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Abstract

No free lunch with vanishing risk (NFLVR) is known to be equivalent to the existence of an equivalent martingale
measure for the price process semimartingale. We give necessary conditions for such a semimartingale to have the
property NFLVR. We also extend Novikov’s criterion for the stochastic exponential of a local martingale to be a
martingale to the general case; that is, the case where the paths need not be continuous.
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1 Introduction

The question of whether the absence of arbitrage is equivalent to the existence of an equivalent measure has
now been clarified for some time, in the papers of Delbaen and Schachermayer ([4] and [5]). They showed that
one has no arbitrage in the sense ofno free lunch with vanishing riskif and only if there exists an equivalent
probability measure rendering the price process a sigma martingale. (In the continuous case, all sigma martingales
are local martingales.) Their conditions, known by its acronym NFLVR, imply also that the price process must
be a semimartingale, as a consequence of the Bichteler-Dellacherie theorem. Therefore a natural question arises:
which semimartingales actually satisfy NFLVR, and thus can be used to model price processes in arbitrage free
models? Partial results in this direction have been obtained by E. Strasser (see [24]) in the continuous case, and
also by E. Eberlein and J. Jacod (see [8]) in the case of geometric Lévy processes. In the first half of this paper
we consider the general situation and obtain primarily necessary conditions for a semimartingale price process to
engender a model without arbitrage. Our primary result in this half is Theorem 2.

When dealing with sufficient conditions, some difficult issues arise: how does one find an equivalent sigma
martingale measure? Obvious constructions lead to measures whicha priori could be sub probability measures,
and not true probability measures. The Radon Nikodym densities of these measures can often be constructed
as stochastic exponentials of local martingales. A classic tool (in the continuous case) used to verify that the
exponential of a local martingale is itself a martingale, and not just a supermartingale, is Novikov’s theorem. Often
Novikov’s theorem is insufficient, but it is always appealing due to its simple nature and ease of computation. In
the second half of this paper we propose an analog of Novikov’s criterion for the general case (that is, the case with
jumps). Our results build on the pioneering work of J. Mémin, A.S. Shiryaev, and their co-authors. Our primary
result in this half of the paper is Theorem 6.

? Supported in part by NSF grant DMS-0202958 and NSA grant H98230-06-1-0079



AcknowledgementsWe wish to thank Jean Jacod for enlightening discussions concerning the first half of this paper. We also
wish to thank Darrell Duffie for complaining years ago to the first author that there was no good Novikov type criterion for the
general case.

2 Necessary Conditions for No Arbitrage

2.1 The Continuous Case

Let Xt = X0 + Mt + At, t ≥ 0 be a continuous semimartingale on a filtered probability space(Ω,F ,F, P )
whereF = (Ft)t≥0. HereM represents the continuous local martingale part andA is a process with paths of
finite variation on compact time sets, almost surely. We seek necessary and sufficient conditions such that there
exists an equivalent probability measureP ∗ such thatX is aP ∗ sigma martingale. SinceX is continuous, and
since all continuous sigma martingales are in fact local martingales, we need only concern ourselves with local
martingales.

Theorem 1LetXt = X0 + Mt + At, 0 ≤ t ≤ T be a continuous semimartingale on a filtered probability space
(Ω,F ,F, P ) whereF = (Ft)0≤t≤T . Let Ct = [X,X]t = [M, M ]t, 0 ≤ t ≤ T . There exists an equivalent
probability measureP ∗ onFT such thatX is aP ∗ sigma martingale only if

1. dA ¿ dC a.s.;
2. If J is such thatAt =

∫ t

0
JsdCs for 0 ≤ t ≤ T , then

∫ T

0
J2

s dCs < ∞ a.s.;

If in addition one has the condition below, then we have sufficient conditions for there to exist an equivalent
probability measureP ∗ onFT such thatX is aP ∗ sigma martingale:

3. E{E(−J ·M)T } = 1, whereE(U) denotes the stochastic exponential of a semimartingaleU .

Proof Suppose there existsP ∗ equivalent toP such thatX is a P ∗ local martingale. LetZ = dP∗
dP and let

Zt = E{Z|Ft} for all t, 0 ≤ t ≤ T . We then have, by Girsanov’s theorem, that the decomposition ofX under
P ∗ is given by:

Xt = X0 + {Mt −
∫ t

0

1
Zs

d[Z, M ]s}+ {At +
∫ t

0

1
Zs

d[Z,M ]s}. (1)

SinceX is aP ∗ local martingale and continuous semimartingales have unique decompositions of the type (1), we
conclude that we must have

At = −
∫ t

0

1
Zs

d[Z, M ]s (2)

and since further, by the Kunita-Watanabe inequality, we haved[Z,M ] ¿ d[M, M ] a.s., we conclude that for
some predictable processJ that

At =
∫ t

0

Jsd[M, M ]s. (3)

SinceZ is a strictly positiveP martingale, we can write it as a solution of an exponential equation. (Note that
even thoughX is assumed to be a continuous semimartingale, that does not imply thatZ too must be continuous.)

