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Abstract This paper provides an alternative credit risk model based on infor-
mation reduction where the market only observes the firm’s asset value when
it crosses certain levels, interpreted as changes significant enough for the firm’s
management to make a public announcement. For a class of diffusion processes
we are able to provide explicit expressions for the firm’s default intensity process
and its zero-coupon bond prices.
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1 Introduction

The credit risk literature studies the pricing and hedging of financial securities
that can default and pay off less than promised. For pricing and hedging purposes,
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characterizing the time to default, a random variable, is essential. Two modeling
approaches have arisen in this regard. The first, due to Merton [16], characterizes
the default time as the first hitting time of the firm’s asset valueXt to a fixed level
(the default barrier)x. This approach requires the market (modeler) to have com-
plete and continuous information about the firm’s asset value process and default
barrier. This is called thestructuralapproach to credit risk. The second, due to Jar-
row and Turnbull [10],[11], characterizes the default time as the first jump time of
a doubly stochastic point process, usually with an intensity process. This approach
requires the market to have information regarding the point process, usually ob-
servable histories of relevant state variables and the default process itself. This is
called thereduced formapproach to credit risk. Although seemingly distinct, Jar-
row and Protter [12] have recently argued (following Duffie and Lando [6]) that
these two approaches are related via information reduction. They state that one
can view a reduced form model as a structural model where the information set
is reduced from complete and continuous observations of the firm’s asset value
process and default barrier to a coarser information set. This coarser information
set can transform the typical default time process of a structural model into that of
a reduced form model.

Various examples of this information reduction transformation have already
appeared in the literature. Duffie and Lando [6] use delayed information with dis-
crete time steps. The market observes the firm’s asset valueXt at discrete time steps
{t1, ..., tn, ...} for a class of diffusion processes. But, they add Gaussian noise to the
observation process, the interpretation being that one only observes the firm’s asset
valueXt with noise. Dufresne, Goldstein and Helwege [5] use delayed information
with discrete time steps, withXt a geometric BM process, where the time delay is
itself a simple binomial random variable. Guo, Jarrow, Zeng [8] generalize these
two papers to the market receiving delayed information aboutXt that can occur
at either discrete or random time steps. These observation times are interpreted as
occurring when the firm issues quarterly reports or when the credit rating (health
of the firm) changes. GJZ study a diffusion model with jumps in either the drift,
volatility, or the asset value. A related example is that of Çetin, Jarrow, Protter,
Yildirim [4] whose information corresponds to knowing whenXt crosses a level0
(i.e. the sign ofXt). The default time is more complicated in CJPY. It corresponds
to the duration of an excursion ofXt below zero. Consequently, in CJPY,Xt is not
interpreted as the firm’s asset value but as the firm’s cash flows.1 Several other pa-
pers have extended the ideas of Duffie and Lando recently, in different directions.
We mention Nagagawa [17], Jeanblanc and Valchev [13], and the master’s thesis
of M. Tolotti [18].

Our paper adds another and alternative type of information reduction in a struc-
tural credit risk model. We assume that the market only observes the firm’s asset
value Xt when it crosses various levelsx1, ...,xN. The interpretation is that the
firm makes public announcements about the firm’s asset value only when there
are significant changes in its economic standing (when the asset value reaches the
crossings). As in the structural approach, default is the first timeXt hits the lowest

1 There are two related papers. One by Giesecke and Goldberg [7] who have the default
barrier being unknown, withXt observed continuously. The second by Kusuoka [15] who hasXt
observed continuously, but with noise. The default time is given exogenously, and not related to
the first timeXt hits some level.
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one of these levels. This alternative information set requires a different and more
complex set of mathematics, recently developed by Sezer [19], to characterize
the firm’s default process. Using this newly developed mathematics, we study the
characterization of the firm’s default time and the pricing of a firm’s risky debt.
Analytic expressions for a firm’s conditional default probability and risky zero-
coupon bond prices are provided. For special cases of the general model, these
expressions are easily computed.

Much of the underlying mathematics this paper is based on, was developed in
the thesis (Cornell University, 2005) of A. Deniz Sezer, itself inspired by an old
paper of Jacod and Ḿemin ([9]). The published work will appear in [19]. The main
contribution of this paper is its application to Finance, and the main mathematical
contribution is the new result, Theorem 4.

An outline for this paper is as follows. Section 2 presents the model structure,
section 3 applies this model structure to characterizing a firm’s credit risk, section
4 is the analysis of a particular model, section 5 concludes.

