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Abstract. We calculate the Clarke and Michel-Penot subdifferentials of the function which maps a symmetric
matrix to itsmth largest eigenvalue. We show these two subdifferentials coincide, and are identical for all choices
of indexm corresponding to equal eigenvalues. Our approach is via the generalized directional derivatives of the
eigenvalue function, thereby completing earlier studies on the classical directional derivative.
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1. Introduction

Eigenvalue optimization is an important testing-ground for nonsmooth optimization the-
ory. Optimization problems involving the eigenvalues of a real symmetric matrix arise in
many applications, from engineering design to graph-partitioning: two extensive surveys are
[15, 22]. More general nonsmooth optimization problems are also common in engineering
(see for example [20]).

If we denote thenth largest eigenvalue (counted with multiplicity) of a symmetric matrix
A by An(A), then the functiorh,, may be nonsmooth. Generalized subdifferentials are
therefore good tools for any variational study of eigenvalues. In this paper we calculate the
subdifferentials ohr, in the sense of both Clarke [3] and Michel-Penot [16]. We find they
coincide, and are equal for all values of the inderorresponding to the same eigenvalue.

Our calculation of the Michel-Penot subdifferential is new. The result for the Clarke
subdifferential has been proved previously, by various approaches. One approach uses
the characterization of the Clarke subdifferential as the convex hull of cluster points of
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14 HIRIART-URRUTY AND LEWIS

gradients of the function at a local set of points of full measure [6, 13]. Another approach
first calculates the ‘approximate’ subdifferential (of loffe-Kruger-Mordukhovich) and then
constructs its convex hull [14].

By contrast to these techniques, our approach is more elementary and direct, and empha-
sizes a pleasing parallel between the Michel-Penot and Clarke calculations. Our starting
point is a known expression for the usual directional derivatjyeA; G). We then simply
regularize this derivative in two different ways: allowing perturbations of the base rdatrix
leads to the Clarke result, whereas allowing (suitable) perturbations of the direction matrix
G gives the Michel-Penot version.

2. Subdifferentials

Consider an open subs@tof R" and a functionf : @ — R. Given a pointx in 2, the
(usualor radial) directional derivativeof f atx is the positively homogeneous function

f(x+td) — f(x)
. ,

deR"— f'(x;d) = lim
t—0+

when this function exists—in this case we sdyis directionally differentiableat x.
Assuming, henceforthf is Lipschitz neax, we can write the above function in the form

im f(X+tv) — f(X)
t—0+,v—d t

)

sometimes called the ‘tangential directional derivativefddt x (in the directiond).
The Clarke directional derivativés the function

deR" s fox:d)= limsup ~YFD=T®)
t—0+,y—>X t

This function issublinear by which we mean convex and positively homogeneous. When
it coincides with the usual directional derivative we say the functias Clarke regular

(or ‘strictly tangentially convex’) at the point. TheClarke subdifferentiabf f atx is the
nonempty compact convex set

3%f(x)={seR": (s, d) < fo(x; d) foralld in R"}

(see [3)]).
When the functionf is directionally differentiable throughout the et we know, for
all pointsx in @ and directiongl in R",

fo(x;d) = limsupf'(y; d) (2.1)

y—X

(by [10, Section 2.2]). Thus the Clarke directional derivative is a ‘regularized’ version of
the usual directional derivative, which explains the good topological behaviour of the map
X = fo(x;d).
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In general, formula (2.1) may have little practical use, since even when we know the
usual directional derivative explicitly, taking the lim sup may be intractable. Nevertheless,
this formula will be useful for eigenvalues.

There is an alternative to the Clarke directional derivative and subdifferential, due to
Michel-Penot [16, 17]. Thélichel-Penot directional derivativef the functionf at the
pointXx is the sublinear function

f t td) — f td
deR"— f%x;d) = suplimsup (x+ty+td) X+ ),
yeR" t—0+ t

and theMichel-Penot subdifferentialf f atx is the set

39f(x) ={seR": (s, d) < fx;d)foralldinR"}.
If fis differentiable ak thend® f (x) = {V f (x)} (by contrast with the Clarke version), but
on the other hand the multifunctidi f (-) does not enjoy the various continuity properties

of 3 f ().
Clearly in general we have

f(x; ) < £90x; ) < fo(x; ),
s08° f (x) ¢ 3% f (x). If the function f is positively homogeneous then it is easy to check

f20;d) = £°(0; d) = sup{f(y +d) — f(y)} (2.2)

yeR"

for any directiond in R" (cf. [10]), and hence@? f (0) =8 f (0). Finally, note f’(x; -) =
fo(x; ) if and only if the usual directional derivative exists and is convex (cf. [16]).

