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Abstract

No free lunch with vanishing risk (NFLVR) is known to be equivalent to the existence of an equivalent martingale
measure for the price process semimartingale. We give necessary conditions for such a semimartingale to have the
property NFLVR. We also extend Novikov's criterion for the stochastic exponential of a local martingale to be a
martingale to the general case; that is, the case where the paths need not be continuous.
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1 Introduction

The question of whether the absence of arbitrage is equivalent to the existence of an equivalent measure has
now been clarified for some time, in the papers of Delbaen and Schachermayer ([4] and [5]). They showed that
one has no arbitrage in the sensenoffree lunch with vanishing risk and only if there exists an equivalent
probability measure rendering the price process a sigma martingale. (In the continuous case, all sigma martingales
are local martingales.) Their conditions, known by its acronym NFLVR, imply also that the price process must
be a semimartingale, as a consequence of the Bichteler-Dellacherie theorem. Therefore a natural question arises:
which semimartingales actually satisfy NFLVR, and thus can be used to model price processes in arbitrage free
models? Partial results in this direction have been obtained by E. Strasser (see [24]) in the continuous case, and
also by E. Eberlein and J. Jacod (see [8]) in the case of geométvig rocesses. In the first half of this paper
we consider the general situation and obtain primarily necessary conditions for a semimartingale price process to
engender a model without arbitrage. Our primary result in this half is Theorem 2.

When dealing with sufficient conditions, some difficult issues arise: how does one find an equivalent sigma
martingale measure? Obvious constructions lead to measures avpigbri could be sub probability measures,
and not true probability measures. The Radon Nikodym densities of these measures can often be constructed
as stochastic exponentials of local martingales. A classic tool (in the continuous case) used to verify that the
exponential of a local martingale is itself a martingale, and not just a supermartingale, is Novikov’s theorem. Often
Novikov’s theorem is insufficient, but it is always appealing due to its simple nature and ease of computation. In
the second half of this paper we propose an analog of Novikov’s criterion for the general case (that is, the case with
jumps). Our results build on the pioneering work of 2riin, A.S. Shiryaev, and their co-authors. Our primary
result in this half of the paper is Theorem 6.
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2 Necessary Conditions for No Arbitrage

2.1 The Continuous Case

Let X, = Xo + My + A, t > 0 be a continuous semimartingale on a filtered probability spé&xer, F, P)

whereF = (F;);>0. Here M represents the continuous local martingale part 4rid a process with paths of

finite variation on compact time sets, almost surely. We seek necessary and sufficient conditions such that there
exists an equivalent probability measuré such thatX is a P* sigma martingale. Sinc# is continuous, and

since all continuous sigma martingales are in fact local martingales, we need only concern ourselves with local
martingales.

Theorem 1Let X, = X + M, + A, 0 < t < T be a continuous semimartingale on a filtered probability space
(2, F.F, P) whereF = (F)o<i<r. LetCy, = [X, X, = [M,M];, 0 < ¢ < T. There exists an equivalent
probability measure”* on Fr such thatX is a P* sigma martingale only if

1.dA<dC as,;
2.If J is such thatd, = fot JodCs,for0 <t < T, thenfOT J2dC, < o0 as,;

If in addition one has the condition below, then we have sufficient conditions for there to exist an equivalent
probability measureP* on Fr such thatX is a P* sigma martingale:
3. F{&(—J - M)} =1, where£(U) denotes the stochastic exponential of a semimartingale
Proof Suppose there exist8* equivalent toP such thatX is a P* local martingale. LetZ = % and let
Z, = E{Z|F,} forallt, 0 <t < T. We then have, by Girsanov’s theorem, that the decompositicti ohder
P* is given by:

X=X+ (i [z s (acs [ Laz ), W

Zs Zs

SinceX is aP* local martingale and continuous semimartingales have unique decompositions of the type (1), we

conclude that we must have .
"1
A, — _/ 2 d[z, M, @)
0 Zs

and since further, by the Kunita-Watanabe inequality, we ke M| < d[M, M] a.s., we conclude that for
some predictable procedsthat

t
A = / Jod[M, M],. @)
0
SinceZ is a strictly positiveP martingale, we can write it as a solution of an exponential equation. (Note that
even thoughX is assumed to be a continuous semimartingale, that does not imply tbatmust be continuous.)
t
Zo=1+ [ Zeav.,  zi= (4)
0

for a local martingal&” with Yy = 0. ThisY is often called a stochastic logarithm Bfand is given byy” =
f(f(l/Zs_)dZS. A local martingaleY” has a decompositionl = Y¢ + Y4 whereY ¢ is a continuous martingale
part of Y andY? is a purely discontinuous martingale partYf (See [9, P.85]) Sinc& ¢ is continuous, it is
locally square integrable local martingale. Therefore we have a unique representation of the form

t
ye = / HodM, + N (®)
0

where H is a predictable process such that the stochastic integral in (5) existsyaimla continuous local
martingale orthogonal té - M in the sense thdfd - M, N]¢ is a local martingale. Since the stochastic integral



in (5) exists, we have of necessity tf}fgttHEd[M, M]s < o a.s. foreach, 0 < ¢ < T.LetsletN = Nf + Y2
Then

