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1. Introduction

The singular values of a rectangular matrix are natural analogues of the eigenval-
ues of a square matrix. In this work we are interested in the first-order behaviour
of functions of the singular values of a rectangular matrix variable. The singular
values, like the eigenvalues, are not smooth functions of the entries of the ma-
trix. Hence, in order to gain insight into their behaviour we resort to ‘generalized
gradients’ (which we refer to as ‘subdifferentials’). Clarke introduced the notion of
generalized gradient in [2] and [3]; thorough accounts of more recent developments
may be found in [4] and [16].

The main result of this work gives formulae for the regular subdifferential,
limiting subdifferential, and horizon subdifferential of singular value functions.
Those are the composition of a symmetric and sign invariant function with the
singular values of a rectangular matrix: f o o. A nonsmooth analyst may propose
to approach the problem of characterizing the subdifferential of f o o using the
nonsmooth chain rule. A matrix analyst may notice that every singular value is the
difference of two convex functions and the subdifferentials of the latter are easier
to describe. Since we are interested in the more general question about functions
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of the singular values, both approaches will end up using the nonsmooth chain rule
which has the form

0(f oo)(X) C [ JIB0T0)(X) | y € 3f (6 (X))).

There are two potential problems with this formula. First it is an inclusion and the
conditions for equality will unnecessary restrict our generality. Second, even in the
cases when we can establish equality it is not clear whether and how the union of
the sets on the right-hand side can be transformed into the simple formula resulting
from our approach.

We follow the terminology and notation of [16]. The paper closely imitates and
extends the development in [13]. There are obvious patterns between the nota-
tion, techniques, and results there and here which suggest that there is a general
theoretic framework that encompasses them all. One possible unifying path in-
creasingly receiving attention lately uses properties of semisimple Lie groups and
their associated Lie algebras (see [14, 19, 18]).

The results described here were first investigated in the second author’s disser-
tation [17]. In Part II of this paper we extend the results to obtain analogous formu-
lae for the proximal subdifferential and Clarke subdifferential when the function
is either locally Lipschitz or just lower semicontinuous. We use them to calcu-
late the subdifferentials of individual singular values. Another application gives a
nonsmooth proof of Lidskii’s theorem for weak majorization of singular values.

2. The Limiting Subdifferential

DEFINITION 2.1 (Regular Subgradient). Given a Euclidean space E (by which
we mean, a finite-dimensional real inner-product space), a function f: E —
[—o0, +0o0], and a point x in E at which f is finite, an element y of E is a regular
subgradient of f at x if it satisfies

fx+2) > fx)+{(y,z) +o(z) asz—>0inkE.

As usual, o(-) denotes a real-valued function defined on a neighbourhood of the
origin in E, and satisfying lim,_,q ||z]| ~'o(z) = 0. The set of regular subgradients
is denoted 9 f(x) and is called the regular subdifferential. It is easy to show that it
is always closed and convex.

This definition is just one-sided version of the classical (Fréchet) derivative.
A weakness of this natural concept of subdifferential is that even for well-behaved
functions f it may be empty as it is for example for the function f(x) = —|x| at
x = 0. The idea of the limiting subdifferential enhances regular subdifferential by
gathering information from the regular subdifferentials at points near x as well.

DEFINITION 2.2 (Limiting Subdifferential). An element y of E is a limiting sub-
gradient if there is a sequence of points x” in E approaching x with values f(x")
approaching the finite value f(x), and a sequence of regular subgradients y” in

d f (x") approaching y.
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The set of all subgradients is the limiting subdifferential of (x).

DEFINITION 2.3 (Horizon Subgradient). An element y of E is a horizon subgra-
dient if there is a sequence of points x" in E approaching x with values f(x")
approaching the finite value f(x), a sequence of reals ¢, decreasing to 0, and a
sequence of regular subgradients y” in B f(x")such thatt,y" — y.

The set of horizon subgradients is denoted d° f (x). If f(x) is infinite then the
sets df (x) and 3 f(x) are defined to be empty, and 0 f(x) to be {0}. The reader
can verify that df (x) and 3 f(x) are always closed sets, and we have the inclusion
(5 f(x)® C 0% f(x) (where C* denotes the recession cone of a closed convex
set). It is easy to see that 3°° f(x) is a cone and if f is Lipschitz around the point x
then 0% f (x) = {0}.

DEFINITION 2.4 (Subdifferential Regularity). If the function f is finite at the
point x with at least one subgradient there then it is regular at x if it is lower
semicontinuous near x, every subgradient is regular, that is 3 f(x) = 0f(x), and
furthermore

I° f(x) = D)™

This definition just says that the set epi f = {(x, o) |a = f(x)} is (Clarke)
regular at the point (x, f(x)): see [16, Corollary 8.11] for the justification.

DEFINITION 2.5 (Tangent Cone). Let L be a subset of the space E, and fix a
point x in E. An element d of E belongs to the regular tangent cone to L at x,
written 7 (x), if

x"—x

t

—d,

for some sequence x” in L approaching x and a sequence ¢, decreasing to 0.

DEFINITION 2.6 (Negative Polar Cone). The (negative) polar of a subset H of E
is the set

H ={yeFE:{x,y)<0Vx e H}.

The proof of the following easy and standard result can be found in [13, Propo-
sition 1].

PROPOSITION 2.7 (Normal Cone). Given a function f: E — [—00, +0o0] and a
point x in E, any regular subgradient of f at x is polar to the tangent cone of the

level set L ={z € E: f(2) < f(x)} at x; that is éf(x) C (Te(x))~.
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In this paper we are interested in functions that are invariant under certain or-
thogonal transformations of the space E. A linear transformation g on the space E
is orthogonal if it preserves the inner product:

(gx, gy) = (x,y) forallelementsx and y of E.

Such linear transformations form the orthogonal group O(E). A function f on E
is invariant under a subgroup G of O(E) if f(gx) = f(x) for all points x in E
and transformations g in G.
In the following proposition, f’(-; -) denotes the usual directional derivative:
fx+12) — fx)

f(x;2) = lti£ ; (when well-defined)

for elements x and z of E.
The following needed result is Proposition 2 in [13].

PROPOSITION 2.8 (Subgradient Invariance). Ifthe function f: E — [—00, +00]
is invariant under a subgroup G of O(E), then any point x in E and transformation
g in G satisfy 0f (gx) = gaf (x). Corresponding results hold for regular, horizon,
and (if f is Lipschitz around x) Clarke subgradients, and f is regular at the
point gx if and only if it is regular at x. Furthermore, for any element 7 of E,
the directional derivative f'(gx; gz) exists if and only if f'(x; z) does, and in this
case the two are equal.

This section ends with a lemma which is useful in the later analysis of rregular-
ity. (See [13, Lemma 1].)

LEMMA 2.9 (Recession). For any nonempty closed convex subset C of E, closed
subgroup H of O(E), and transformation g in O(E), the set gH C is closed, and if
it is also convex then its recession cone is gH (C).

3. The Normal Space

Throughout the whole paper we will assume that n and m are natural numbers
and n < m. Let M, , denote the Euclidean space of n x m real matrices, with
inner product (X,Y) = tr X'Y. It is easily seen that analogous results to those
we present in this work hold for the space of n x m complex matrices with the
inner product (X, Y) = Re(tr X*Y), where X™* denotes transposition and complex
conjugation. With this inner product the complex matrices turn into an Euclidean
space over the reals. Orthogonal matrices below become unitary, but the functions
with matrix argument are still (extended) real valued.

The main goal of this section is to give a straightforward proof that for a fixed
X € M, , the set

{UnTXUm | Uy, U, — orthogonal}
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is a smooth manifold and to characterize its tangent and normal spaces at every
point. To do this precisely we need a little of differential geometry and the results
stated below will be needed only in this section.