Sublinear majorants
We have seen that the Michel-Penot and Clarke directional derivatives are sublinear ma-
jorants of the ordinary directional derivative. In general, any positively homogeneous

Lipschitz functionp: R" — R has a ‘best’ sublinear majorafip: R" — R, defined,
for any directiond in R", by

“p(d) = sup{p(y +d) — p(y)}.

yeR"

Clearly*p is a sublinear majorant g, and is the smallest such functibrsatisfying the
condition

p(y +d) < p(y) + h(d) forallyanddinR".
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Equation (2.2) shows thap is just the Clarke (or Michel-Penot) directional derivative of
p at the origin. See [10] and the references therein for more on this operation, as well as
[7, 8, 19]. If the functionf is directionally differentiable at the poimtthen

fox; d) = sup{f'(x;d +y) — f'(x; )}, (2.3)

yeR"

for all directionsd in R" ([17, Lemma 1.3]). Thus the Michel-Penot directional derivative
is the ‘best’ sublinear majorant of the usual directional derivative:

fO0; ) =*(f'(x; ).

If, on the other hand, the usual directional derivative fails to exist, one has to rely directly
on the definition. As we shall see, this is not the case for the eigenvalue functions we con-
sider.

3. Eigenvalues

We denote the inner product spaceiot n real symmetric matrices k", where the inner
product of two matricedandB in S"is (A, B) =tr AB. We write themth largest eigenvalue
of A (counted with multiplicity) as.m(A) (for m=1, 2, ..., n). Thus the functiork, is
positively homogeneous.

It is well-known that the functiow, = ZT Ai is sublinear: indeed, it is the support
function of the set

{C € S": C andl — C are positive semidefinitér C = m} (3.2)
(see, for example, [11] or [18]). Thusg is convex,\, is concave, and, is the difference
of two finite convex functionsgy, andony,_1, for 1 <m<n. In particular,Ar, is Lipschitz.
(In fact the Lipschitz constant is 1.)

Associated with a fixed matriR in S" and a fixed indexn are two other indicesh and
m, defined by
M=min{i : Li(A) = An(A)}, and m=maxi : Ai(A) = Ain(A)}.
Thus
Ae1(A) > Ap(A) = - = Am(A) = - = Am(A) > Amra(A)

(appropriately understood whein=1 or m=n). Corresponding td, fix an orthogonal
matrixU diagonalizingA, which is to say satisfying

UT AU = Diag(r1(A), Aa(A), ..., An(A)), (3.2)

and letUy, be the submatrix df) consisting of the columns indexed By m+1, ..., m.
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Theorem 3.3 (Directional derivatives). Any matrix H inS" satisfies
Ay(A H) = Amoms1 (Um HUp). (3.4)

Furthermore the sum of the eigenvalues coinciding withat A,

m
Dk
i=m
is analytic near A.

Formula (3.4) follows easily from expressions for the directional derivative of the eigen-
value sumvy, appearing in [11, 18]. The analyticity result appears in [21].

Observe that ifh=m then the above result shows, ; is analytic nearA, and since
om is convex we deduckn, is Clarke regular aA. (In fact the converse is also true [14].)
A similar argument shows A, is Clarke regular af if m=m (and the converse is again
true). In particular)s and—Aim are both Clarke regular &.

4. Subdifferentials at zero
We begin our subdifferential calculations by computing directional derivatives ahthe
largest eigenvalugy, at zero. We know these directional derivatives are sublinear approx-
imants ofAn,, so we start with some cruder estimates.

Clearly we have the following sublinear majorantsigf for all m:

Om
km < — f)LL
m

Furthermore, fom < n we have the concave minorants

On — Om
Am =
n—m

> An.
Proposition 4.1. If 1 <m < n, the functiom.r, has no linear minorant or majorant.
Proof: Suppose the matri€ in S" satisfies
(C,G) <An(G) forallGinS".
Choose an orthogonal matrix diagonalizingC:

UTCU = Diag(cy, ¢y, ..., C,) for some vectoc in R".