2 Model Setup

Let X = (Ω ,G ,Gt ,Xt ,θt ,Px) be a non-singular diffusion with values in some in-
terval I ⊂ R. Here we are using the formulation of a Markov process as given
in (for example) [2] or [20]; in particular,θ denotes the shift operator: One has
Xt ◦ θs = Xt+s. For simplicity we takeI = R. We assume that the infinitesimal
generator of X is given by

A :=
1
2

a(x)
d2

dx2
+b(x)

d
dx

wherea(x) is strictly positive and continuous, andb(x) is locally integrable on
(−∞,∞). We refer toG .= (Gt)t≥0 as the complete information set.

We consider a finite collection of pointsL = {x1,x2 . . . ,xN} in R with x1 <
x2 . . . < xN. The region indicator functionR(x) associated withL is defined as

R(x) = i if x∈ Ri

whereRi = (xi ,xi+1], i = 1, . . .N−1, R0 = (−∞,x1] andRN = (xN,∞).
We letF0 = (F 0

t )t≥0 be the filtration generated by(R(Xt))t≥0. We fix P = Pxi∗

for somexi∗ ∈L and letF = (∨t≥0F 0
t )∨N whereN is the set of null sets of

P. We denote byF the filtration(Ft)t≥0 obtained by lettingFt = F 0
t ∨N . Then

(Ω ,F ,F,P) is a complete stochastic basis [19].
We refer toF as the reduced information set.R = (R(Xt))t≥0 is an optional

process ofF. Let gt = sup{s≤ t : Xs ∈L } andUt = t−gt respectively the last
exit time (beforet) and the time since the last exit time fromL . Here we take
sup{ /0}= 0. Bothgt andUt are c̀adl̀ag and adapted toF. F is also generated by the
following pair of c̀adl̀ag processes,(Xgt ,sign(Xt −Xgt )Ut)t≥0.

A key structure for our analysis is an excursion interval. SinceX is continuous,
P a.s. for allω the setsMi(ω) = {t : Xt(ω) = xi} are closed, and so is their union.
We can write

(∪N
i=1Mi)c = ∪∞

k=1(ak,bk)
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where the(ak,bk) are disjoint open intervals. We refer to these intervals as the
excursion intervals away fromL . During an excursion interval(a,b), X lies en-
tirely in one of the regionsRi with bothXa andXb ∈L . The pathf (s) = X(a+s)
0≤ s≤ b−a is called an excursion. The starting point of an excursion can be any
of the pointsxi . An excursion starting fromxi can be either in the regionRi (an
upward excursion) orRi−1 (a downward excursion). If it is inRi (resp.Ri−1) then
the ending point can be eitherxi or xi+1 (resp.xi−1).

Loosely speaking these are the four different types of excursions (with starting
point xi) observable with the information contained inF. For each type of excur-
sion there corresponds a Lévy measure on(0,∞], which we denote byF j±

i , where
a(+) (resp.(−)) is for an upward (resp. downward) excursion, andj = 0 (resp. 1)
is for an excursion ending atxi (resp.xi±1). These measures are constructed using
the excursion measureni of X atxi (see [19]). As we do not assume that the reader
is familiar with the excursion theory of Markov processes, we are not going to
show this construction here. Rather, for the purposes of this paper, it is enough to
know that these measures exist, and that they are related to the excursions, pre-
cisely, as follows: We define the stopping times

Tx
1 = inf{t : Ut > x}

Sx
1 = inf{t > Tx

1 : Ut = 0},
and then define recursively

Tx
n = inf{t > Sx

n−1 : Ut > x}
Sx

n = inf{t > Tx
n : Ut > x}.

Sx
n is the right end point of the nth excursion interval whose length is greater than

x. ThenTx
n − x corresponds to the left end point of that excursion interval. Let

An
i,± = {XTx

n−x = xi ,±XTx
n

> ±XTx
n−x}, noting that these sets give a partition of

{Tx
n < ∞}. OnAn

i,±, the joint conditional distribution ofSx
n−Tx

n +x (note that this
is equal to the length of the excursion) andXSx

n
(which can be eitherxi or xi±1)

givenFTx
n

can be given in terms of the measuresF1±
i andF0±

i . In particular, on
An

i,±,

P(Sx
n−Tx

n +x∈ dy,XSx
n
= xi±1|FTx

n
) =

F1±
i (dy)

F±
i (x,∞]

1{y>x} (1)

and

P(Sx
n−Tx

n +x∈ dy,XSx
n
= xi |FTx

n
) =

F0±
i (dy)

F±
i (x,∞]

1{y>x} (2)

whereF±
i = F1±

i +F0±
i .

Note that when we writeF1±
i , we are excludingF1−

1 andF1+
N , as these are not

defined because there are no levels belowx1 or abovexN. Occasionally, however,
these will appear in our notation, in which case they should always be taken as0.
Similarly, we takex0 =−∞ andxN+1 = ∞.

