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Abstract A common problem is to choose a “risk neutral” measure in an incom-
plete market in asset pricing models. We show in this paper that in some circum-
stances it is possible to choose a unique “equivalent local martingale measure” by
completing the market with option prices. We do this by modeling the behavior
of the stock priceX, together with the behavior of the option prices for a relevant
family of options which are (or can theoretically be) effectively traded. In doing
so, we need to ensure a kind of ’‘compatibility” betweenX and the prices of our
options, and this poses some significant mathematical difficulties.
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1 Introduction

A common practice for analyzing stock prices and the associated option pricing
and hedging strategies has as a first step the choice of a model for the stock price.
The Black–Scholes model is usually considered inaccurate, both due to volatility
“smile” effects, and the widespread belief that price processes have “heavy tails”
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(cf, eg, [14], [4]). This leads researchers to consider more sophisticated models
such as diffusions, models with stochastic volatility, and/or models with jumps.
In many cases this destroys the completeness of the model, thus rendering option
pricing a perilous task and hedging imperfect. Moreover, the choice of the model
and in particular the values allocated to the various parameters entering the model
are also sometimes suspect.

On the other hand, many options are effectively traded, just as the stock itself
is. The recorded prices of these options are used for determining the parameters of
the model, through the “implied volatility” paradigm for example; and the options
are also used for hedging.

A classical approach is to specify a parameterized form of a price process for
a risky asset, then to estimate the parameters statistically (calibration); one then
uses the calibrated model to determine risk neutral prices of contingent claims in
the case of a complete market; in the case of an incomplete market, one chooses a
risk neutral measure based on some criterion determined by the modeler.

Concerning option prices, ideally, one should derive them from the underlying
model, and then enter the recorded prices to provide a check on one’s estimates of
the parameters. This proves impossible for two reasons at least: one is that option
prices arenot in general determined by the model when completeness fails, and
another one is that even in the rare cases where option prices are determined by
the model, they are almost never given in closed form and actual computations are
difficult or impossible.

However, there is also good news: if sufficiently many assets are traded, then
the model becomes complete. This is a heuristic way of stating the following very
general mathematical result. Let(Ω ,F ,F,P) whereF = (F t)t≥0, be a filtered
probability space with an adapted processX (the stock price process).X represents
the non-discounted price process. If we take the time value of money into account
then we would replaceX with St = e

∫ t
0 rsdsXt . However in this paperwe assume

that the interest rater is deterministic, and moreoverr ≡ 0. This can be a serious
restriction, but it simplifies the already complicated mathematics of the paper.

Usually there are infinitely many measuresQ equivalent toP, under whichX
is a martingale or local martingale (so completeness fails). But if we introduce a
family Y of additional processes, the set of all measuresQ equivalent toP under
whichX and all processesY in Y are martingales, shrinks: it may be empty, but it
also may be a singleton, in which case the “model” (including allY ∈Y ) becomes
complete. And it is always possible to find a big enough familyY such that the
above set is a singleton (but typically, of course,Y is infinite, although countable
as soon as theσ–fieldF is separable).

These considerations lead us to propose a scheme in which one models the
behavior of the stock priceX, together with the behavior of the option prices for
a relevant family of options which are (or can theoretically be) effectively traded.
In doing so, one should of course ensure a kind of “compatibility” betweenX and
the prices of our options. This is similar to the modelling of bond prices, where
one models the behavior of the interest rate together with the prices of bonds with
various maturities. Our scheme is closely related to the term structure model of
Heath, Jarrow and Morton [17], extended to the discontinuous case by T. Björk, G.
Di Masi, Yu. Kabanov and W. Runggaldier in [1] and [2]. Unfortunately, however,
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an HJM style model for option prices seems intrinsically much more complicated
than it is for bonds.