Then by choosings =U (Diagx)UT in the above inequality (for vectors in R"), we
deduce

c'x < Am(Diag x).
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Now choosingx to be each standard basis vector in turn shaws0, but choosing
x=(-1,-1,...,—1) gives a contradiction. The argument for majorants is similard

The above result shows the convex and concave subdifferentials

IAm(A) ={C e S :(C,G— A) < An(G) — An(A) forall G e §},
—3(=Am)(A) ={CeS:(C,G—A) > An(G) — An(A) forall G e S}
are both empty af =0, when 1< m < n. A similar argument shows the same result at an
arbitrary matrixA in S", and furthermore, that these subdifferentials remain emp#y at
for any function having the for,(-) + o(- — A) nearA. Geometrically, the functionsy,
are very ‘bumpy’.
Recall (cf. (3.1)) the formula for the convex subdifferentiahefat zero:
911(0) = {C € S" : C positive semidefinitgtr C = 1}.
Noticedr;1(0) = —3(—An)(0).

Theorem 4.2 (Subdifferentials at zero). The Clarke and Michel-Penot subdifferentials
of the mth largest eigenvalug, form=1, 2, ..., n all coincide at zero

3%Am(0) = 3%Am(0) = 9A1(0).

Proof: The first equality follows from the positive homogeneity.gf (see formula (2.2)).
To prove the result we, therefore, need to show any mé&rin S" satisfies

An(0; G) = 21(0; G),
or, using formula (2.2),

sup{im(H + G) — Am(H)} = A1(G). (4.3)
HeS"

On the one hand, the inequality

Am(H + G) = )\m(H) + )xl(G)
is a classical inequality of Weyl (see [12, Theorem 4.3.7], or [1]). To see the supre-
mum is attained, choose an orthogonal matttixvith UTGU = Diagi(G) and any real

o> A1(G) — An(G). Then if we set

H = U Diag(0,0,...,0,a,a,...,a)UT
_\/_/

m—1terms
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we deduce
Am(H +G) — Am(H) = Am(UT(H + G)U) — 0 = An(Diagd),
whered € R" is the vector
(A 1(G), 22(G), .. ., Anemt+1(G)y An—ma2(G) + &, An—mt3(G) + @, . .., An(G) + @).

The right-hand side of the equation is just théh largest component af, which isx1(G),
as required. O

5. Subdifferentials away from zero

The Michel-Penot and Clarke subdifferentials of thih largest eigenvaluk, coincide at

zero simply by positive homogeneity. Away from zero, their equality is no longerimmediate.
To prove these two subdifferentials are indeed equal we make the following steps for a fixed
matrix Ain S".

e Use formula (3.4) to identify the usual directional derivatiyg A; -).

e Calculate the best sublinear majorantiQf(A; -) (which is exactly the Michel-Penot
directional derivative.$,(A; -)), using formula (2.3).

e Regularizerr,(A; ), using formula (2.1), to identify the Clarke directional derivative
Am(A; ).
In generalpn(A) belongs to a block of equal eigenvalues. The leading eigenvalue in this

blockisiq, and its usual directional derivative Atis sublinear, by formula (3.4). We show

its subdifferential coincides exactly with the Michel-Penot and Clarke subdifferentials of
Am atA.

Theorem 5.1 (Michel-Penot Subdifferential). The Michel-Penot subdifferentials of the
eigenvalues., at a matrix A inS" coincide for all choices of m corresponding to equal
eigenvalues

3%Am(A) = d(A (A, ))(0) forallm.
Proof: We wish to show that any matri@ in S" satisfies

An(A; G) = 1(A; G)

(sincer (A; -) is sublinear). By formula (2.3), this is equivalent to

Sup{in(A; H + G) — A (A H)} = 44 (A; G).
HeS
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Choose an orthogonal matrld diagonalizingA as in Eq. (3.2). Then the directional
derivative formula (3.4), applied in turn to,, and tolg, shows the equation above is
equivalent to

sup {Am-m+1(Um(H + G)Um) — Am-ms2(Up HUm) } = 21(U, GUn).
€

Since any matriE in ST satisfies
Ug (UnFUL)Um = F,
this is equivalent to

sup  {Am-mr1(F +UpGUn) — Am_ms1(F)} = 21(U;, GUn),
Fegn-m+1

and this follows from the proof of Theorem 4.2—see Eq. (4.3). O
Itis not difficult to see
3 (A; ) (0) = =3 (=2 (A; )(0).

The nextresult gives a clearer interpretation of our calculation above. We use the notation
conv to denote the convex hull of a set.

Proposition 5.2. For any matrix A inS", denote the eigenspace corresponding to the mth
largest eigenvalue,(A) by En(A) C R". Then

(A (A; ))(0) = convixx™ : X € En(A), [IX] = 1}.
Proof: We wish to show that any matri@ in S" satisfies

Aa(A; G) = max{(G, xx") : x € En(A), x| = 1}.
As in the proof of the previous result, we can write this

21(UpGUn) = maxx' Gx : x € En(A), [Ix] = 1}.

