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Abstract

Recently, various authors proposed Monte-Carlo methods for the computation of
American option prices, based on least squares regression. The purpose of this paper
is to analyze an algorithm due to Longstaff and Schwartz. This algorithm involves two
types of approximation. Approximation one: replace the conditional expectations in the
dynamic programming principle by projections on a finite set of functions. Approxima-
tion two: use Monte-Carlo simulations and least squares regression to compute the value
function of approximation one. Under fairly general conditions, we prove the almost sure
convergence of the complete algorithm. We also determine the rate of convergence of

approximation two and prove that its normalized error is asymptotically Gaussian.

KEY WORDS: American options, optimal stopping, Monte-Carlo methods, least squares

regression.
AMS Classification: 90A09, 93E20, 60G40.
1 Introduction

The computation of American option prices is a challenging problem, especially when several

underlying assets are involved. The mathematical problem to solve is an optimal stopping
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problem. In classical diffusion models, this problem is associated with a variational inequality,
for which, in higher dimensions, classical PDE methods are ineffective.

Recently, various authors introduced numerical methods based on Monte-Carlo tech-
niques (see, among others, [1, 2, 3, 4, 5, 9, 12]). The starting point of these methods is to
replace the time interval of exercise dates by a finite subset. This amounts to approximating
the American option by a so called Bermudan option. A control of the error caused by
this restriction to discrete stopping times is generally easy to obtain (see, for instance, [8],
Remark 1.4). Throughout the paper, we concentrate on the discrete time problem.

The solution of the discrete optimal stopping problem reduces to an effective implemen-
tation of the dynamic programming principle. The conditional expectations involved in the
iterations of dynamic programming cause the main difficulty for the development of Monte-
Carlo techniques. One way of treating this problem is to use least squares regression on a
finite set of functions as a proxy for conditional expectation. This idea (which already ap-
peared in [5]) is one of the main ingredients of two recent papers by Longstaff and Schwartz
[9], and by Tsitsiklis and Van Roy [12].

The purpose of the present paper is to analyze the least squares regression method pro-
posed by Longstaff and Schwartz [9], which seems to have become popular among practition-
ers. In fact, we will consider a variant of their approach (see Remark 2.1). In order to present
our results more precisely, we will distinguish two types of approximation in their algorithm.
Approximation one: replace conditional expectations in the dynamic programming principle
by projections on a finite set of functions taken from a suitable basis. Approximation two:
use Monte-Carlo simulations and least squares regression to compute the value function of
the first approximation. Approximation two will be referred to as the Monte-Carlo procedure.
In practice, one chooses the number of basis functions and runs the Monte-Carlo procedure.

We will prove that the value function of approximation one approaches (with probability
one) the value function of the initial optimal stopping problem as the number m of functions
goes to infinity. We then prove that for a fixed finite set of functions, we have almost sure
convergence of the Monte-Carlo procedure to the value function of the first approximation.
We also establish a type of central limit theorem for the rate of convergence of the Monte-
Carlo procedure, thus providing the asymptotic normalized error. We note that partial

convergence results are stated in [9], together with excellent empirical results, but with no



study of the rate of convergence. On the other hand, convergence (but not the rate nor
the error distribution) is provided in [12] for a somewhat different algorithm. We also refer
to [12] for a discussion of accumulation of errors as the number of possible exercise dates
rows. We believe that our methods could be applied to analyze the rate of convergence of
the Tsitsiklis-Van Roy approach, but we will concentrate on the Longstaff-Schwartz method.

Mathematically, the most technical part of our work concerns the Central Limit Theo-
rem for the Monte-Carlo procedure. One might think that the methods developed for the
analysis of asymptotic errors in statistical estimation based on stochastic optimization (see,
for instance, [6, 7, 11]) are applicable to our problem. However, the algorithm does not seem
to fit in this setting for two reasons: the lack of regularity of the value function as a function
of the parameters and the recursive nature of dynamic programming.

The paper is organized as follows. In Section 2, a precise description of the least squares
regression method is given and the notation is established. In Section 3, we prove the
convergence of the algorithm. In Section 4, we study the rate of convergence of the Monte-

Carlo procedure.

2 The algorithm and notations

2.1 Description of the algorithm

As mentioned in the introduction, the first step in all probabilistic approximation methods is
to replace the original optimal stopping problem in continuous time by an optimal stopping
problem in discrete time. Therefore, we will present the algorithm in the context of discrete
optimal stopping.

We will consider a probability space (2,.A, IP), equipped with a discrete time filtra-
tion (Fj)j=o,..r. Here, the positive integer L denotes the (discrete) time horizon. Given
an adapted payoff process (Z;),o,..,, where Zo, Z1,..., Z1, are square integrable random
variables, we are interested in computing

sup IEZ,,
TET()’L

where 7j 1, denotes the set of all stopping times with values in {j,...,L}.

Following classical optimal stopping theory (for which we refer to [10], chapter 6), we



introduce the Snell envelope (Uj);—o,..., 1 of the payoff process (Z;);—o,... 1, defined by
Uj=ess-sup IE(Z;|F;), j=0,...,L.
T€T; L

The dynamic programming principle can be written as follows:

Up=121
Uj:maX(Zj,E(Uj+1|]:j)), OSJSL—l

We also have U; = I (ZTj | ]—'j), with
7j =min{k > j | Uy = Zj}.