If M is a smooth manifold and m € M, then T);(m) will denote the tangent
space to M at the point m. The next three results are respectively Proposition 4.5.1,
Proposition 12.9.4, Proposition 13.3.1, and Proposition 13.3.2 in [1].

LEMMA 3.1 (Manifold Sum). Let M and M’ be smooth manifolds, and let p, p’
denote the projections of M x M’ onto M, M’ respectively then the function
A Tyxwr(a,a’) = Ty(a) ® Ty (a')
defined by w — (dp, dp")w is a linear isomorphism.
THEOREM 3.2 (Quotient Manifold). If H is a closed subgroup of a Lie group G

then either H is open in G (and the quotient set topology on G /H is discrete) or
the quotient G/ H admits a differentiable structure such that the natural surjection

7. G - G/H
g gH
has rank equal to the dimension of G/H at every point; that is, the linear map dr

between the tangent spaces is onto.

All quotient manifolds below have the differential structure described in Theo-
rem 3.2.

THEOREM 3.3 (Orbit Submanifold). Suppose G is a Lie group that also acts on
the Hausdorff manifold M and satisfies the natural conditions

GxM — M

(g, m) = gm

is differentiable and g,(gom) = (g182)m for all g1,8, € G and m € M. If the
stabilizer G, is not an open subgroup of G, then the mapping

Om: G/G,, — M, defined by

g(Gy) = gm, forginG,

is one-to-one and has rank equal to the dimension of G/ G,, at every point. More-

over, the orbit Gm in M can be given the structure of a submanifold of M diffeo-
morphic to G/ G,, under ¢,,.

Let O(n) be the Lie group of n x n real orthogonal matrices, and let O(n, m)
denote the Cartesian product O(n) x O(m), which is also a Lie group. An easy
calculation shows that the tangent space to O(n) at the identity matrix 7, is just the
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subspace of skew-symmetric matrices, A(n). Consequently, from Lemma 3.1 we
see that To m)(In, In) = A(n) x A(m).
Consider the action of the group O(n, m) on the space M, , defined by

(Un, Up).X = U XU, forall (U, U,)in O(n,m)and X in M, ,.
For a fixed matrix X in M,, ,,, the orbit
O(m,m).X = {U'XU,, : (U,, U,) € O(n, m)}

is just the set of n x m matrices with the same singular values as X. Here is then
the key fact.

THEOREM 3.4 (Normal Space). The orbit O(n, m).X is a submanifold of the space
M, ., with tangent space

TO(n,m)‘X(X) = {XZm —Z, X Z, € A(n) and Z,, € A(m)} (1)
and normal space

(Towm.x(X)N =1{Y € My, : X"Y and XY™ symmetric}. (2)

Proof. Part 1. The tangent space. Consider the stabilizer
O(n,m)x = {(U,, Up) € O(n,m) : Uy XU,, = X}
and the bijection ¢ between the sets O(n, m)/O(n, m)x and O(n, m).X defined by:
(U,, U)(O(n, m)x) + U'XU,, for (U,, U,)in O(n, m).

Clearly O(n, m)y is a closed subgroup of O(n, m) (it is closed under limit op-
erations). So from Theorem 3.3 it follows that the map ¢ is a diffeomorphism,
and hence its differential d¢ is an isomorphism between the corresponding tangent
spaces

Tom.myjommyx (I, 1n)On,m)x) and  Tow,m).x (X).
Consider, on the other hand, the quotient map

m: O(n,m) — O(n,m)/O(n,m)yx, defined by
W,,Uy,) — (U, U,)(O(n,m)x), forall (U,,U,)inOn,m).

Theorem 3.2 implies that its differential
drm: TO(n,m)(Inv Im) - TO(n,m)/O(n,m)X((In, Im)O(n, m)X)
is onto. Now consider a third map

Y: O(n,m) — O(n,m).X, defined by
(U,,Uy) + UIXU,, forall (U,,U,)inO(n,m).
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Since ¢ = ¢ o , the chain rule gives dy¥r = d¢ o dm, that is

(dw)TO(n,m) (Im Im) = TO(n,m).X(X)-
But as we noted above Tog.m) Iy, In) = A(m) x A(m). Now we show that
AY)(Zy, Zyn) = XZ,y — Z, X. Define the map

O: M, x M, > M, ,,

WU, V)=UTXV,
where M,,, M,,, and M, ,, have their standard differential structure. Let d® be its
differential at (1,, I,,,). Then because Ty, (M) = M,, foreach M € M, it is easy to
see that

do: M, x M,, > M, ,,

doU, V) =UTX + XV.
We have that O(n) x O(m) is a submanifold of M,, x M,,, so the tangent space
Tom)xom) L, I,,) 1s isomorphic to a vector subspace of Ty, < u,, (I, Iy). Also the
end of Theorem 3.3 implies that the tangent space To(,,m).x (X) is isomorphic to a
vector subspace of Ty, (X). Let i be the natural injection of O(n) x O(m) into
M, x My, and let j be the natural injection of O(n, m).X into M, ,,. Then from
the definitions j oy = ® 0i.Sodi odyy = d® odi, but (di)(Z,, Z,,) = (Z,,, Z,,)
for each (Z,, Z,,) in A(n) x A(m), and dj is the identity on To m).x (X). Thus,
we obtain (dv)(Z,, Z,,) = (d®)(Z,, Z,,) = Z,TX +XZ,=XZ, —7Z,X, as we
claimed.

Fart II. The normal space. If a matrix Y in M, ,, satisfies X'y = Y'X, and

XYT = YXT, then for any matrices Z, € A(n), and Z,, € A(m) we have

Y, XZp —ZyX) = 0 Y (XZ,y — ZuX)

=uY'Xz, -uY'Z,X
=tuY'XZ, -twXY'Z,

We will show now that tr YTX Z,, = 0. Indeed,

uY'X2, =t Z XY =-tZ,X"Y =-tZ,Y' X =—-trY'XZ,.

Analogously we get tr XYTZ, = 0, consequently Y € (TxO(n, m).X)*.
Conversely suppose that tr Y X7, —-2Z,X)=0forall Z, € A(n) and Z,, €
A(m). For each Z, € A(n) we have

Y Z,X=uXY"Z,=ueXY"Z) =0 Z YX" = —tr Z,Y X",
that is
rXY'z,=—-trz,YXx".

Let Z,, = 0. Then our assumption becomes tr XY TZ, = 0 and consequently we
have tr Z,Y XT = 0 and so is their difference:

tr(XY'z, — Z,YX") = 0.



220 ADRIAN S. LEWIS AND HRISTO S. SENDOV
Choosing Z, = XYT — Y X7 gives
0 =tr(XY"(Xy"'—vx"H—(xy"'-vxHrx")
= wr(XYT(XY" - YX") —u(rX"(Xy"' -vXx")
= XY T—YXDHXYT—vXD) = —tr(XYT =y XDOHT(XyT —vx",

whence XYT = Y XT. Analogously by choosing first Z, = 0 and then Z, =
YTX — XY we obtain X'Y = YTX. O

Throughout the entire paper all vectors are considered to be column vectors
unless stated otherwise. We denote the cone of vectors x in R" satisfying x; >
Xy = +-+ = X, by ]R’i. We denote the standard basis in R” by el e*, ..., ¢e". For
any vector x in R” we denote by x the vector with the same entries as x ordered
in nonincreasing order. Let P (n) denote the set of all n x n permutation matrices.
(Those matrices that have only one nonzero entry in every row or column, which
is 1.) Let P(_y(n) denote the set of all n x n signed permutation matrices. (Those
matrices that have only one nonzero entry in every row or column, which is £1.) If
Py € P_y(n) then we will denote by | P_| the permutation matrix obtained from
P(_, by taking the absolute values of its entries. If x is a vector in R” then |x| will
denote the vector (|x;|, |x2], ..., |x,|)T and x? will denote the vector (xlz, R x,%)T.
Finally if x,y € R" then x - y = (x;y1, ..., X, V). We will need the following
standard lemma in our proofs (see [10]).