Since the columns of the matrly,, are an orthonormal basis f&,(A), the right-hand
side is

max{(Uny) G(Uny) 1 y € R™™1 ly| = 1},
which equals the left-hand side. O

We end this section with our main result.
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Theorem 5.3 (Michel-Penot and Clarke Subdifferentials). For any matrix A inS" with
eigenspacé&,(A) C R" corresponding to the mth largest eigenvalug(A), the Michel-
Penot and Clarke subdifferentials bf, at A are equal

3%Am(A) = 3%m(A) = conv{xx" : X € Em(A), |IX| = 1}. (5.4)
These subdifferentials all coincide for all choices of m corresponding to equal eigenvalues.

Proof:  We knowd®Am(A) C 8%Am(A). For the opposite inclusion, fix a matr in S"
and an indexm. By the regularization formula (2.1) there is a sequence of matiges
approachingA in S" with

A (A; G) = lim A (A G).
k— 00
By taking a subsequence we can assume the set of indices
{i 2 2 (A = Am(A}

is independent of the inddx we denote it byt . Since the eigenvalues are all continuous,
observe

l c{mm+1, ..., Mm}. (5.5)
For eachk choose an orthogonal matrix® diagonalizingAy: that is,
(UT AUK = Diagr(Ay).

Again taking a subsequence we can assUrhapproaches an orthogonal matidxwhich
diagonalizesA, sincex is continuousU TAU = Diagi(A).

Denote the submatrices bf andU* with columns indexed by by U, andU,k. Now,
by the Directional Derivatives Theorem (3.3),

(A G) < A1((UF) GUF) - ai(UTGU)).

If, as usual, we denote by, the submatrix ofJ with columns indexed by the right-hand
side set in inclusion (5.5), then we see

)\.1(U|TGU|) = Im\i)f(U| Z)TG(U|Z)

max(Umy) " G(UmY)
llyll=1

= 21(UnGUn)
= An(A; G),

IA
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as in the proof of Theorem 5.1, whence
A2 (A G) < A (A; G).

Since the matribxG was arbitrary, we deduce
3%m(A) C 3 (n(A; )(0),

and the result now follows by Theorem 5.1 and Proposition 5.2. (Alternatively, a more
direct calculation also shows the opposite inclusion.) O

6. Comparison with earlier results

We can write the Clarke derivative formula (5.4) as
A (A G) = max{x"Gx: x € En(A), x|l =1},

a result first observed by Cox and Overton [6]. (A weaker inequality appeared in [9].)
One proof of this result appears in [13], based on the almost-everywhere differentiabil-
ity of Am. An alternative approach is developed in [14], this time via the loffe-Kruger-
Mordukhovich ‘approximate subdifferential’. Our approach here is more elementary than
either. The Michel-Penot result is, to our knowledge, new.

Cox [4] considered a continuously differentiable functien Rk — S", and studied the
Clarke subdifferential of the composite functidf o F (see also [2, 5] for related work).
A rather complex argument leads to an exact formula when the eigenvalue of interest is the
first or last in a block of equal eigenvalues, and just an inclusion otherwise: in our notation,
for any indexm and any pointgp andd in R¥, settingA = F(p), the result is

(Ao F)°(p; d) = (ko F)°(p; d)
= max{x" (F'(p)d)x : X € Em(A), IIX]| = 1}
< (Amo F)°(p; d).

This now follows immediately from formula (5.4) by using the standard chain rule for the
Clarke subdifferential (see [3]). Since, as we have observed Agptind—\, are Clarke
regular atA, the chain rule is exact for these eigenvalues, whereas in general it shows only
an inclusion. The Michel-Penot subdifferential would permit a similar approach using a
general differentiable functioh.

One nice application of our main result, formula (5.4), is a transparent derivation
of a well-known isotonicity property of eigenvalues (see [12, p. 181]): for matries
andY in §",

X =Y = AX) = A(Y)
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(whereX =Y meansX — Y is positive semidefinite). To see this, note that for any index
the Lebourg Mean Value Theorem [3] implies the existence of a matiixS" such that

Am(X) — Am(Y) € (0Am(Z2), X =)
=conV{(xx", X —=Y) :x € En(2), X = 1}
=conXx" (X —Y)x : X € En(2), |IX] = 1}
C Ry,

whence the result.
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