Zt = 1 +
∫ t

0

Zs−dYs, Z0 = 1 (4)

for a local martingaleY with Y0 = 0. This Y is often called a stochastic logarithm ofZ and is given byY =∫ t

0
(1/Zs−)dZs. A local martingaleY has a decompositionY = Y c + Y d whereY c is a continuous martingale

part of Y andY d is a purely discontinuous martingale part ofY . (See [9, P.85]) SinceY c is continuous, it is
locally square integrable local martingale. Therefore we have a unique representation of the form

Y c
t =

∫ t

0

HsdMs + N c
t (5)

whereH is a predictable process such that the stochastic integral in (5) exists, andN c is a continuous local
martingale orthogonal toH ·M in the sense that[H ·M,N ]c is a local martingale. Since the stochastic integral
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in (5) exists, we have of necessity that
∫ t

0
H2

s d[M,M ]s < ∞ a.s. for eacht, 0 ≤ t ≤ T . Let’s letN = N c
t + Y d

t .
Then

[H ·M, N ] = [H ·M,N c] + [H ·M, Y d] = [H ·M,N c]. (6)

It follows that [H · M, N ] is also a local martingale and we have a decomposition ofY into two orthogonal
components:

Yt =
(∫ t

0

HsdMs + N c
t

)
+ Y d

t =
∫ t

0

HsdMs +
(
N c

t + Y d
t

)
=

∫ t

0

HsdMs + Nt (7)

We next apply the Meyer-Girsanov theorem to calculate the decomposition ofX underP ∗. (SinceM is
continuous there is no issue about the existence ofd〈Z,M〉s.) We get:

Xt = X0 + {Mt −
∫ t

0

1
Zs−

d〈Z,M〉s}+ {At +
∫ t

0

1
Zs−

d〈Z, M〉s}.

By the uniqueness of the decomposition, we must have

At = −
∫ t

0

1
Zs−

d〈Z, M〉s = −〈M, Y 〉 = −〈M, H ·M + N〉

= −
∫ t

0

Hsd[M, M ]s =
∫ t

0

JsdCs,

and by the definition ofC we have−H = J, d[M,M ]sdP almost everywhere. Thus
∫ t

0
J2

s d[M,M ]s < ∞ for
all t, 0 ≤ t ≤ T . This gives the necessity.

For the sufficiency, let us takeZ to be the stochastic exponential of−J ·M . Applying the Meyer-Girsanov theorem
we again have

Xt = X0 + {Mt −
∫ t

0

1
Zs−

d〈Z, M〉s}+ {At +
∫ t

0

1
Zs−

d〈Z, M〉s}

and by construction we have that{At+
∫ t

0
1

Zs−
d〈Z,M〉s} = 0. The processZ is a strictly positive local martingale

with Z0 = 1, hence it is a positive supermartingale, and it is a martingale as soon asE{Zt} = 1 for all t, 0 ≤
t ≤ T . If Z is known to be a martingale on[0, T ] then we defineP ∗ by dP ∗ = ZT dP , and we can conclude
that {Mt −

∫ t

0
1

Zs−
d〈Z, M〉s} is a local martingale underP ∗. However the third hypothesis guarantees thatZ

is a martingale and hence thatP ∗ is a probability measure (and not a sub probability measure), and we have
sufficiency.

Remark 1The sufficiency is not as useful in practice as it might seem. The first two conditions should be, in
principle, possible to verify, but the third condition is in general not. Depending on the structure ofY , different
techniques are available. An obvious one is Novikov’s condition, but while easy to state, this too is difficult to
verify in practice.

Remark 2If condition (2) of Theorem 1 is satisfied forall ω (instead ofP -a.s.), then condition (3) is automatically
satisfied. (See, for example, [17]) This is sufficient but not necessary in general. This difference seems subtle but
plays an important role. Essentially this is because a probability measureP ∗ such thatX is P ∗-local martingale,
if it exists, is not necessarily equivalent toP in general a priori.

Remark 3Condition (1) is often called a structure condition (SC) in the literature. For example, see for example
Schweizer [23, page 1538]. Also see Jarrow and Protter (2004) [10] for a constructive example of an arbitrage
opportunity when this condition is violated.

Remark 4In an interesting paper, Strasser [24] discusses a similar problem in the case of continuous semimartin-
gales. She focuses on the condition (1), and does not take the approach we take here.
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2.2 General Case

The techniques used in the continuous case break down in the general case (ie, the case with jumps). The reason
is that to use formally the same ideas, one would need to use the Meyer-Girsanov theorem, which requires the
existence of the process〈Z,M〉. WhenM has continuous paths, such a process always exists, even ifZ can have
jumps. But if bothZ andM have jumps, then the process〈Z, M〉 exists if and only if the process[Z, M ] is locally
integrable, which need not in general be the case. (We mention here that[Z, M ] is called locally integrable if there
exists a sequence of stopping times(τn)n≥1 such thatτn−1 ≤ τn a.s. for eachn ≥ 1, limn→∞ τn ≥ T a.s.,
andE{[Z, M ]τn} < ∞ for eachn ≥ 1). A technique developed to circumvent this kind of technical integrability
problem is that of random measures, and in particular the use of thecharacteristicsof a semimartingale. We assume
the reader is familiar with the basic definitions and theorems concerning the characteristics of a semimartingale.
We refer the reader to (for example) [9] for an expository treatment of them.