In particular IEUy = SUP ey |, FEZ. =IFEZ,.
The dynamic programming principle can be rewritten in terms of the optimal stopping

times 7;, as follows:

7, =L
T = 122 B2y, 7)Y T Tin Yz <Bz.,, 17y 0SI< L1,

This formulation in terms of stopping rules (rather than in terms of value functions) plays
an essential role in the least squares regression method of Longstaff and Schwartz.

The method also requires that the underlying model be a Markov chain. Therefore, we
will assume that there is an (F;)-Markov chain (X;);—o . 1 with state space (E, ) such that,
for j=0,...,L,

Zj = f(5,X;),
for some Borel function f(j,-). We then have U; = V(j, X;) for some function V(j,-) and
/D) (ZT].+1 |.7-"J) =F (ZTJ.+1 | Xj). We will also assume that the initial state Xo = z is
deterministic, so that Uy is also deterministic.

The first approximation consists of approximating the conditional expectation with re-
spect to X; by the orthogonal projection on the space generated by a finite number of
functions of X;. Let us consider a sequence (ey(x))r>1 of measurable real valued functions
defined on E and satisfying the following conditions:

A;: For j =1 to L — 1, the sequence (%k(Xj))kzl is total in L?(a(Xj;)).

As: Forj=1toL—1and m > 1, ifZ)\kek(Xj) =0 a.s. then \y =0 for £k =1 to m.
k=1



For j =1 to L — 1, we denote by P/" the orthogonal projection from L?(2) onto the

vector space generated by {e1(Xj),...,en(X;)} and we introduce the stopping times Tj[m]'
Tl[/m] =1L
[m] _ . [m] :
7']. _]]_ +’7'j+11 5 1§]§L_17
ZjZij(ZT[m] ) Zj<PJT"(ZT[m] )
j+1 Jj+1
JFrom these stopping times, we obtain an approximation of the value function:
Uy' = max <Zo, EZTl[m]> . (2.1)

Recall that Zy = f(0,z) is deterministic. The second approximation is then to evaluate
numerically ]EZT[m] by a Monte-Carlo procedure. We assume that we can simulate N in-

dependent paths (Xj(l)), e ,(Xj(»n)), . (X](N)) of the Markov chain (X;) and we denote by

Zj(n) (ZJ(-n) = f(4, Xj(n))) the associated payoff for j =0 to L and n =1 to N. For each path

n, we then estimate recursively the stopping times (Tj[m]) by:

Tz’m’N =L
nm,N . n,m,N . _
7 B ]1{Z(”)2a<."L’N)-em(X‘.">)} T 1{2(”)<a(m’N)-em(X(.”))}’ bsgsbot
J J J J J J
Here, z-y denotes the usual inner product in IR™, €™ is the vector valued function (eq, ..., ey)
(m,N)

and « is the least square estimator:

J

(m,N) _ . N Z(n) m X(n) ?
o; = arg min oy — @ e"( j )]
1

Ti+1

(m,N) N

Remark that for j =1to L — 1, a; € IR™. Finally, from the variables 7;"™", we derive
the following approximation for Uy":
N 1
UMY = max (ZO, ~ nz_:l Zi?)m,N> . (2.2)

In the next section, we prove that, for any fixed m, Ug" A converges almost surely to Uj" as
N goes to infinity, and that Uj* converges to Uy as m goes to infinity. Before stating these
results, we devote a short section to notation. We also mention that the above algorithm is
not exactly the Longstaff-Schwartz algorithm as their regression involves only in-the-money

paths (see Remark 2.1).



2.2 Notation

Throughout the paper we denote by |z| the Euclidean norm of a vector z in IRY.
For m > 1 we denote by €™ (z) the vector (e1(z),...,en(z)) and for j =1 to L — 1 we

define a;-” so that

Pl (Z ) = o' €"(X;) (2.3)

We remark that, under As, the m dimensional parameter aj" has the explicit expression:

o7 = (AT) E(Z €™ (X)), (2.4)

J J+1

for j =1to L — 1, where A7" is an m X m matrix, with coefficients given by

(A7) 1<k i<m = E(ex(Xj)er(X;)). (2.5)

Similarly, the estimators o™

3 are equal to

@

x (™)
N — J'n+7{1 N6 ] )7 (26)

Mz

(mN) _ (AN -1 11

for j =1to L —1, where Ag-m’N) is an m X m matrix, with coefficients given by

N
m,N 1 n n
(AN ot = ~ Zlek(xj( Ne(x§M). (2.7)

m,N) (m,N)

Note that limy_,o0 Al = A" almost surely. Therefore, under Ay, the matrix Aj

J
is invertible for N large enough. We also define a™ = (af*,...,a} ;) and a(™V) =
(agm’N) a(Lm’iV)).

