Submitted to the Bernoulli

Conditioning on an extreme component:
Model consistency and regular variation on
cones

BIKRAMJIT DAS" and SIDNEY I. RESNICK™

School of Operations Research and Information Engineering, Cornell University, Ithaca, NY
14853. E-mail: *bd72©corne11.edu; ""siri@cornell.edu

Multivariate extreme value theory assumes a multivariate domain of attraction condition for the
distribution of a random vector necessitating that each component satisfies a marginal domain
of attraction condition. [12] and [11] developed an approximation to the joint distribution of
the random vector by conditioning that one of the components be extreme. Prior papers left
unresolved the consistency of different models obtained by conditioning on different components
being extreme and we provide understanding of this issue. We also clarify the relationship
between these conditional distributions, multivariate extreme value theory, and standard regular
variation on cones of the form [0, co] x (0, co].
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1. Introduction

Classical multivariate extreme value theory (abbreviated as MEVT) captures the ex-
tremal dependence structure between components under a robust multivariate domain
of attraction condition which requires that each marginal distribution belongs to the
domain of attraction of some univariate extreme value distribution. Extremal depen-
dence has been well-studied both in the case of asymptotic dependence [6, 7, 19, 23] and
asymptotic independence [2, 5, 15, 21, 22]. An innovative approach was provided by [12],
who approximated multivariate distributions by assuming only one of the components
was in an extreme value domain of attraction and that this component was extreme.
The approach allowed a variety of examples of different types of asymptotic dependence
and asymptotic independence. Their statistical ideas were given a more mathematical
framework by [11] after some slight changes in assumptions to make the theory more
probabilistically viable.

[11] considered a bivariate random vector (X,Y’) where the distribution of Y is in the
domain of attraction of an extreme value distribution G, where for v € R,

G (x) = exp{—(1 +~vz) "/}, 1+~vz > 0. (1.1)
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2 B. Das and S.I. Resnick

For v = 0, the distribution function is interpreted as Go(z) = e~ ", z € R. Instead of
conditioning on Y being large, their theory was developed under the equivalent assump-
tion of the existence of a vague limit for the modified joint distribution of a suitably
scaled and centered (X,Y’). The precise description of this vague limit is provided in
Definition 1.1. This condition differs from classical MEVT in the sense that only one of
the marginal distributions is assumed to be in the domain of attraction of an extreme
value distribution.

Section 2 studies consistency issues raised in [12] for such conditional models. In
practice one has a choice of variable to condition on being large and potentially different
models are therefore possible. We show that if conditional approximations are possible
no matter which variable is chosen as the conditioning variable, then in fact the joint
distribution is in a classical multivariate domain of attraction of an extreme value law
and no new theory is required. Section 3 gives the relationship between multivariate
extreme value theory and conditioned limit theory and explains when the CEVM can
be reduced to standard regular variation on a cone. In Section 4 we provide conditions
under which the CEVM can be extended to classical MEVT. Section 5 presents some
illuminating examples to show the features of conditional models and the last section
gives some proofs deferred from earlier sections.

1.1. Notation

We list below commonly used notation. References are provided for further reading.

R [0,00)4. Also denote similarly Ri =0, oo]d,@d = [~00,00]4.

E* A nice subset of the compactified finite dimensional Euclidean space.
Often denoted E with different subscripts and superscripts as required.

o The Borel o—field of the subspace E*.

M (E*) The class of Radon measures on Borel subsets of E*.
e The left continuous inverse of a monotone function f.
For an increasing function [~ (z) = inf{y : f(y) > «}.

For a decreasing function [ (z) = inf{y : f(y) < z}.

RV, The class of regularly varying functions with index p; see [1, 6, 10, 23, 24].
I II-varying class of functions; see [1, 23].
EM) {z:1+~z >0} for y € R.

The closure on the right of the interval E(").
The closure on both sides of the interval E(),

=) =)
B0 B xE\{(-}-D)
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Conditioning on an extreme component 3

E Usually [0, cc]? \ {0}.

Eo Usually (0, co]?.

En [0, 00] x (0, 00].

E (0, 00] x [0, o0].

2 Vague convergence of measures; see [13, 18].

G, An extreme value distribution given by (1.1), with parameter v € R.

D(G,) The domain of attraction of the extreme value distribution G,; i.e., the set of
F’s satisfying (1.7). For v > 0, F' € D(G,) is equivalent to 1 — F' € RV_, .
2. Model setup and basic assumptions
The basic model assumptions for our discussion are as follows [11]:

Definition 1.1 (Conditional extreme value model). Suppose (X,Y) € R? is a random
vector and there exist functions a(t) > 0,a(t) > 0, B(t),b(t) € R, a constant v € R and

a non-null Radon measure . on Borel subsets of [—00, 0] x E ) such that,

la] tP((X;(g(t), Ya‘(tb)(t)) €)% u() in My ([o0,00 xET). (12)
[b]  wu([—o0,x] X (y,00]) s not a degenerate distribution in x, (1.3)
[e] - u([=00,2] x (y,00]) < 0. (1.4)
[d] H(zx):= pu([—o0,z] x (0,00]) is a probability distribution. (1.5)

We say that (X,Y) follows a conditional extreme value model (abbreviated as CEVM)
if conditions (1.2)—(1.5) are satisfied. We write (X,Y) € CEVM(«, 8,a,b,7).