[H-M,N|=[H M,N°+[H M, Y% =[H- M, N (6)

It follows that [H - M, N] is also a local martingale and we have a decompositiol” @fito two orthogonal
components:

t t t
Y, = (/ HodM, + Nf) +Y = / HodM; + (Nf +Y/) = / H,dM + N, (7)
0 0 0

We next apply the Meyer-Girsanov theorem to calculate the decomposition wfider P*. (Since M is
continuous there is no issue about the existene& Bf M ).) We get:

t
1
X =X M, —
t 0+{t/OZ

S—

d(Z, M)} + {A, +/0 Zid<z7 M), ).

s—

By the uniqueness of the decomposition, we must have

At:_/o Zl d(Z, M)y = —(M,Y) = —(M,H - M + N)

s—

t t
= *\/ Hsd[M7 M}s = / <]stS7
0 0

and by the definition o€ we have—H = J, d[M, M|],dP almost everywhere. Thuﬁ5 J2d[M, M), < oo for
allt, 0 <t < T. This gives the necessity.

For the sufficiency, let us také to be the stochastic exponential-eff - M . Applying the Meyer-Girsanov theorem
we again have

1
7.

d<Z,M>s}+{At+/t Ld<Z,M>s}
0

t
X:X+M—/
t O{t 0 Zs_

and by construction we have th’@%ﬁfé Zé%d(Z, M)s} = 0. The proces¥ is a strictly positive local martingale
with Z, = 1, hence it is a positive supermartingale, and it is a martingale as sobf4g = 1 forall ¢, 0 <

t < T.If Zis known to be a martingale df, T'] then we defineP* by dP* = ZrdP, and we can conclude
that { M, — fot id(Z, M)} is a local martingale undeP*. However the third hypothesis guarantees that

is a martingale and hence that is a probability measure (and not a sub probability measure), and we have
sufficiency.

Remark 1The sufficiency is not as useful in practice as it might seem. The first two conditions should be, in
principle, possible to verify, but the third condition is in general not. Depending on the structlredifferent
techniques are available. An obvious one is Novikov’s condition, but while easy to state, this too is difficult to
verify in practice.

Remark 2f condition (2) of Theorem 1 is satisfied fall w (instead ofP-a.s.), then condition (3) is automatically
satisfied. (See, for example, [17]) This is sufficient but not necessary in general. This difference seems subtle but
plays an important role. Essentially this is because a probability me&Susach thatX is P*-local martingale,

if it exists, is not necessarily equivalent ®in general a priori.

Remark 3Condition (1) is often called a structure condition (SC) in the literature. For example, see for example
Schweizer [23, page 1538]. Also see Jarrow and Protter (2004) [10] for a constructive example of an arbitrage
opportunity when this condition is violated.

Remark 4In an interesting paper, Strasser [24] discusses a similar problem in the case of continuous semimartin-
gales. She focuses on the condition (1), and does not take the approach we take here.



2.2 General Case

The techniques used in the continuous case break down in the general case (ie, the case with jumps). The reason
is that to use formally the same ideas, one would need to use the Meyer-Girsanov theorem, which requires the
existence of the proces&, M). WhenM has continuous paths, such a process always exists, edecaifi have

jumps. But if bothZ andM have jumps, then the proces3, M) exists if and only if the proceg, M| is locally
integrable, which need not in general be the case. (We mention hef&idt is called locally integrable if there

exists a sequence of stopping times),>1 such thatr,_, < 7, a.s. for eacln > 1, lim,,.o 7, > T a.s.,

andE{[Z, M],, } < oo for eachn > 1). A technique developed to circumvent this kind of technical integrability
problem is that of random measures, and in particular the use oiilracteristicof a semimartingale. We assume

the reader is familiar with the basic definitions and theorems concerning the characteristics of a semimartingale.
We refer the reader to (for example) [9] for an expository treatment of them.