LetX be an arbitrary semimartingale with characteristics(B, C, ν) on our usual filtered probability space(Ω,F ,F, P ),
F = (Ft)t≥0. Then there exists a predictable processAt with A0 = 0 such that

ν(ds, dx) = Ks(ω, dx)dAs(ω), Ct =
∫ t

0

csdAs, Bt =
∫ t

0

bsdAs (8)

LetP ∗ be another probability measure equivalent toP . Then of courseX is a semimartingale underP ∗, with char-
acteristics(B∗, C, ν∗). (We writeC instead ofC∗ because it is the same process for any equivalent probability
measure.) We then know (see Theorem 3.17 on page 170 of [9]) that the random measureν∗ is absolutely continu-
ous with respect toν, and that there exists a predictable process (predictable in the extended sense)Y (s, x)s≥0,x∈R
such that

ν∗ = Y · ν. (9)

We have the following theorem, which gives necessary conditions forX to have no arbitrage in the Delbaen-
Schachermayer sense of “No free lunch with vanishing risk,” hereafter abbreviated asNFLVR . See Delbaen and
Schachermayer [4] or alternatively [11].

Theorem 2Let X be aP semimartingale with characteristics(B, C, ν). For X to have an equivalent sigma
martingale measure and hence satisfy the NFLVR condition, there must exist a predictable processβ = (βt)t≥0

and an (extended) predictable processY (·, t, x) such that following four conditions are satisfied:

1. bt + βtct +
∫ {x(Y (t, x)− 1{|x|≤1})Kt(dx) = 0; P (dω)dAs(ω) almost everywhere;

2.
∫ T

0
β2

sdCs < ∞, a.s.;
3. ∆At > 0 implies that

∫
xY (s, x)K(s, dx) = 0;

4.
∫ |x2| ∧ |x|Y (t, x)Kt(dx) < ∞, P (dω)dAs(ω) almost everywhere,

where the predictable processAt is defined by (8).

Proof Our primary tool will be the Jacod-Ḿemin version of a Girsanov theorem with characteristics (see Theorem
3.24 on page 172 of [9]). LetP ∗ be an equivalent sigma martingale measure. Let(B∗, C∗, ν∗) be a characteristics
of X underP ∗. Then there existcs, b∗s, K∗

s such that

C∗t = csdAs, B∗
t =

∫ t

0

b∗sdAs; ν∗(ds, dx) = dAsK
∗
s (ω, dx). (10)

Note that in the above, we writec and notc∗, and alsoA and notA∗, since under our hypothesis, we can take
A∗ = A. In addition the processC does not change under an equivalent change of measure. We next invoke
Proposition 6.35 on page 215 of [9] to conclude thatX is aP ∗ sigma martingale if and only if

1. b∗t +
∫

x1{|x|>1}K∗
t (dx) = 0, P (dω)dAs(ω), almost everywhere;

2. When∆At > 0 then
∫

xK∗
t (dx) = 0; and

3.
∫ |x2| ∧ |x|K∗

t (dx) < ∞, P (dω)dAs(ω), almost everywhere.

We wish to interpret these three conditions in terms of the original characteristics underP . We know from the
continuous case that forC we need a new predictable process coming from the density processZ of dP∗

dP , which

we denoteβ, with the property that
∫ t

0
β2

sdCs =
∫ t

0
β2

scsdAs < ∞ p.s. We also use a key fact thatν∗ must be
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absolutely continuous with respect toν and there must existY = Y (s, x), predictable in the extended sense, such
that

ν∗ = Y · ν. (11)

This is proved in Theorem 3.17 on page 170 of [9]. (We remark that bothβ andY derive from theP martingale
Z whereZT = dP∗

P , with β coming from the continuous martingale part ofZ, andY coming from the ‘purely
discontinuous’ part ofZ.) Moreover since for any boundedU we have

∫ t

0

∫
U(ω, s, x)ν∗(dx, ds) =

∫ t

0

∫
U(ω, s, x)dAsK

∗
s (dx)

=
∫ t

0

∫
U(ω, s, x)Y (ω, s, x)dAsKs(dx)

we can conclude thatK∗ = Y ·K,
Now we need only to re-express the three conditions in (2.2) to conclude that we must have:

1. bt + βtct +
∫ {x(Y (t, x)− 1{|x|≤1})Kt(dx) = 0; P (dω)dAs(ω) almost everywhere;

2.
∫ T

0
β2

sdCs < ∞, a.s.;
3. ∆At > 0 implies that

∫
xK∗

t (dx) =
∫

xY (s, x)K(s, dx) = 0;
4.

∫ |x2| ∧ |x|K∗
t (dx) =

∫ |x2| ∧ |x|Y (t, x)Kt(dx) < ∞, P (dω)dAs(ω) almost everywhere.

Corollary 1 Let X be a semimartingale as in Theorem 2. Suppose in addition thatF is a quasi-left continuous
filtration. If X is aP ∗ sigma martingale, then we must have the following three conditions satisfied:

1. bt + βtct +
∫ {x(Y (t, x)− 1{|x|≤1})Kt(dx) = 0; P (dω)dAs(ω) almost everywhere;

2.
∫ T

0
β2

sdCs < ∞, a.s.;
3.

∫ |x2| ∧ |x|Y (t, x)Kt(dx) < ∞, P (dω)dAs(ω) almost everywhere.

Proof We are able to remove the condition on the jumps ofA because ifF is quasi-left continuous, thenA does
not jump, it being increasing and predictably measurable.

Corollary 2 Let X be a semimartingale as in Theorem 2. IfX is a P ∗ local martingale, then we must have the
following three conditions satisfied:

1. bt + βtct +
∫ {x(Y (t, x)− 1{|x|≤1})Kt(dx) = 0; P (dω)dAs(ω) almost everywhere;

2.
∫ T

0
β2

sdCs < ∞, a.s.;
3. ∆At > 0 implies that

∫
xY (s, x)K(s, dx) = 0;

and if the filtrationF is quasi-left continuous, we must have the following two conditions satisfied:

1. bt + βtct +
∫ {x(Y (t, x)− 1{|x|≤1})Kt(dx) = 0; P (dω)dAs(ω) almost everywhere;

2.
∫ T

0
β2

sdCs < ∞, a.s.;

Proof This follows from Theorem 2 and Proposition 6.35 on page 215 of [9]. That quasi-left continuity ofF
implies we can drop the condition on the jumps ofA is a trivial consequence ofA not having jumps when the
filtration is quasi-left continuous.