LEMMA 3.5. Any vectors x and y in R" we have the inequality
xTy < xTy.

Equality holds if and only if some matrix Q in P (n) satisfies Qx = x and Qy = y.

4. Singular Values

Analogously to the eigenvalue decomposition of a symmetric matrix via an or-
thogonal transformation, any rectangular matrix can also be diagonalized via an
orthogonal transformation on M, ,,. We state the precise result below. For the proof
the reader may refer either to [7, Theorem 7.3.5] or to [8, Theorem 3.1.1].

For any matrix X, with X’/ we denote its (i, j)th entry. For any vector x in R”
let Diag x denote the matrix with entries (Diag x)' = x; for all i, and (Diag x)"/ =
0 for i # j. We want to turn the readers attention to the fact that sometimes Diag x
will denote an n x m matrix, sometimes #n x n and sometimes m X m (this in case
x € R™), but there will be no confusion because the context will make clear which
is the case.

THEOREM 4.1 (Singular Value Decomposition). Let X € M, ,, (n < m). There
are positive real numbers o (X) := (01(X), 02(X), ..., 0,(X)7T in nonincreasing
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order 01(X) = 02(X) = --- = 0,(X), and square orthogonal (unitary if X is
complex) matrices U, and U, such that

X = U, (Diago (X))Up.

The entries of the vector o (X) = (01(X), 02(X), ..., 0,(X))T are called the
singular values of X. The numbers {01 (X), 02(X), ..., 0,(X)} are the nonnegative
square roots of the eigenvalues of X X' and thus are uniquely determined. For
convenience and without loss of generality we have assumed that they are ordered
nonincreasingly.

DEFINITION 4.2. We say that two matrices X and Y in M,, ,, have a simultaneous
ordered singular value decomposition if there is an element (U,, U,,) in O(n, m)
such that X = UnT(Diag o(X)U, and Y = U,;F(Diag o(Y)U,,.

We need to introduce more notation that will be used in the proof of the next
lemma. Let M be a matrix in M, ,and 1 < i) <ip <--- < i, <n,1 < j <
Jj» < --+ < j; < m be given numbers. Then M (i, iz, ..., i\ j1, j2, ..., js) Will
denote the minor of M (with dimensions » x s) obtained at the intersection of the
rows with indexes iy, i, ..., i,, and columns with indexes ji, jz,..., js. If vis a
vector in R” then we will use similar notation to denote a subvector of v. That is,
a subvector of v formed by the entries with indexes 1 < i} < i < --- < i, < n
will be denoted by v(iy, iy, ..., i,). Finally M (i; -) will denote the row of M with
index i (these are row vectors), and M (-; i) will denote the column of M with
index i. The following lemma gives a necessary and sufficient condition for two
matrices to ‘almost’ have a simultaneous ordered singular value decomposition.
For a necessary and sufficient condition for simultaneous ordered singular value
decomposition see Theorem 4.6.

LEMMA 4.3. Two matrices Y and Z in M, ,, satisfy Z%Y = Y"Z and ZYT =
YZ" if and only if there exists an element (U,, U,) in O(n,m) and a signed
permutation matrix P_y in P_y(n) such that

Y = U, (Diag P_yo (Y))Un,  Z = U, (Diago(Z))U,. 3)
Before we prove the result we need to comment on it.

Remark 4.4. There are four interesting variations of this kind of problem that
appear in the literature. Given a set of complex rectangular matrices one may
ask when they can be simultaneously diagonalized with unitary matrices (U,, U,,)
where the resulting diagonal matrices are allowed to have complex entries, and a
second variation asks when the same diagonalization can be performed with a pair
of orthogonal matrices. For both those questions we refer the reader to Theorem 1
and Theorem 4 in [5]. The third form of the problem is the one we need and
formulated above: when a set of real rectangular matrices can be simultaneously



222 ADRIAN S. LEWIS AND HRISTO S. SENDOV

diagonalized with orthogonal pair (U,, U,,) (see [20] who also credits the original
result to Wiegmann [22]). The proof we present here is somewhat different and
the reduction steps in it make the main idea quite transparent. The final fourth
variation asks when the set of matrices have simultaneous (ordered) singular value
decomposition. (That is, the resulting diagonal matrices have real, nonnegative
(ordered) diagonal.) A necessary and sufficient condition for the fourth problem
is given by von Neumann in [21]. We address that question below in Theorem 4.6
by giving a variational proof of this result.

Proof. In one direction the lemma is clear. In the other direction, suppose first
that » = m and Y and Z are nonsingular. We will divide the proof into several
reduction stages. It is well known that the eigenvalues of YT Z are the same as the
eigenvalues of ZY T counting multiplicities. Then because they are both symmetric,
there are two orthogonal matrices A and B in O(n) such that YTZ = ATAA
and ZY"T = BTAB. Consequently YTZ = (ATB)(ZYT")(BTA). We make the
substitution: ¥ = (ATB)Y and Z = (ATB)Z. Then we have

Y'Z =Y"Z = (ATB)(ZzY")(BTA) = ZY",
that is YT and Z commute. Hence, ¥ and ZT commute as well. Next, because YT
and Z commute with the symmetric matrix YTZ it follows that every eigenspace
of YTZ is invariant under YT and Z. Thus if V, is an orthogonal matrix in O(n),
whose columns are eigenvectors of Y"Z so that all eigenvectors corresponding to
the same eigenvalues occur one after another, then both VI YTV, and VT 7V, must

be block diagonal (recall that eigenvectors corresponding to different eigenvalues
are orthogonal):

VIYTV, = Diag(Y, Y), ..., ¥\,  VIZV, =Diag(Zi, Zs, ..., Z)),
whereYTZ eM,,1<n;<n,n+ny+---n =n, andeachf/TZ—Zf/T

Aily,, where A1, Ao, ..., A; are the distinct (all of them are nonzero) elgenvalues of
the symmetric matrix Y TZ. For each i choose a singular value decomposition Z

RITD S; (R;, S; — orthogonal, D; — diagonal), and observe YlT = SlT A D; )R .
Note that the absolute values of the diagonal entries of A; D, I are the singular
values of f’iT. So we reduced Y and Z to [ pairs of matrices Y; and Z; that satisfy

(3). Clearly the singular values of Z are the same as the singular values of Z and
are the union of diagonal entries of Dy, ..., D;. Let P be a permutation matrix
in P(n) such that Diago (Z) = PTDiag(D;, ..., D;)P. Then retracing back the
reductions one sees that the lemma holds in the case when n = m and the matrices
Y, Z are nonsingular. In fact, decomposition (3) holds with

U, = B'AV, Diag(R}....,R)P, U, = P'(Diag(Sy,.... )V,

We now consider the general case n < m. First we observe that the symmetric
matrices Y'Y and ZTZ commute. Indeed

Z'2) (YY) = ZVzYhy = (Z'Y)(Z"Y)
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= Y'"2)¥"2) =YY (zY"HYz = Y'Y)(Z"2).

Analogously one sees that the pair of symmetric matrices YYT and ZZ" also com-
mute. It is well known that the eigenvalues of YTY are the same as the eigenvalues
of YYT plus m — n additional zeros. Hence there is a matrix V,, in O(m) and a
matrix V, in O(n) that simultaneously diagonalize the above two pairs respectively.
(Recall that for any matrix Y, the eigenvalues of Y YT are the singular values of ¥
squared and similarly for YT.)