Given a parameter ™ = (af*,...,a" ;) in R™ x ... x IR™ and deterministic vectors

z=(z1,...,21) € R¥ and = (21,...,21) € EL, we define a vector field F = (F},..., Fr)

Fr(a™, z,x) = zp
‘Fj(am7 27‘,17) = zjl{ZjZa;”-em(zj)} + Fj+1(am7 2, x)l{z]'<a;”-em(zj)}a forj=1,...,L—1.
We have
L-1
Fjj(am7 Z?'%') = Zj]-B]C + Z ZilB]‘...Bilef + ZL]-BJ'...BL_17
i=j+1



with
Bj = {z; <aj"-e"(x;)}.

We remark that Fj(a™, Z, X) does not depend on (af",...,a ) and that we have

—Fj(Oém,Z,X) = ZT[m]
Fi(amN), 7 x () — ZW

J

For j = 2 to L, we denote by G the vector valued function
Gj(a™, z,x) = Fj(a™, z,x)e™(z-1),
and we define the functions ¢; and v, by

¢j(a™) = EFj(a™, Z, X) (2.8)
bi(a™) = EG;(a™, Z, X). (2.9)

Observe that with this notation, we have

oft = (A7) (™), (2.10)

and similarly, for j =1 to L — 1,

N
a§m,N) Z ]+1 mN (n)’X(n)) (2.11)

Remark 2.1 In [9], the regression involves only in the money paths, i.e. samples for which
Zj(n) > 0. This seems to be more efficient numerically. In order to stick to this type of

regression, the above description of the algorithm should be modified as follows. Use

~[m] _ ~ [m]
TP = Jl{zjz&;ﬁ-e(xj)}m{Zpo} + Tj+11{Zj<d;n-e(xj)}u{zj=0}7

instead of T][m] for j < L —1, with

2
&j' = arg min El(z .oy (Z m} — @ e(Xj)> .
J

acR™

We analogously define 7" N, d§-m’N)

j 3 j and Gj. The convergence results still hold for this

version of the algorithm (with similar proofs), provided assumptions A; and Ay are replaced
by

Aj: For j =1to L — 1, the sequence (e, (X;))g>1 is total in L?(o(X;), 1(7,~01dIP).

Ag: For 1 < j < L-—1andm > 1, if 1{Z]->O}i)\k€k(Xj) = 0 a.s. then \; = 0 for

k=1
1<k<m.



3 Convergence

The convergence of Uj" to Uy is a direct consequence of the following result.

Theorem 3.1 Assume that Ay is satisfied, then, for j =1 to L, we have

lim E(ZT[m] |F;) = E(Z;, 1F5),
J

m——+00
in L?.

Proof: We proceed by induction on j. The result is true for j = L. Let us prove that if it
holds for j + 1, it is true for j (j < L — 1). Since

Zom = Zilz;zam-em(X,)) + 2 Lz, <amem (X))

i
for j < L —1, we have

B(Z = Z|F}) = (25— B(Zey 7)) (L zmamemixy — Yaomizs,15))

J
+E(Z7_[m] - ZTj+1 "E)l{Zj<a§n'€m(Xj)}'
J+1

By assumption, the second term of the right side of the equality converges to 0 and we just

have to prove that Bj" defined by
Bi" = (Z; — E(Z-;,,1F5)) (1{ija;1-em(xj)} - 1{Zj21E(ZTj+1|fj)}> ;

converges to 0 in L?. Observe that

|BY| = |Zj — E(Zr | F)Im(2,, | Fi)>Zzam-em (X j)}—1{a;n.em(xj)>zj2ﬂ;(zfj+l|fj)}\
< |Z; - E( rmlf)\l{\z —B(Zr, | F)I<lamem(X))~B(Zx, 7))}
< ot -e™(X;) — E(Z,, | F)
< - e™(X) = PIE(Zey | F))| + |PHIE(Zy | F7)) — IB(Zey | F)-

But
o e"(X;) = Pm(ZT[m]) = ij(]E(ZT[rj]J]:])),
j

J I 41
since P]m is the orthogonal projection on a subspace of the space of Fj-measurable random

variables. Consequently

1Bl < [HB(Z ) | 75) = B(Zry | Fj)l 2 + (|27 (B (2, | F5)) = B2y | ) o



The first term of the right side of this inequality tends to 0 by the induction hypothesis and
the second one by Aj.
O
In what follows, we fix the value m and we study the properties of Uy" N as N the
number of Monte-Carlo simulations, goes to infinity. For notational simplicity, we drop the

superscript m throughout the rest of the paper.

Theorem 3.2 Assume that for j = 1 to L — 1, IP(aj - e(X;) = Z;) = 0. Then U(T)n’N
converges almost surely to Uj* as N goes to infinity. We also have almost sure convergence

N
of % Z Z(Z?m,N towards IEZ 1m) as N goes to infinity, for j =1,..., L.
T, T;

n=1 7

Note that with the notation of the preceding section, we have to prove that
1N
liJ{[nNZFj(a(N),Z("),X(”)) = ¢i(a), 1<j<L. (3.1)
n=1
The proof is based on the following lemmas.