A non-null Radon measure pu(-) satisfies the conditional non-degeneracy conditions if
both of (1.3) and (1.4) hold. Conditions (1.2), (1.3) and (1.4) imply that for continuity

points (z,y) of (),

X - Bt
P(a(tﬂ)() < x‘Y > b(t)) — H(z) = p([—o0,z] x (0,00]), (t — o0) (1.6)
i.e., a conditioned limit holds. Hence the name conditional extreme value model. By
taking the marginal of ¥ in (1.2), we note that if ¥ ~ F, then F' € D(G,) for some
v € R, as defined in (1.1); that is, as ¢t — oo,

b(t)

t(1 — F(a(t)y + b(t))) = tP (Ya(t)
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Under the above assumptions, a convergence to types argument [11] yields properties of
the normalizing and centering functions: there exists functions 1 (+), ¥2(-) such that
a(tc)

lim = 1(c), lim Blte) = 5

% a(f) S a(h)

= a(c). (1.8)

This implies that ¢1(c) = ¢ for some p € R [6, Theorem B.1.3]. Either 1) = 0 or
Pa(c) = kL;l for some ¢ # 0 [6, Theorem B.2.1]. We refer often to these properties.

2. Consistency of conditional extreme value models

Suppose (X,Y) € R? satisfy conditions (1.2)—(1.5). Hence (X,Y) € CEVM(«, 3,a, b, ~)
with F € D(G,) where Y ~ F. Assume also (Y, X) satisfy conditions (1.2)-(1.5), i.e.,
(Y,X) € CEVM(c,d, x, ¢, A) for some x(t) > 0,c(t) > 0,6(t),d(t) € R,A € R with
G € D(G)) where X ~ GG. What are the implications of these assumptions for the joint
distribution of (X,Y)? We show that these two assumptions imply that (X,Y) is in a
domain of attraction of some multivariate extreme value distribution.

Recall the notation, E() = {z € R : 1+ vz > 0} for v € R and E™ is the right
closure of E™, i.e.,

(—%,OO] ’7>O

Eh) =1 (—o00,00] =0 (2.1)

(—OO,—%] vy < 07

=) =(\
and E ! is the closure of E(™ on both sides and E™) :=E

) =

<E "\ {(-%, -2}
Theorem 2.1. Suppose we have a bivariate random vector (X,Y) € R? and non-
negative functions a(-),a(-), x(+),c() and real valued functions B(-),b(-), (), d(-) such
that

tP[(X;(tﬁ)(t)7 Ya—(tb)(t)> € ] Zou() in M+([—oo, o0] X E(’Y))’ (2.2)
tP [(X;(f)(t)’ Y ;(g(ﬂ) c :| N v(-) in M, (E(A) X [—o0, OO]) (2.3)

for some X,y € R, where both . and v satisfy the appropriate conditional non-degeneracy
conditions corresponding to (1.3) and (1.4). Then (X,Y) is in the domain of attraction
of a multivariate extreme value distribution on EXY) in the following sense:

X 6(t) Y —b(t)
®|( OO

) < } S (pov)(-) in My (EX)

where (o v)(+) is a non-null Radon measure on EX),
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The proof is in Section 6. The significant feature of Theorem 2.1 is that we do not
need any other condition on the normalizing functions. The convergences (2.2)and (2.3)
imply that @ = O(x) and ¢ = O(a) as t — oo. If either & = o() or ¢ = o(a) then we
have asymptotic independence and the existence of hidden regular variation.

Consistency: standard regularly varying case. We were led to Theorem 2.1 by con-
sidering the special case of regular variation where (X, Y") satisfies (X,Y) € CEVM(«(t) =
t,0(t) = 0,a(t) = t,b(t) = 0,y = 1), and (Y, X) € CEVM(«a(t) = ¢,6(t) = 0,a(t) =
t,b(t) = 0,7 = 1) and the vague convergence in (1.2) is regular variation on the cone
En = [0, 00] x (0,00] ([22, page 173], [4, 21]).

For this case, if

tP[(%, %) € } 2 () in My (En = [0, 00] x (0,00)), (2.4)
P [(% %) e ] 2 p(-) in My (E5 = (0, 00] x [0,00)). (2.5)

where p and v satisfy appropriate conditional non-degeneracy conditions corresponding
to (1.3) and (1.4), then (X,Y) is standard regularly varying in E := [0, 00]? \ {0}; i.e.,

XY v .
tP[(? 7) e ] 2 (wov)()  in My (E), (2.6)
where (1o v) is a Radon measure on E such that

(wou)le () =p() onEn and  (uow)e,()=v() onEn.

Consistency: the absolutely continuous case. Calculations become more explicit

when (X,Y) has a joint density. This case is often of most interest to statisticians.
Assume g, is the density of a univariate extreme value distribution G, with shape

parameter p € R in (1.1) and that (X,Y) € R? is a bivariate random vector satisfying

1. (X,Y) has a density fx y(z,y).
2. The marginal densities fx, fy satisfy (as t — oo):

tx(t) fx (c(t)x +d(t) — ga(z),z € EWV, (2.7)
ta(t) fy (a(t)y + b(t)) — g, (y),y € ED.

3. The joint density satisfies (as t — 00):
ta(t)a(t) fx,y (a(t)z + B(E), a(t)y + b(t) — gi(x,y) € L'([~o00,00] x E ), (2.9)

()t Fx.y (XD + $(t), c(t)y + d(t)) — ga(@,y) € LE x [—o0,00)), o)
2.10

where ¢1(z,y), g2(x,y) > 0 are non-trivial, 0 outside of [—o0, co] x E(V) and BV x
[—00, 00| respectively.
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Then

X -p8(t) Y -b()
| ( ot) 0 all)

for some non-degenerate Radon measure z on EA7),

) c ] Y () in My (EO), (2.11)

Exzample 1. Suppose (X,Y) is a bivariate random variable with joint density

4z n 4y S
R x — ) i
IR

fX,Y(xa y) = (
The conditions required for the absolutely continuous result hold: As ¢ — oo,

2 2
t2fx(t$) — ﬁ’ t2fy(ty) — ?7 z,y >0,

4y
5/2 —.
t / fX,Y(txa \/gy) - (1’+y2)3 it gl(xvy) € Ll(Ej)
4z
5/2 —.
t / fX,Y(\/ixaty) - (.CL'Q +y)3 - gl(xay) € Ll(EW)
These statements lead to the analogues of (1.2) on different cones:
X Y 1 1
tP(— < z,— - - >0 0
(\/Z_x’t>y)_)y y+m2’ $—7y>7
X Y 1
tP(— — < - - 0,y >0
XY .
tP((?,?)E([OJ]X[O,y]) )_>E+7a l’>0,y>0.