Let X be an arbitrary semimartingale with characteristi8sC, v) on our usual filtered probability spate, 7, F, P),
F = (F1)¢>0. Then there exists a predictable procdsswith Ay = 0 such that

t ¢
v(ds,dz) = Ks(w,dz)dAg(w), Cy = / csdAs, B; = / bsdAs (8)
0 0

Let P* be another probability measure equivalenPtdrhen of courseX is a semimartingale undét*, with char-
acteristics(B*, C,v*). (We write C' instead ofC* because it is the same process for any equivalent probability
measure.) We then know (see Theorem 3.17 on page 170 of [9]) that the random méasatesolutely continu-
ous with respect to, and that there exists a predictable process (predictable in the extended5en$9)>0 zcr

such that

v'=Y v 9)

We have the following theorem, which gives necessary conditions{féo have no arbitrage in the Delbaen-
Schachermayer sense of “No free lunch with vanishing risk,” hereafter abbrevidi#eL ¥R . See Delbaen and
Schachermayer [4] or alternatively [11].

Theorem 2Let X be a P semimartingale with characteristios3, C, v). For X to have an equivalent sigma
martingale measure and hence satisfy the NFLVR condition, there must exist a predictable grecéss);>
and an (extended) predictable procésg, ¢, =) such that following four conditions are satisfied:

1.by + Brer + [{x(Y(t, ) — 1qjg1<13) Ki(dx) = 0; P(dw)dAs(w) almost everywhere;
2. i B2dC, < o0, a8

3. AA; > 0 implies that[ zY (s, ) K (s, dz) = 0;

4. [2?| A |2|Y (¢, 2)K¢(dx) < oo, P(dw)dA4(w) almost everywhere,

where the predictable procesk is defined by (8).

Proof Our primary tool will be the Jacod-&min version of a Girsanov theorem with characteristics (see Theorem
3.24 on page 172 of [9]). Le?* be an equivalent sigma martingale measure (Bst C*, v*) be a characteristics
of X underP*. Then there exist,, b%, K} such that

¢
Cf = csdAs, By :/ brdAs; v*(ds,dx) = dAS K (w, dx). (10)
0

Note that in the above, we writeand notc*, and alsoA and notA*, since under our hypothesis, we can take
A* = A. In addition the proces€' does not change under an equivalent change of measure. We next invoke
Proposition 6.35 on page 215 of [9] to conclude tRais a P* sigma martingale if and only if

1. bf + [2lgg>13 K7 (dx) = 0, P(dw)dA,(w), almost everywhere;
2. WhenAA, > 0then [ 2K} (dz) = 0; and
3. [|2?| A |z| K (dz) < oo, P(dw)dA(w), almost everywhere.

We wish to interpret these three conditions in terms of the original characteristics Bnilée know from the
continuous case that far we need a new predictable process coming from the density pchel’s%, which

we denote3, with the property thayf(f B2dCs = fot B2esdAs < oo p.s. We also use a key fact that must be
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absolutely continuous with respectii@nd there must exidt = Y (s, x), predictable in the extended sense, such
that

v =Y v (11)
This is proved in Theorem 3.17 on page 170 of [9]. (We remark that BathdY derive from theP martingale
Z whereZp = d%, with 8 coming from the continuous martingale partof andY coming from the ‘purely
discontinuous’ part of.) Moreover since for any boundédwe have

[ [otesaptanin = [ [vsninan
Z/Ot/U(w»S»w)Y(w,s,x)dAsKs(dx)

we can conclude tha&t* =Y - K,
Now we need only to re-express the three conditions in (2.2) to conclude that we must have:

1. by + Beee + [{x(Y (t, @) — 1{jz<1}) K¢ (dz) = 0; P(dw)dAs(w) almost everywhere;

2. fOT B2dCy < 00, a.s.;

3. AA; > Oimplies that[ 2K} (dz) = [2Y (s,2)K(s,dz) = 0;

4. [|2?| A |z| K] (dz) = [ 22| A|z]Y (¢, 2) Ki(dz) < oo, P(dw)dA,(w) almost everywhere.

Corollary 1 Let X be a semimartingale as in Theorem 2. Suppose in additionRhsta quasi-left continuous
filtration. If X is a P* sigma martingale, then we must have the following three conditions satisfied:

1.by + Brer + [{x(Y(t, ) — 1qjg1<13) Ki(dx) = 0; P(dw)dAs(w) almost everywhere;

2. fOT B2dC, < 00, a.s.;
3. []2?| A |z|Y (¢, 2)K¢(dx) < oo, P(dw)dAs(w) almost everywhere.

Proof We are able to remove the condition on the jumpsldiecause iff is quasi-left continuous, theA does
not jump, it being increasing and predictably measurable.