Lemma 3.1 Forj=1to L—1, we have :

L L—-1
|Fj(a7 Z,X) - Fj(b’ Z,X)| < (Z ‘ZZ|) (Z 1{|Zi—bi'€(Xi)§|ai—bi||6(Xi)|}) :
i=j

=7

Proof : Let B; = {Z; < a; -e(X;)} and B; = {Z; < bj - ¢(X;)}. We have :

Fj(a,2,X) - F;(b,2,X) = Zj(1p, —13)

L-1

+ > Zi(1p,.B,_ B — 15, .,_.8°)
i=j+1

+Zr(1pe..Bg | — 13;“,32_1)'

But

15, — 11§]~| = Laje(x))<zi<bje(x)} T 1 e(X))<Z<ae(X))}
S 11z e(X))I<la s 1e(X)1}
Moreover

i—1
5,58 =15, 5 gl < DM~ 1|+ 1 — 15
pay

i

= ZHBk — 1Bk|7

k=j



this gives
|Fj(a, 2, X) = Fi(0, 2, X)| < Y _|Zi Y g, — 15

Combining these inequalities, we obtain the result of Lemma 3.1.

a

Lemma 3.2 Assume that for j =1 to L — 1, IP(aj - e(X;) = Zj) = 0 then ag-N) converges
almost surely to o;.
Proof: we proceed by induction on j. For j = L — 1, the result is a direct consequence of the

law of large numbers. Now, assume that the result is true for ¢ = j to L — 1. We want to

prove that it is true for 7 — 1. We have

By the law of large numbers, we know that Ayﬂ converges almost surely to A;_; and it
N

remains to prove that % Z G; (a(N), AQH X(”)) converges to ¢j(a). jFrom the law of large
n=1
N
numbers, we have the convergence of + N Z n, x ™) ) to 9j(c) and it suffices to prove
that : "
m Ly (V) z(m) x(n) () x ()
RIS DY (G5, 2, X)) — Gj(a, 2, X)) =0.
N
We note Gy = (Gj(a(N), ZmM XMy — Gy(a, Z("),X("))). We have :
n=1
N
Gyl < & Z le(X (n) "D|Fj( Nz X(n)) —Fj(a,Z("),X("))]
n;l
1 n
< Zl le(X |Z 2] Z 11209 (X <1a™ —aglle(x )}
. o (N) (N)
Since, for i = j to L — 1, o,/ converges almost surely to o, ', we have for each € > 0 :
N
limsup |Gy| < limsup anjl le(X \Z ]Z ] Z 1 (12" — e (X)) <ele(X )}
L L1
= Ele(X-0)l 2121 2. Lziare(xi<eetxo s
1=j 1=j

where the last equality follows from the law of large numbers. Letting € go to 0, we obtain
the convergence to 0, since for j =1to L — 1, IP(a; - e(X;) = Z;) = 0. O

The proof of Theorem 3.2 is similar to the proof of Lemma 3.2. Therefore, we omit it.

10



4 Rate of convergence of the Monte-Carlo procedure

4.1 Tightness

N
In this section we are interested in the rate of convergence of Z ZTZ)N, for j =1 to L.
Recall that m is fixed and that Z; (1 < j < L) and e(X;) (
integrable variables.

We assume that :

Hy:Vvj=1,...,L—1, limsup
e—0 €

L L—1 L—1
= (1 +> 1zl + Y le(XZ-)|> (1 +> |e<Xi>|) : (4.1)
i=1 i=1 i=1

Note that H; implies that IP(Z; = o - e(X;)) = 0 and, consequently, under H; we know

EY1{|7, 0, e(X,)|<ce(X,)]}

< +00, where

N
from Section 3 that + Z Fj(a(N ),z X)) converges almost surely to ¢j(a). Remark too
n=1

that H; is satisfied if the random variable (Z; — o - (X)) has a bounded density near zero

and the variables Z; and e(X};) are bounded.

N
Theorem 4.1 Under Hi, the sequences <\/1N Z(Fj(a( )z x (¢ ) oj(a )))
N>1

(j=1,...,L) and (\/N(@E.N) —oj))n>1 (J=1,...,L —1) are tight.
The proof of Theorem 4.1 is based on the following Lemma.

Lemma 4.1 Let (U(”), 1408 W(")) be a sequence of identically distributed random variables

with values in [0,4+00)3 such that

E(WWL0 <00
lim sup ( <V }) < 400,
e—0 €

and (On) a sequence of positive random variables such that (v NOy) is tight, then the sequence

(«/IN Z W(n)l{U<n>§0Nv(n)}) 18 tight.
n=1 N>1

N

Proof: Let on (6 IN Z w1 (U <y ()} - Observe that oy is a non decreasing function

n=1

11



of . Let A > 0, we have

IN

P(on(0y) > A) P(on(On) > A,V/NOy < B) + IP(vV/NOy > B)
]P(UN( )>A)—|—]P(\/79N>B)
LEoN(E )+1P(f9N > B)

Ha\ ﬂ\

;From the assumption on (U™, V(™ W) and the tightness of (v Ny), we deduce easily
the tightness of on(0n).
O

Proof of Theorem 4.1: 'We know from the classical Central Limit Theorem that the

sequence (1/v/N) Z (a, 2 X)) —¢;(a)) is tight and it remains to prove the tightness