Consistency in d-dimensions, d > 2. Suppose we have a d-dimensional vector X :=
(X1, X2,...,X4) where a multivariate CEVM holds (with a definition similar to Defi-
nition 1.1) with a limit holding for whichever X, we consider to be extreme. Then the
distribution of (X1, Xs, ..., X4) belongs to the domain of attraction of a d-dimensional
extreme value distribution. However, when d > 2, it is possible to study the CEVM
model by assuming subsets of components are extreme in various senses and we are still
considering what is sensible to assume and whether detection of the best subset to con-
dition on being extreme is statistically possible. Results which hold for the CEVM model
in the bivariate case do not naturally extend to this more complex setting.

3. The CEVM and standard regular variation

As remarked after Theorem 2.1, questions about the general conditional model are ef-
fectively analyzed by starting with standard regular variation on the cones (E+ or En).
A relevent issue, therefore, is whether standardization of the conditional extreme value
model is always possible. A partial answer is in [11, Section 2.4] and we now consider
this issue in more detail. We start by making precise what we mean by standardization.
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3.1. Standardization

Standardization is the process of marginally transforming a random vector X into a
different vector Z*, X +— Z*, so that the distribution of Z* is standard regularly varying
on a cone E*; that is, for some Radon measure p*(-)

*

tP[ZT € ] (), in My (BY). (3.1)

Depending on the cone, this says one or more components of Z* are asymptotically
Pareto. For classical multivariate extreme value theory, each component is asymptotically
Pareto and E* = E = [0, co]\ {0}. The technique is used in classical multivariate extreme
value theory to characterize multivariate domains of attraction and dates at least to
[7]. See also [6, 16, 17, 22],[23, Chapter 5]. Standardization is analogous to the copula
transformation but is better suited to studying limit relations [14].

In Cartesian coordinates, the limit measure in (3.1) has the scaling property:

prle)=c (), e¢>0. (3.2)

This scaling in Cartesian coordinates translates to a product limit when expressed in
polar coordinates. An angular measure exists allowing characterization of limits:
x

Wl fz] > o Ay = rLS(A),

[ed|
for Borel subsets A of the unit sphere in E*.

In classical multivariate extreme value theory, S is a finite measure which we may
take to be a probability measure without loss of generality. However, when E* = En, S
is NOT necessarily finite because absence of the horizontal axis boundary in Eq implies
the unit sphere is not compact.

Here is an explicit description of standardization. Suppose X = (X1, Xa2,...,Xq) is a
random vector in R? which satisfies:

X1 —Bit) Xo—Be(t) Xa — Ba(t) v
tP . . My (D 3.3
|:( Oél(t) Y a2(t> I ’ ad<t) ) e i| - H’( ) on +( )? ( )

for some D C @d, a;(t) > 0,06;(t) € R, for i =1,...,d. Suppose we have f = (f1,..., f1)
such that, fori=1,...,d:

(a) fi: Range of X; — (0,00),

(b) f; is monotone,

(c) AK > 0 such that |f;| < K.
Then f standardizes X if Z* = f(X) = (fi(X:), i =1,...,d) satisfies (3.1). Call f the
standardizing function and say (3.1) is the standardization of (3.3).

For the conditional model defined in Definition 1.1 in Section 1.2 where F, the distri-
bution of Y, satisfies F' € D(G,), we can always use

0= ()

imsart-bj ver. 2007/12/10 file: conrevfinal.tex date: March 30, 2009




8 B. Das and S.I. Resnick

to standardize Y and Y* = b~ (Y) is the standardization of Y. See [11].

3.2. When can the conditional extreme value model be
standardized?

Suppose (X,Y") satisfies Definition 1.1 and, in particular, (1.2) holds. Standardization in
(1.2) is possible unless (11,12) = (1,0) which is equivalent to the limit measure being a
product measure [11]. We show the converse is also true. Consequently, when the limit
measure is not a product measure, we can always reduce to standard regular variation
on the cone En, and conversely, we can think of the general conditional model as a
transformation of standard regular variation on En.

We begin with an initial result about the impossibility of the limit measure being a
product when we have standardized convergence on En.

Lemma 3.1. Suppose (X,Y) is standard regularly varying on the cone En, such that,

tP[(% %) s } 2 () in M4 (En) (3.4)

for some non-null Radon measure u(-) on En, satisfying the conditional non-degeneracy
conditions as in (1.3) and (1.4). Then u(-) cannot be a product measure.

Proof. If p is a product measure we have
1([0,2] x (y,00]) = G(z)y~! forz >0,y >0 (3.5)

for some finite distribution function G on [0, 00). Now (3.4) implies that 1 is homogeneous
of order —1, i.e.,

p(eA) = ¢ tu(A), Ve >0, (3.6)
where A is a Borel subset of Eq. Therefore using (3.5)

1 (c([0, 2] x (y,00])) = p([0, ca] x (cy, <]) = G(cx) x é =c'G(ex)y™".

Moreover, using (3.5) and (3.6), p(c([0,z] x (y,00])) = ¢ 'G(z)y~', and therefore,
G(cx) = G(z), Ye > 0, x > 0. Hence for fixed y € EM ¢ > 0,2 > 0,

p([0, ca] x (y,00]) = G(ex)y™ = G(x)y~" = p([0, 2] x (y, o0]).