Remark 5Comparing Theorem 1 and Theorem 2 illustrates how incompleteness of the market corresponding to
the price processX can arise in two different ways. Theorem 1 shows that (in the continuous case) the choice of
the orthogonal martingaleN is essentially arbitrary, and each such choice potentially leads to a different equivalent
probability measure renderingX a local martingale. Theorem 2 shows that in the general case (the case where
jumps are present) incompleteness can still arise for the same reasons as in the continuous case, but also because
of the jumps, through the choice ofY . Indeed, we are free to changeY appropriately at the cost of changingb.
Only if K reduces to a point mass is it then possible to have uniqueness ofP ∗ (and hence market completeness),
and then of course only ifC = 0.

Remark 6For the special case whereX is a geometric Ĺevy process, Eberlein and Jacod [8] give a necessary and
sufficient condition for the existence of an equivalent martingale measure.

We can derive a structure condition for the general case, with an additional hypothesis involving integrability.
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Theorem 3LetX be a special semimartingale with characteristics(B, C, ν). ThenX has a canonical decompo-
sition X = X0 + M + A. Assume(x2 ∧ x) ∗ νt < ∞. If there existsP ∗ such thatX is P ∗ local martingale,
then

dAt ¿ d
[
Ct + (x2 ∧ x) ∗ νt

]
. (12)

In particular if X is locally square integrable then〈M, M〉 exists and

dAt ¿ d〈M, M〉t a.s. (13)

Proof Suppose an equivalent local martingale local measureP ∗ exists. Let(B,C, ν) and(B∗, C, ν∗) be charac-
teristics ofX underP andP ∗ with truncation functionh(x) = 1{|x|≤1}. Let µ be a jump measure ofX. SinceX
is P ∗-local martingale,(x1{|x|>1}) ∗ µ is P ∗-locally integrable andX has a representation:

Xt = X0 + Xc∗
t + x ∗ (µ− ν∗)t (14)

SinceP ¿ P ∗ by hypothesis, applying Girsanov’s theorem (Theorem 3.24 in page 172 of [9]), there exists a
predictable processβ′ andP ⊗ B(R) measurable non-negative functionY ′ such that

B = B∗ + β′ · [Xc, Xc] + 1{|x|<1}(Y − 1) ∗ dν∗ (15)

ν = Y ′ · ν∗ (16)

where|1|x|≥1(Y − 1)| ∗ ν∗t < ∞ P ∗-a.s. UnderP , since we assumeX is a special semimartingale,x1{|x|>1} ∗ µ
is P -locally integrable and

Xt = X0 + Xc
t + x ∗ (µ− ν)t + x ∗ (ν − ν∗) +

∫ t

0

β′sdCs = X0 + Mt + At. (17)

By the uniqueness of Doob-Meyer decomposition, we have

At = x(1− Y ′) ∗ νt +
∫ t

0

β′sdCs (18)

Then clearlyAt ¿ d((x2 ∧ x) ∗ νt + Ct). Finally suppose in addition thatX is locally square integrable. Then
[M,M ] is locally integrable and〈M, M〉 = C + x2 ∗ ν exists. It is clear from (18) thatdAt ¿ d〈M, M〉t, a.s.

Remark 7The case whenX is locally bounded (and henceX is a special semimartingale such thatM is an
automatically locally square integrable local martingale is shown by Delbaen and Schachermayer [6, Theorem
3.5]. Theorem 3 extends their result to the case whenX is not necessarily locally bounded. In addition, Theorem
3 does not depend on the notion of admissibility.

Remark 8The structure condition has a clear economic interpretation. On the setE such that
∫

E
d〈M, M〉 = 0, M

is constant andP (
∫

E

∫
R |x|µ(dx, dt) = 0) = 1 whereµ is a jump measure ofX. Therefore any trading strategy

supported onE is risk-free in the sense that any movement ofX comes from the predictable componentA and
hence we can construct a trading strategy which takes advantage of the information of an infinitesimal future. In-
deed it is easy to construct such a trading strategy to exploit an arbitrage opportunity ifdA 6¿ d〈M, M〉: Consider
a price processX on a finite time horizon[0, T ]. Without loss of generality, we assume thatA is an increasing
predictable process. Suppose there exists a setE ∈ B(R+) such that

∫
E

d〈M, M〉s = 0 butP (
∫

E
dAs > 0) > η

for someη > 0. Let Ac
t = At −

∑
0≤s≤t4As. Let ht be a predictable process defined by

ht = Ac
t1E∩{t:4At=0} + sgn(4At)1{4At 6=0}. (19)

The following equation is well defined:

∫ T

0

hsdXs =
∫

E

hsdMs +
∫

E∩{4At=0}
Ac

sdAc
s +

∑

s≤T

|4As| = 1
2

∫

E

d((Ac
s)

2) +
∑

s≤T

|4As| (20)

ThereforeP (
∫ T

0
hsdXs ≥ 0) = 1 andP (

∫ T

0
hsdXs > 0) > η > 0. Since(h ·X)t ≥ 0 for all t ∈ [0, T ], h is a

0-admissible trading strategy and hence this is an arbitrage opportunity.
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3 Stochastic exponential of local martingales

3.1 Definition and notations

One of the key components of the sufficient conditions for no arbitrage is that a martingale densityZ be a true
martingale. However it is not easy to verify this directly in general. The literature is rich on this topic especially
for the case when a martingale densityZ is continuous. For example Novikov [19], Kazamaki [13], [14], [15],
Cherney & Shiryaev [3] studied this question for the continuous case and derived several sufficient conditions in
terms of integrability conditions. Ḿemin [18], Ĺepingle and Ḿemin [16], and Kallsen and Shiryaev [12] studied
the same question in a general (non-continuous) setting.