Some properties ofF j±
i that we borrow from excursion theory are as follows.

F j±
i , exceptF0−

1 andF0+
N , do not have mass at∞. This corresponds to the fact that

X can not have an excursion of infinite length in any bounded region. However,
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F0−
1 or F1+

N can have mass at∞ depending on whether or notX is transient.F0±
i

have infinite total mass, this corresponds to the regularity ofxi . On the other hand
F1±

i have finite total mass, and this corresponds to the fact thatX can not have
infinitely many excursions fromxi to xi±1 in finite time intervals. Lastly, none of
the measuresF j±

i charges singletons{x} for 0 < x < ∞ (see, [19]).
Let us assume thatxi∗ 6= x1 and letτ be the hitting time ofX to {x1}. τ is a

stopping time ofF since it is also the hitting time of(Xgt )t≥0 to {x1}. This stopping
time will be fundamental to the economic analysis subsequently discussed.

Let A be the cumulative intensity process ofτ, i.e. the compensator of the one
point process1{τ≤t}.

Theorem 1 P almost surely, for all0 < t < τ,

At = lim
x→0

Ax
t

where forx > 0,

Ax
t =

{
0 if t ≤ Tx

1

ASx
n−1

+1{x1<XTx
n
<x2}

∫ (t∧Sx
n)−Tx

n +x
x

F1−
2 (ds)

F−2 [s,∞) if Tx
n < t < Tx

n+1

The proof of Theorem 1 is omitted. It is obtained, however, as a direct conse-
quence of Theorem 6 of [19]. Theorem 1 tells us that the compensator increases
only during excursions in the region(x1,x2). If the measureF1−

2 is absolutely
continuous with respect to Lebesgue measure with densityf 1−

2 then

λ (t) =

{
0 if Xt ≥ x2

f 1−
2 (Ut )

F−2 [Ut ,∞) if x1 < Xt < x2

is the intensity process (conditional hazard rate), i.e.At =
∫ τ∧t

0 λ (s)ds. This fol-
lows from the monotone convergence theorem, once we observe

Ax
t =

∫ t

0
1{Us>x}λ (s)ds.

For any givenT > 0, we would like to compute the càdl̀ag version of the
martingaleYt = E[1{τ≤T}|Ft ]. For eachi let pi be the function defined on[0,∞) as

pi(t) = Pxi (τ ≤ T− t).

Eachpi is a continuous function oft, since the distribution function ofτ under
eachPxi is continuous.

Theorem 2 P a.s. for allt such thatt < τ ∧T

Yt =





∑N
i=2 pi(t)1{Xt=xi} if Ut = 0

1
F±

i [Ut ,∞]

(∫ ∞
Ut

F1±
i (ds)pi±1(gt +s)+

∫ ∞
Ut

F0±
i (ds)pi(gt +s)

)

if Ut > 0 andXgt = xi ,±Xt >±Xgt .

(3)
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Proof We first deriveYt for the first case, i.e. for allt s.t.Ut = 0. SinceY = (Yt)t≥0
is a bounded martingale, by the optional sampling theorem

YSx
n
1{Sx

n<T∧τ} = E[1{τ≤T}|FSx
n
]1{Sx

n<T∧τ}.

On{Sx
n < T ∧ τ}, XSx

n
= xi for somei 6= 1. Therefore, by the strong Markov prop-

erty ofX atSx
n we have thatP a.s.

E[1{Sx
n<T∧τ}1{τ≤T}1{XSx

n
=xi}|FSx

n
] = pi(Sx

n)1{XSx
n
=xi}1{Sx

n<T∧τ}.

ThereforeP a.s.

YSx
n
1{Sx

n<T∧τ} =
N

∑
i=2

pi(Sx
n)1{XSx

n
=xi}1{Sx

n<T∧τ}. (4)

From this we can easily deduce thatP a.s. (4) holds for alln≥ 1 andx∈Q (there-
fore for all x > 0). The regularity ofxi implies that the setD(ω) = {Sx

n(ω),n≥
1,x > 0} is dense in{t : Ut(ω) = 0}. By the martingale representation theorem of
[19], Y does not jump on the set{t : Ut(ω) = 0}−D(ω), hence by continuity we
have the proof for the first case.