Corollary 2 Let X be a semimartingale as in Theorem 2Xfis a P* local martingale, then we must have the
following three conditions satisfied:

1.by+ Brer + [{x(Y(t, ) — 1{jg)<13) Ki(dx) = 0; P(dw)dA(w) almost everywhere;

2. fOT B2dC, < oo, a.s.;
3. AA; > 0 implies that[ zY (s, z) K (s, dz) = 0;

and if the filtration[F is quasi-left continuous, we must have the following two conditions satisfied:

1.by + Brer + [{x(Y(t, ) — 1qj51<13) Ki(dz) = 0; P(dw)dA(w) almost everywhere;
2. fOT B2dC, < o0, a.s.;

Proof This follows from Theorem 2 and Proposition 6.35 on page 215 of [9]. That quasi-left continuity of
implies we can drop the condition on the jumpsAis a trivial consequence of not having jumps when the
filtration is quasi-left continuous.

Remark 5Comparing Theorem 1 and Theorem 2 illustrates how incompleteness of the market corresponding to
the price procesX can arise in two different ways. Theorem 1 shows that (in the continuous case) the choice of

the orthogonal martingal®' is essentially arbitrary, and each such choice potentially leads to a different equivalent
probability measure rendering a local martingale. Theorem 2 shows that in the general case (the case where
jumps are present) incompleteness can still arise for the same reasons as in the continuous case, but also because
of the jumps, through the choice ®f. Indeed, we are free to chanyfeappropriately at the cost of changihg

Only if K reduces to a point mass is it then possible to have uniquend3s(@hd hence market completeness),

and then of course only & = 0.

Remark 6For the special case whelis a geometric Bvy process, Eberlein and Jacod [8] give a necessary and
sufficient condition for the existence of an equivalent martingale measure.

We can derive a structure condition for the general case, with an additional hypothesis involving integrability.



Theorem 3Let X be a special semimartingale with characterist{és, C, v). ThenX has a canonical decompo-
sition X = Xo + M + A. Assumgz? A z) x v, < oo. If there existsP* such thatX is P* local martingale,
then

dA; < d[Cy+ (2® Aw) x 1] . (12)
In particular if X is locally square integrable thefi\/, M) exists and

dA; < d{M,M); a.s. (13)

Proof Suppose an equivalent local martingale local meastrexists. Let(B, C, v) and(B*, C, v*) be charac-
teristics of X underP and P* with truncation functiori(z) = 1;/<1}. Let u be a jump measure of . SinceX
is P*-local martingale(z1¢,>13) * 4 is P*-locally integrable and(’ has a representation:

Xe=Xo+ X" +ax*x(pp—v): (14)

Since P <« P* by hypothesis, applying Girsanov's theorem (Theorem 3.24 in page 172 of [9]), there exists a
predictable process andP ® B(R) measurable non-negative functidt such that

B=DB"+p" XX+ 1{g<13(Y — 1) xdv* (15)
v=Y .v* (16)

where|1,>1 (Y — 1) x v < oo P*-a.s. UnderP, since we assumg is a special semimartingale] (,>1} * 4
is P-locally integrable and

t
Xt:X0+Xf+:m<(u—l/)t+x*(1/71/*)+/ BLdCs = Xo + My + Ay (17)
0

By the uniqueness of Doob-Meyer decomposition, we have
t
Ay =x(1 =Y x 1 +/ B,dC (18)
0

Then clearlyA; < d((z% A x) * v + Cy). Finally suppose in addition tha¥ is locally square integrable. Then
[M, M] is locally integrable andM, M) = C + 22 x v exists. It is clear from (18) thatA, < d(M, M),, a.s.

Remark 7The case wherX is locally bounded (and henc¥ is a special semimartingale such thét is an
automatically locally square integrable local martingale is shown by Delbaen and Schachermayer [6, Theorem
3.5]. Theorem 3 extends their result to the case whken not necessarily locally bounded. In addition, Theorem

3 does not depend on the notion of admissibility.

Remark 8The structure condition has a clear economic interpretation. On tieseth thatf,, d(M, M) = 0, M

is constant and®( [, [, |z|p(dz, dt) = 0) = 1 wherep is a jump measure ok. Therefore any trading strategy
supported orF is risk-free in the sense that any movemenfXofomes from the predictable componehtnd

hence we can construct a trading strategy which takes advantage of the information of an infinitesimal future. In-
deed itis easy to construct such a trading strategy to exploit an arbitrage opportdritifd(M, M): Consider

a price proces on a finite time horizorj0, T']. Without loss of generality, we assume thhis an increasing
predictable process. Suppose there exists &setB(R..) such that/, d(M, M), = 0 but P( [, dA, > 0) > 7

for somen > 0. Let A7 = A, — >, .., AA,. Leth, be a predictable process defined by

he = A{lpaaa,—oy + SANAAL) L A4, 20} (19)
The following equation is well defined:
/T hadX, = / hadM, +/ AcdAC + Y [AA) = 1/ d((49%) + 3 |nA, (20)
0 E EN{AA,=0} 2

s<T E s<T

ThereforeP ([, h,dX, > 0) = 1 andP(J, h.dX, > 0) > n > 0. Since(h - X), > 0forall t € [0,7], hisa
0-admissible trading strategy and hence this is an arbitrage opportunity.