N
of ﬁ Z(Fj(a(N),Z("),X(")) — Fj(a,Z(”),X(”))), for j = 1 to L. Similarly, to prove the

tightness of (VN (ozg-N) — «j))n>1, for j =1 to L — 1, we just have to prove the tightness

of \F Z oMz x )y _ Gj(a, Z™ X)) (see Section 2 for the notation). We

N
proceed by induction on j. The tightness of \/% Z (FL(a(N), Z(”),X(”)) —Fr(a, zm, X(")))
n=1

is obvious and that of (v N (oz(L]\i)l —ar_1)) follows from the Central Limit Theorem for the
sequence (Zé )e(Xé )1)) and the almost sure convergence of the sequence (A(L]\i)l) NeN-
N

Assume that \/% Z(F,;(oz(N), Z™ XM _ Fi(a, 20", X™)) and (\/]V(oa(»Nl) aj_1)) are

)

n=1
tight for i = j to L. We set
N
Z(Fj—l(a(N), Zzm x My - Fj_1(a, Zzm x ™)y,

Now from Lemma 3.1, we have :

L-1

_ 1 X
‘FN‘ S ﬁ;y ljzl]-ﬂz(n) —ay e(X("))|<\a (N)H (X(")|}7

with
L L—1 L—1
P = (1 2127+ 3 |e<X§">>|> (1 + |e<X§”>>|) . (4:2)
i=1 i=1 i=1
JFrom Lemma 4.1 and by the induction hypothesis, we deduce that F is tight. In the same
way, we prove that (\/N(ozgg — aj_9)) is tight.

12



4.2 A central limit theorem

We prove in this section that under some stronger assumptions than in section 4.1, the

N
vector <\/1ﬁ Z(Z (?)N - IE'ZT][m])> converges weakly to a Gaussian vector. With the
- ]:177[/
preceding notation, we have
Ly o) X
— Nz, —EZ Nz XMy — ¢ (a)). 4.3
T (2 B2 ) Z )= 95(a) (1.3

In the following, we will denote by Y the pair (Z, X) and by Y™ the pair (Z(”),X(”)). We
will also use Y and Y as defined in (4.1) and (4.2).

We will need the following hypothesis:
Hj: For j = 1 to L — 1, there exists a neighborhood Vj of a;, 7; > 0 and k; > 0 such that

for a; € V; and for € € [0, n;],

E(Y1{z7,-a;e(x;)<ede(x,)}) < €kj.

H,: For j =1to L, Z; and e(Xj;) are in L? for all 1 < p < +o0.
Hj: For j =1to L — 1, ¢; and ¢; are C! in a neighborhood of a.

Observe that H7 is stronger than H;.

Theorem 4.2 Under Hy, Ho, H3, the vector

( \ﬁz Z“:N BZ,m), W<a§”’—aj>>

:77L1

converges in law to a Gaussian vector as N goes to infinity.

For the proof of Theorem 4.2, we will use the following decomposition :
1N
T 2B Y )~ 65(0)) =
Z( M,y ™) — Fi(a, Y™) = (¢;(a™) - ¢;(a)))

L (V™) 6 (a (0™ _ b (a
+\/an::1(Fg( Y™) = ¢5()) + VN(9;(aN)) = ¢j(a)).

N
(From the classical Central Limit Theorem, we know that <1N Z (ar, Y — 0j (a)))
n=1 j
converges in law to a Gaussian vector. Moreover, we have

13



1 N

V(o™ — o)) = (4] VN 4 Z (Gi1 (@™, Y0) =451 (a)
—<Aj>—1 N(AWN — 4)(AN) 1y (a),

where A§N) converges almost surely to A; and VN (A§.N) — Aj) converges in law. We have

the similar decomposition

Z (@™, Y ) — g (a)) = (4.4)
N
2 2 (G510 = G0, ¥) = (01 (@) = 51 (0)
n=1
1 N
— Gj aY ' \/N ' Oé(N) — Y5 ) ).
WN;( (a0, Y™) = 41 (@) + VN (@541 (™)) = 41 (@)

Using these decompositions and Theorem 4.3 below, together with the differentiability of the

functions ¢ and @, Theorem 4.2 can be proved by induction on j.

Theorem 4.3 Under Hy, Ho, H3, the variables

N
\/IN > (Fi(@™, Y ™) = Fi(e, V) = (¢5(al™) = ¢(a)))
n=1

and

Z( 1@, Y1) = Gy 1(0,Y™) = (51 (0™) — 91 (a)))

converge to 0 in L%, for j =1 to L — 1.

Remark 4.1 If we try to compute the covariance matrix of the limiting distribution, we
see from Theorem 4.3 and the above decompositions that it depends on the derivatives of
the functions ¢; and 1; at . This means that the estimation of this covariance matrix
may prove difficult. Indeed, the derivation of an estimator for the derivative of a function is

typically harder than for the function itself.

Remark 4.2 Theorem 4.3 can be viewed as a way of centering the Fj-increments (resp. the
G j4+1-increments) between o and aN) by the ¢j-increments (resp. the 1;i1-increments).
One way to get some intuition of the proof of Theorem 4.3 is to observe that if the sequence
(a'N)) yev were independent of the Y(")’s, the convergence in L? would reduce to the con-

vergence of (a(N )) ~Nenw to a. Indeed, we would have to consider expectations of the type

14



N 2
%JE <Z §n> with variables &, which are centered and iid, conditionally on o). The
n=1

(V) is not independent

main difficulty in the proof of Theorem 4.3 comes from the fact that «
of the Y(™’s. On the other hand, we do have identically distributed random variables and

we will exploit symmetry arguments and the independence of a¥V—1 and YY),

For the proof of Theorem 4.3, we need to control the increments of F; and G ;1. Lemma 4.2
relates these increments to indicator functions. Lemma 4.3 will enable us to localize a(M)
near «. We will then develop recursive techniques adapted to dynamic programming (see
Lemma 4.3 and Lemma 4.5).

