value” is the approximate p-value under the i.i.d.
assumption, and “value” is the value of the test statistic.

6 Testing for a fixed signal-to-noise ratio

We now focus on the signal-to-noise ratio λ = σ2
b/σ2

ε in a LMM with one variance component.

We are interested in testing hypothesis described in equation (5) and obtaining confidence

intervals by inverting the (R)LRT statistic. The following theorem provides the spectral

decomposition of the RLRTn statistic for testing hypotheses (5) with Λ = [0,∞)− {λ0}.
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Theorem 3 If µs,n are the K eigenvalues of the K ×K matrix Σ1/2ZT P0ZΣ1/2 then

RLRTn
D= sup

λ∈Λ

[
(n− p) log

{
1 +

Nn(λ, λ0)
Dn(λ, λ0)

}
−

K∑

s=1

log
(

1 + λµs,n

1 + λ0µs,n

)]
, (16)

where

Nn(λ, λ0) =
K∑

s=1

(λ− λ0)µs,n

1 + λµs,n
w2

s , Dn(λ, λ0) =
K∑

s=1

1 + λ0µs,n

1 + λµs,n
w2

s +
n−p∑

s=K+1

w2
s ,

and ws, for s = 1, . . . , n− p, are independent N(0, 1).

The finite sample distributions of RLRTn and λ̂REML depend essentially on λ0, µs,n and

Λ. This shows that their distributions are invariant only to reparameterizations that leave

Z T P0Z invariant. For λ0 = 0 and Λ = (0,∞) we obtain the result in (9). An algorithm

similar to the one described in section 2 can be developed to simulate the finite sample

distribution of RLRTn and REML estimator λ̂REML. Because the distribution of λ̂REML is

concentrated around the true value λ0 the grid used for λ in {λ0}∪Λ has to be finer around

λ0 but can be coarser farther away. Needless to say that the finite sample distributions are

not χ2
1. Crainiceanu, Ruppert and Vogelsang (2002), using the first order conditions for a

maximum at λ = 0, compute the finite sample probability mass at zero of the RLRTn for

λ0 ∈ [0,∞). They show that this probability is not zero even when λ0 is relatively large.

Theorem 3 allows the construction of confidence intervals by inverting the RLRT. In-

deed, if Λ = [0,∞)− {λ0} we define the α-level restricted likelihood confidence interval for

λ

CIλ = {λ0| p-value(λ0, Λ) ≥ α} , (17)

where p-value(λ0, Λ) denotes the p-value for the RLRTn statistic for testing the null λ = λ0

versus the alternative λ ∈ [0,∞) − {λ0}. Because p-value(λ0,Λ) for any given λ0 can be

obtained in seconds, CIλ can be obtained by simply computing p-value(λ0,Λ) on a relatively

fine grid. This procedure would be very computationally intensive using a direct bootstrap

instead of taking advantage of the spectral decomposition (16).

In the case of balanced one-way ANOVA model this procedure provides an alternative

α-level confidence interval to the one based on F-statistic obtained by Searle, Casella and

McCulloch (1992). In the case of penalized spline regression Cλ is an α-level confidence

interval for the smoothing parameter λ.

Theorem 3 provides a natural generalization for testing for a fixed degrees of freedom in

a penalized splines regression as described by Cantoni and Hastie (2002). In the framework
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described in section 5.1 they were interested in testing

H0 : λ = λ0 , vs. HA : λ = λ1 ,

which is a particular case of testing described in (5) for Λ = {λ1}. Cantoni and Hastie

(2002) proposed a test (called R in their paper) that is equivalent with the RLRT and

derived its finite sample distribution under the additional assumption that X T Z = 0. We

denote their test by R(λ0, λ1) to indicate the null and the alternative hypothesis. They also

claimed that this statistic can be extended to test

H0 : λ = 0 vs. HA : λ > 0 ,

by using the λ̂REML estimator instead of λ1, ignoring the estimation variability in λ̂REML

and using the finite sample distribution of R(0, λ̂REML) as if λ̂REML were fixed. However,

replacing a fixed λ1 by an estimator has severe effects on the finite sample distribution of

the test statistic. Crainiceanu, Ruppert, Claeskens and Wand (2002) show that the null

probability mass at zero of R(0, λ̂REML) is equal to the probability mass at zero of RLRTn

and is generally very large (> 0.5). In contrast, the distribution of R(0, λ1) has no mass at

zero for any λ1 > 0.