VI(Yy"V, = Diago?(Y),
vITY)V, = Diag(a*(Y)",0,...,0),
——
vI(zZ")V, = Diag P,0*(Z),
vY(z'z)V,, = Diag P,,(c*(2)",0,...,0)",
—— —

where P, is a permutation matrix in P(n), and P, is in P(m). Now we make the
substitution:

Y=VYV,.  Z=V,ZV,.
Observe that:
Y'2=vy"zv, =vIz"vv, = 2"7,

and similarly one checks that ¥ ZT = Z¥™. Moreover we have that

YY" = Diago?(Y), Y'Y = Diag(c*(¥)",0,...,0)T 4)
N —
and
727" = Diag P,0*(Z), Z"7 = Diag P, (c*(Z)",0,...,0)". (5)
N —

Next, we investigate the structure of the matrices Y and Z. Let the ranks of ¥
and Z be k and I respectively, and let }A’(il, e ks Jls ey Ji)
and Z(II, ty, ..., 4;; p1, P2, - .-, pr) benonsingular minors. Let I = {i, iy, ..., i},
J={jos i}, T ={t1, 12, ... ,]1}, P ={pi, pa, ..., p;}. Equation (4) tells
us that the rows and the columns of Y are mutually orthogonal. If we take a row,
r; of I}, such that i & [ then 7; is a linear combination of rows with indexes from
the set /. Multiplying this linear combination by r; gives that r'r; = 0. Similar
argument for the columns imply that all the entries of Y that don’t belong to the
minor f’(il, ey It Jis ..., i) are zero. The same arguments apply to Z.

Let A=INT,B=T\I,C = P\Jand D = P N J, see Figure 1. Take
an index i in the set B. From the above paragraph we have that the ith row of Y
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P NN
A~ 7, Y
Z(T;P)
B
T
N
Y(@:))
I
C D
]
Figure 1. Thesets I, J, T, P and A, B, C, D.
is the zero vector: Y(l ) = 0. So we get Y(z )Z(x )T =0foralll < x < n.

Using the relationship YZT = ZYT we get that Z(l )Y(x ) =0 for all 1 <
x < n. So in particular the vector 7 (i; -)(J) (that is, the subvector of the ith row
of 2 formed from the entries with indexes in J) is orthogonal to all the vectors
Y (x;-)(J) for all x € I. But the last set of vectors form the nonsingular minor
of Y. So 2(1’; (J) = 0. We already knew that 2(1" )(J\D) = 0 so what we
get in addition is that 7 (i; )(D) = 0, and this applies for every i in B. So all
the entries of the submatrix Z (B; D) of the nonsingular minor Z (T; P), are zero.
Completely analogously but now choosing an index from the set C and using the
relationship YTZ = ZTY one sees that all the entries of the submatrix Z(A; C) of
the nonsingular minor 7 (T; P), are zero.

Next, we want to show that |A| = |D| and |C| = |B]|. Suppose |C| < |B], so
the submatrix Z (B; C) has linearly dependent rows. But then the rows of VA (B; P)
are linearly dependent and this contradicts that fact that Z(T; P) is nonsingular.
Suppose now |C| > |B|, so the columns of Z (B; C) are linearly dependent, and
so will be the columns of Z(T; C) and we get again the same contradiction. So
|C| = |B|, and because |A| + |B| = [ and |C| + |D| = [ we obtain that |A| = |D|
as well. In summary, we proved that the nonsingular minor of Z is block diagonal:

Z(T; P) = Diag(Z(B; C), Z(A; D)).

Completely analogously we obtain the same result for Y. That s the nonsingular
minor of Y is block diagonal:

Y(I; J) = Diag(Y (4; D), Y(I\A; J\D)).
Now, because Y ZT = Z¥T and YTZ = Z"Y one easily sees that

Y(A: D)Z(A; D) = Z(A; D)Y(A; D)T
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and
Y(A; D)TZ(A; D) = Z(A; D)'Y(A; D).

Moreover ¥ (A; D), 2(A; D) are square and nonsingular. So from the first part of
the proof they have simultaneous singular value decompositions as described in
the lemma. Next, we find (four) orthogonal matrices that give the singular value
decomposition of ?(I\A; J\D) and 2(B; C) and because (/\A) N B = ¢ and
(J\D) N C = @ it is not difficult to see how we can obtain the singular value
decomposition described in the lemma. O

In what follows, for a vector x in R", we write x for the vector in R” with the
same entries as |x| arranged in nonincreasing order. Note that o (Diag x) = X. The
following lemma follows as a particular case of the more general framework in [12,
Theorem 2.2, Example 7.2], we give a direct proof here.

LEMMA 4.5. For any vectors x and y in R" we have the inequality
Ay <31y (6)

with equality if and only if there is a signed permutation matrix P_y in P_y(n)
such that P_yx = X and P_yy = .
Proof. 1t is clear that the inequality holds since

xTy < x|yl < &7,

where the last inequality follows from Lemma 3.5. The condition for equality
in one direction is clear too. Now suppose we have equalities above. Because
|x|T|y] = XT$, from Lemma 3.5, there is a permutation matrix Q in P(n) such
that Q|x| = X and Q|y| = J.

Let I be the n x n identity matrix. The fact that we have the equality xTy =
|x|T|y| makes it possible to assign signs to the entries of the identity matrix I so
that if /_, is the so-formed matrix, we have I(_yx = |x| and I_yy = |y|. Indeed,
for every index i, 1 < i < n, we assign the signs as follows:

if x; =0and y; = Oset I(") = 1;

if x; = 0and y; # 0 set I(i’_i) = sign(y;);

if x;, 20and y; = 0 set I(i’_i) = sign(x;);

if x; # 0 and y; # 0, in order for the equality to hold we must have sign(x;) =
sign(y;), so set I(l’_l) = sign(x;). We have that QI_yx = X and QI _)y = ¥;
let Py = QI(,). O

The Normal Space Theorem 3.4 will be extremely useful to us in the following
sections. However we can immediately demonstrate its importance by recalling the
variational proof of an inequality essentially due to von Neumann [8, p. 182]. The
following theorem may also be viewed as a necessary and sufficient condition for
two matrices to have a simultaneous ordered singular value decomposition.
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THEOREM 4.6 (Von Neumann’s Trace Theorem). Any matrices X and Y in M,, ,,
satisfy the inequality tr XY < o(X) o (Y). Equality holds if and only if X and Y
have a simultaneous ordered singular value decomposition.

Proof. For fixed X and Y, consider the optimization problem

o= sup ftr Y'z. (7)
Ze0(n,m).X

Observe first that there is an element (U,, U,) in O(n,m) satisfying ¥ =
UnT(Diago(Y))Um, and then choosing Z = UnT(Diaga(X))Um shows that o >
o (X)To (V).

Next, since the orbit O(n, m).X is compact, problem (7) has an optimal solution,
Z = Z, say, and any such Z by stationarity must satisfy

Y L Tow.m.x(Zo) (= Towm,m).z,(Z0))-

The Normal Space Theorem now shows that the matrices ¥ and Z satisfy Z Y =
Y'Z, and ZoY" = YZ;. Then by Lemma 4.3, there is an element (U,, U,,) in
O(n, m), and a signed permutation matrix Py in P(_y(n) such that

Y = U (Diag P_yo (Y))U,, Zy = U (Diag o (Zo))Uyy. (8)
Hence using Lemma 3.5 we get

o = Y 'Zy=0(Zo) ' Pyo(Y) < a(Zo)"|P)lo(Y)
) <

< 0(Zy) o (V) =0 (X))o (Y) < a.

