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Abstract This paper provides an alternative credit risk model based on infor-
mation reduction where the market only observes the firm’'s asset value when
it crosses certain levels, interpreted as changes significant enough for the firm’'s
management to make a public announcement. For a class of diffusion processes
we are able to provide explicit expressions for the firm’'s default intensity process
and its zero-coupon bond prices.
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1 Introduction

The credit risk literature studies the pricing and hedging of financial securities
that can default and pay off less than promised. For pricing and hedging purposes,

Supported in part by NSF grant DMS-0604020 and NSA grant H98230-06-1-0079

Robert A. Jarrow
Johnson Graduate School of Management, Cornell University, Ithaca, NY, 14853

Philip Protter
School of Operations Research and Industrial Engineering, Cornell University, Ithaca, NY,
14853

Deniz Sezer

Department of Mathematics and Statistics, York University, Toronto, ON, Canada M3J 1P3
Tel.: 1-647-200 95 83

Fax: 1-416-736 21 00 x33956

E-mail: dsezer@mathstat.yorku.ca



characterizing the time to default, a random variable, is essential. Two modeling
approaches have arisen in this regard. The first, due to Merton [16], characterizes
the default time as the first hitting time of the firm’s asset vadu® a fixed level

(the default barrierx. This approach requires the market (modeler) to have com-
plete and continuous information about the firm’s asset value process and default
barrier. This is called thstructuralapproach to credit risk. The second, due to Jar-
row and Turnbull [10],[11], characterizes the default time as the first jump time of

a doubly stochastic point process, usually with an intensity process. This approach
requires the market to have information regarding the point process, usually ob-
servable histories of relevant state variables and the default process itself. This is
called thereduced formapproach to credit risk. Although seemingly distinct, Jar-
row and Protter [12] have recently argued (following Duffie and Lando [6]) that
these two approaches are related via information reduction. They state that one
can view a reduced form model as a structural model where the information set
is reduced from complete and continuous observations of the firm’s asset value
process and default barrier to a coarser information set. This coarser information
set can transform the typical default time process of a structural model into that of
a reduced form model.

Various examples of this information reduction transformation have already
appeared in the literature. Duffie and Lando [6] use delayed information with dis-
crete time steps. The market observes the firm’'s asset Xahi@iscrete time steps
{t1,...,tn, ...} for a class of diffusion processes. But, they add Gaussian noise to the
observation process, the interpretation being that one only observes the firm’'s asset
valueX; with noise. Dufresne, Goldstein and Helwege [5] use delayed information
with discrete time steps, witki a geometric BM process, where the time delay is
itself a simple binomial random variable. Guo, Jarrow, Zeng [8] generalize these
two papers to the market receiving delayed information abguhat can occur
at either discrete or random time steps. These observation times are interpreted as
occurring when the firm issues quarterly reports or when the credit rating (health
of the firm) changes. GJZ study a diffusion model with jumps in either the drift,
volatility, or the asset value. A related example is that of Cetin, Jarrow, Protter,
Yildirim [4] whose information corresponds to knowing wh¥ncrosses a levél
(i.e. the sign ofX). The default time is more complicated in CJPY. It corresponds
to the duration of an excursion &f below zero. Consequently, in CJPX,is not
interpreted as the firm’s asset value but as the firm’s cash fi&eseral other pa-
pers have extended the ideas of Duffie and Lando recently, in different directions.
We mention Nagagawa [17], Jeanblanc and Valchev [13], and the master’s thesis
of M. Tolotti [18].

Our paper adds another and alternative type of information reduction in a struc-
tural credit risk model. We assume that the market only observes the firm’s asset
value X, when it crosses various levelg,...,Xy. The interpretation is that the
firm makes public announcements about the firm's asset value only when there
are significant changes in its economic standing (when the asset value reaches the
crossings). As in the structural approach, default is the first ¥phéts the lowest

1 There are two related papers. One by Giesecke and Goldberg [7] who have the default
barrier being unknown, witk; observed continuously. The second by Kusuoka [15] whoxhas
observed continuously, but with noise. The default time is given exogenously, and not related to
the first timeX; hits some level.



one of these levels. This alternative information set requires a different and more
complex set of mathematics, recently developed by Sezer [19], to characterize
the firm’s default process. Using this newly developed mathematics, we study the
characterization of the firm’s default time and the pricing of a firm’s risky debt.
Analytic expressions for a firm’s conditional default probability and risky zero-
coupon bond prices are provided. For special cases of the general model, these
expressions are easily computed.