The scheme we propose encompasses a lot of different “concrete” models,
which all have in common that completeness holds. For simplicity we suppose that
there is a single stock price, but an extension to several stocks is straightforward.
We also suppose that we have a single type of option which is traded, namely a
European option with pay–off functiong (a nonnegative convex function, typically
g(x) = (x−K)+) and arbitrary expiration dates. Again, these ideas would work
as well for other types of options. In fact, if we smooth the standard function
g(x) = (x−K)+ just a bit to make itC 2, then we will see that one obtains a much
more satisfying theory.

Indeed, this paper was originally conceived as an attempt to see if a term struc-
ture type model for option prices (broadly interpreted) could be seen to make sense
in a general way. The problem is hard, due to the requirement in what we call the
full model that the choice of the risk neutral measure determine the value of the
underlying martingale at the maturity time. What we have found is that if we insist
that the standard functiong(x) = (x−K)+ be used, then the answer is negative.
However if we are willing to tolerate a bit of smoothing ofg, then we can make
some sense of the problem, and it becomes tractable.

The simplicity (or lack thereof) of the problem is tied to when the options
mature. If one is interested in a time interval[0,T?] where the option in question
maturesafter the timeT?, then the problem is much simpler, since it is not nec-
essary to force the ending value of the martingale representing the option price
to agree with the value of the option, written as a function of the price processX
at timeT?, precisely because that time has not yet arrived. We consider this case
first, where the ideas work well, before considering the more general case where
the options mature on or before the timeT?.

The idea of completing a market with option prices is not new. For example
there was a flurry of research appearing in 1997: H. Dengler and R. Jarrow [11]
consider a simple model where the price process is pure jump, but with only two
distinct jump sizes. They use two traded call options to complete the market, and
the collection of martingale measures becomes a parameterized family, with only
one of them being a martingale measure for all three securities. B. Dupire [13]
considers a simple stochastic volatility model and lets the strike price vary but
keeps time fixed. Differentiating twice with respect to the strike, he gets a par-
tial differential equation, which, when solved, uniquely determines a martingale
measure. Finally, E. Derman and I. Kani [12] also treat the stochastic volatility
case, and consider calls with varying strike priceK. As does Dupire, they as-
sume smoothness inK, differentiate twice, and get a density implied by the call
option, which depends onK. The risk neutral restriction leads to a PDE, and a
numerical procedure for solving it is proposed. Philip Schönbucher [29] (1999)
considers a Brownian paradigm, with the presence of stochastic volatility. He then
finds conditions under which one has the absence of arbitrage, which amounts to
a condition that the over specified model must satisfy (it is over specified in the
sense that there are more securities than sources of randomness). His approach
revolves around implied volatilities, with the spot volatility taken as a fundamen-
tal variable. In essentially simultaneous work to this paper, M. Schweizer and J.
Wissel [30] have improved on these ideas using different maturities (rather than
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different strikes as in the 1997 literature), and in that sense their paper is closer in
spirit to this one; see also the preprints by M. Davis and J. Obloj [8] and by M.
Schweizer and J. Wissel [31]. Finally, we also wish to mention the recent and very
interesting related work of R. Carmona and S. Nadtochiy [3], which is similar in
spirit to the work of Derman, Dupire and others (in the continuous path case), but
takes the ideas much farther.

At this point it is prudent to make clear what we claim and also what we do not
claim. In an incomplete market setting, in the absence of arbitrage opportunities,
there are of course an infinite number of risk neutral measures. It is theoretically
possible to obtain enough information from contingent claim prices, given by the
market, to match one or more of these risk neutral measures to these extra prices.
Such a matching implies that consistency conditions must be met. In some cases
there may be only one such measure, or perhaps none at all. Having a unique mea-
sure implies a complete market, of course, but it need not be a stable complete
market; that is, since the risk neutral measure is determined by matching the op-
tion prices, it is possible there could be a paradigm shift. That is, the market has
“chosen” (at least for now) a unique measure among all of the possible risk neutral
measures corresponding to the asset price process. The market could choose a dif-
ferent one at some future time. See [20] for the development and use of this idea.
We wish to emphasize that we are not giving conditions for the absence of arbi-
trage opportunities; rather, we are giving conditions for when the price structure of
derivatives is such that one can find an equivalent local martingale measure which
is compatible with the price structure, or alternatively is such that there cannot ex-
ist such an equivalent local martingale measure corresponding to the prices. When
we can in fact find such a risk neutral measure, then the theory of Harrison, Pliska
and Kreps; or more generally of Delbaen and Schachermayer; ensure the absence
of arbitrage, properly interpreted. This is in contrast to the usual approach, where
one risk neutral measure is chosena priori and then derivative prices are dictated
by the model and this choice of risk neutral measure.