The purpose of this section is to show that a formula similar to the famous Novikov condition works in a
general setting. More precisely we want to show that a Novikov-type conditionE[exp{c〈M, M〉}] < ∞ for some
c is sufficient to show thatE(M) is a martingale. This condition belongs to thepredictable typeintroduced by
Revuz and Yor [21].

It should be noted that a Novikov-type condition is often difficult (even the in continuous case) to apply
directly. Therefore a common use of this type of condition occurs together with a localization argument. We
illustrate this with Example 3.

LetM = {Mt}t≥0 be a c̀adl̀ag local martingale vanishing at0 on a given filtered probability space(Ω,Ft,F, P ).
A processX = {Xt}t≥0 defined by

Xt = exp
{

Mt − 1
2
[M, M ]ct

} ∏

s≤t

(1 +4Ms) exp(−4Ms) (21)

is called aDoléans exponentialor the stochastic exponential ofM , and it is denoted byE(M)t. Xt is also given
as a solution of the stochastic differential equation

dXt = Xt−dMt, X0 = 1, (22)

SinceX− is left continuous and therefore locally bounded, it follows thatE(M) is a local martingale in all cases.
When4Mt > −1 for all t a.s., it is a positive local martingale. By Fatou’s lemma,E(M) is also a positive
supermartingale. Throughout this paper, we assume that4Mt > −1.

3.2 Results

3.2.1 Ĺevy process and additive martingalesWe start with a basic result shown by Lépingle and Ḿemin [16].

Theorem 4(Lépingle and Mémin) LetM be a local martingale. If the compensatorC of the process

〈M c,M c〉t +
∑

s≤t

4M2
s 1{|4Ms|≤1} +

∑

s≤t

4Ms1{|4Ms|>1} (23)

is bounded, thenE[
√

[E(M), E(M)]t] < ∞. In particular E(M)t is a martingale.

Proof See Ĺepingle and Ḿemin [16].

Although the requirement of boundedness looks strong, it is enough to show the following well known fact:

Corollary 3 LetM be a Ĺevy martingale. ThenE(M)· is a martingale.

Proof Fix T > 0 and letMt = MT
t . Then by the Ĺevy decomposition theorem,

Mt = Wt +
∫

|x|<1

x (N(·, [0, t], dx)− tν(dx)) + (
∑

0<s≤t

4Ms1{|4Ms|≥1} − αt)

whereW is a Brownian motion,N is a Poisson random measure with mean measuredt ν(dx),
∫

1∧x2ν(dx) < ∞
andαt = E(

∑
0<s≤t4Ms1{|4Ms|≥1}). Then the compensator of[W,W ]t,

∑
0<u≤t

∣∣4M1
u

∣∣, ∑0<u≤·
(4M2

u

)2

are bounded byT , T
∫
|x|<1

x2ν(dx) andαT respectively. Therefore the preceding theorem implies thatMT
· is a

uniformly integrable martingale for allT ∈ R+. ThusM is a martingale.
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3.2.2 A general result

Theorem 5LetM be a martingale such that4M > −1. If the process

At =
1
2
〈M c,M c〉t +

∑

s≤t∧T

{(1 +4Ms) ln(1 +4Ms)−4Ms} (24)

has compensatorB = (Bt)t≥0 which satisfies

E
[
eB∞

]
< ∞, (25)

thenE(M) is a uniformly integrable martingale andE(M)∞ > 0 a.s.

Proof See Ĺepingle and Ḿemin [16, III.1]. Note that〈M c,M c〉t = [M, M ]ct , which is the way it is denoted in
[20]. We change the notation here for consistency with Theorem which follows.

For a local martingaleM , we letMd denote its ‘purely discontinuous’ part; that is,M = M c + Md, whereM c

is a local martingale with continuous paths, and[M c,Md] is also a (possibly zero) local martingale. (See, e.g.,
[20, page 193] for the case of a square integrable martingaleM , and [7] for the more general case of a local
martingale.)

Theorem 6LetM be a locally square integrable martingale such that4M > −1. If

E
[
e

1
2 〈Mc,Mc〉T +〈Md,Md〉

T

]
< ∞, (26)

whereM c andMd are continuous and purely discontinuous martingale parts ofM , thenE(M) is martingale on
[0, T ], whereT can be∞.

Proof Let f(x) = (1 + x) ln(1 + x)− x, g(x) = x2. Forx > −1, g(x) ≥ f(x). It follows that

Lt
∆=

∑

s≤t

{g(4Ms)− f(4Ms)} ≥ 0 (27)

is a locally integrable increasing process and there exists a compensatorL̃t of Lt by the Doob-Meyer decomposi-

tion. SinceL̃t = ˜∑
s≤t g(4Ms)− ˜∑

s≤t f(4Ms) ≥ 0,

˜∑

s≤t

f(4Ms) ≤ ˜∑

s≤t

g(4Ms) = ˜∑

s≤t

4[M, M ]s =
〈
Md,Md

〉
t

ThusE
[
e

1
2 〈Mc,Mc〉T +〈Md,Md〉

T

]
< ∞ implies the conditions of Theorem 5 andE(M) is a martingale on[0, T ].