Much of the underlying mathematics this paper is based on, was developed in
the thesis (Cornell University, 2005) of A. Deniz Sezer, itself inspired by an old
paper of Jacod and &mnin ([9]). The published work will appear in [19]. The main
contribution of this paper is its application to Finance, and the main mathematical
contribution is the new result, Theorem 4.

An outline for this paper is as follows. Section 2 presents the model structure,
section 3 applies this model structure to characterizing a firm’s credit risk, section
4 is the analysis of a particular model, section 5 concludes.

2 Model Setup

LetX = (Q,9,%, X, 6,P%) be a non-singular diffusion with values in some in-
terval | C R. Here we are using the formulation of a Markov process as given
in (for example) [2] or [20]; in particular® denotes the shift operator: One has
X; 0 05 = X1s. FOr simplicity we takel = R. We assume that the infinitesimal
generator of X is given by

1, d? d
o = éa(x)@er(x)&

wherea(x) is strictly positive and continuous, arix) is locally integrable on
(—00,00). We refer toG = (% )i>0 as the complete information set.

We consider a finite collection of point® = {x3,%z...,Xy} in R with x; <
X2... < Xn. The region indicator functioR(x) associated with’ is defined as

R(x) =iif xR

whereR = (X,X11),i=1,...N—=1, Ry = (—00,%;] andRy = (Xn, ®).

We letFO = (.#0);>0 be the filtration generated BR(X,))i>0. We fix P = P%-
for somex. € . and let.Z = (Vi0.%0) V.4 where.#" is the set of null sets of
P. We denote by the filtration(.%; )i~o obtained by letting = .#°Vv .#". Then
(Q,.#,F,P) is a complete stochastic basis [19].

We refer toFF as the reduced information s&.= (R(X)):i>o0 is an optional
process off. Let g = sup{s<t: Xs € .2} andU; =t — g; respectively the last
exit time (beforet) and the time since the last exit time frai. Here we take
sup{0} = 0. Bothg; andU; are é&dlag and adapted . F is also generated by the
following pair of cadlag processegXy,, Sign(% — Xg )Ut)t>o.

A key structure for our analysis is an excursion interval. SiK@gcontinuous,
P a.s. for allw the setdVi(w) = {t : X (w) = %} are closed, and so is their union.
We can write

(UZaMi)® = Uy (2, i)



where the(ag, by) are disjoint open intervals. We refer to these intervals as the
excursion intervals away fron%’. During an excursion intervdh, b), X lies en-
tirely in one of the region& with bothX; andX, € .. The pathf(s) = X(a+59)
0 <s<b-—ais called an excursion. The starting point of an excursion can be any
of the pointsx;. An excursion starting frony; can be either in the regioR (an
upward excursion) oR;_; (a downward excursion). If it is iR (resp.R_;) then
the ending point can be eithgror x; 1 (resp.x_1).

Loosely speaking these are the four different types of excursions (with starting
pointx) observable with the information containediinFor each type of excur-
sion there corresponds @iy measure of0, «], which we denote b§'*, where
a(+) (resp.(—)) is for an upward (resp. downward) excursion, grdO (resp. 1)
is for an excursion ending &t (resp.xi+1). These measures are constructed using
the excursion measurgof X atx; (see [19]). As we do not assume that the reader
is familiar with the excursion theory of Markov processes, we are not going to
show this construction here. Rather, for the purposes of this paper, it is enough to
know that these measures exist, and that they are related to the excursions, pre-
cisely, as follows: We define the stopping times

T =inf{t:U; > x}
S =inf{t > T): U; = 0},
and then define recursively
T =inf{t >S_;: U >x}
S =inf{t > T): U; > x}.

S is the right end point of the nth excursion interval whose length is greater than
X. ThenT} — x corresponds to the left end point of that excursion interval. Let
Aﬂi = {Xy_x = X, £X1x > £X7x_«}, noting that these sets give a partition of
{T¥ < w}. OnAl,, the joint conditional distribution o — T+ x (note that this
is equal to the length of the excursion) axg (which can be eithex; or X+1)
given.Z1x can be given in terms of the measul?e:r-"ét and FiOi. In particular, on
Al

R (dy)

P(S — To +Xx € dy, Xg = Xia| Fr) = ml{wx} @
and s
R (dy)
P(§ =T +x € dy, Xg = X%[.F13) = Wl{wx} @

whereF* = 1 + F,

Note that when we writ€*, we are excluding~ andF{", as these are not
defined because there are no levels betpwr abovexy. Occasionally, however,
these will appear in our notation, in which case they should always be taken as
Similarly, we takexp = —o0 andxy 1 = .