It remains to findYt for t such thatUt > 0 andt < T ∧ τ. If Ut > 0 then we
must haveTx

n < t < Sx
n for somen≥ 1 andx > 0. From the previous stepP-a.s. on

An
i,±∩{Sx

n ≤ τ},
YSx

n
= pi ((Tx

n −x)+(Sx
n−Tx

n +x))1{XSx
n
=xi}

+ pi±1((Tx
n −x)+(Sx

n−Tx
n +x))1{XSx

n
=xi±1}

(1), (2), and the continuity ofYt imply thatP a.s. for allt < T ∧ τ satisfyingTx
n <

t < Sx
n,

Yt =
1

F±
i [t−Tx

n +x,∞]

(∫ ∞

t−Tx
n +x

F0±
i (ds)pi(Tx

n −x+s)

+
∫ ∞

t−Tx
n +x

F1±
i (ds)pi±1(Tx

n −x+s)
)

.

SinceUt = t−Tx
n +x andgt = Tx

n −x, we have also proved the second case.

Remark 1We can interpret (2) as follows. Let us consider the function

p(x, t) = Px(τ ≤ T− t).

By the strong Markov property and the continuity ofX,

p(x, t) < p(y, t) for x1 ≤ y≤ x.

For t < T ∧ τ ,
±pi±1(t) <±Yt1{Xgt =xi ,±Xt>±Xgt } <±pi(t) (5)

Therefore for fixedt, Yt is lowest whenX is in the regionR1. pi±1(t) and pi(t)
give strict bounds forYt during an excursion in the regionRi , andYt attains one of
the bounds at the end of the excursion. The value during the excursion should be
interpreted as a weighted average of the values at the end of the excursion with the
joint conditional distribution of the ending point and the duration of the excursion.
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3 Bond Pricing

This section presents the economic interpretation of the previous model setup.
Considered is a continuous trading economy with time horizon[0,∞). Traded are
default-free zero-coupon bonds of all maturities, with a corresponding spot rate
rt , and a risky zero-coupon bond. For simplicity, we assume that the spot rate is
deterministic.

The risky zero-coupon bond is issued by a firm that promises to pay1 dollar
at timeT. Of course, the promise may not be fullfilled. If the firm defaults prior
to time T, then (for simplicity) we assume that the bond pays offδ < 1 dollars.
Other payoff structures are possible, see Bielecki and Rutkowski [1]. We letv(t,T)
denote the timet value of the risky zero-coupon bond maturing at timeT (as
viewed by the market).

For pricing, we assume the existence of an equivalent probability measure such
that all traded bond prices, discounted by the spot rate of interest, are martingales.
Of course, it is well known that this is equivalent to assuming our economy is
arbitrage-free. We let the probability measureP as defined in the preceding section
be an equivalent martingale probability measure.2

We let the firm’s asset valueXt follow the diffusion process characterized in the
preceding section. As is standard in structural models (see Bielecki and Rutkowski
[1]) we assume that default occurs when the firm’s asset value falls below the level
x1. Thus,τ (the first hitting time ofx1) is our default time.

We assume that firm’s management knows the asset value process filtrationG,
but the market (the entity that determines the risky zero-coupon bond’s price) only
has the reduced information set represented by the filtrationF above, correspond-
ing to knowledge of the level crosses of the firm’s asset value processXt . The
interpretation is that the firm makes public announcements about the firm’s asset
value only when there are significant changes in its economic standing (when the
asset value reaches the crossings).

Given this structure, management values the firm’s zero-coupon bond accord-
ing to the formula

vmgmt(t,T) = E[{δ1{τ≤T}+(1−1{τ≤T})}e−
∫ T

t rsds|Gt ]

= 1− [(1−δ )E[1{τ≤T}|Gt ]]e−
∫ T

t rsds

= 1− [(1−δ )p(Xt , t)]e−
∫ T

t rsds

for t < T ∧ τ, where the last equality follows from the Markov property.
In contrast, the market values the firm’s risky zero-coupon bond according to

the formula:

v(t,T) = [1− (1−δ )]E[1{τ≤T}|Ft ]e−
∫ T

t rsds = [1− (1−δ )]Yte
−∫ T

t rsds

whereYt is given in the previous section.

2 There is an issue of uniqueness of the equivalent martingale probability measure. In general,
if the market is incomplete, the equivalent martingale probability measure is not unique. In this
circumstance, we select from the set of equivalent martingale measures, the one that is uniquely
determined by an economic equilibrium in the (observed) economy as implied by the standard
setting involving a specification of preferences and endowments.
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In contrast to the management’s using onlyXt andT−t to determine the price,
the market evaluates the price using the following variables:Xgt , Ut , R(Xt), and
T− t. The interdependence between these variables, which in turn determines the
price, is complex and described in terms of the Lévy measuresF j±

i . However, a
number of observations can be made without much difficulty.