Thus, p becomes a degenerate distribution in x, contradicting our conditional non-
degeneracy assumptions and consequently u(-) cannot be a product measure. O
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According to Lemma 3.1, a limit measure in standard regular variation on En satisfying
the conditional non-degeneracy conditions cannot be a product measure. Suppose we have
a general CEVM as in Definition 1.1 and the limit measure is a product. We show this
CEVM cannot be standardized to regular variation on some cone € C E (€ = En for
our case). Recall that when Definition 1.1 holds, Y can always be standardized so in the
following we assume Y™* is the standardized Y and we only consider when X can be the
standardized.

Theorem 3.2. Suppose X € R, Y* > 0 are random variables, such that for functions
a() >0, 8(-) € R, we have as t — oo,

X -p(t) Y* v .
tP{(a(tﬁ)()’ ; ) € } — G x () in My ([—00, 00] x (0, 00]), (3.7
where vy (x,00] = o7, x > 0, and G is some finite, non-degenerate distibution on R.

Then there does not exist a standardizing function, f(-) : Range of X — (0,00), in the
sense of the discussion after (3.3), such that

tP{(@7 };) e } 2 () in My (En), (3.8)

where u satisfies the conditional non-degeneracy conditions.

Proof. Note that Y* is already standardized here. Suppose there exists a standardization
function f(-) such that (3.8) holds. Without loss of generality assume f(-) to be non-
decreasing. This implies that for p— continuity points (x,y) we have,

f(X) Yr

tP [T <z, - > y] — p((—o0,2] x (y,0]) (t — o)

which is equivalent to

tP<X;(£(t) < f(_(l‘;)(t; ﬁ(t)7 ? > y} — M((—oo,aj] X (y7oo]), (t = 0). (3.9)

Since p((—oo,z] X (y,00]) < oo and is non-degenerate in x, we have as ¢ — oo that

[~ (@t) = B(1)

o) — h(x) (3.10)

for some non-decreasing function h(-) which has at least two points of increase. Thus
(3.9) and (3.10) imply that pu((—o0, 2] x (y,<]) = G(h(x)) x y~*. Hence u(-) is a product
measure which by Lemma 3.1 is not possible. O

Summary. We now summarize the information about when standardization is possi-
ble and the relationship of this to the limit measure being a product. A proof is provided
in Section 6. Statistical methods for detecting that a CEVM is appropriate and whether
the limit measure is a product are given in [3].
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1. Suppose (X, Y) satisfy Definition 1.1 so that limits in (1.8) hold. If (11, ¢2) # (1,0),
then there exists a standardization function f = (fi, f2) such that (X*,Y*) =
(f1(X), f2(Y)) is standard regularly varying on Eq; that is

X Y v ok .
tP[(%,y) S :| — U () m M+(]E|—|),
and p** is a non-null Radon measure satisfying the conditional non-degeneracy
conditions.

2. Conversely, suppose we have a bivariate random vector (X*,Y*) € R2 satisfying

X v v :
®| () e B0 in My (En),
where p** is a non-null Radon measure, satisfying the conditional non-degeneracy
conditions. Consider functions a(-) > 0, 5(-) € R such that (1.8) holds with
(¥1,12) # (1,0). Then there exist functions a(-) > 0, b(-) € R satisfying (1.7)
and A(-) € R, v € R such that

where [ is a non-null Radon measure in [—o0, co] X E(V) satisfying the conditional
non-degeneracy conditions and b(Y™*) € D(G~).

*

Remark 3.1. Suppose for a non-degenerate probability distribution H, we have in
ML ([—o00, 00] x (0, o0]),

R[(XZ0 Y ] e

Define X* = ((X — B(Y*))Y*)/a(Y*). Then for continuity points (z,y) of the limit, in
M+([—OO, OO] X (07 OOD7

1/y
X* Y*
tP( . gx,7>y) — /H(:cv)dv.
0

The limit measure is homogeneous of order —1 and thus, a transformation of (X,Y™) to
a standard regularly varying pair exists even when we have a limit measure which is a
product. Note this transformation is not in the sense of the discussion after (3.3) and is
more complex than just a marginal transformation.

3.3. A characterization of regular variation on En

The CEVM model with limit measure which is not a product can always be standardized
to give regular variation on En so we would like useful characterizations of such regular
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variation. Standard regular variation on E was characterized by de Haan [9] in terms
of one dimensional regular variation of max linear combinations and [20] provides a
characterization of hidden regular variation in E and Eg in terms of max and min linear
combinations of the random vector. Here are comparable results for Eq.

Proposition 3.3. Suppose (X,Y) € R? is a random vector and P(X = 0) = 0. Then
the following are equivalent:

1. (X,Y) is standard multivariate regularly varying on Eq with limit measure satisfy-
ing the non-degeneracy conditions (1.3) and (1.4).
2. For all a € (0,00] we have

hm tP (t 'min(aX,Y) > y) =c(a)y™ 1, y >0, (3.12)

t—oo

for some non-constant, non-decreasing function ¢ : (0, 00] — (0, 00).

Proof. Since P(X =0) =0 we have P(X > 0) =
(2) = (1) : Assume that (3.12) for some function ¢ : (0, 00] — (0, 00). For x > 0,y > 0,

tP(£<x )7tP( )ftP(X §>y)
—tP(X >0,Y > ty) —tP((y/x)X >ty Y > ty)

=tP (mm (1 X,Y) > ty) —tP (mln((y/x)X Y) > ty)

(where a1 = c0)

— c(oo)y™" —cly/z)y™" =: p([0, 7] X (y,0]).

Since ¢(-) is non-decreasing and non-constant, p is a non-null Radon measure on En
and we have our result. The non-degeneracy of p follows from the fact that c(-) is a
non-constant function.

(1) = (2) : Now assume that (X,Y") is standard multivariate regularly varying on En.
Hence there exists a non-degenerate Radon measure 1 on Eq such that

lim tP(z <z, }t/ > y) = u([0, z] x (y,0]),

t—oo

and for any a € (0, o0],

by defining c¢(a) = u((a—1,00] x (1,00]) and using the homogeneity property (3.2).
Note that the conditional non-degeneracy of p implies that ¢ is non-constant and non-
decreasing. Hence we have the result. O
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The condition P(X = 0) can be removed if we assume as t — oo, tP(Y/t > y) — y~ L.