Some properties d?iji that we borrow from excursion theory are as follows.
Fl*, except?~ andFJ", do not have mass at. This corresponds to the fact that
X can not have an excursion of infinite length in any bounded region. However,



F2~ or F{" can have mass a depending on whether or nitis transientF.’*
have infinite total mass, this corresponds to the regularity.@n the other hand
F** have finite total mass, and this corresponds to the factthedn not have
infinitely many excursions from; to ;.1 in finite time intervals. Lastly, none of
the measureB '~ charges singletongc} for 0 < x < o (see, [19]).

Let us assume thad, # x; and lett be the hitting time oX to {x;}. T is a
stopping time off" since it is also the hitting time @y )i~o to {1 }. This stopping
time will be fundamental to the economic analysis subsequently discussed.

Let A be the cumulative intensity processmfi.e. the compensator of the one
point procesd (;<t}.

Theorem 1 P almost surely, foralD <t < 1,
A = lim Af
where forx > 0,
ift <TY

¢ = _Tx 1- X
A {A9‘m+ L oxore) ST Tt < T

F, [s%)

The proof of Theorem 1 is omitted. It is obtained, however, as a direct conse-
guence of Theorem 6 of [19]. Theorem 1 tells us that the compensator increases
only during excursions in the regiofx;,x;). If the measurerl‘ is absolutely

continuous with respect to Lebesgue measure with delh‘%Ttyhen

0 if X > X
Alt) =< 2wy

: .
o) if Xg <X <X

is the intensity process (conditional hazard rate), Ae= fom)\ (s)ds This fol-
lows from the monotone convergence theorem, once we observe

t
A= /O LiusxA(s)ds

For any givenT > 0, we would like to compute theadlag version of the
martingaleY; = E[1;;<1,|-%]. For each let p; be the function defined 0, «) as

pi(t) =PS(1<T-1).

Eachp; is a continuous function df, since the distribution function af under
eachPX is continuous.

Theorem 2 P a.s. for allt such that < TAT

o pi()lxox; if U =0

7 et (SR O9paa(a+9+ SR @9p(a+s) O

it U >0andXg =x,£X > £Xg.



Proof We first deriveY; for the first case, i.e. for alls.t.U; = 0. SinceY = (Y )i>o0
is a bounded martingale, by the optional sampling theorem
Y$1{$<TAT} - E[l{TST}|yS§]1{3§<T/\T}~
On{§; < T AT}, Xg = X for somei # 1. Therefore, by the strong Markov prop-
erty of X at § we have thaP a.s.
E[Lig<tan) Lr<t)Lixg=x} | Fg] = Pi(SH) Lxg=x) Lis<Ta1)-
ThereforeP a.s.

N
Y8§1{3§<T/\r} = ZZ pi(%)l{xﬁzm}l{sgdm}- (4)
i=

From this we can easily deduce tiaa.s. (4) holds for alh > 1 andx € Q (there-
fore for all x > 0). The regularity of; implies that the seb(w) = {Si(w),n >
1,x> 0} is dense int : U;(w) = 0}. By the martingale representation theorem of
[19), Y does not jump on the sét : U;(w) = 0} — D(w), hence by continuity we
have the proof for the first case.

It remains to findy; for t such thatJ; > 0 andt < T A 1. If U; > 0 then we
must havelX <t < §; for somen > 1 andx > 0. From the previous step-a.s. on

AL N{§ <1},
Ys = P ((To =%) + (S = Ta + X)) Lxg=x}
+ piil((Tnx - X) + (3: - Tnx + X))l{xsﬁzxiﬂ}
(1), (2), and the continuity of; imply thatP a.s. for allt < T A T satisfyingT <
t<S,
VAR S /m Fo(dg)pi(TX—x+9)
! Fii[t —TX+X,00] \Jt-Trex ' nn
+/ FH(ds) Diil(Tri(—X+5)> :
t=TX4x

SinceU; =t — T +xandg: = T\ — X, we have also proved the second case.
Remark 1We can interpret (2) as follows. Let us consider the function
p(x,t) =P(1<T —t).
By the strong Markov property and the continuity>of
p(x.t) <p(y,t) forx; <y<x

Fort <TAT,

EPica(t) < EVilixg —x ax>+xq) < EPiI(T) (5)
Therefore for fixed, Y; is lowest whenX is in the regionRy. pi+1(t) and pi(t)
give strict bounds fo¥; during an excursion in the regid®, andy; attains one of
the bounds at the end of the excursion. The value during the excursion should be
interpreted as a weighted average of the values at the end of the excursion with the
joint conditional distribution of the ending point and the duration of the excursion.