A natural question is whether we can improve the constant multiplying〈Md,Md〉. The following example shows
that the answer is negative. NamelyE

(
e(1−ε)〈M,M〉∞

)
< ∞ for anyε > 0 is not sufficient in general.

Example 1(α < 1 is not sufficient)Let (Nt)t≥0 be a standard Poisson process. DefineT b = inf {s : Ns − (1− b)s = 1}
for b ∈ (0, 1). Let Un = infs{s : Ns = n}. ThenP (T b = ∞) = 0 since{T b = ∞} =

⋂
n

{
Un ≥ n−1

1−b

}
and

Un

n → 1 almost surely. Then
NT b − (1− b)T b = 1 a.s. (28)

The moment generating function ofNt − (1− b)t exists and for anyλ ∈ R
E [exp {−λ [Nt − (1− b)t]}] = eλ(1−b)tE [exp (−λNt)] = exp {tf(λ)} (29)

where
f(λ) = e−λ + λ(1− b)− 1 (30)

andZt := exp {−λ{Nt − (1− b)t} − tf(λ)} is a martingale. SinceZt is non-negative, by Doob’s supermartin-
gale inequality,E(ZT b) ≤ E(Z0) = 1. ¿From (28), we obtain

E
[
exp

{−λ{NT b − (1− b)T b} − T bf(λ)
}]

= E
[
exp

{−λ− T bf(λ)
}] ≤ 1

8



E
[
e−T bf(λ)

]
≤ eλ. (31)

Now defineMt = −a(Nt− t)T b

wherea ∈ (0, 1). Mt is martingale andE(M)t = exp{Nt∧T b ln(1− a) + a(t∧
T b)}.

E [E(M)T b ] = E
[
exp{NT b ln(1− a) + aT b}] = E

[
exp

{{
1 + (1− b)T b

}
ln(1− a) + aT b

}]

= (1− a)E
[
exp

{
T b {(1− b) ln(1− a) + a}}] (32)

Let λ∗ = ln
(

1
1−a

1+b
2

)
. Then by (30),−f(λ∗) = − 1−a

(1+b)/2 + (1− b) ln
(

1−a
(1+b)/2

)
+ 1. Next define

k(a, b) = −f(λ∗)− {(1− b) ln(1− a) + a}

Simplifying terms,

k(a, b) = (1− b) ln
(

1
(1 + b)/2

)
− (1− a)

(
1

(1 + b)/2
− 1

)
. (33)

Let g(b) = 1− (1−b) ln{2/(1+b)}
2/(1+b)−1 . k(a, b) > 0 if a > g(b). Observe that on{b : 0 < b < 1}, g(b) is an increasing

function ofb and1− ln 2 < g(b) < 1. Thus for everyb ∈ (0, 1), there existsa∗ ∈ (0, 1) such that for alla ≥ a∗,
k(a, b) > 0. Fix b and choosea so thatk(a, b) > 0. Then by (31),

E [E(M)T b ] = (1− a)E
[
exp

{
T b {(1− b) ln(1− a) + a}}]

≤ (1− a)E
[
exp

{−T bf(λ∗)
}]

≤ (1− a)eλ∗ =
1 + b

2
< 1

(34)

E(M) is not a uniformly integrable martingale.〈M,M〉t = a2(t ∧ Tb) since a stopped predictable process is still
predictable process. Finally, defineh(b) by

h(b) = b + (1− b) ln(1− b) = −f(− ln(1− b)) = maxλ {−f(λ)}

For all b : 0 < b < 1, h(b) < g(b)2. However for everyε > 0, there existsb∗ε < 1 such thatb > b∗ε implies

h(b) > (1− ε)g(b)2. Fix ε > 0. Let’s chooseb′ ∈ (b∗ε, 1) anda′ ∈
(
g(b′),

√
h(b′)/(1− ε)

)
⊂ (0, 1) so that

{
a′ > g(b′)
h(b′) > (1− ε)a′2

(35)

By (31),

E
[
e(1−ε)〈M,M〉∞

]
= E

[
e(1−ε)a′2Tb′

]
≤ E

[
e(1−ε)h(b′)Tb′

]
<

1
1− b′

< ∞ (36)

As seen in this example, jumps with size close to−1 prohibit the improvement of the condition. The following
corollary shows that if4M is bounded away from−1, we can improve the results with a constantα. In particular,
if 4M > 0, thenα = 1/2.

Corollary 4 Fix ε ∈ [0, 1]. LetM be a locally square integrable martingale such that4M > −1 + ε. Then there
existsα(ε) ∈ [1/2, 1] such that

E
[
e

1
2 〈Mc,Mc〉T +α(ε)〈Md,Md〉

T

]
< ∞, (37)

implies thatE(M)t is martingale on[0, T ], whereT can be∞.