Hence we can conclude that « = o(X)To (Y) and, using Lemma 4.5, there ex-
ists a signed permutation matrix R in P)(n) such that RP_yo(Y) = o(Y) and
Ro (Zy) = 0(Zy). Plugging this into Equations (8) we get that

Y = U, (Diag R0 (Y))U,, Zy = U, (Diag R'0'(Zo)) Uy

But
(Diag R"o(Y)) = R" (Diago (Y)) (|§| I 0 ) ,
and there is a similar equation involving Z,. The theorem follows. O

This section ends with two simple linear-algebraic results which are useful later.
The first is Proposition 3 in [13].

PROPOSITION 4.7 (Simultaneous Square Conjugacy). For any vectors x, y, u, v
in R", there is a matrix U in O(n) with Diagx = UT(Diagu)U and Diagy =
UT(Diag v)U if and only if there is a matrix P in P(n) withx = Pu and y = Pv.
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PROPOSITION 4.8 (Simultaneous Rectangular Conjugacy). For any vectors x, y,
u, and v in R", there is an element (U,,U,) in O(n,m) with Diagx =
UT(Diagu)U,, and Diag y = U} (Diag v)U,, if and only if there is a matrix P in
P_y(n) withx = Pyu and y = P_yv.

Proof. In one direction the proof is easy. In the other direction we divide it into
four steps. First we note that

(Diag x)(Diag x)" = U (Diagu)(Diagu)"U,,,
(Diag y)(Diag y)" = U[(Diagv)(Diagv)'U,.

So from Proposition 4.7, there is a permutation matrix P; in P(n) such that
x> = Pu® and y2 = Pjv2.

This implies that the number of zero entries in vector u is equal to the number
of zero entries in vector x, and the permutation is such that if Pje' = e/ then
lui| = |x;| and |v;| = |y;].
Second we have that
(Diag x)(Diagx)" = U] (Diagu)(Diagu)'U,,
(Diag x)(Diag y)" = U] (Diagu)(Diagv)'U,.

Again according to the previous proposition, there is a permutation matrix P, in
P (n) such that

x? = qu2 and x-y= Py(u-v).

Third, let 7; and 7, be the permutations corresponding to the permutation ma-
trices P; and P,, that is, Pjei =e"®forall j =1,2andi = 1,...,n. We use m;
and m, to form a new permutation 7 (with corresponding permutation matrix P)
in the following way:

N JTl(i) ifI/t,':O,
”(’)—{nz(i) if u; # 0.

Because P, also maps the zero entries of # one-to-one onto the zero entries of x,
the above construction is well defined.

In the last step we show that we can turn P into a signed permutation matrix
P(_y with the desired properties and such that | P_y| = P. Suppose 7 (i) = j (this
of course means P’/ = 1), then

If u; = 0 and v; = O then we set P(j_’i) = pii=1.
If u; = 0 and v; # 0O then set P(j_’") = sign(v;) sign(y;).
If u; # 0 and v; = O then set P(j_’") = sign(u;) sign(x;).
If u; # 0 and v; # 0O then set again P("'_’i) = sign(u;) sign(x;).
It is easily verified that x = P_yu andy = P_)v. O
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5. Simultaneous Diagonalization

The reader can easily check the following elementary statement using the singular
value decomposition theorem.

PROPOSITION 5.1 (Orthogonally Invariant & Absolutely Symmetric). The fol-
lowing two properties of a function F: M, ,, — [—00, +00] are equivalent:

(i) F is orthogonally invariant; that is, any matrices X in M, ,,, U, in O(n), and
U, in O(m) satisfy F(UYXU,,) = F(X).

(i) F = f oo for some absolutely symmetric function f: R" — [—o0, +00] that
is, any vector x in R" and matrix P in P_y(n) satisfy f(Px) = f(x).

DEFINITION 5.2 (Singular Value Function). A singular value function is an ex-
tended-real-value function defined on M,, ,, of the form f o o for an absolutely
symmetric function f: R" — [—o0, +00].

THEOREM 5.3 (Symmetricity). If a matrix Y in M, ,, is a regular, a limiting, or
a horizon subgradient of a singular value function F at a matrix X in M, ,, then
X and Y satisfy XY = Y'X and Y'X = XY,

Proof. Take first Y € dF(X)tobea regular subgradient. The orthogonal invari-
ance property of the singular value functions implies that the orbit O(n, m).X is
contained in the level set L = {Z € M, , | F(Z) < F(X)} of F at X. Then using
the Normal Cone Proposition 2.7 we get

_ - L
Y € (Te(X)) C (Tomx (X)) = (Towm.x (X))
Since by the Normal Space Theorem 3.4 the tangent cone T of the orbit O(n, m). X
at X is a linear space. Thus we get X'Y = YTX and YTX = XTY.
Next, let Y be a limiting subgradient of F at X. By the definition, there is a
sequence of matrices X, in M, ,, approaching X with a corresponding sequence

of regular subgradients Y, in IF(X,), approaching Y. By the above paragraph we
have

XY =lim X'y, =lim¥'X, = Y"'X.

The relationship YTX = XTY is similar.

If Y is a horizon subgradient then there are sequences Y, approaching ¥ and re-
als ¢, decreasing to O such that ¢, Y, approaches Y. Thus, together with the sequence
X, in M, ,,, approaching X we have

Xy = lirm X't Y, = li;n LYIX, =YX O

The above theorem together with Lemma 4.3 show that if a matrix Y is a sub-
gradient of some singular value function F at the matrix X (where X, Y € M, ),
then X and Y can be simultaneously diagonalized:

Y =U, (Diag PLyo (Y))U,, X = U, (Diago (X))U,,
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where (U,, Uy,) is in O(n, m), and P, is a signed permutation matrix in P_,(n).
Using the Subgradient Invariance Proposition 2.8 applied to the space M, , with
the action of the group O(n, m), we see that the matrix Diag P_yo (Y) must be
a subgradient at Diag o (X). All this shows how we can simplify the problem of
characterizing the nonsmooth subdifferentials of a singular value function. We can
see that it is enough to consider only the case when X and Y are both diagonal (by
that we mean X; ; = 0if i # j). We make all these observations precise in the
following sections. In the next proposition we show the easy inclusion.

PROPOSITION 5.4. Any vectors x and y in R", and singular value function f oo
satisfy

Diag(y) € 9(f oo)(Diagx) = y € df (x).

Corresponding results hold for regular and horizon subgradients.
Proof. We show first that the claim holds when Diag y is a regular subgradient
of f oo at Diag x. For vectors z in R” close to the origin we have

fx+2) = fx+zD
= (f oo)(Diagx + Diagz)
(f o 0)(Diagx) + tr(Diag y)T (Diag z) + o(Diag z)
= f(xD)+y'z+o0(2)
= f()+y'z+0(),

whence y € éf(x).

Next, if Diag y € d(f o o)(Diagx), then there is a matrix sequence X, in M,, ,,
approaching Diag x, with (f oo)(X,) approaching ( f oo )(Diag x), and a sequence
of regular subgradients Y, in a( f o 0)(X,) approaching Diag y. By Theorem 5.3
there is a sequence of elements (U, , U;) of O(n, m) and a sequence of matrices

Py in P)(n) such that

WV

X, = (U))"(Diag P_,0(X,))U;, and Y, = (U})"(Diago(Y,))U, (9)
for every r. The Subgradient Invariance Proposition 2.8 now shows that
Diago (Y,) € 9(f oo)(Diag P(’_)a (X;)). Therefore by the first paragraph o (Y,) €

df(PL o (X)),

The groups O(n, m) and P_,(n) are compact. So without loss of generality
we can assume that (U;, U;) approaches an element (U,, U,) in O(n, m) and
P, approaches P in P_,(n). Moreover because P(—(n) is a discrete group the
elements of the sequence P will be equal to P, for big enough r’s. Hence from
Equation (9), taking the limit and rearranging we get

U, (Diag x)U} = Diag(P_,o (Diag x))
and (10)
U, (Diag y)U} = Diag o (Diag y).
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Since P[0 (X,) approaches P_o (Diagx), with f (P’ 0(X,)) = f(o(X,)) ap-
proaching f (o (Diagx)) = f(Pyo(Diagx)), and O'(Yr) € 8f( (_)G(X,)) ap-
proaching o (Diag y), then o (Diag y) belongs to df (P)o (Diagx)).