A last warning is in order: we make no attempt to the calibration of the mod-
els we propose. For this, we would need to specify the model within a class of
parametric models, and this would be the object of a totally different work; see
however the end of Section 4.

A plan of the paper is as follows. In Section 2 we present the general frame-
work we will consider: the price process of a given stock will be assumed to follow
what is known as an Itô process framework: an adapted càdl̀ag process consisting
of a stochastic integral with respect to a Wiener process, and a jump component
driven by a compensated Poisson random measure for the “small” jumps, and the
“large” jumps being arbitrary. To this we include models for the options, where we
consider two different frameworks: the first with a finite trading time horizonT?

with options maturing afterT? (calledpartial models), and the second withT? = ∞
(calledfull models). We do not specify the prices via the model of the stock price,
but rather consider them as given by the market.

In Section 3 we letP(T) = P(T)t≥0 denote European call option prices through
time, with a fixed strike priceK and maturity timeT. We keepK fixed, and we
let the maturity timeT vary. We then consider the collection of equivalent local
martingale measures that are compatible with the given prices of the stock and
options, and we characterize them, in terms of assumed structure.
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In Section 4 we consider when the entire collection of equivalent local mar-
tingale measures for partial models, and determine when it has cardinality one.
This obviously requires a compatibility condition among the option prices, since
a priori we do not know the collection is not empty. Examples are given.

In Section 5 we consider the analogous situation as in Section 4 but for full
models. We give an example of Markov type stochastic volatility models.

2 A general model

We suppose that all sources of randomness are a family of Brownian motions
and a possibly infinite Poisson random measure: this should cover most, if not
all, applications. When all processes (stock prices, option prices) are continuous
in time we can dispense with the Poisson measure. When the stock prices are
continuous but the volatility has jumps, we do need the Poisson measure, and
even more so of course when the stock prices are discontinuous.

More specifically we have a filtered space(Ω ,F ,F,P) whereP is the histor-
ical measure,F = (F t)t≥0, and the space is endowed with a finite or countable
family (Wi)i∈I of standard Brownian motions, and a Poisson random measure
µ = µ(dt,dx) on R+ ×R, with intensity measureν(dt,dx) = dt⊗ F(dx). We
suppose thatF is the smallest filtration to which theWi ’s andµ are adapted, and
F = F ∞.

We need to consider below the optional and predictableσ -fieldsO andP on
the productΩ ×R+. As a matter of fact, we also need to consider the products
Ω ×R+×R andΩ ×R+×R×R: all these products will be endowed with the
productσ -fields ofF with the Borelσ -fields of the other factors, and the measure
which is the product ofP with the relevant Lebesgue measure. We generically
write Ω̂ andP̂ for these products and the associated measures. We also writeP̃
for the productP⊗R onΩ×R+×R, where of courseR denotes the Borel sets.

1) The stock model.We assume the following model for the stock priceX. First,
in thecontinuous casewe suppose that

Xt = X0 +
∫ t

0
asds+∑

i∈I

∫ t

0
σ i

sdWi
s. (2.1)

In the general case, when there are jumps, we suppose that

Xt = X0 +
∫ t

0
asds+∑

i∈I

∫ t

0
σ i

sdWi
s +(ψ1{|ψ|≤1})∗ (µ−ν)t +(ψ1{|ψ|>1})∗µt .