The general version of this problem is solved by simply taking Λ = [0,∞) − {λ0}, or

Λ = [λ0,∞), in theorem 3 and using fast simulation algorithms similar to the one described

in section 2.

Properties of the REML estimator of the smoothing parameter can be obtained as a

byproduct of the spectral decomposition in equation (16). Indeed, denote by fn(λ, λ0) the

quantity to be maximized in the right hand side of equation (16). It is clear that the

probability of having a local maximum of fn(λ, λ0) in [0, λ0) is greater or equal to

pr

{
∂

∂λ
fn(λ, λ0)

∣∣∣∣
λ=λ0

≤ 0

}
.

By directly calculating this derivative we obtain that this probability is equal to

pr

{
K∑

s=1

cs,n(λ0)w2
s ≤

∑n−p
s=1 w2

s

n− p

}
, (18)

where
∑K

s=1 cs,n(λ0) = 1 and

cs,n(λ0) =
µs,n

1 + λ0µs,n

/ K∑

s=1

µs,n

1 + λ0µs,n
.
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Therefore if we define λ̂1
REML to be the first maximum of fn(λ, λ0) we obtain that under

the null hypothesis that λ = λ0

pr
(
λ̂1

REML < λ0

)
≥ pr

{
K∑

s=1

cs,n(λ0)w2
s ≤

∑n−p
s=1 w2

s

n− p

}
.

The probability described in equation (18) can be easily obtained using simulations. In

standard scenarios this probability is greater than 0.5 (e.g. for λ0 = 0 the probability is

≈ 0.65). In these scenarios we obtain in finite samples

pr
(
λ̂1

REML < λ0

)
≥ 0.5 ,

for every λ0. This is an important property of the REML estimator which tends to over-

smooth the data. Corresponding asymptotic results were obtained for smoothing splines

under additional assumptions by Kauerman (2002).

7 Relationship between distribution theory and eigenvalues

Equations (7) and (9) provide the finite sample distributions of the LRTn and RLRTn statis-

tics in terms of the eigenvalues µs,n and ξs,n of the matrices ZT P0Z and ZT Z respectively.

Therefore investigating the spectra of these matrices could provide more insight into the

distribution theory and the differences from standard asymptotics.

For simplicity of presentation we focus on RLRTn whose distribution depends only on

µs,n. We can arrange the eigenvalues µs,n in decreasing order because the distribution of

RLRTn is invariant to permutations of µs,n. This distribution is also invariant to rescaling

the eigenvalues, that is the distribution remains unchanged if we replace all µs,n by µs,n/c,

where c is a fixed constant. By choosing c = maxs(µs,n) we standardize eigenvalues such

that µ1,n = 1 and compare eigenvalues across models without changing the null finite sample

distributions.

Consider the case of testing for a linear regression versus a general alternative modeled

by a linear spline with K knots as described in section 5.2. We consider n = 100 observations

and four cases for the distribution of x’s. The first case considers x’s equally spaced in [0, 1]

and the other three cases correspond to x’s simulated from the BETA(1, 1), BETA(20, 1)

and BETA(1, 20) distributions respectively. We also considered two cases for the number

of knots, K = 20 which is often used in penalized splines framework and K = 100 which

corresponds to smoothing splines (one knot at each observation).

Figure 8 displays all the standardized eigenvalues µs,n of ZT P0Z for the case K = 20

(described by the asterisk) and only the first 20 eigenvalues for the case K = 100 (described
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by circles), with the remaining eigenvalues being practically zero. Figure 8 also displays

the standardized eigenvalues corresponding to a balanced one-way ANOVA model. As we

showed in section 4, in one-way ANOVA all eigenvalues are equal, and this is the case when

the usual asymptotic theory holds if the number of random effects (or levels) goes to infinity.

While for the ANOVA model the standardized eigenvalues are constant, for the penalized

spline model they decrease rapidly to zero, showing that in these cases the distributions

depend practically only on the first 10 eigenvalues. It is the skewness of the eigenvalues

µs,n that determines the differences from the usual asymptotic distribution for i.i.d. data.