Combining Equation (10) and Proposition 4.8, there exists a signed permutation
matrix P( y such that x = P( yPoyo (Diagx), y = P( yo (Diag y). Applying the
Subgradient Invariance Proposition 2.8 again, this time to the space R" with the
group P)(n), we get that y belongs to df (x) as we claimed.

In the case when Diag y is a horizon subgradient, the calculations are analo-
gous. )

6. Directional Derivatives of Singular Values

As we said before Proposition 5.4, the opposite inclusion to the one stated there
is the more difficult one. It is our goal in this section to show that. Once we show
the opposite inclusion for regular subgradients, most of the goal will be achieved.
Thus the difficulty is in showing that for vectors x and y in R” and a singular value
function f o o we have

y € df(x) = Diagy € 3(f o o)(Diagx). (11)

We need to state two more propositions. The first is obtained by combining
Theorem 4.3 with Example 7.6 in [12]. The second is Theorem 3.1 in [9].

PROPOSITION 6.1 (Characterization of Convexity). Let the function f: R" —
(—o0, +00] be absolutely symmetric. Then the corresponding singular value func-
tion f oo is convex on M,, ,,, if and only if f is convex.

PROPOSITION 6.2 (Gradient Formula). If a function f: R" — (—o0, +00] is
convex and absolutely symmetric, then the corresponding convex, orthogonally
invariant function f o o is differentiable at the matrix X if and only if f is dif-
ferentiable at o (X). In this case

V(f 0 0)(X) = U, (Diag V f (0/(X))) Un,

for any matrices U, in O(n) and U, in O(m) with X = UnT(Diago*(X))Um.

For each integer k =0,1,2,...,n we define the function S;: M, ,, — R by
Sp(M) = Z _,0i(M), the sum of the k largest singular values of the matrix M. For
convenience we define Sy = 0. It is well known result of Fan that S; is convex (even
sublinear) function on M, ,, (see for example Corollary 3.4.4 in [8]). Another way
to see this is by using Proposition 6.1. We define a new symbol }Ri =R} NRY).
To simplify the notation in the following several lemmas, if x is a vector from ]R”
but the indexing refers to the element x,, then we will assume that x,; = 0.



NONSMOOTH ANALYSIS OF SINGULAR VALUES. PART I 231

LEMMA 6.3. The function f: R" — R defined by f(x) = ZLJ@- (k < n)is
differentiable at any point . € ]Ri such that |, > Wiy, and its derivative is

k
Vi =) .
i=1

Proof. Set v := Y"~_ . For all vectors x with sufficiently small norm we have
e +x) =35 (ux + x1). So for all sufficiently small vectors x # 0,

flu+x)— f(r) — (v, x)

[l

=0.

Consequently V f(u) = YF_, e O

LEMMA 6.4. Fix an integer k, 1 < k < n. For any real vector x in R" such that
Xi > Xy the function Sy is differentiable at Diag x with gradient

k
VS (Diagx) = U’ (Diag > el'> Uy,

i=1

where U, U,, are any orthogonal matrices such that Diag x = UnT (Diag X)Uy,,.

Note 6.5. Of course one can choose the matrices U, and U, in such a way
that U, is a signed permutation matrix, P_), and U, is the block diagonal matrix
Diag(| P—|, In—n,m—n). In particular if x € Ri we can take U, = I, and U,, = I,,,.

Proof. The function f: R" — R defined by f(y) = Zle y; is easily seen to be
absolutely symmetric and convex. From Lemma 6.3 it is also differentiable at the
point o (Diag x) = x. So by Proposition 6.2 it follows that f o o is differentiable
at Diagx. But (f o 0)(M) = Sy(M) for each M in M, ,,, so Sy is differen-
tiable at Diag x and the formula for its gradient follows from Proposition 6.2 and
Lemma 6.3. O

LEMMA 6.6. For any vector w in Ri, the function w o is convex, and any vector
X in Rg satisfies Diagw € d(w"o)(Diag x).

Proof. The absolutely symmetric continuous function f: R" — R defined by
f(z) = w'Z is convex because it is the maximum of a family of convex (linear in
this case) functions

flr) = max{wTP(_)z Py e Py(n)},

by Lemma 4.5. Then by Proposition 6.1 we obtain that f o o is convex. To prove
the claim about the gradient it is enough to show that any matrix Z in M, ,, satisfies

tr(Diag w)(Z — Diagx) < w'o(Z) — w'x,
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or in other words, tr(Diagw)Z < w'o(Z). This inequality follows from von
Neumann’s Theorem 4.6. O

For any vector x in R", we denote by P_)(n), the stabilizer of x in the group
P(_) (I’l), that is
P(,)(I’l)x = {P(,) € P(,)(n) . P(,)x = X}.
The following lemma is an extension and generalization for singular values of
Lemma 5.3 in [11].

LEMMA 6.7. Ifx is avectorin Ri, and w is a vector in R" such that the stabilizer
P_y(n), is a subgroup of P_)(n)y, then the function w0 (+) is differentiable at
Diag x with

V(w"o)(Diagx) = Diagw.

Proof. Suppose that the structure of vector x is

X1 = =Xy > Xl = = Xy > > X

:...:xkr_H:O (kr+1:n).

(The proof of the lemma is the same even if x,, > 0.) Since the stabilizer P(_y(n),
is a subgroup of P_)(n),, there exist reals B, B>, ..., By, Br4+1 With

w; = B; wheneverk; | <i <k;, j=12,...,r,

where 8,1 = 0 and we set kg = 0. We obtain

r+1 kj r+1
wio(X)=Y B D 6(X)=) Bi(S,X) — S, (X)).
j=1 i=kj_y+1 j=1

Let P(l_) = I, and P? = I,, the identity matrices of the indicated dimension. Then
applying Lemma 6.4 and the note after it gives

r+1

kj kj-1
V(w'o)(Diagx) = Y ;1) (Diag > ¢ —Diag ) e’)]m
j=1 i=1 i=1
r kj
= (Z'B-/ Diag Z ei)
j=1

i=kj_1+1
= Diagw,

as required. O
The following theorem is crucial for the proof of implication (11). Notice that

the adjoint of the linear map Diag: R* — M, , is the map diag: M, , — R",
taking a matrix M to a vector with components M; ; (1 < i < n).
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THEOREM 6.8 (Singular Value Derivatives). Any vector x in Ry and matrix M in
M, ., satisfy

diag M € conv(P_)(n).c0’'(Diagx; M)). (12)

Proof. Assume first that x, = 0. Suppose again that the structure of the vector
X € ]R’é is

Xl = o =Xy > Xyl = = Xy > > Xl
= =x, =0 (kg =n).
The indexes define a partitioning of the integers {1,2,...,n} into consecutive
blocks

L={1,2,....k}, h={ki+ 1, ki +2,...,k}, ...,
Iy+1 ={kr+lykr+27"'7kr+l}‘

Thus x; = x; if and only if the indices i and j belong to the same block and
x; € I, if and only if x; = 0. We are also going to say that an entry of x belongs
to a particular block if its index is in that block. With respect to these blocks, write
any vector y in R” in the form

r+1
Y= @yi, where y' € Rl for each i.

i=1

The stabilizer P_y(n), consists of matrices permuting the entries of x in a block
I; (for every fixed i, 1 < i < r), among themselves (without sign changes) and
permuting the entries of x belonging to the block /,,; among themselves (with
possible sign changes).