In the following, we denote by I(Y;, a;, €) the function
I(Yi, @i, €) = 1| 2,—a-e(X,)| <ele(X0) [}
Note that
I(Y;,a;,€) < I1(Y;, b, e+ |bj — ajl). (4.5)
The following Lemma is essentially a reformulation of Lemma 3.1.

Lemma 4.2 Forj=1to L—1, and a,b in (IR™)"~', we have

L-1
|Fj(a,Y) = F;(b,Y)] < Y > I(Yi a4 |a; — bi)

=7
L-1

Gj(a,Y) = G(b,Y)| < YV I(Yi,ai,la; — bi])

=7

Lemma 4.3 Assume H{ and Ha, then for j =1 to L — 1, there exists C; > 0 such that for

all o > 0,
Cj
§ANZ’

P(lo™) — aj] > 6) <

Proof: Let us recall that if (Uy,), is a sequence of i.i.d. variables such that EU{ < 400, we

have

1 N
V6 > 0, ZP<|NZUn—JEU1|25>< ¢ (4.6)
n=1

~ 04N?

15



Observe that

)% T Gr@®,Y0) — (@)
—(A) 71 (AP = A (AP g (),
We set QF = {||AYY) — 4| < e} and we choose e such that ||(AY)1]] < 2[|(4;)7Y]| on 5.
From (4.6), we know that IP((£25)¢) < Eq%, for j =1to L — 1 and that, on €,
1 N

N S (G (@M Y ™M) — ()] + Ke.

n=1

o) — sl < K’
Now, since Gz (aV), Y()) = ngn)e(Xén_)l), we deduce from (4.6) applied with this choice of

U,, that
Cr-1 n Cr-1
G —KeiN? T ane

Choosing € = pd with p small enough, we obtain:

(\aL 1~ %¥L— 11 >6) <

Cr-1

(N)
(|aL 1~ QL- 1|>5)— SANZ

Assume now that the result of Lemma 4.3 is true for j +1,..., L — 1. We will prove that

Cy
P(ja™) — oy > 8) < 5%
We have
N 1N N
Z 1@ Y0 = ty1(0) = 5 3 (G (@, Y1) = G (o, Y
n=1 n=1
1N
Y > (G, Y™ — ()
n=1
(From Lemma 4.2, we obtain on €25,
N L—1
loj — \<Ke+—ZY S 1™ e — ot™M))
n=1 i=j4+1
LY al

Z (e, YO — i (a)]

The last term can be treated using (4.6). Therefore, it suffices to prove that

C

V>0, IP(Sy>9)< SIND

16



’~<\
M |
=
<<
z
2
B
R
o8]
=
-+

N
where Sy = N Z
n=1 i=j+1

N L-1 L—1
P(Sy >6) < P ( LS~y S 1™, ai,e) 25) + 3 P (jof —ail > €).

n=1 i=j+1 i=j+1

o

By assumption, for i = j 4+ 1 to L — 1, we have P(Ja; "’ — a;| > €) < =S, Moreover

eIN2
L-1 L-1
we know from Hf that Z ZEY(")I(YZ-(n),ai,e) < €K, with K = Z kj, so we have
i=j+1 i=j+1

0 — Z IEY(”)I(Y;(R), a;,€) > 0 — eK and, using (4.6) again, we see that
i=j+1

C
( E Y E I a’u >5) < ((5—€K)4N2 '

i=j+1
Choosing € = pd, with p small enough, we obtain the result of Lemma 4.3.
O
Before stating other technical results in preparation for the proof of Theorem 4.3, we
introduce the following notations. Given k € {1,2,...,L}, A and g in IRT, we define a

sequence of random vectors (Mi(ka)()\, w),i=1,...,L— 1), by the recursive relations

N—-k
UM =

UN P =

A
N
\ N-k L-1
N i %

+ LV Y (e U o), a<i<i-2).

With this definition, Z/{i(N_k)(/\, 1) is obviously o(Y (D ... Y(N=F))_measurable. We also ob-

serve that it is a symmetric function of (Y(l), e ,Y(N_k)) (because aV=k) depends symmet-
rically on Yy, . yW _k)). The next lemma establishes a useful relation between UV —*)
and YN—F=1),

Lemma 4.4 Assume Ho. There exist positive constants C,u,v such that for each N € IN,
one can find an event Qy with IP(Q%) < C/N? and, on the set Qn we have, for k €
{1,...,L} andi € {1,...L — 1},

(N—=k) _

U O )+ 10—l < U™ (A (L )V ).