Proof Letf(x) = (1 + x) ln(1 + x)− x, Then there existsα(ε) = inf{a : ax2 − f(x) ≥ 0 onx > −1 + ε} such
that α(ε) ∈ [1/2, 1]. Especially whenε = 1, we can takeα(ε) = 1/2 andα(ε) is a decreasing function ofε. Let
g(x) = α(ε)x2 For x > 0, g(x) ≥ f(x). It follows that

Lt
∆=

∑

s≤t

{g(4Ms)− f(4Ms)} ≥ 0

9



is a locally integrable increasing process and there exists a compensatorL̃t of Lt by the Doob-Meyer decomposi-

tion. SinceL̃t = ˜∑
s≤t g(4Ms)− ˜∑

s≤t f(4Ms) ≥ 0

˜∑

s≤t

f(4Ms) ≤ ˜∑

s≤t

g(4Ms) = ˜∑

s≤t

4[M, M ]s =
〈
Md,Md

〉
t

ThusE
[
exp{1/2 〈M c,M c〉t T + α(ε)

〈
Md,Md

〉
T
}] < ∞ implies the condition of theorem 5 and henceE(M)

is martingale on[0, T ].

Remark 9This integrability approach provides sufficient but not necessary conditions. While it is possible to
derive a sequence of sufficient conditionsconverging in some senseto a necessary and sufficient condition, those
stronger conditions become more difficult to verify at the same time. For details on this issue, see Kallsen and
Shiryaev [12].

In the continuous framework, it is well known that the Novikov condition is not optimal. The symmetric nature
of a quadratic variation processes requires that if a continuous martingaleM satisfies Novikov’s condition,−M
has to satisfy Novikov’s condition as well. This implies that Novikov’s condition is not applicable to identify
a class of martingalesM such thatE(M) is a martingale butE(−M) is not. More generally, if there exists a
predictable processhs such that

∫
s
hsdMs is a continuous local martingale satisfying Novikov’s condition, then

for all integrable predictablegs ∈ L(M) such that
∫ |gs|2d[M, M ]s =

∫
h2

sd[M, M ]s, E(
∫

gsdMs) is a uniformly
integrable martingale. See, for example, Stroock [25]. (The authors thank Marc Yor for calling this reference to
their attention.)

Some of these examples can be dealt with using a stronger condition derived in an integrability approach, such
as Kazamaki’s condition. But other examples requires totally different approaches. See for example Lipster and
Shiryaev [17], Cheridito, Filipovic, and Yor [2].

Despite these examples showing its limitations, a Novikov-type condition is the kind of condition that we could
hope to verify in a practical setting. This is due to the fact that the condition is given in terms of an increasing
process and the quadratic variation ofLog(Z), whereLog(·) denotes a stochastic logarithm.

3.3 Examples and applications

The following example shows that when the stochastic exponential comes from a driving Lévy local martingale,
then the condition in Theorem 6 becomes easier to compute.

Example 2Let M be a Ĺevy local martingale with Ĺevy triplet(B, C, ν). Let h ∈ L(M) be a predictable process
such thatX =

∫
hsdMs is locally square integrable and4Xt = ht4Mt > −1. Since

[Xc, Xc]t =
∫ t

0

h2
sCds 〈Xd, Xd〉 =

∫ t

0

h2
sd〈Md,Md〉s =

∫ t

0

h2
s

(∫

R
x2dν(dx)

)
ds (38)

Let K =
∫
R x2ν(dx). Then

E

[
exp

{(
1
2
C + K

) ∫ T

0

h2
sds

}]
< ∞ (39)

thenE(X)t is a martingale. In particular, ifK < ∞ and|ht| is uniformly bounded,E(X)t is a martingale.

The following auxiliary lemma is useful in some situations. It allows us to relax the constants that appear in
the exponent (e.g. 1 in (26),α(ε) in Corollary 4 and 1/2 C+K in (39) etc).

Lemma 1 Let M be a local martingale. If there existsk ∈ N+ and a partition of[0, T ], 0 = τ0 < τ1 < . . . <
τk = T where eachτi is a stopping time such that

E
[
exp

[〈M, M〉τm+1 − 〈M, M〉τm

]]
< ∞, ∀ 1 ≤ m ≤ k − 1, (40)

then,E(M) is a martingale.
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Proof Fix m and letM ′
t = Mt∧τm+1 −Mt∧τm

. That is,M ′
t = 0 if t < τm, M ′

t = Mt −Mτm
if t ∈ [τm, τm+1),

andM ′
t = Mτm+1 . SinceM is a local martingale,M ′ is also a local martingale. By hypothesis and the previous

lemma,E(M ′)t is a martingale.
E [E(M ′)t] = 1, ∀t ∈ [0, t] (41)

Let’s rewriteM ′ by M (m). Then for0 ≤ m ≤ k − 2

E
(
M

(m)
·

)
E

(
M

(m+1)
·

)
= E

(
M

(m)
· + M

(m+1)
· −

[
M

(m)
· ,M

(m+1)
·

])
= E

(
M

(m)
· + M

(m+1)
·

)
, (42)

andE(MT ) = E(
∑k−1

n=0 M (n))T .

E[E(M)T ] = E[E[E(M)T |Fτk−1 ]] = E

[
k−2∑
n=0

M
(n)
t E

[
M

(k−1)
t |Fτk−1

]]
= E

[E(Mτk−1)
]

(43)

Then by induction,E [E(M)T ] = E [E(M)0] = 1. SinceE(M) is a local martingale, this implies that it is a
martingale.

We can apply Lemma 1 to refine Example 2.

Example 3In Example 2, if there exists an increasing sequence of stopping times0 = τ0 < τ1 · · · < τk = T such
that

E

[
exp

{(
1
2
C + K

) ∫ τi+1

τi

h2
sds

}]
< ∞, ∀i ∈ {1, . . . , k − 1} (44)

thenE(X) is a martingale on[0, T ].