First, as a consequence of Remark 1, for fixedt, the bond price is lower when
the asset value is in a region closer to the default levelx1. When the asset value is
at the boundaries of any region, the information of which is available to both the
market and the management, the market price is equal to the management’s price.
When the asset value is in the interior of any region, i.e. during an excursion, the
market does not know the true asset value, hence has to make an estimate of it.
Consequently in this case the market’s price is going to differ from the manage-
ment’s price.

In particular we are going to have the following relationship between the man-
agement’s price and the market’s price: Suppose at a given timet, Xgt = xi and
±Xt >±Xgt . Let xt solve the following equation:

p(xt , t) = Yt . (6)

(6) has a unique solution in(xi ,xi+1) (resp.(xi−1,xi)) due to Remark 1. Then

vmgmt(t,T)−v(t,T) > 0 if Xt > xt

vmgmt(t,T)−v(t,T) < 0 if Xt < xt .

The interpretation of this relationship is straightforward. When the true asset value
is sufficiently far from the default level, the market underestimates the price, and
the opposite happens when the asset value is sufficiently close to the default level.

Key objects which determine the price are the functionspi(t), and the mea-
suresF j±

i , which are both related to the differential equationA u = λu. The fol-
lowing is well known. LetΦ̃+

λ (resp.Φ̃−
λ ) denote the decreasing (resp. increasing)

solution ofA Φ = λΦ on (−∞,∞). If τy is the hitting time ofy then forx 6= y

Ex(e−λτy
) =





Φ̃+
λ (x)

Φ̃+
λ (y) if x > y

Φ̃−
λ (x)

Φ̃−
λ (y) if x < y

. (7)

Note that the right side is the Laplace transform of the densitygy
x of τy underPx.

We can computep(x, t) by integratinggx1
x . Equations (7) leads us to the Laplace

transform ofgx1
x , and inverting this we can findgx1

x .
D. Sezer [19] gives formulae to obtain the Laplace transforms of the functions

F j±
i [x,∞]. Let Φ+

i,λ (resp.Φ−
i,λ ), (excludingΦ−

1,λ andΦ+
N,λ , which are not defined),

denote the decreasing (resp. increasing) solution ofA Φ = λΦ on (−∞,xi+1]
(resp.[xi−1,∞)) with boundary conditionΦ(xi+1) = 0 (resp.Φ(xi−1) = 0) nor-
malized to haveΦ±

i,λ (xi) = 1. Forλ > 0 let

ψ±
i (λ ) =−± 1

2

(Φ±
i,λ )′(xi)

Φ±
i,λ (xi)

,
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and similarly

ψ̃±
i (λ ) =−± 1

2

(Φ̃±
λ )′(xi)

Φ̃±
λ (xi)

.

We putψ±
i (0) = limλ→0 ψ±

i (λ ) andψ̃±
i (0) = limλ→0 ψ̃±

i (λ ). Finally we let

ψi,i+1(λ ) = ψ+
i (λ )+ ψ̃−

i (λ )

and
ψi,i−1(λ ) = ψ−

i (λ )+ ψ̃+
i (λ ).

Theorem 3 [19] Let

ψ j±
i (λ ) =

∫

(0,∞]
(1−e−λx)F j±

i (dx) = λ
∫ ∞

0
e−λxF j±

i [x,∞]dx.

Then
i) ψ1±

i (λ ) = Pxi (τxi±1 < ∞)ψi,i+1(0)−Pxi (e−λτxi±1 )ψi,i+1(λ ),

ii) Excludingψ0−
1 andψ0+

N , ψ0±
i (λ ) =−ψ±

i (0)+ψ±
i (λ ),

iii) ψ0+
N (λ ) = ψ̃+

N (λ ) andψ0−
1 (λ ) = ψ̃−

1 (λ ).

The equationA u = λu for positiveλ is known to have explicit solutions for
a number of choices for the coefficients ofA . The simplest case is when the
coefficients are constant, i.e. whenX is Brownian motion with drift. Restricting
our attention to this case we can get an intuitive understanding of the relationship
between bond prices and the model’s parameters.

For the rest of the discussion we assume thatX is Brownian motion with drift,
i.e.X is given by

Xt = µt +σBt ,

whereB is a standard Brownian motion,µ ∈ R, andσ > 0. The corresponding
infinitesimal generator is given by

A =
1
2

σ2 d2

dx2
+ µ

d
dx

.

We remark thatX is anR-valued process, therefore we will assume thatX
models the logarithmic transform of the asset value, which is equivalent to as-
suming that the asset value follows a geometric Brownian motion.3 The levelsxi

correspond to the logarithmic transform of the actual thresholds. The information
structure does not change since the logarithm is a monotone transformation.