17



Proof: We have

1

N—
QN (4N Z i1 (@R y oy,

Since Al(-N) is the mean of NV iid random variables with moments of all orders and mean A;, we
can find Qy, with P(Q5,) = O(1/N?), on which [|(A™N )1 < 2||A; Y|, for k= 1,..., L,
i=1,...,L—1. On this set, we have, for some positive constant C,

y (N—k) 1 N—k-1 _
(N=k) _ (N=k=1)| o 4 (n)
|l a; |_CN—k <1+N—k—1 Z Y >+

n=1

—k—
z (Gunn(@® 8, V) ~ G0V YO )

Here we have used the inequality [|[(N — k)AN=F) — (N — k — 1) AN=,-D|| < YIN=K) We

may choose {2y in such a way that — k i N k 1y (™) remains bounded on Qp. Note that,

for i = L — 1, the last sum in (4.7) vanishes. Using Lemma 4.2 for ¢ < L — 2, we have, on

QN7
N—k N—k—1 wY (N=k) - NEL n = n) (N—k—1 N—k N—k-1
R Zl v ZII(YJ( B N . )
n= =i+

for some constants u and v.

To complete the proof of the lemma, we observe that

QWN=k=1) ¢ (N=F)
7] Z/[

1(v", a0 ™ o) <1 (v

N—k)  (N—k-1)
f — o \) .

(A, 1) + |al

(N—k

Now, for ¢ < L — 2, by going back to the recursive definition of U; )()\, w) and separating

the N — k-th term of the sum, we obtain

H > (n N—k— N—k N—k N—k—
v y () Z I<Yj( )7 5 1) U( )( A 1) + |a§ )—Oz;- 1)\) (4.9)
Now let V; = U;Nﬁk)()\, w) + |a§N7k) — aENﬁk*l)\. By combining (4.8) and (4.9) we get

Vi <

A+ (Lp+u) Y=k gy N L] (n) (N—k—1)
N N v Z I(Y] ' 7VJ)

18



Lemma 4.5 Assume Hf and Hy. For alle € (0,1] and for all p > 0, there ezists a constant
Ce . such that

; N-2 Cepu(1+X)
Proof: We will prove by induction on k (= L, L — 1,...,2) that

sup lELIi(N_k) A\ p) <

4.10
k—1<i<L—1 Ni-e (4.10)

We obviously have (4.10) for k = L, since L{SXIL)(A, ) = A\/N.
We now assume that (4.10) holds for k& + 1 and will prove it for k. For i > k— 1, we have,

using the symmetry of M;Nﬁk)()\, w) with respect to Yy, L yW-R),

(N—k) A BN —k) o (N—k) - (N—k) _(N—k) ; (N—Fk)
J=i+l

For j=i+1,...,L —1, we have, using (4.5), Lemma 4.4, and the notation

V;N_k_l)()\, p) = U](N_k_l) ()\ + (Lp+u) YRy 4 u) ,

B (Y001 (VY00 U 0, ) ) <

L] J

E}_/(N*k)l (Y’](N*k)7 'N*kfl)’u;N*k)()\’ M) + ‘agN*k) o O[ngkfl) ’)

o
< EYW-Rp (Yj(ka)vO[;kafl)’v]('kafl)()\’M)) + ﬂm—/(J\/—/rc)lng

Note that EY N "M1ge < ||V]|12,/P(Q5) = O(1/N).
At this point we would like to use H} and the induction hypothesis. However, we have to

be careful because V](N_k_l)()\, 1) depends on YV=K) For j e {i+1,...,L — 1}, we write

o0
C(N—k) 7 (1 (N—=k) (N—k—1) y,(N—k—1) _
BY NI (v o IO ) = 3 4,
=1
with

Al = EY(Nik)l{l_lgy(ka)<l}I (Y}(Nik)u O[;'Nikil)a V]('Nikil) ()‘7 /’L))

_ 1 _ 1—1
<(UP(T N 2 1 1)) EY D1 oy (Y, a0y )
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for all p € (1, +00) (Holder). Now,

EY(ka)l{y(ka)d}I (Yj(N—k) a(N—k—l)jv(N—k—l)(Aju)) <

) j ]
EYWN-R ] (yj(N*’“)?ag.N*k’l),u](N*kfl) N+ (L +u)l, v + H)) ’

and we may condition with respect to o(Y?', ..., YV =F=1) and use Lemma 4.3 and H; to

obtain

EY Nk 1{)_/(N7k><l}_, (19(ka)’ ag'kaq)’ VJ('kaq) O\, M)) <

(N—k—1)
CIEU; (A+(Lu+u)l,v+u)+m.

We can now apply the induction hypothesis, and we easily deduce (4.10) for k, using the fact
that P(Y(N=F) > — 1) = o(1/1™) for all m € IN.