3 Bond Pricing

This section presents the economic interpretation of the previous model setup.
Considered is a continuous trading economy with time hor|@pn). Traded are
default-free zero-coupon bonds of all maturities, with a corresponding spot rate
re, and a risky zero-coupon bond. For simplicity, we assume that the spot rate is
deterministic.

The risky zero-coupon bond is issued by a firm that promises tdl mholar
at timeT. Of course, the promise may not be fullfilled. If the firm defaults prior
to time T, then (for simplicity) we assume that the bond paysd# 1 dollars.

Other payoff structures are possible, see Bielecki and Rutkowski [1]. W J&t)
denote the timea value of the risky zero-coupon bond maturing at timgas
viewed by the market).

For pricing, we assume the existence of an equivalent probability measure such
that all traded bond prices, discounted by the spot rate of interest, are martingales.
Of course, it is well known that this is equivalent to assuming our economy is
arbitrage-free. We let the probability measBras defined in the preceding section
be an equivalent martingale probability meastre.

We let the firm’s asset valug follow the diffusion process characterized in the
preceding section. As is standard in structural models (see Bielecki and Rutkowski
[1]) we assume that default occurs when the firm’s asset value falls below the level
X1. Thus,T (the first hitting time ofx;) is our default time.

We assume that firm’s management knows the asset value process filation
but the market (the entity that determines the risky zero-coupon bond’s price) only
has the reduced information set represented by the filtr&timnove, correspond-
ing to knowledge of the level crosses of the firm's asset value progesshe
interpretation is that the firm makes public announcements about the firm’s asset
value only when there are significant changes in its economic standing (when the
asset value reaches the crossings).

Given this structure, management values the firm’s zero-coupon bond accord-
ing to the formula

VIIT(E, T)

{01fr<my +(1— 1{r§T})}eff‘T rds|)
[(1— 8)E[Ljrary|4Je K 08
[(1— &) p(X, t))e ' rsds

fort < T AT, where the last equality follows from the Markov property.
In contrast, the market values the firm’s risky zero-coupon bond according to
the formula:

E
1
1

VG T) = (1= (1= B)E[Lrem) | Fle ¥ 1= [1- (1 8))ve 0

whereY; is given in the previous section.

2 There is an issue of uniqueness of the equivalent martingale probability measure. In general,
if the market is incomplete, the equivalent martingale probability measure is not unique. In this
circumstance, we select from the set of equivalent martingale measures, the one that is uniquely
determined by an economic equilibrium in the (observed) economy as implied by the standard
setting involving a specification of preferences and endowments.



In contrast to the management’s using olyandT —t to determine the price,
the market evaluates the price using the following variab¥gs:U, R(X), and
T —t. The interdependence between these variables, which in turn determines the
price, is complex and described in terms of theviL measureEi'i. However, a
number of observations can be made without much difficulty.

First, as a consequence of Remark 1, for fikeitie bond price is lower when
the asset value is in a region closer to the default leveélVhen the asset value is
at the boundaries of any region, the information of which is available to both the
market and the management, the market price is equal to the management’s price.
When the asset value is in the interior of any region, i.e. during an excursion, the
market does not know the true asset value, hence has to make an estimate of it.
Consequently in this case the market's price is going to differ from the manage-
ment’s price.

In particular we are going to have the following relationship between the man-
agement’s price and the market’s price: Suppose at a giventtig = x and
+£X > £X,. Letx solve the following equation:

p(%,t) =Y. (6)
(6) has a unique solution ifx;, xi+1) (resp.(X_1,%)) due to Remark 1. Then
VI E TY —v(t, T) > 0if X > %

VI T) —v(t, T) < 0if X < .