3 Stochastic exponential of local martingales
3.1 Definition and notations

One of the key components of the sufficient conditions for no arbitrage is that a martingale debsitg true
martingale. However it is not easy to verify this directly in general. The literature is rich on this topic especially
for the case when a martingale densifyis continuous. For example Novikov [19], Kazamaki [13], [14], [15],
Cherney & Shiryaev [3] studied this question for the continuous case and derived several sufficient conditions in
terms of integrability conditions. Bmin [18], Lepingle and Mmin [16], and Kallsen and Shiryaev [12] studied
the same question in a general (non-continuous) setting.

The purpose of this section is to show that a formula similar to the famous Novikov condition works in a
general setting. More precisely we want to show that a Novikov-type conditjesp{c(M, M)}] < oo for some
c is sufficient to show tha€ (M) is a martingale. This condition belongs to theedictable typentroduced by
Revuz and Yor [21].

It should be noted that a Novikov-type condition is often difficult (even the in continuous case) to apply
directly. Therefore a common use of this type of condition occurs together with a localization argument. We
illustrate this with Example 3.

Let M = {M, },>o be a @dlag local martingale vanishing @bn a given filtered probability spa¢€, 7, F, P).
A processX = {X,};>( defined by

X = exp {31 = 51000 TT 0+ A3 exp(- 00 @)
s<t

is called aDoléans exponentiar the stochastic exponential 8f, and it is denoted by (M );. X, is also given
as a solution of the stochastic differential equation

dX, = X,—dM,, X =1, (22)

SinceX_ is left continuous and therefore locally bounded, it follows $@t/) is a local martingale in all cases.
WhenAM,; > —1 for all ¢ a.s., it is a positive local martingale. By Fatou’s lemrfié}/) is also a positive
supermartingale. Throughout this paper, we assume/tidds > —1.

3.2 Results

3.2.1 Levy process and additive martingale$Ve start with a basic result shown bypingle and Mmin [16].

Theorem 4 (Lépingle and Mémin) Let M be a local martingale. If the compensaiGrof the process

(M, M), + > AMZ 1 anr <1y + Y AMan, 51y (23)

s<t s<t
is bounded, the®[/[E (M), E(M)]:] < oo. In particular £(M), is a martingale.
Proof See [Epingle and Mmin [16].
Although the requirement of boundedness looks strong, it is enough to show the following well known fact:
Corollary 3 Let M be a levy martingale. Thefi(M). is a martingale.
Proof Fix T > 0 and letM; = M. Then by the &vy decomposition theorem,
M, =W, + / » 2 (N(,[0,8], do) — tv(dz)) + ( Y AMlgan>1y — ot)
x 0<s<t

wherelV is a Brownian motion)V is a Poisson random measure with mean meagtirédz), [ 1Az?v(dz) < oo
andat = B(Y - .c; AM,1{ans.51))- Then the compensator BV, W1, - oey [ AML|, Yo ue. (AM2)°
are bounded by, Tfll_m 2?v(dz) and T respectively. Therefore the precedi_ng theorem implTethlﬁ%itis a
uniformly integrable martingale for all’ € R. ThusM is a martingale.



3.2.2 A general result
Theorem 5Let M be a martingale such that M > —1. If the process
A, = %(MC,MC>t + 3 {(1+ AM)In(1 + AM,) — AM,} (24)
S<tAT
has compensataB = (B,);>o which satisfies
E [eP=] < o, (25)
then&(M) is a uniformly integrable martingale anfi( /)., > 0 a.s.

Proof See Lépingle and Mmin [16, I11.1]. Note thatM°, M), = [M, M|, which is the way it is denoted in
[20]. We change the notation here for consistency with Theorem which follows.

For a local martingalé/, we let A/¢ denote its ‘purely discontinuous’ part; that i, = M + M?, whereM ¢

is a local martingale with continuous paths, dndc, M) is also a (possibly zero) local martingale. (See, e.g.,
[20, page 193] for the case of a square integrable martingglend [7] for the more general case of a local
martingale.)