Proof of Theorem 4.3: We prove that

. n n
hjlvnﬁnz::l (Fj(a(N)»Y( ) = Fi(, Y™) = (¢;(a™) — d>j(0<))> =0

in L2. The proof is similar for the second term of the Theorem. We introduce the notation
Aj(a,b,Y) = Fj(a,Y) — F;(b,Y) — (¢j(a) — ¢;(b)). We have to prove that

2
. 1 al N n
h]{[nN]E (Z Aj(@™) a, v ))> = 0.

n=1
Remark that for n = 1 to N, the pairs (o™, Y ™) and (M), Y()) have the same law, and
for n # m, (a(N),Y(“),Y(m)) and (a(N),Y(N),Y(N_l)) have the same distribution. So we
obtain
N
LE(S A50™,a,Y)? = EAN ), a,yO)
n=1
+(N = 1)EA;(a™, a, YN=NA; (o) a, Y V),
But |A;(a™ o, Y| < 2 (Y(l) —i—IE'Y(l)). Since the sequence (o)) goes to o almost
surely and IP(Z; = «j - e(X;)) = 0 for j = 1 to L — 1 by assumption, we deduce that
A (a(N), a,Y(l)) goes to 0 almost surely. Consequently, we obtain that ]EA?(a(N), a,Y(l))

tends to 0. It remains to prove that

lin NEA; (@™, a,Y¥NA; (™) o,y ™)) = 0. (4.11)
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We observe that
B (8@, 0, YW y®,y@W=1) =,

since IF (Fj (aN=2) y (N )y Y(N_l)) = ¢; (a!N=2)) almost surely. This gives
]EAj(a(N_2), a, Y(N_l))Aj(oz(N_Z), a, Y)Y = 0,

and we just have to prove that

lij]\f[nN]E (Aj(a(N), a, YIN"NA (@™, Y)Y — A (@2 0, YIN-DYA (V72 q, Y(N))) =0.

We have the equality

A (@™ a, YN"NA (™) 0, Y)Y = A (@ a0, YI)A (N2 0, YY) =
Aj(a(N)’ aN=2) y(N—l))Aj(a(N)7 a, Y(N))+Aj(a(N_2), a, y(N—l))Aj(a(N)7 oN=2) y (V)

9

We want to prove that
Jim_ NEA;(a®™) oW=2 yN=DYA (o) o, yNV)) =0 (4.12)

and

Jim NEA;(a®=2 a0, YN"DA; (o) oN=2) vy (V) — ¢, (4.13)

Both equalities can be proved in a similar manner. We give the details for (4.13).

First, note that given any n > 0, we have, using Hy and Hélder’s inequality,

IE (Aj(a(NfQ)’ a, YA (o™ o(N-2), Y(N))1{|a(N)—a|ZN*W}> <

1
Gy (P(a™ —af = N-1) "

for all p > 1. We know from Lemma 4.3 that IP(JaN) — o] > N=7) < C/N?~*1, Therefore,
ifn<1/4,

hm NIE (A (aN=2) o, y(N= 1))Aj(a(N),oz(N_Q),Y(N))l{‘a(N),aEan}) =0.
On the other hand, we have, using Lemma 4.2,

’Aj(a(N)ja(N—Z)’Y(N—I))’ < vy Z I( (N—1) ’aiN—Q)’

(N) (N*2)D +

) —

‘¢j(a(N)) — ¢;(aN7?

)
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and

‘A((N)OJY <yWw ZI( az,

ai = a|) +[65(@) — g(a™)].

By the same reasoning as in the proof of Lemma 4.4, we have positive constants C', s and ¢t

such that, for each N € IN, one can find a set Qy with IP(Q%) < C/N?, on which

N OéZ(N_Q)‘ <y (s(?(N‘l) +Y(N)),t) . i=4,...,L—1.

(2

Using Lemma 4.3 and H3, we may also assume that, on Q,

‘¢j(a(N — (™) ’ = KZ ‘oz oV
=j

and

’¢j(a(N)) - qu(a)‘ < KLZ:_l ‘aZ(N) —
i=

for some positive constant K.

We now have, for n < 1/4,
EAj(a(N)7 a(N72)’ Y(Nfl))Aj(a(N), a, y(N)) -
i EAj (o™, oN-2) y(N=-1) (Y(N)I (YI(N), ay, N_”) + KN‘”) +0o(1/N).
In order to prove (4.12), it now suffices to show that, for j <i,l < L —1,
lim NE (YOOI (v o v 4 v (YOOI (Y g NTT) 4 NTT) = 0,

with the notation

We will only prove that

lim NIE (YUV -7 (Y}N N2y

i
N—o0

V=2 OO (1), 0 1Y) =0,
since the other terms are easier to control. For m € IV, let

Ap={m—1<YWVD Ly <)
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We have

E (Y(N*UI (Yi(N_1)7 az(_N—2)7 Vi(N—2)> 7N (YZ(N)7 ay, Nw) 1Am) <
E (Y(Nfl)l (Yi(NA)’ aEN*Q),ui(N*Q)(sm,t)) v (Yl(N)7 aj, an))

EY/(N_I)I ()/4(‘]\[71)7 a(N72) u.(N72) (S?’TL7 t)) EY/(N)I (}/I(N)a ap, N_77> .

3 (2 "

Here we have used the fact that Y V) is independent of (Y(l), ces ,Y(Nfl)). We now condition
with respect to (Y, ..., YN=2)) in the first expectation and we use H; and Lemma 4.5

to obtain

E (Y(N—I)I (Y;(N—l)’ Oél('N72)’ ‘/;(N72)> Y(N)I (YE(N),OQ, N—n) 1Am) < Cg%.

Here ¢ is an arbitrary positive number and, by taking ¢ < n < 1/4, summing up over m and
using Hélder’s inequality we easily complete the proof.
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