In this case, a formula forpi(t) is standard (see e.g. [14], p.10):

pi(t) = N

(−(xi −x1)−µ(T− t)
σ
√

T− t

)
+e

−2(xi−x1)µ
σ2 N

(−(xi −x1)+ µ(T− t)
σ
√

T− t

)
(8)

whereN(.) is the cumulative distribution function of the standard normal distri-
bution.

3 If the market observedXt continuously, then the equivalent martingale probability measure
would haveµ = r−σ2/2.
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We can also explicitly compute the measuresF j±
i , by inversion after comput-

ing their Laplace transforms using Theorem 3. We find that eachF j±
i (excluding

F0+
N andF0−

1 ) has a density,f j±
i , with respect to Lebesgue measure, and

f 1±
i (x) = e±

µ|xi−xi±1|
σ2 e−

µ2

2σ2 x
∞

∑
n=1

(−1)n+1 n2π2σ2

|xi −xi±1|2 e
− n2π2σ2x
|xi−xi±1|2 , (9)

f 0±
i (x) = e−

µ2

2σ2 x
∞

∑
n=1

n2π2σ2

|xi −xi±1|2 e
− n2π2σ2x
|xi−xi±1|2 . (10)

F0+
N (resp.F0−

1 ) has mass at∞ if and only if µ > 0 (respectivelyµ < 0). We have

F0+
N (∞) =

|µ|+ µ
2σ

, F0−
1 (∞) =

|µ |−µ
2σ

.

The restriction on(0,∞) of both F0+
N , andF0−

1 have densities, with respect to
Lebesgue measure, which we denote byf 0+

N and f 0−
1 . These densities are equal

and given by

f 0+
N (x) = f 0−

1 (x) = e−
µ2

2σ2 x 1

σ
√

2πx
.

We remark that neitherAt nor Yt should change as we scale the underlying
processX, as long as we scale the pointsxi with it. This is because ifR(.) is
the region indicator function associated with the level set{x1, . . . ,xn}, andR̃(.)
is the region indicator function associated with the level set{σx1, . . . ,σxn}, then
the processesR(Xt) andR̃(σXt) are identical. This is reflected in the formulae for
F j±

i . σF j±
i depends only onµ/σ and|xi−xi±1|/σ , andYt does not depend on the

scaling ofF j±
i . The functionspi(t), also, depend only onµ/σ and|xi −xi±1|/σ .

Hence the parameters of the model areµ/σ and|xi −xi±1|/σ . For the rest of the
discussion we assumeσ = 1.

From Remark 1, we know thatYt moves within the boundaries0 < p2(t) . . . <
pN(t) during [0,τ ∧T]. The parameters affectYt in two ways, by first changing
the boundariespi(t) and within these boundaries, by changing the relative posi-
tion of Yt . We first look at how the boundaries change. Eachpi(·) is a continuous
monotone function int with pi(T) = 0. Clearly asµ increases,pi(·) increases
point-wise, because an increase in the drift makes it less likely to hit the default
level. Also, the longer the distancexi −x1, the smallerpi . The distancesxi −xi±1
determine how far apart the boundaries, thepi , are from each other.

We know thatYt is lowest ifXt > xN, in which caseµ changes the rate of con-
vergence ofYt to 0. The higherµ, the faster the convergence. During an excursion
in [xi ,xi±1] that began atxi , (here we assumexi±1 6= xN ) we know thatYt is be-
tweenpi(t) andpi±1(t). We can think ofF0±

i andF1±
i as two forces acting onYt ,

the first one pullingYt towardspi(t), the latter towardspi±1(t). So the position of
Yt betweenpi(t) andpi±1(t) is determined by the relative strength ofF1±

i versus
F0±

i . (9), (10) indicate that the ratio

f 1±
i

f 0±
i

(x) (11)
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is monotone inx and converges toexp(±µ |xi − xi±1|/σ2) asx→ ∞. Therefore
although initially dominated byF0±

i , F1±
i gets stronger as the excursion continues,

so,Yt gets closer topi±1(t). Of course, this should be interpreted in a relative
sense, becausepi±1(t) andpi(t) are also getting closer to each other as they both
converge to0. The limit

e±
µ|xi−xi±1|

σ2

gives us an indication on the role ofµ . The drift µ changes the relative strength
of F1±

i versusF0±
i . In particular, for non-negativeµ , f 1+

i is always dominated by
f 0+
i whereas for positiveµ, f 1+

i dominatesf 0+
i for largex.