Theorem 6 Let M be a locally square integrable martingale such tiad/ > —1. If

E [e%<AIC’MC>T+<Md’Md>T:| < 00, (26)
whereM ¢ and M? are continuous and purely discontinuous martingale partd/ofthen& (1) is martingale on
[0, T, whereT can becc.

Proof Let f(z) = (1 + ) In(1 + 2) — z, g(x) = 2. Forx > —1, g(x) > f(x). It follows that

Le £ {g(AM,) — fF(AM)} >0 (27)

s<t

is a locally integrable increasing process and there exists a compehsatiof, by the Doob-Meyer decomposi-
tion. SinceL, = °,, g(AM,) — 3, ., f(AM,) >0,

Z?(Z/MS) < Z;ZA/MS) => A/[E,M]s = (M4, M%),

s<t s<t s<t
ThusE {e%<MC’MC>T+<Md’Md>T] < oo implies the conditions of Theorem 5 aidM/) is a martingale ofio, 7).
A natural question is whether we can improve the constant multipiid, M ). The following example shows
that the answer is negative. Namdly(e(1 ~=)(M:M)oc) < oo for anye > 0 is not sufficient in general.
Example (o < 1is not sufficient).et (V;),>o be a standard Poisson process. Defife= inf {s : Ny — (1 —b)s = 1}

forb € (0,1). LetU, = infs{s : Ny = n}. ThenP(T® = o0) = 0 since{T® = o} =), {Un > ’fjg} and

Y= — 1 almost surely. Then

Npp—(1-0)T°=1  as. (28)
The moment generating function &%, — (1 — b)t exists and for any € R
E[exp {=A [Ny — (1 = ))t]}] = X E exp (=AN,)] = exp {tf(V)} (29)
where
fO) =e*+A1-b) -1 (30)

andZ; := exp {—A{N; — (1 = b)t} — tf(\)} is a martingale. Sinc&; is non-negative, by Doob’s supermartin-
gale inequalityE(Z+) < E(Zy) = 1. ¢ From (28), we obtain

E[exp{~MNp — (1 =0T} =T f(N)}] = E[exp {-A—T"f(N)}] <1



E [e_be(’\)} < e (31)

Now defineM;, = —a(N; —t)7" wherea € (0,1). M, is martingale and (M), = exp{N;nps In(1 — a) + a(t A
)}

E[E(M)ge] = E [exp{Nps In(1 — a) + aT*}] = E [exp {{1 + (1 = b)T*} In(1 — a) + aT"*}]

=(1—a)E [exp {T"{(1 —b)In(1 — a) + a}}] (32)
Let\* — In (ﬁ%b) Then by (30)—f(A*) = — 5 + (1~ b)In ((ﬁﬁ) + 1. Next define
k(a,b) = —f(\*) — {(1 — b)In(1 — a) + a}
Simplifying terms,
k(a,b) = (1—b)In (W) _(1—a) ((1+1b)/2 —1). (33)
Letg(d) =1— % k(a,b) > 0if a > g(b). Observe that ofb : 0 < b < 1}, g(b) is an increasing

function ofb and1 — In2 < g(b) < 1. Thus for every € (0,1), there exista* € (0, 1) such that for alb > a*,
k(a,b) > 0. Fix b and choose so thatk(a, b) > 0. Then by (31),

E[E(M)p] = (1 —a)E [exp {T"{(1 —b)In(1 — a) + a}}]

(1—a)E [exp {=T"f(A\")}] (34)
« 1+b
S

IN

< (1-a)e <1

&(M) is not a uniformly integrable martingalé), M), = a?(t A T,) since a stopped predictable process is still
predictable process. Finally, defihéb) by

h(D) =b+4+ (1 =b)In(1 —b) = —f(—In(1 — b)) = mazr {—f(N\)}

Forallb: 0 < b < 1, h(b) < g(b)?. However for every: > 0, there existd? < 1 such thatr > b* implies
h(b) > (1 — £)g(b)?. Fixe > 0. Let's choosé’ € (b%,1) anda’ € (g(b’), h(v')/(1— 5)) C (0,1) so that

a > g(b)
{h(b’) > (1—¢)a’? (39)

By (31),

1
1-0
As seen in this example, jumps with size close-tb prohibit the improvement of the condition. The following
corollary shows that i\ M is bounded away from-1, we can improve the results with a constantn particular,
if AM > 0, thena =1/2.

E 6(175)<M71\/1>00] - F {e(kam'?n,} <E [e(lfs)h(b’)Th/} < < 00 (36)

Corollary 4 Fix e € [0,1]. Let M be alocally square integrable martingale such tiad/ > —1 + . Then there
existsa(e) € [1/2, 1] such that

E [e3 MM )pta(e) (MM T 00, (37)
implies that€ (M), is martingale or[0, T'], whereT can becc.