3.4. Polar co-ordinates

Section 3.2 shows that when the limit measure is not a product measure, we can transform

(X,Y) to (X*,Y™*) such that

X Yr
P[(T, T) c ] 2 () in M (En) (3.13)
Hence p** satisfies (3.2) and when written in polar coordinates has a spectral form [11,
Section 3.2]). We summarize some useful facts. For convenience take the norm ||(z,y)| =
|z|+y|, (z,y) € R?, although any other norm would also suffice. A standard homogeneity
argument [23, Chapter 5] yields, for » > 0 and A a Borel subset of [0,1),

IyeA}

p{ () € 10,00] x (O.00] s by >

:r*lu**{(x,y) €[0,00] x (0,00] sz +y > 1, x—iy e A} = r71S(A). (3.14)

where S is a Radon measure on [0,1). For z > 0,y > 0, we get from (3.14),
/(z+y) z/(z+y)
17 ([0, 2]  (y, o0]) = y*l/ (1 — w)S(dw) —xfl/ wS(dw).  (3.15)
0 0
S need not be a finite measure on [0,1) but to guarantee that
H**(x) == p** ([0, 2] x (1, 00]) (3.16)

is a probability measure, we can see by taking © — oo in (3.15) that we need

/1(1 —w)S(dw) = 1. (3.17)
0

Conclusion: The class of limits p** in (3.13) or conditional limits

*

H*(z) = lim P[X

t—o0 t

<z|Y* >t
is indexed by Radon measures S on [0,1) satisfying the integrability condition (3.17).

Exzample 2 (Finite angular measure). If S is uniform on [0,1), S(dw) = 2dw, then
(3.17) is satisfied and we have

T

y(x+y)

Putting y = 1 we get that H**(x) = 1 — (1 + 2)7!, for > 0, which is a Pareto
distribution.

([0, 2] x (y, 00]) =
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Conditioning on an extreme component 13

Ezample 3 (Infinite angular measure). The infinite measure S(dw) = (1 — w) ldw
also satisfies equation (3.17) and we have

T
Tty

o 1 1
M ([07.'17] X (y,OOD:*—f—*IOg(l— )
y
Putting y = 1 yields H**(z) = 1 — 2 tlog(1 + ), x > 0 and H** is a continuously
increasing probability distribution function. One way to get a class of infinite angular
measures satisfying (3.17) is to take S(dw) = 1= F(dw) for probability measures F(-)
on [0,1).

4. Extending the CEVM to a multivariate extreme
value model

The CEVM assumes the existence of a vague limit in a subset of the Euclidean space
which is smaller than that in case of classical MEVT. This section considers when can we
extend a CEVM to a MEVT model. Any extension of the CEVM to MEVT will require
X to also have a distribution in a domain of attraction so this will be assumed. The first
Proposition provides a sufficient condition for such an extension.

Proposition 4.1. Suppose (X,Y) satisfy Definition 1.1 and in particular (1.2)—(1.5).
Also assume that X € D(G)) for some A € R; i.e., there exists functions x(t) > 0, $(t) €
R such that for x € EX),

X — o) ~1/x
P(——— 1 / 1 .
t ( N >:c>—>( + Az) , +Az >0
If thlgo alt)/x(t) exists finite and both lim;_.o B(t), lim;_,o ¢(t) exist (< o) and are

equal then (X,Y) is in the domain of attraction of a multivariate extreme value distri-
bution on B ; that is, for a Radon measure (pnov)(-) on B,

tP [(X;(z;(t)’ Y;(tb)(t)) S ] N (pov)(-) in My (]E(A,»y))

Proof. For A > 0, the proof is a consequence of cases 1 and 2 of Theorem 2.1. The other
cases can be proved similarly. O

We now discuss extension of CEVM to MEVT after first standardizing (X,Y") to

(X*,Y*) which is regularly varying on En. We consider extending regular variation on
En to an asymptotically tail equivalent regular variation on E, a notion we define next.
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14 B. Das and S.I. Resnick

Definition 4.1 (Tail equivalence in multivariate regular variation [15]). Suppose X
and 'Y are R‘i—valued random vectors. Then X and Y are tail equivalent on a cone

¢C @i if there exists a scaling function b(t) 1 oo such that

tP(% € ) Zov() and tP(% € ) Zoev()

in M4 (€) for some ¢ > 0 and non-null Radon measure v on €. We write X ) Y.

Proposition 4.2.  Suppose (X*,Y*) € R? is standard reqularly varying on the cone En
with limit measure v and angular measure Sn on [0,1). The following are equivalent:

1. Sn is finite on [0,1).
2. There exists a random vector (X#,Y#) defined on E = [0,00]? \ {0} such that

te(En)

(X*,Y7) (X*,Y7)

and (X#,Y7#) is multivariate reqularly varying on E with limit measure v such that
Vg, = vn.

Proof. Consider each implication separately.

(1) = (2): Define the polar coordinate transformation (R,©) = (X* + Y™, ﬁ)
From Section 3.4 and (3.14), for » > 0, and A a Borel subset of [0, 1), as t — oo,

R
tP[7 >r7@eA} — 77 SH(A) = vr{(z,y) EEn:m+y>r,%+y € A}

Since Sn is finite on [0,1), the distribution of © is finite on [0,1). Assume Sn[0,1) =
1 so that it is a probability measure and extend the measure Sn to [0,1] by putting
Sn({1}) = 0. Let us define Ry and ©g such that they are independent, ©¢ has distribution
given by the extended Sh on [0,1] and Ry has the standard Pareto distribution. Define
(X#,Y#) = (RyOg, Ro(1 —0Oy)), and (X#,Y#) is regularly varying on E with standard
scaling and limit measure v where v|g, = vn.