Figure 1 gives a simulation of howYt changes during an excursion. The ex-
cursion starts att = 0.2 and goes on untilt = 0.3. There are four levels,x1 = 0,
x2 = 0.25, x3 = 0.75, x4 = 1. X has no drift,σ = 1, andT = 1. Given these data,
Yt is computed under all possible scenarios. These scenarios are (i)Xt > x4, (ii)
x3 < Xt < x4, Xgt = x4, (iii) x3 < Xt < x4, Xgt = x3, (iv) x2 < Xt < x3, Xgt = x3, (v)
x2 < Xt < x3, Xgt = x2, (vi) Xt < x2, Xgt = x3. We observe that scenario (i) gives the
lowestYt , whereas (vi) gives the highest. The boundaries,p2, p3, p4 are also given.
We note that the values ofYt under (ii) and (iii), start fromp4 andp3, respectively,
and converge to each other as the excursion continues. This is becauseF1−

4 = F1+
3

(asµ = 0) converges toF0−
4 = F0+

3 . The rate of convergence is solely determined
by x4−x3 (see the discussion on jump rates). Under ((iv) and (v)), we see a similar
picture, except with a slower rate of convergence sincex3−x2 > x4−x3.

We remark that under (ii) ,Yt is always lower than it is under (iii), and this is
always the case wheneverµ ≥ 0. Indeed, whenµ > 0, for u > 0, andy > u,

f 0−
i+1(y)

F−
i [u,∞)

≥ f 1+
i (y)

F+
i [u,∞)

and whenxi < Xt < xi+1 these are the weight distributions for the lower boundary,
pi+1, under the two possible scenarios,Xgt = xi andXgt = xi+1.

Last, we look at the jump rates

λ j±
i (x) =

f j±
i (x)

F±
i [x,∞]

.

λ j±
i (x) corresponds to the instantaneous likelihood of an excursion ending at the

point i±1, when its age has reachedx. We note thatλ 1−
2 is related to the intensity

process,λt , of the default time as follows:

λt =
{

0 if Xt ≥ x2

λ 1−
2 (Ut) if x1 < Xt < x2.

Theorem 4 i) λ 0±
i is monotone decreasing with

lim
x→0

λ 0±
i (x) = ∞,

lim
x→∞

λ 0±
i (x) =

(
π2σ2

(xi −xi±1)2
+

µ2

2σ2

)
(1+e±

µ|xi−xi±1|
σ2 )−1.
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Fig. 1 Yt , during an excursion. Excursion starts att = 0.2, goes on tillt = 0.3.

ii) λ 1±
i is monotone increasing with

lim
x→0

λ 1±
i (x) = 0,

lim
x→∞

λ 1±
i (x) =

(
π2σ2

(xi −xi±1)2
+

µ2

2σ2

)
(1+e−±

µ|xi−xi±1|
σ2 )−1.

Proof We first prove (i) forλ 0−
1 and λ 0+

N . It is enough to showF0−
1 [x,∞)(=

F0+
N [x,∞)) is log-convex. This is true becausef 0−

1 is log-convex, and the inte-
gral of a log-convex function over the interval[x,∞) is log-convex as a function of
x. The assertions involving the limits hold withx0 = −∞ andxN+1 = ∞, and can
be shown by an application of L’Ĥopital’s rule.

The rest of the proof is concerned withλ j±
i excludingλ 0−

1 andλ 0+
N . We ob-

serve that all the terms after the first term inside the sums in (10) and (9) are
negligible for larget. Hence the limits ast → ∞ are found by direct computation
using the first terms.

Next, we show the monotonicity ofλ j±
i . Since

λ j±
i (x) =

f j±
i (x)

F j±
i [x,∞)

F j±
i [x,∞)

F±
i [x,∞)

(12)

and by (11), it is enough to show (a)F0±
i [x,∞) is log-convex, and (b)F1±

i [x,∞) is
log-concave. We put

an =
n2π2σ2

(xi −xi±1)2
,
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bn =
n2π2σ2

(xi −xi±1)2
+

µ2

2σ2
.

Then

F0±
i [x,∞) =

∞

∑
n=1

an

bn
e−bnx. (13)

(a) follows from Ḧolder’s inequality. Indeed, for0 < x1 < x2 andλ > 0, let

xn = e−bnλx1

and
yn = e−bn(1−λ )x2.

Letting

p =
1
λ

, q =
1

1−λ
,

Hölder’s inequality gives

F0±
i [λx1 +(1−λ )x2,∞) =

∞

∑
n=1

an

bn
xnyn

≤ (
∞

∑
n=1

an

bn
xp

n)
1/p(

∞

∑
n=1

an

bn
yq

n)
1/q

= F0±
i [x1,∞)λ F0±

i [x2,∞)(1−λ ).