ProofLet f(x) = (1 + x) In(1 + ) — z, Then there exists(¢) = inf{a : ax® — f(x) > 0onz > —1 + ¢} such
thata(e) € [1/2,1]. Especially wher = 1, we can takex(e) = 1/2 anda(e) is a decreasing function ef Let
g(z) = a(e)z? Forx > 0, g(x) > f(z). It follows that

L2 {g(AM,) = f(AM,)} > 0

s<t



is a locally integrable increasing process and there exists a compenkatfrL, by the Doob-Meyer decomposi-
tion. SinceL, = Y, ., g(AM,) = Y, f(AM,) >0

—_—~ e~

Z?(\A/Ms) <D g(AM,) =Y AM, M, = (M*, M%),

s<t s<t s<t

ThusE [exp{1/2(M°, M), T + a(e) (M%, M?),}] < oo implies the condition of theorem 5 and herge!/)
is martingale on0, 7.

Remark 9This integrability approach provides sufficient but not necessary conditions. While it is possible to
derive a sequence of sufficient conditiarmverging in some sensea necessary and sufficient condition, those
stronger conditions become more difficult to verify at the same time. For details on this issue, see Kallsen and
Shiryaev [12].

In the continuous framework, it is well known that the Novikov condition is not optimal. The symmetric nature
of a quadratic variation processes requires that if a continuous martihfjalgtisfies Novikov’s condition;- M
has to satisfy Novikov's condition as well. This implies that Novikov’s condition is not applicable to identify
a class of martingaled/ such thatf(M) is a martingale bu€ (—M) is not. More generally, if there exists a
predictable process, such thatfS hsdM, is a continuous local martingale satisfying Novikov’s condition, then
for all integrable predictablg, € L(M) such thatf |gs|2d[M, M|, = [ h2d[M, M],, E([ g;dM) is a uniformly
integrable martingale. See, for example, Stroock [25]. (The authors thank Marc Yor for calling this reference to
their attention.)

Some of these examples can be dealt with using a stronger condition derived in an integrability approach, such
as Kazamaki's condition. But other examples requires totally different approaches. See for example Lipster and
Shiryaev [17], Cheridito, Filipovic, and Yor [2].

Despite these examples showing its limitations, a Novikov-type condition is the kind of condition that we could
hope to verify in a practical setting. This is due to the fact that the condition is given in terms of an increasing
process and the quadratic variationtfyg(Z), whereLog(-) denotes a stochastic logarithm.

3.3 Examples and applications

The following example shows that when the stochastic exponential comes from a dréugiddcal martingale,
then the condition in Theorem 6 becomes easier to compute.

Example 2Let M be a Levy local martingale with vy triplet(B, C, v). Leth € L(M) be a predictable process
such thatX = j hsdM;, is locally square integrable ard X, = h,AM,; > —1. Since

[XC,XC]t_/Ot riCds (X X% _/Ot h2d(M?, M%), _/Ot h? (/Rx?dy(dx)) ds (38)

exp{(iC’JrK) /OT hgds}] < 00 (39)

then&(X); is a martingale. In particular, K < oo and|h;| is uniformly bounded& (X), is a martingale.

Let K = [, 2?v(dz). Then

E

The following auxiliary lemma is useful in some situations. It allows us to relax the constants that appear in
the exponent (e.g. 1 in (26)(¢) in Corollary 4 and 1/2 C+K in (39) etc).

Lemma 1 Let M be a local martingale. If there exists € N, and a partition of[0,7],0 = 7o < 71 < ... <
7, = T where eachr; is a stopping time such that

E [exp [(M, M), ., — (M, M), ]] < oo, Vi<m<k-1, (40)

then,£(M) is a martingale.

10



Proof Fix m and letM] = Ma-,. ., — Mirr,,. Thatis,M] = 0if t < 7, M{ = My — M, it t € [Ty, Ting1),
andM; = M, .SinceM is alocal martingale}!’ is also a local martingale. By hypothesis and the previous
lemma,£(M’), is a martingale.

E[E(M')] =1, vt € [0, (41)

Let’s rewrite M’ by M (™). Thenfor0 < m < k — 2
£ (M.(m)> £ (Mﬂm*”) .y (M.(m) MY [M.“”), M.(’”“)]) —¢ (M.("” + M.(’”“)) . (42)

and&(My) = E(XFZL M),

k—2

S MR [V, ]
n=0

Then by inductionE [E(M)r] = E[E(M)y] = 1. Since£(M) is a local martingale, this implies that it is a
martingale.