(2) = (1): Referring to (3.14) note that Sq([0,1)) = va{(z,y) € En : 2 +y > 1}.
Since (X#,Y#) is regularly varying on E, we have

X# 4+ Y#

tP
( t

>1) = v{(z,y) €EEnr:ax+y>1} < oo

However,
v{(z,9) €En:z+y>1} =vn{(z,y) €En:z+y>1} = Sn([0,1)).

Hence Sp is finite on [0,1). O
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Conditioning on an extreme component 15
5. Examples

This section presents examples that illustrate how the CEVM differs from the usual
multivariate extreme value model. The initial example emphasizes that different normal-
izations are required for different cones. Cf. Example 5.1 in [15].

Exzample 4. Let X,Z be i.i.d. Pareto(1) random variables. Define Y = X2 A Z2 and
observe as t — oo:

(1) In M-‘r(]E)a
tP[(§7§) € ([0,2] x [O,y])c} —>%+§, zVy>0. (5.1)

(i) In My (Ey), for & <a <1,

tP{(X Y )e( ] x ( ]] L ANy >0
— —
to ’ t2(1—o¢) Z, 00 Y, 0 x\/y’ TAY )
or in standard form,
Xl/a Y1/2(17a) 1
tP[( o ; )G(x,oo]x(y,oo]}ﬂxayﬁ, zAy>0. (5.2)

(iii) In M4 (En), the limit is not a product measure, and in standard form

r o+ 1
y oY VTV Y

(iv) In M, (E5), again, the limit is not a product measure, and in standard form

tP[(X—Q X) € [0.4] x (3.00]] — 2>0y>0  (5.3)

t 7t

tPK%,Ylm) € (z,00] x [O,y]} Hl—%y, x>0,y >0. (5.4)

These results can be expressed in polar co-ordinates by using the transformation (r, §) :
(z,y) = (x 4y, 77) (Section 3.4). Note that the absolute value of the Jacobian of the

inverse transformation here is |J| = r. Hence,
fro(r,0) =rfxy(ro,r(l1—0)).

We revisit the different cones and analyze the angular measure.

(i) The angular measure has a point mass at 0 and 1,

S(df) = b0y (dB) + 61 (db).
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16 B. Das and S.I. Resnick

(ii) The limit measure in standard form is p((z, o] X (y,o0]) = Wy%’ x Ay >0and
% < a < 1. Hence,

0 0 a(l —a)
!/
K (Iay) = %%N((Ia OO] X (y,OO]) = xa+1y2_a :
Taking the polar coordinate transformation

a(l —a) o al—aw)

Hro(r0) =T G A== | A=

The right side is a product, as expected. Thus the angular measure has density

a(l —a)
S(df) = W1{0<0<1}d9~

(iii) The limit measure in standard form is

1 1 1
([0, 2] x (y,oo]):g—ﬁ X NN x>0,y >0,
which is equivalent to
1 1
p((x, 00] x (y,00]) = ﬁ x m7 z=>0,y>0.

Hence, for z >y >0

0 0 1 1
I _ = - -
M (x,y) = or ayU((mvoo] X (y,OO]) - 4x3/2y3/2'

Taking the polar coordinate transformation, we get for § > 1/2,

1 1 1 1
77"2

/ — = T
Hreo(r,0) = "1 (r0)3/2(r(1—0))3/2 4 63/2(1 —0)3/2’

the density of a product measure. For x < y the density does not exist and we
have a point mass at § = 1 whose weight can be calculated using (3.17). Thus the
angular measure has density,

1, -
S(d) = (2= V3)d112y(d) + 7072/%(1 = 0) 211 pcpcrydb.

(iv) The angular measure has a point mass at %,

S(df) = 28(1 2} (d6).
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Conditioning on an extreme component 17

Example 5. Suppose in Definition 1.1 we have functions a(t) > 0, 3(¢) € R satisfying
(1.8) where «(-) € RV, for some p # 0 and 12(c) = 0. Refer to [11, Remark 2, page 545].
In such a case, the limit measure u satisfies:

x g ( x

/J,([—OO,(E] X (y,oo]) = y_lli([_oov E} X (1a OO]) =Y J

) (5.5)
for z € R and y > 0, where H(-) is a proper non-degenerate distribution. The following
is an example of such a limit measure.

Assume 0 < p < 1 and suppose X ~ Pareto(p) and Z ~ Pareto(1 — p) are indepen-
dent. Define Y = X A Z and we have for z > y > 0 and ¢ large,

XY X X Z 1 1 1
(T 7) el x o] = P(F <o T >0 >u) = o5 (5 - ),

~ L1 L) e (oo ¢ (5.0)).

Yy P
Now as in case 1 of the summary following Theorem 3.2, we have for x > y* > 0,
X) Y 1 P
(%5 7) € 0] x (o] = " (0.017) x (o) = (1= )

= M([07$] X (y,OO])

If we take H(-) to be Pareto(1), then we have the limit measure for z > 0,y > 0,

Example 6. This example gives a class of limit distributions on En indexed by prob-
ability distributions on [0, 00]. Suppose R is a Pareto random variable on [1, 00) with
parameter 1 and ¢ is a random variable with distribution G(-) on [0, oc]. Assume that &
and R are independent and define (X,Y) = (R, R). Then for y > 0,2 > 0 and ty > 1,

p([=o00,z] X (y,00]) = ZH(J

oo

X Y R R
tP{T Sty >y} :tP[TE <z - >y} =t/P[£§ %m]r_er
ty
o] v 00 v, 1 z/y
:/P[ﬁﬁg]s ds:/G(g)s ds:E/G(s)ds:u([(),x] X(y,oo]).
Yy Yy 0

This can be expressed in polar co-ordinates. The angular measure S(-) on Eq is
U
S 07 = ) : > ]-7 — S ) 0 S < 1.
(0,n]) = p{(u,v) rutv>1, - < &} "

Hence we have

tP[XjY >1’X§Y§n] :tP{

R¢+ R Re
<
b RerR ="
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18 B. Das and S.I. Resnick

R(1+¢) 7 / R
= - 27 < — | = _
tP[ - >1’§_1777] / P[t(1+s)>1G(ds)
0<s< 1
L vi) G G(d
—t [ (75 v1) cn= [ a+scis),
0<Sgljn 0§5§1ﬁn

for t > 1/1 —n. But the left side goes to p{(u,v) : u+v > 1, 2 < £} = S([0,7]) as
t — oo and thus,

S([0,n]) = 1+ s)G(ds), 0<n<l1.
0

(
<s< it

Hence S is a finite angular measure if and only if G has first moment.