The interpretation of this relationship is straightforward. When the true asset value

is sufficiently far from the default level, the market underestimates the price, and

the opposite happens when the asset value is sufficiently close to the default level.
Key objects which determine the price are the functipy{s), and the mea-

suresF!*, which are both related to the differential equatiatu = Au. The fol-

lowing is well known. Let®, (resp.®; ) denote the decreasing (resp. increasing)
solution of 7 @ = A @ on (—oo, ). If TV is the hitting time ofy then forx £y

fD*(x)
if x>y
B =1 500 @
1) I X< y

Note that the right side is the Laplace transform of the demgigf ¥ underP*.
We can comput(x,t) by integratinggl. Equations (7) leads us to the Laplace
transform ofg}, and inverting this we can fingl.

D. Sezer [19] gives formulae to obtain the Laplace transforms of the functions
Rl [x, o0]. Let @7, (resp.@7,), (excluding®; andCD,j/\,which are not defined),

denote the decreasmg (resp increasing) solution/@h = A ® on (—00,Xi11]
(resp.[xi—1,%)) with boundary condition®(x;1) = 0 (resp.®(x;_1) = 0) nor-
malized to haveb (x) = 1. ForA > 0let

(@)
U=y

!
y



and similarly .
1(P) (%)
Lpii()‘) == QW'

We puts=(0) = lim, o = (A) and = (0) = lim _o = (A). Finally we let
Wiia(A) =y (A) + @ (A)

and

Gi-1A) =g M)+ G (A).
Theorem 3 [19] Let

W=

(L-e ™R =2 | e R eldx
J(0,00] JO

Then .
) G (A) =P (0% < o0)hi12(0) = P (e T ) hia (A),

i) Excluding g~ and gg*, Y (A) = =g (0) + ¢~ (A),
i) YR™(A) = @Y (A) and g (A) = @y (A).

The equationzu = Au for positiveA is known to have explicit solutions for
a number of choices for the coefficients .of. The simplest case is when the
coefficients are constant, i.e. wh&nis Brownian motion with drift. Restricting
our attention to this case we can get an intuitive understanding of the relationship
between bond prices and the model's parameters.

For the rest of the discussion we assume ¥& Brownian motion with drift,
i.e. X is given by

whereB is a standard Brownian motiop, € R, ando > 0. The corresponding
infinitesimal generator is given by

We remark thaiX is anRR-valued process, therefore we will assume tKat
models the logarithmic transform of the asset value, which is equivalent to as-
suming that the asset value follows a geometric Brownian mdtibine levelsx;
correspond to the logarithmic transform of the actual thresholds. The information
structure does not change since the logarithm is a monotone transformation.

In this case, a formula fqp; (t) is standard (see e.g. [14], p.10):

SO EEETLED R S ERES

whereN(.) is the cumulative distribution function of the standard normal distri-
bution.

3 If the market observed; continuously, then the equivalent martingale probability measure
would havey =r —02/2.



10

We can also explicitly compute the measulFé§, by inversion after comput-
ing their Laplace transforms using Theorem 3. We find that Ea{?fk(excluding
FI" andFY") has a densityfiji, with respect to Lebesgue measure, and

(—% 2 ® 2 2 2242
filj: (X) _ eiwﬁ;ﬂe—izx Z(—l)n+lr-m20-ze \:ifxiil\é’ 9)
& X — Xi+1]
2 0 2 2 n?2a?x
£ (x) = e 202% z Lazef b1 | (10)
& 1% — X1 |

FO* (resp.FY") has mass a if and only if u > 0 (respectivelyu < 0). We have

+ o —_
AR () = HEH () = 2K

The restriction on(0,) of both F*, andFY~ have densities, with respect to

Lebesgue measure, which we denoteffly and f~. These densities are equal
and given by

85 = 19 (9 =& 3"

We remark that neithef; norY; should change as we scale the underlying
processX, as long as we scale the poingswith it. This is because iR(.) is
the region indicator function associated with the level{set...,x,}, andR(.)
is the region indicator function associated with the leveKset, ..., 0x,}, then
the processeR(X;) andR(oX;) are identical. This is reflected in the formulae for
Fi’i. UFi'i depends only o /o and|x — Xi+1| /0, andY; does not depend on the
scaling ofF!*. The functionspi(t), also, depend only op /o and |x — X+1| /0.
Hence the parameters of the model ayer and |x; — Xi+1|/ 0. For the rest of the
discussion we assune= 1.