E[g(M>T] = E[E[E(M)T|]:Tk—l]] =F =F [g(MTk—l):I (43)

We can apply Lemma 1 to refine Example 2.

Example 3in Example 2, if there exists an increasing sequence of stopping imesy < 7, -+ < 7, = T such

that
Ti+1
E {exp{(éc—i—f()/ hzdsH <oo,Vie{l,...,k—1} (44)

then&(X) is a martingale of0, 7.
Another application of Lemma 1 yields an extension of Betiieorem [1]:

Theorem 7LetZ, = £(h- M), whereM is a Lévy -martingaleh € L(M) be a predictable adapted process such
thath - M is properly defined and; > 0 for all ¢ € [0, 7. Suppose there exisis> 0 such thatF[e* 7] < co.
If there exists a constarit” such that

|he(w)] < K(1+sup [M,(w)[V?)  as. (45)
u<t

forall t € [0,7] then&(h - M) is a martingale orf0, T'].

Proof Leta = sup, < |M,|*/?. Then

tma1 tma1
(h-M,h-M)y, ., —(h-Mh-M),, :/ h2d(M, M), = c/ hZ du
tm tm

(46)
= cK?(tmy1 — tm)(1 + a)? < 2¢K?(tpmy1 — tm)(1 +a?)

Therefore
Elexp ((h-M,h-M)y, ., —(h-M,h-M); )] <c1E [exp(czoﬂ)} (47)

tm

wherec; = cK? ¢y = 2¢K%(t;s1 — tm). By the hypothesis that!:l ¢ L, for somea € R, and Jensen’s
inequality,e® ¢! is a submartingale. By Doob’s maximal inequality,

E [exp(CQQQ)] <A4FE [echMTq < 00, (48)

since we can take, arbitrarily small by fining a partition. Therefore by the previous lemig; - M) is a
martingale.

Remark 10The original Beng theorem requires®™™)”* ¢ L, for somea, instead ofe® ™7l € L;, while it
assumes further that

|he(w)| < K(1+ sup |Mu(w)|)  as. (49)

u<t

is a sufficient condition foh (note that there is no square root in the original condition). With a proof similar
in spirit to Theorem 7, we can show that this still holds evedifis not continuous. However the condition
e*M:l ¢ I, is satisfied only whem(dz) = 0, which of course implies that/ is a Brownian motion as Lemma 2
indicates.

11



The following lemma is well known, but hard to find explicitly stated.

Lemma 2 Let X be a Lévy process such that it€ley measure(dz) £ 0. If p > 1, thenexp[a|X:|?] ¢ L, for all
t>0,a>0.

Proof Suppose there existssuch that/([e, o)) # 0. Let X*) = Y2 _, 1, ) (AX,) and X" = X, — X7
ThenX® andX® are independenP(X() > 0) > 0. If P(X? = 0) = 1 then

Elexplal Xi"}] = E [exp{al X{V|"}| = E [exp{alep([e, 00))I"}] = o (50)
Consider the casE?(Xt(Z) =0) # 1. Fora,b € R, |a + b[" > |a|l{qp<0}ufa,p>0}- Therefore

p
Blexp{al Xi["}] = Elexp{al XV 1 o0 ¢ gy x0) x50y
>min[P(X? > 0), P(X? < 0)|E [exp{a\X§”|”} (51)
>min[P(X{? > 0), P(X;* < 0)]E [exp{alepr([¢, 50))} ]
The case thakX has jumps with negative size only is similar.

Lemma 3LetZ, = E(h- M), whereM is a Levy -martingaleh € L(M) is a predictable process such that\/
is well defined and and; > 0. Suppose there exists constaAtandp such that

and E[e?™-M7] < oo for somea € R, almost surely for alk € [0, T]. Then&(M) is a martingale orf0, 7).

Proof Leta = [M, M]}.. Then

tmt1 tm+1
(h-M,h-M)y, ., —(h-M,h-M),, :/ h2d(M, M), = c/ 2 du
tm tm (53)
= cK?(tmi1 — tm)(1+ @) < 2¢K?(ti1 — tm)(1 + a?)
then the hypothesis that
E [ecﬂMvMﬁTp} < 00 (54)

implies the desired result.

Example 4Let M be a compensated compound Poisson process ahdéet predictable process satisfying

he()| < K(1+ Y AMLJ). (55)
Since[M, Mz = 3 (AM;)?,
N, N7
Elexp{c[M,M]7}] = E |E | exp CZ@? lo(Ny) || = E [(E (ef)) } < 0, (56)

providede“ff € L, for somec > 0. For example i is bounded o€ = |x| wherey is normally distributed, then
this condition is satisfied. In this cas®,h - M) is a martingale.

12
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