6. Proofs

In this section we provide proofs of some of the results given in the previous sections.

6.1. Proof of Theorem 2.1.

Assume A > 0,7 > 0; other cases can be dealt with similarly. From (2.2) and (2.3)
respectively we get

tP(Y;(tb)(t) >y) — (149", 14y >0, (6.1)
tP(X;(f)(t) >x) = (1+x)"YA 14Xz >0. (6.2)

Hence for (z,y) € E®) x E™) which are continuity points of the limit measures y and v,

X —o(t) Y — b(t)

Qi(z,y) : = tP[( ) € ([~o0, 2] x [—oo,y])c]

x(®) 7 alt)
_p[X o) Y —b() X —¢(t) Y —b(t)
= Ai(z) + Bi(y) + Ce(w,y)  (say). (6.3)

Tt suffices to show Q¢(x,y) has a limit and the limit is non-degenerate in (z,y) (using a
generalized version of [22, Lemma 6.1]). As ¢ — oo we have the limits for A;(z) and B(y)
from (6.2) and (6.1). Clearly 0 < C¢(z,y) < min(A4:(x), B:(y)) and these inequalities hold
for any limit of Oy as well.
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Conditioning on an extreme component 19

From [11, Proposition 1], there exist functions 11 (), ¥2(+), ¥3(-), ¥4(-) such that

a(tz) _ ., im B(tz) — B(t) — Wo(z
Jim 2 =y (2) = 2", Jin O Ya(2), (6.4)

. ( ) P2 im di(tz) — d(t) = VA
tll)rgo C( ) ’(/} ( ) =z, 1500 C(t) 1/}4( ) (65>

for z > 0 and py, po real. Temporarily assume p; and po positive. Either 19(z) = 0, which
implies lim;_,oo B(t)/a(t) = 0 (from [1, Theorem 3.1.12 a,c]), or ¢2(z) = k(z"* — 1)/p1
for k # 0, which means lim;_.., 8(t)/a(t) = k/p1 ([6, Proposition B.2.2]). Hence allowing
the constant k to be zero as well, we can write both cases as lim;_,o 8(t)/a(t) = k1/p1
for some k; € R. Similarly we have lim; o d(t)/c(t) = k2/p2 for some ko € R.
Additionally, marginal domain of attraction conditions for X,Y yield (z > 0, w > 0),

b(tz) —b(t) 27 —1 i P(tw) — o(t)  w* —1
T T S () R W (60
which imply )
im alt2) =27 i x{tw) =
M = M Sm (67)
Observe that
— ¢(t) Y - b(t)
Oy )—tP[ OB >y}
_ p[X =60 o)\ x() _ B(t) Y —b(t)
=P| alt) (w+ W) ot)  al) al) o 69
and also
_p[X—0®) Y —d(t) b(t) alt) _ d(t)
Ct(x’y)_tP[W>I’Tt)> (y—|— m)?ﬂ—@} (6.9)
From [6, Proposition B.2.2] we have that
M1 g 201
a(t) d NORRSS (6.10)
We analyze Ci(z,y) for the different cases. First we will show that at least one of

the limits hm % and hm ag; has to exist. Suppose both do not exist. We have for

(z,y) € E()‘) X E(V), Wthh are continuity points of the limit measures p and v,

tP[X;(;Z;(t) >z, Y C—(g(t) > y} — v((z, 00] x (y,00]). (6.12)
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20 B. Das and S.I. Resnick

Now (6.11) implies
X—o®) x(t) o) =B Y —dt)c(t) | dt) —b(t)
x(t)  at) a(t) Toc(t)  a(t) a(t)
— u((m,oo] X (y,ooD7

tP[ > y}

which is equivalent to

X-—o() _al), M) —B®), Y—dt) _at), dit)-b)
O I LY R Ay e | )]

— (@, 00] % (5,00]).

tP[

From (6.12) we also have that the left side of the previous line has a limit

X—o@) _aft), o) —B1), Y —dt) al), — dit)—b)
I LT R e ) T )

— v((f(@),00] x (g(y), o0])

for some (f(x),g(y)), assumed to be a continuity point of the limit v, iff as ¢ — oo, the
following two limits hold,

tP[

a(t o(t) — B(¢)
G (x— e ) = f(x), (6.13)
3 (- 1) — s (6.14)

For v to be non-degenerate f and g should be non-constant and we also have u((x, o0] X
(y,00]) = v((f(=),00] x (g9(y),oc]). Considering (6.13) and (6.14) we can see that the
limit as ¢ — oo exists iff lim; o a(t)/c(t) and lim;—, o x(t)/a(t) exists.