Assume that relation (12) fails. Then there exists a hyperplane separating diag M
from conv(P_)(n),c'(Diag x; M)). That is, some vector y in R” satisfies

yldiagM > y'P_)o'(Diagx; M), forall P_,in P_)(n),. (13)
Let y denote the vector D;_, ; <) )7:‘ There is a vector v in R" with equal
components within every block /; (1 <i < r)and v; = 0 whenever j € I, (that

is, P(_y(n)y is a subgroup of P_(n),) so that v 4 y lies in Rg. Lemma 6.6 shows
that

Diag(v + 3) € 3((v + )" o) (Diagx),

which in turn means that for any 7 in M, ,, and a real ¢, using the definition of a
convex subgradient for the matrix Diagx + T

tr((¢7)" (Diag(v + 7))
< ((v+»7"o)(Diagx 4+ tT) — ((v + )"0 ) (Diag x).
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Dividing by  and letting it go to 0" we arrive at

tr(T" (Diag(v + 5))) < (v + 5)"o'(Diagx; T), (14)
for any matrix 7 in M, ,,. On the other hand, Lemma 6.7 shows that

tr(T" (Diagv)) = v'o’(Diagx; T). (15)
Subtracting Equation (15) from inequality (14) gives

tr(T" (Diag )) < y'o'(Diagx; T). (16)
If we set diag M =: w = @, w’", then there is a matrix Q in P_)(n), satisfying

diag (QTM ( | g' Im_,?,m_n >> = Q?J S wl,

i=

10| 0

0 Imfn.mfn

Choosing the matrix T in inequality (16) tobe T = Q™M (
Lemma 3.5 repeatedly and Lemma 4.5 shows

) and using

r T r
yiw < (@?) (@E) +yr+1Twr+1
i=l1 i=1
= tr(T" (Diagy))
< y'o'(Diagx; T)

= $'o'(Diagx; M).

In the last equality we used the Subgradient Invariance Proposition 2.8 and the fact
that Q is in P)(n),. But now choosing the matrix P_) € P(n), in inequality
(13) so that P(T_ )y =¥ gives a contradiction.

Assume now x, > 0. Then the reader can verify that the proof works again if
we consider that the block /,, is empty. That is, we write any vector y in R” in
the form

y= @yi, wherey’ € Rl foreach 1 <i <r.

i=1

The stabilizer P_y(n), consists of matrices of permutations fixing each block I;
(1 < i < r). The vector § denotes @D;_, y'. There is a vector v in R” with equal
components within every block I; (1 < i < r) so that ... and so on. We just omit
the ‘r + 1’-part of each vector until the end of the proof. O

Another result that we will need is that the singular value map o can be direc-
tionally expanded in a first order series. This expansion is uniform in the perturba-
tion matrix. In other words we have the following lemma.
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LEMMA 6.9. Given a matrix X in M,,_,, small matrices M in M,, ,,, satisfy
o(X+M)=0(X)+0o'(X; M)+ o(M).

Proof. The above uniform first-order directional expansion is true for any con-
vex function [6, Lemma VI.2.1.1]. In our case o; is the difference of the two convex
functions le: 0 and Z’/;ll o; (see Lemma 6.6). So it is true for o; as well. O

Finally we prove the implication (11). Notice though, that first we require x to
be in Ri. In the corollary that follows we remove this condition.

THEOREM 6.10. For any vectors x in ]Ri and y in R", and any singular value
function f oo,

y € 3 f(x) = Diagy € d(f o o)(Diagx).

Proof. The orbit of y under the action of the stabilizer P_y(n), of x contains

only regular subgradients in 3 f (x) (this follows from the Subgradient Invariance
Proposition 2.8). In other words we have P_)(n),y C 9 f(x). Denote the convex
hull of this orbit by A. Then the support function of A is given by

ST\(Z) = max{zTP(,)y . P(,) € P(,) (I’l)x}, for all z in R".

The support function is clearly sublinear (convex and positively homogeneous). It
is also globally Lipschitz with constant || y||.

Fix areal € > 0. For any P_) € P_)(n), the definition of regular subgradients
implies, for small vectors z in R",

fx+2) = f(x)+(Poyy, z) —e€llzll. (17)

Thus using the finiteness of P(_y(n), we can conclude that for vectors z € R" in a
smaller neighbourhood around the origin we have

fx+2) = f(x)+83(2) —ellzll. (18)

On the other hand, using the previous Lemma 6.9, small matrices Z in M, ,, must
satisfy

o (Diagx + Z) — x — o'(Diag x; Z2)|| < €| Z],
and hence, by inequality (18),
f(o(Diagx + 2))
= f(x + (o (Diagx + Z) — x))
> f(x) —€llo(Diagx + Z) — x|l +
+ 8} (o' (Diag x; Z) + [0 (Diagx + Z) — x — o/ (Diagx; Z)])
z f(x) —€lZ| +
+ 8% (a’(Diagx; Z) + [oc(Diag x + Z) — x — o’ (Diag x; Z)])
> f(x)+ 685 (o' (Diagx; Z)) — (14 yDell Z].
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In the second inequality we used the Lipschitz property of o together with the
assumption x € RY, that is, o (Diagx) = x. In the last inequality we used the
Lipschitz property of the support function 87 . Recall that the Singular Value Deriv-
atives Theorem 6.8 implies

diag Z € conv(P)(n),o’(Diagx; Z)). (19)
The support function 8} (z) is invariant under the stabilizer P_)(n), acting on the
argument z since the set A is invariant. Thus

8% (Pyo'(Diagx; Z)) = 83 (o' (Diagx; 2)),
for any matrix P, in P_y(n),. This combined with the convexity of &} and
relation (19), demonstrates

83 (diag Z) < 83 (o’ (Diagx; 2)).
Continuing the argument above we have

f(o(Diagx + 2)) > f(x)+ & (diagZ) — (1 + ||lylDell Z|
> f(x)+y'diagZ — (1+ [yDel Z]|
= f(x)+ (Diagy, Z) — (1 + lyel ZIl,

where the number € was arbitrary. The result follows. O

COROLLARY 6.11 (Diagonal Subgradients). For any vectors x and y in R" and
any singular value function f o o,

y € df (x) & Diagy € d(f o o)(Diagx).

Corresponding results hold for regular and horizon subgradients.
Proof. Again we will first show the corollary in the case when y is a regular
subgradient. Let P, be a signed permutation matrix in P_y(n) such that x =

P_yx. By the Subgradient Invariance Proposition 2.8 the assumption y € 3 fx)
implies P_yy € éf(P(_)x). We now apply Theorem 6.10 to get

. P’ 0
P (Diagy) (' ol )

Im—n,m—n

= Diag(P)y) € d(f o o) (Diag(Px))
=3(foo0) (P(_)(Diagx) ('Pg” ; _0 ) ))

Apply again the Subgradient Invariance Proposition to get the result.

In the limiting subdifferential case, y € df(x), there is a sequence of vectors
x" in R" approaching x, with f(x") approaching f(x), and a sequence of regular
subgradients y" € 3 f(x") approaching y. Clearly Diag x” approaches Diag x with
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f (o (Diag x")) approaching f (o (Diag x)), and by the above argument, each matrix
Diag y” is a regular subgradient of f o o at Diagx”. Since Diag y” approaches
Diag y, the result follows. The horizon subgradient case is almost identical. O

7. The Main Result

The hard part is over. We now present the main result of the paper giving an easy-
to-use and easy-to-remember formula for the subdifferential of a singular value
function in terms of the subdifferential of the corresponding absolutely symmetric
function. The theorem just builds on the reduced case given in Corollary 6.11.