Another important feature is that the standardized eigenvalues are practically the same for

K = 20 and K = 100 in all cases considered, indicating that the finite-sample distributions

of the RLRTn in the two models are indistinguishable. The same type of result was found

in many other cases that we do not report here.

Liu and Wang, 2002 compare the power properties of several tests for polynomial regres-

sion versus a general alternative modelled by smoothing splines including RLRTn (GML

in their paper). They acknowledge that the null distribution is difficult to derive and use

direct Monte Carlo simulation to derive it. Our result (9) provides the finite sample dis-

tribution of RLRTn for any number of knots K, including the case K = n of smoothing

splines. It is true that if n is very large it may be difficult to diagonalize n × n matrices.

However, in general, only several eigenvalues are essentially different from zero and these

eigenvalues are enough to simulate the finite sample distribution in the case of smoothing

splines. Penalized splines with a reasonably large number of knots (say K = 20) avoids this

problem because they only require the diagonalization of small dimension matrices.

8 Discussion

We derived the finite sample and asymptotic distribution of the (restricted) likelihood ratio

tests for null hypotheses that include constraints on variance components in LMM with

one variance component. The distributions depend essentially on the eigenvalues of some

design matrices. Once they are computed explicitly or numerically, an efficient simulation

algorithm can be used to derive the distributions of interest.

Three applications were considered: testing for level or subject effect in a balanced one-

way ANOVA, testing for polynomial regression versus a general alternative modelled by

penalized splines, and testing for a fixed number of degrees of freedom versus the alternative.

In the ANOVA case the usual asymptotic theory for a parameter on the boundary holds if

the number of subjects goes to infinity but provides conservative approximations of the finite
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sample distributions for a fixed number of subjects. In the case of testing for a polynomial

regression the asymptotic theory for i.i.d. data does not hold even if the number of knots

used to fit the penalized spline under the alternative increases to infinity. Using the same

idea our results can be used to testing in other penalized likelihood models.

While our results provide solutions to the problems considered, we only consider the case

of LMMs with one random effects variance component. Crainiceanu, Ruppert, Claeskens

and Wand (2002) provide the spectral decomposition of the RLRT distribution for more

than one variance component. They also discuss cases when this decomposition can be used

efficiently for simulation of the null distribution.
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Figure 1: QQ-plots for comparing quantiles of the 0.5χ2
0 : 0.5χ2

1 distribution (horizontal
axis) with quantiles of the LRTn null distributions when testing for level or subject effect
(K = 5 subjects). The solid line is the 45 degree line corresponding to the 0.5χ2

0 : 0.5χ2
1

distribution, the dotted lines correspond to finite sample distributions for n = 50 and
n = 100 respectively, and the dashed line corresponds to the asymptotic distribution.
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Figure 2: QQ-plots for comparing the χ2
1 (horizontal axis) distribution with the asymptotic

distributions of LRTn conditional on LRTn > 0 {equation (10)} for balanced one-way
ANOVA model. The solid line represents the χ2

1 distribution. The dashed curves correspond
to three number of levels in the ANOVA model, K = 3, 5, 20.
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Figure 3: QQ-plots for comparing quantiles of the 0.5χ2
0 : 0.5χ2

1 distribution (horizontal axis)
with quantiles of the RLRTn null distributions when testing for a constant mean versus a
general alternative modelled by a piecewise constant spline with K-knots. Equally spaced
x’s in [0,1], the knots are equally spaced quantiles of the x’s. (a)- K = 10, (b)- K = 20. The
solid line is the 45 degree line corresponding to the 0.5χ2

0 : 0.5χ2
1 distribution, the dotted

lines correspond to finite sample distributions for n = 50 and n = 100 respectively, and the
dashed line corresponds to the asymptotic distribution.
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Figure 4: Child birth weight versus maternal age, linear penalized splines estimators with
K = 20 knots of the mean function using ML.
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Figure 5: Standardized eigenvalues of the matrix ZT P0Z when testing for a linear polyno-
mial versus a penalized spline with n = 100 observations and K knots. “*”- K = 20, “o”-
K = 100. Four cases are considered for x’s: equally spaced, BETA(1, 1), BETA(20, 1) and
BETA(1, 20). We also present the standardized eigenvalues for a one way ANOVA model
(“¦”).
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