We conclude limy; o x(t)/a(t) € [0, 00] and consider the following cases.

e Case 1: lim; o x(t)/a(t) = co. Consider (6.8) and note

which entails lim;_, o C¢(z,y) = p({oo} x (y,o0]) = 0. Hence
Jim Qe y) = (1+22) ™A 4 (1) ™7

e Case 2: limy o x(t)/a(t) = M € (0,00). From (6.8), we have

o)y x(t) _ B() 1 Fa_
<‘”+%)% a0 (z+7) xM—pf = f(x), (say).
Therefore

Jim Co(,y) = p((f(), 0] x (y,00]) < (1+ Ay) 1/
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Conditioning on an extreme component 21

with strict inequality holding for some x because of the non-degeneracy condition
(1.3) for p. Hence

Jim Qy(z,y) = ((1+ Az) VA 4 (14 yy) T = u((f (), 00] X (y, o).

e Case 3: lim; o x(t)/a(t) = 0. In this case (6.8) leads to a degenerate limit in
for Cy(z,y) and putting My = k/p; we get

Jim Cy(w,y) = p((My, 00] x (y, 00]) =t faly) < (1+7) 7.

So consider (6.9).

1. If limy o0 a(t) /c(t) exists in (0, 0o], then we can use a similar technique as in
case 1 or case 2 to obtain a non-degenerate limit for Q;(x,y).

2. If limy o a(t)/c(t) = 0, then for some M, € R,
lim Cy(,y) = v((w, 00] x (Ma, 0] =i fo(w) < (14 Aa) ™/

Therefore we have for any (z,7) € E®) x E( which are continuity points of
the limit measures p and v,

Siy) = p((My, 00] x (y, o0]) = v((x, 00] X (My, 00]) = fa(z).

It is easy to check now that for any (z,y) € EXM x E® | which are continuity
points of the limit measures y and v, we have f1(y) = f2(z) = 0. Hence
Ci(z,y) — 0 and thus Q;(z,y) has a non-degenerate limit.

This proves the result.

6.2. Proof of the Summary following Theorem 3.2

(1) This part has been dealt with in [11, Section 2.4].
(2) First simplify the problem. For (z,y) a continuity point of pu(-),

is equivalent, as t — oo, to
(M <o 2 s ) (ool x (b)) = (=00, x (3. )
(6.15)

h(y) = {(1+7y)7 :};ig (6.16)

where
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Hence (3.11) is equivalent to

AX™) - B(t) Y~ v
il )]
o) )€ o wl)
and p* is a non-null Radon measure on [—oo, o0] x E() satisfying the conditional non-
degeneracy conditions. Hence our proof will show the existence of A(+) satisfying (6.15).
Now note that (1.8) implies that a(-) € RV, for some p € R and 91 (x) = x” [23, page
14]. The function 15 (-) may be identically equal to 0, or

Yala) = {k(xp_l)/p’ fp70,2>0 (6.17)

klogz ifp=0,2>0

for k # 0 [6, page 373]. We have assumed that (¢1,12) # (1,0). We will consider three
cases: p > 0,p=0,p < 0.

Case 1 : p > 0. First suppose 15 = 0. Since a(-) € RV,, there exists &(-) € RV, which
is ultimately differentiable and strictly increasing and o ~ & [6, page 366]. Thus a—
exists. Additionally, we have from [1, Theorem 3.1.12(a)], that 3(¢)/a(t) — 0. Hence we
have for > 0, as t — oo,

alte) + A1) _ alta) alt)  B(Y)
a(t) alt) at) o)

and inverting we get for z > 0

a (at)z + B(1)) A/

Thus we have,

P

Set A(-) = &(-) and this defines fi.
Next suppose 19 # 0. Therefore

iala) — i B07) =80

Jim SIS = ke 1)/

that is, 3(-) € RV, and k > 0. There exists (3 which is ultimately differentiable and
strictly increasing and 8 ~ 3 [6, page 366]. Thus S exists. Then we have for x > 0, as
t — oo,
Blex) — B0) _ Blex) — Blew) | B(ew) — 50
a(t) a(t) a(t)
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pltz) — f(tz) B(tz) altz) | pltz) — B(E)
B(tx) atr) aft) a(t)
B Ry it .t
p p p

Inverting, we get as t — oo,

B (a(t)z + B(t))
t

— 1+ Zyve,
k
Thus we have,

p[AX =B _ v

X" _ B (el + A1) Y
a(t) t -

> = tP[ 5
y} ¢ t t

= (0, (1+ 57 x (3,00]).

-

Here we can set A(-) = ((-) and this defines /.

Case 2: p = 0. We have ¢y (z) = 1,¢9(x) = klogx for x > 0 and some k € R. By
assumption, (1,%2) # (1,0) and hence k # 0. First assume that & > 0, which means

B € (). There exists 3(-) which is continuous, strictly increasing and 3 — 8 = o(«)
[8, page 1031]. If B(c0) = B(00) = o0, then for = > 0,

Bltz) — B(t) _ Bltz) — B(te) aftz) 4 Bltz) — B(t)
a(t) a(tx) a(t) a(t)

— 0+ klogz,

and inverting, we get for z € R, as t — oo, 3~ (a(t)z + B(t))/t — exp{z/k}. Thus we
have,

(BB Yy (X Ao a0) Yy

_— >
a(t) t t Ty Y

— ([0, €7 x ().
If B(00) = B(o0) = B < oo, define

= — L oty = 20
0= 55 = —

and we have that 8* € Il (a*), 3*(t) — oo and B;(%t) — oo [10, page 25]. Hence we

have reduced the problem to the previous case which implies,

tP(W <z, YT > y) — ([0, €"7] x (y, o)),
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24 B. Das and S.I. Resnick

or equivalently,

BX™) — B(t) x v
tP <
( aft) L g

> y) — p([0, €] x (y, o0))

and since B — (3(t)/a(t) — oo implies a(t)/B — ((t) — 0, we can write
(PRSP <025 ) = (0,67 ¢ (0],

which implies since since § — 3 = o

BX*) = B(t)
P O)

and we have produced the required transformation A(-) = 3(-).
The case for which k£ < 0; i.e., 8 € TI_(«) can be proved similarly.

—~

Oé),

<z

Y

> ) = (0,647 % (3, )

Case 3: p < 0. This case is similar to the case for p > 0 and is omitted.
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