THEOREM 7.1 (Subgradients). The limiting subdifferential of a singular value
function f oo at a matrix X in My, ,, is given by the formula

o(f oo)(X) =O(n,m)X.Diag8f(a(X)), (20)
where
O(n, m)X = {(U,, Uy) € O(n,m) : (U,, Uy).Diago (X) = X}.

The sets of regular and horizon subgradients satisfy corresponding formulae.
Proof. The Diagonal Subgradients Corollary 6.11 shows that for any vector y in
df (o(X)) we have

Diagy € d(f o o)(Diago (X)).

Now, for any element (U,, U,,) of O(n, m) such that UnT(Diagcr(X))Um = X, the
Subgradient Invariance Proposition 2.8 implies

U, (Diag y)U, € 3(f 0 0)(U, (Diag s (X)Uy,) = 3(f 0 0)(X).

All this shows the inclusion d(f o 0)(X) 2 O(n, m)X Diag df (o (X)).

For the opposite inclusion, take a subgradient Y in d(f o 0)(X). By the Sym-
metricity Theorem 5.3 it satisfies the relationships: YTX = XTY and Y XT = XY,
Hence by Lemma 4.3 there exists an element (U,, U,,) in O(n, m) and a signed
permutation matrix P_y in P_y(n) such that

X = U, (Diago(X))U,, and Y = U)(Diag Pyo(Y))U,,.
Then the Subgradient Invariance Proposition 2.8 shows
Diag P_yo (Y) € 9(f o o)(Diago (X)),

whence P_yo(Y) € df (o(X)), by the Diagonal Subgradient Corollary. The argu-
ments for regular and horizon subgradients are similar. O

Note 7.2. Analogous result also holds for the Clarke subgradients — see [15].
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COROLLARY 7.3 (Unique Regular Subgradients). A singular value function f o
o has a unique regular subgradient at a matrix X in M, ,, if and only if f has a
unique regular subgradient at o (X).

Proof. If f o o has a unique regular subgradient at a matrix X then clearly f
has a unique regular subgradient at the vector o (X).

To show the opposite, suppose f has unique regular subgradient y at o (X).
Then by the subdifferential formula (20) we get that every matrix in the convex set
é( f oo)(X) # ¥ has the same norm, namely ||y||, and therefore this set has just
one element. O

COROLLARY 7.4 (Fréchet Differentiability). A singular value function f o o is
Fréchet differentiable at a matrix X in M, ,, if and only if f is Fréchet differentiable
at o (X).

Proof. A function h is Fréchet differentiable at a point if and only if both A
and —h have unique regular subgradients there. Thus this corollary follows from
Corollary 7.3. O

COROLLARY 7.5 (Regularity). Suppose the absolute symmetric function f is fi-
nite at o (X) (for a matrix X in M, ,,). Then the singular value function f o o is
regular at X if and only if f is regular at o (X).

Proof. Recall that f o ¢ is lower semicontinuous around X if and only if f is
lower semicontinuous around o (X).

The definition of regularity [16, Corollary 8.11] states that f is regular at o (X)
if and only if it is lower semicontinuous around o (X) and the following conditions
hold

Af (@(X) =df(a(X) #9 1)
and
(0 f (0 (X))® = 8 f(o(X)). (22)

On the other hand f o o is regular at X if and only if it is lower semicontinuous
around X and the following conditions hold

d(foa)X)=d(foo)X)#® (23)
and
(O(f 0 0)(X)® = 3°(f 0 0)(X). (24)

By formula (20) and its regular analogue, condition (21) implies condition (23).
Conversely, by the Subgradient Invariance Proposition 2.8, condition (23) is equiv-
alent to

3(f 0 0)(Diag o (X)) = 3(f o 0)(Diago (X)),
and condition (21) follows by the Diagonal Subgradient Corollary 6.11.
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Notice that the set of regular subgradients is always closed and convex. Thus,
the regular subgradients version of formula (20) states that the sets on both sides
of the equality are convex. This allows us to apply the Recession Lemma 2.9 to
obtain the second equality below, and assuming that (22) holds, we get

B (f 00)(X)® = [O(n, m)*.Diagd f (c (X))
= O(n, m)*.[Diagd f (o (X))]*
= O(n, m)*.Diag[d f (o (X))]*
= O(n, m)*.Diag 3 f (0 (X))
= 3%(f o 0)(X).
So condition (22) implies condition (24), by the horizon version of formula (20)
used in the last equality.

On the other hand, by the Subgradient Invariance Proposition 2.8, condition
(24) is equivalent to

(d(f o 0)(Diag o (X)) = 3(f o o) (Diago (X)).

Using the Diagonal Subgradients Corollary again and the above equality we obtain
Diag(d f (o/(X)))* = (Diagd f (0 (X))™

(3(f o o)(Diag o (X)) N Diag R")>

(d(f o o)(Diag 5 (X)))® N Diag R"

9°°(f o o)(Diago (X)) N Diag R"

= Diag 9*™ f (o (X)).

Condition (22) follows. O

COROLLARY 7.6 (Strict Differentiability). A singular value function f o o is
strictly differentiable at a matrix X in M, ,, if and only if the function f is strictly
differentiable at o (X).

Proof. Theorem 9.18 in [16] states that a function f is strictly differentiable at
o (X) if and only if it is continuous there and both f and — f are regular at o (X).
Thus the corollary follows by the Regularity Corollary 7.5 just proved. O

The Subgradients Theorem 7.1 can be written in graphical form. The graph of
the subdifferential is the set

Graphof = {(x,y) e R" xR" : y € 9f (x)}.
Define a binary operation *: O(n, m) x (R" x R") - M, , x M, ,, by

(Uns Um) * (X, y) = ((Una Um)-DiagX, (Un» Um)Dlagy)
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COROLLARY 7.7 (Subdifferential Graphs). The graph of the subdifferential of a
singular value function f o o is given by the formula

Graph d(f o o) = O(n, m) * Graph daf.

Analogous formulae hold for the subdifferentials 3, 0.

Proof. We first show that the left-hand side is contained in the set on the right.
Suppose the pair (X, Y) is in Graph d(f o o). This happens exactly when Y €
d(f o 0)(X). Using the Subgradients Theorem 7.1, this implies that there is a
vector y in d(f (o (X)) and an element (U,, U,,) in O(n, m)* satisfying ¥ =
(U,, Uy).Diag y. Hence, (X, Y) = (Uy,, Up).(0(X), y).

For the converse inclusion take a pair of vectors (x, y) in Graph df and an
element (U,, U,,) in O(n, m). Since y lies in df (x) we have Diagy € d(f o
o)(Diagx), by the Diagonal Subgradients Corollary 6.11. The Subgradient In-
variance Proposition implies (U, U,,).Diagy € 9(f o o)((U,, U,).Diagx), or
in other words (U,, U,,) * (x, y) € Graphd(f o o). The arguments for the other
subdifferentials are analogous. O

The regular subgradients of a convex function are exactly the usual convex sub-
gradients. It is also known that in the case of an absolutely symmetric function f,
f is convex if and only if f oo is. (See [12, Theorem 4.3 and Example 7.5].) With
this notes in mind the following corollary is easily deduced from the Subgradients
Theorem 7.1. An independent proof can be found in [9, Corollary 2.5].

COROLLARY 7.8 (Convex Subgradients). Let the function f be absolutely sym-
metric and convex. Consider the corresponding convex singular value function
f oo. The matrix Y is a (convex) subgradient of f o o at X if and only if o (Y)
is a (convex) subgradient of f at o(X) and the two matrices X and Y admit
simultaneous ordered singular value decomposition.
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