To prove (b), we show that the second derivative oflogF1±
i [x,∞) is negative. Since

(logF1±
i [x,∞))′′ =− ( f 1±

i (x))′F1±
i [x,∞)+( f 1±

i (x))2

F1±
i [x,∞)2 ,

it is enough to show

( f 1±
i (x))′F1±

i [x,∞)+( f 1±
i (x))2 > 0.

Note

( f 1±
i (x))′F1±

i [x,∞)+( f 1±
i (x))2

=
∞

∑
n=1

(−1)nanbne−bnt
∞

∑
n=1

(−1)n+1 an

bn
e−bnt

−
∞

∑
n=1

(−1)n+1ane−bnt
∞

∑
n=1

(−1)nane−bnt

=
∞

∑
n=1

∑
m>n

(−1)n+m+1(ambm
an

bn
+anbn

am

bm
−2aman)e−(bm+bn)t

To show that the inner sum above is positive we borrow an inequality from the
literature on inequalities in analysis. This inequality ([3], p.245) is a version of an
inequality known as Szegö’s inequality, is due to Brunk, and says the following:
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Let f be convex on[0,b]. If b≥ a1≥ . . .≥ an≥ 0, and1≥ h1≥ . . .≥ hn≥ 0 then
for oddn,

n

∑
i=1

(−1)i−1hi f (ai)≥ f (
n

∑
i=1

(−1)i−1hiai).

Note

∑
m>n

(−1)n+m+1(ambm
am

bm
+anbn

am

bm
−2aman)e−(bm+bn)t

=
∞

∑
k=1

(−1)k−1an+kan(
bn+k

bn
+

bn

bn+k
−2)e−(bn+k+bn)t .

Sincef (x)= e−x is convex, andan+k is non-decreasing ask increases, non-negativity
follows from Brunk’s inequality once we show that

ck =
bn+k

bn
+

bn

bn+k
−2

is non-decreasing, too. To see this we first observe thatbn+k

bn
is non-decreasing and

greater than1. This implies thatck is non-decreasing, because the functionx+1/x
is non-decreasing forx > 1. This completes the proof of (b).

Last we compute the limits ofλ j±
i asx→ 0. By a simple ratio test of the terms

of the series in (10) and (13),

lim
x→0

f 0±
i (x)

F0±
i [x,∞)

= ∞. (14)

SinceF1±
i (0,∞) < ∞ andF0±

i (0,∞) = ∞,

lim
x→0

F1±
i [x,∞)

F±
i [x,∞)

= 0. (15)

(12),(14) and (15) imply thatλ 0±
i (x)→ ∞. Also sinceF1±

i [x,∞) is log concave,

lim
x→0

λ 1±
i (x) = c lim

x→0

F1±
i [x,∞)

F±
i [x,∞)

for somec < ∞. Hencelimx→0 λ 1±
i (x) = 0 by (15).

In Figure 2-3 we plotλ 0+
i versusλ 1+

i for different values ofµ. We note as
µ increases,λ 0+

i decreases andλ 1+
i increases, both point-wise. The limit ofλ 0+

i

is greater than the limit ofλ 1+
i for µ > 0 and this is reversed whenµ < 0. Both

limits are the same whenµ = 0. The rate of convergence to the limit is determined
by xi −xi+1, note that this is the only parameter attached ton2 in the exponent of
the summands in (10) and (9). (See Figure 4). The convergence of the jumping
rates to a constant tells us that as the excursion continues, the dependence on the
past (i.e. the age and the beginning point of the excursion) disappears, and the
jump distribution starts to look like the distribution of a jump of a simple Markov
process.
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Fig. 2 λ 1+
i versusλ 0+

i . µ varies from0 to 1 with 0.2 increments.σ = 1, xi+1−xi = 1.

Fig. 3 λ 1+
i versusλ 0+

i , µ varies from0 to 1 with 0.2 increments.σ = 1 xi+1−xi = 1.
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Fig. 4 λ 1+
i versusλ 0+

i , xi+1−xi varies from0.75 to 1.25. µ = 0, σ = 1

4 Conclusion

This paper provides an alternative credit risk model based on information reduc-
tion where the market only observes the firm’s asset value when it crosses certain
levels, interpreted as changes significant enough for the firm’s management to
make a public announcement. For a class of diffusion processes we are able to
provide explicit expressions for the firm’s default intensity process and its zero-
coupon bond prices.
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18. P. Scḧonbucher and M. Tolotti, “Credit risk under incomplete accounting in-
formation: A discretized approach in filtering language, ”Preprint (Masters’
thesis of Tolotti, under the supervision of Schönbucher, at ETH Z̈urich).
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