From Remark 1, we know that moves within the boundariés< p,(t)... <
pn(t) during [0,T AT]. The parameters affedt in two ways, by first changing
the boundarieg;(t) and within these boundaries, by changing the relative posi-
tion of ;. We first look at how the boundaries change. Epgh) is a continuous
monotone function irt with p;(T) = 0. Clearly asu increasesp;(-) increases
point-wise, because an increase in the drift makes it less likely to hit the default
level. Also, the longer the distangge— X3, the smallerp;. The distanceg; — X1
determine how far apart the boundaries, pheare from each other.

We know thaty; is lowest if X, > Xy, in which caseu changes the rate of con-
vergence of; to 0. The higheru, the faster the convergence. During an excursion
in [X,%+1] that began a%;, (here we assume.; # Xy ) we know thaty; is be-
tweenp;(t) andpi.1(t). We can think ofr** andF* as two forces acting o¥,
the first one pullingy; towardsp;(t), the latter towardgj.,(t). So the position of
Y; betweenp;(t) andpi+1(t) is determined by the relative strengthl%p’fi versus
F%. (9), (10) indicate that the ratio

f_li
2550 CEY
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is monotone irx and converges texp(u|x — Xi+1|/0?) asx — . Therefore
although initially dominated byif’i, Fi1i gets stronger as the excursion continues,
S0, Y; gets closer top;+1(t). Of course, this should be interpreted in a relative
sense, becaug®.;(t) andpi(t) are also getting closer to each other as they both
converge td. The limit

i“\xi;xiil\

gives us an indication on the role pf The drift u changes the relative strength
of F* versusk%*. In particular, for non-negativg, f1* is always dominated by
0+ whereas for positivg, 1" dominatesf®* for largex.

Figure 1 gives a simulation of ho¥ changes during an excursion. The ex-
cursion starts at= 0.2 and goes on untii = 0.3. There are four levelss; = 0,
Xo = 0.25, x3 = 0.75, x4 = 1. X has no drift,g = 1, andT = 1. Given these data,
Y; is computed under all possible scenarios. These scenarios aex(iX4, (i)
X3 < X < Xg, Xg = Xg, (ili) X3 < X < Xay Xg = X3, (IV) X0 < X < X3, Xg = X3, (V)
Xo < X < X3, Xg = Xo, (Vi) X < X2, Xy, = X3. We observe that scenario (i) gives the
lowestY;, whereas (vi) gives the highest. The boundarnsps, ps are also given.
We note that the values &f under (i) and (iii), start fronp, and ps, respectively,
and converge to each other as the excursion continues. This is b&gause] "
(asu = 0) converges t&?~ = F{". The rate of convergence is solely determined
by x4 — X3 (see the discussion on jump rates). Under ((iv) and (v)), we see a similar
picture, except with a slower rate of convergence siicex, > X4 — X3.

We remark that under (ii)Y; is always lower than it is under (iii), and this is
always the case whenevgr> 0. Indeed, whem > 0, for u > 0, andy > u,

oY) N f(y)
A ue) R

and whernk < X < X1 these are the weight distributions for the lower boundary,
Pi+1, under the two possible scenaridg, = X andXg, = ;1.
Last, we look at the jump rates

W0 = 2

/\iji(x) corresponds to the instantaneous likelihood of an excursion ending at the
pointi + 1, when its age has reachedWe note thad\}~ is related to the intensity
processy, of the default time as follows:

p OIthZXZ
t )\Zli(Ut) if X1 <X < Xo.

Theorem 4 i) A%* is monotone decreasing with

lim A% (x) = oo,
x—0

2 2 i—X+1
im 320 = (G + A ) e

X—00
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Fig. 1 Y;, during an excursion. Excursion startstat 0.2, goes on tillt = 0.3.

i) A is monotone increasing with

lim A% (x) =0,

x—0
o2 u?

)I(imo)\ili(x) = ((x.—x.ﬂ)z + Zﬂ) (1+e

B =Xl
iT -1

Proof We first prove (i) forA?~ and A3". It is enough to showF~[x,)(=
FI"[x,)) is log-convex. This is true becaudg™ is log-convex, and the inte-
gral of a log-convex function over the intenJa «) is log-convex as a function of
x. The assertions involving the limits hold wiy = —c andxy.1 = e, and can
be shown by an application of L&pital’s rule.