Another application of Lemma 1 yields an extension of Beneš theorem [1]:

Theorem 7LetZt = E(h ·M)t whereM is a Lévy -martingale,h ∈ L(M) be a predictable adapted process such
thath ·M is properly defined andZt ≥ 0 for all t ∈ [0, T ]. Suppose there existsa > 0 such thatE[ea|MT |] < ∞.
If there exists a constantK such that

|ht(ω)| ≤ K(1 + sup
u≤t

|Mu(ω)|1/2) a.s. (45)

for all t ∈ [0, T ] thenE(h ·M) is a martingale on[0, T ].

Proof Let α = supu≤T |Mu|1/2. Then

〈h ·M, h ·M〉tm+1 − 〈h ·M,h ·M〉tm =
∫ tm+1

tm

h2
ud〈M, M〉u = c

∫ tm+1

tm

h2
udu

= cK2(tm+1 − tm)(1 + α)2 ≤ 2cK2(tm+1 − tm)(1 + α2)
(46)

Therefore
E

[
exp

(〈h ·M, h ·M〉tm+1 − 〈h ·M, h ·M〉tm

)] ≤ c1E
[
exp(c2α

2)
]

(47)

wherec1 = cK2, c2 = 2cK2(tm+1 − tm). By the hypothesis thatea|Mt| ∈ L1 for somea ∈ R+ and Jensen’s
inequality,ea|Mt| is a submartingale. By Doob’s maximal inequality,

E
[
exp(c2α

2)
] ≤ 4E

[
ec2|MT |

]
< ∞, (48)

since we can takec2 arbitrarily small by fining a partition. Therefore by the previous lemma,E(h · M) is a
martingale.

Remark 10The original Beněs theorem requiresea(MT )2 ∈ L1 for somea, instead ofea|MT | ∈ L1, while it
assumes further that

|ht(ω)| ≤ K(1 + sup
u≤t

|Mu(ω)|) a.s. (49)

is a sufficient condition forh (note that there is no square root in the original condition). With a proof similar
in spirit to Theorem 7, we can show that this still holds even ifM is not continuous. However the condition
ea|Mt| ∈ L1 is satisfied only whenν(dx) = 0, which of course implies thatM is a Brownian motion as Lemma 2
indicates.
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The following lemma is well known, but hard to find explicitly stated.

Lemma 2 LetX be a Ĺevy process such that its Lévy measureν(dx) 6≡ 0. If p > 1, thenexp[a|Xt|p] /∈ L1 for all
t > 0, a > 0.

Proof Suppose there existsε such thatν([ε,∞)) 6≡ 0. Let X(2)
t =

∑
s≤t 1[ε,∞)(4Xs) andX

(1)
t = Xt −X

(2)
t .

ThenX(1) andX(2) are independent.P (X(1)
t > 0) > 0. If P (X(2)

t = 0) = 1 then

E [exp{a|Xt|p}] = E
[
exp{a|X(1)

t |p}
]
≥ E [exp{a|εµ([ε,∞))|p}] = ∞ (50)

Consider the caseP (X(2)
t = 0) 6= 1. Fora, b ∈ R, |a + b|p ≥ |a|1{a,b<0}∪{a,b>0}. Therefore

E[exp{a|Xt|p}] ≥ E[exp{a|X(1)
t |p}1{X(1)

t ,X
(2)
t <0}∪{X(1)

t ,X
(2)
t >0}]

≥min[P (X(2)
t > 0), P (X(2)

t < 0)]E
[
exp{a|X(1)

t |p}
]

≥min[P (X(2)
t > 0), P (X(2)

t < 0)]E [exp{a|εµT ([ε,∞))}|p]

(51)

The case thatX has jumps with negative size only is similar.

Lemma 3 LetZt = E(h ·M)t whereM is a Lévy -martingale,h ∈ L(M) is a predictable process such thath ·M
is well defined and andZt ≥ 0. Suppose there exists constantsK andp such that

|hs(ω)| ≤ K(1 + ([M,M ]T )p), (52)

andE[ea[M,M ]2p
T ] < ∞ for somea ∈ R+, almost surely for alls ∈ [0, T ]. ThenE(M) is a martingale on[0, T ].

Proof Let α = [M, M ]pT . Then

〈h ·M, h ·M〉tm+1 − 〈h ·M,h ·M〉tm =
∫ tm+1

tm

h2
ud〈M, M〉u = c

∫ tm+1

tm

h2
udu

= cK2(tm+1 − tm)(1 + α)2 ≤ 2cK2(tm+1 − tm)(1 + α2)
(53)

then the hypothesis that

E
[
ec2[M,M ]2p

T

]
< ∞ (54)

implies the desired result.

Example 4Let M be a compensated compound Poisson process and leth be a predictable process satisfying

|ht(ω)| ≤ K(1 +
∑

u≤t

4|Mu|2). (55)

Since[M,M ]T =
∑

s≤T (4Ms)2,

E [exp{c[M, M ]T }] = E


E


exp



c

Nt∑

j=1

ξ2
j



 |σ(Nt)





 = E

[(
E

(
ecξ2

1

))Nt
]

< ∞, (56)

providedecξ2
1 ∈ L1 for somec > 0. For example ifξ is bounded orξ = |χ| whereχ is normally distributed, then

this condition is satisfied. In this case,E(h ·M) is a martingale.
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