The rest of the proof is concerned witl™ excludingA?~ andAS". We ob-
serve that all the terms after the first term inside the sums in (10) and (9) are
negligible for large. Hence the limits as— o are found by direct computation
using the first terms. _

Next, we show the monotonicity & ~. Since

i fIE(x) FI*[x )
AE(x) = i J 12
o FI¥[x,00) F¥[x,) 42
and by (11), it is enough to show (Bf*[x, ») is log-convex, and (b **[x,») is
log-concave. We put
n’mo?

=,
(X —Xix1)?
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2 2 2
by — nmo 2 /.172
(X —%+1)?> 20
Then
RO o) = 3 e (13)
n=1"~n

(a) follows from Hblder’s inequality. Indeed, fdd < x; < xp andA > 0, let

Xn — efbn)\xl
and
Yo = & Bnll-A)
Letting
_lo4s
p_ /\ 9 q - 1_)\ I
Holder’s inequality gives
FOEAX 4 (1= A)xp, 00 anxnyn

< P) 1/ P( < @ 1/q
=2 an” (2,5,
— FiO:t [Xla OO)A FO:t [X27 00)(1 )\).
To prove (b), we show that the second derivativl!)gFiht [X,0) is negative. Since

(5 09) R [x ) + (7(x))?

(logF*[x,2))" = — Fili[X7oo)2

)

it is enough to show
(f(%))'FH [x, ) + (££(x))? > 0.
Note
(£ 00)R™[x 00) + (F(x))?

=Y (-1)"agbne ™ § (—1)M e

[

_ Z (_ )n+1anefbnt i(_l)nanefbnt

n=1 n=1

Il
HM8

1) ™ (B + Bl — 2amag)e o)
bn bm

m>n
To show that the inner sum above is positive we borrow an inequality from the
literature on inequalities in analysis. This inequality ([3], p.245) is a version of an
inequality known as Szép inequality, is due to Brunk, and says the following:
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Let f be convexofO,b]. If b>a; >... >a,>0,and1>h; > ... > h, > 0then

for oddn,
n n

3 (1 h@) 2 (3 (1) ha)

Note
Z( 1)n+m+1(ambmb +anbnb Zaman)ef(berbn)t
m>n m m
l b b
= 3 () (o —2)e
K=1 bn bn+k

Sincef (x) = e *is convex, andy, « is non-decreasing &ncreases, non-negativity
follows from Brunk’s inequality once we show that

_ bn+k+ bn

-2
bn bn+k

is non-decreasing, too. To see this we first observeiﬂtiats non-decreasing and
greater thard. This implies thaty is non-decreasing, because the functignl/x
is non-decreasing for> 1. This completes the proof of (b).

Last we compute the limits oYi'i asx — 0. By a simple ratio test of the terms
of the series in (10) and (13),

0
O ) ()

SinceF*(0,») < 0 andF%(0,0) = o,

Fli[x oo) B
M ) O (15)

(12),(14) and (15) imply tha%* (x) — . Also sinceF*[x, ») is log concave,

Fli[ oo)
1+ _
HmA=00 = limy Epe )

for somec < «. Hencelimy_o A (x) = 0 by (15).

In Figure 2-3 we plo’" versusA!" for different values ofu. We note as
u increases)t decreases andi*t increases, both point-wise. The limit P"
is greater than the limit oii” for u > 0 and this is reversed whem < 0. Both
limits are the same whem = 0. The rate of convergence to the limitis determined
by X — %11, note that this is the only parameter attachedm the exponent of
the summands in (10) and (9). (See Figure 4). The convergence of the jumping
rates to a constant tells us that as the excursion continues, the dependence on the
past (i.e. the age and the beginning point of the excursion) disappears, and the
jump distribution starts to look like the distribution of a jump of a simple Markov
process.
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Fig. 2 A" versus\%". p varies from0 to 1 with 0.2 incrementso = 1, X1 — % = 1.

g T T T T T T T
7
B ﬁ*
& =
. =
u=1

Fig. 3 A" versusA’*, p varies from0 to 1 with 0.2 incrementso = 1x,1 — % = 1.

ng
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NPT

x-x=1
wl 1

0.1 0z 03 0.4 0.5 06 07 ns 09 1

Fig. 4 A1 versus\®", x;1 — x varies from0.75t01.25. y = 0,0 =1

4 Conclusion

This paper provides an alternative credit risk model based on information reduc-
tion where the market only observes the firm’s asset value when it crosses certain
levels, interpreted as changes significant enough for the firm’s management to
make a public announcement. For a class of diffusion processes we are able to
provide explicit expressions for the firm’s default intensity process and its zero-
coupon bond prices.
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