(2.2)
Here and below we use the standard notation for stochastic integrals w.r.t. Wiener
processesWi and random measureµ or compensated random measureµ−ν, see
e.g. [18]. In (2.2)X0 > 0 is non–random and the coefficientsa, σ i andψ are such
that the integrals and sums above make sense: that is,a andσ i are predictable and
ψ is P̃–measurable, and

∫ t

0

(
|as|+∑

i∈I

|σ i
s|2 +

∫
(ψ(s,x)2∧1)F(dx)

)
ds< ∞ a.s. (2.3)
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for all t. Of course these coefficients should also be such thatXt > 0: this amounts
to saying that they factorize asat = Xt−āt andσ i

t = Xt−σ̄ i
t andψ(t,x) = Xt−ψ̄(t,x)

with ψ̄ >−1 identically, but it is more convenient to use the form (2.2). Note that
this is the most general semimartingale driven byµ and theWi ’s.

The processX is fixed throughout; this determines the deterministic starting
pointX0, and the coefficientsa, σ i andψ up to aP̂–null set.

2) The associated option model.For the options, we consider a fixed pay–off
function g on (0,∞) which is nonnegative and convex, and we denote byP(T)t

the price at timet ∈ [0,T] of the option with pay–offg(XT) at expiration dateT.
We also assume thatg is not affine, otherwiseP(T)t = g(Xt) is of course the price
of the option at timet and there is nothing more to do.

We denote byT the set of expiration datesT corresponding to tradable op-
tions (always with the same given pay–off functiong), and byT? the time horizon
up to when the trading may take place. Even whenT? < ∞, there might be options
with expiration dateT > T?, so we need to specify the model up to infinity.

In practiceT is a finite set, although perhaps quite large. For the mathemat-
ical analysis it is much more convenient to take forT an interval, or perhaps a
countable set which is dense in an interval. In this paper we mainly concentrate
on two cases, although other obvious situations are also of interest:

• The full models,for whichT? = ∞ andT = (0,∞).

• The partial models,for whichT? < ∞ andT = [T0,∞), with T0 > T?.

Apart from the fact thatP(T)T = g(XT), the pricesP(T)t are so far unspec-
ified, and the idea is to model them on the basis of the sameWi and µ rather
thanX. However, since these are option prices, they should have some structural
properties.

Indeed, if the option prices were derived in the customary way, we would
have a measureQ which is equivalent toP, and under whichX is a martingale
andg(XT) isQ–integrable andP(T)t = EQ(g(XT)|F t) for t ≤ T. Then of course
P(T) is aQ–martingale indexed by[0,T]. But we can also look at howP(T)t

varies as a function of the expiration dateT, on the interval[t,∞). That is, we
are taking the non customary step of fixingt, and consideringP(T)t as a process
whereT varies. SinceX is a quasi–left continuous martingale andg is convex,
thenT 7→ g(XT) is a quasi–left continuous submartingale relative toQ, and this
implies thatT 7→ P(T)t is non–decreasing and continuousfor T ≥ t. Observe that
this property holdsQ–almost surely, henceP–almost surely as well becauseP and
Q are equivalent.

We wish to emphasize that, for example in the case of European call options,
the usual theory calls forP(T)t = EQ?((XT −K)+|F t) for some risk neutral mea-
sureQ?. We do not make this assumption here. Indeed, the previous paragraph
is simply motivation for us toassume a priorithatT 7→ P(T)t is non–decreasing
and continuous. This seems completely reasonable from the viewpoint of prac-
tice, where (in the absence of dividends or interest rate changes and anomalies)
it is always observed thatT 7→ P(T)t is nondecreasing. In the language of practi-
tioners, if it were not it would imply a “negative pricing of the calendar,” which
makes no economic sense [22]. Nevertheless we warn the reader that there are
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pathological examples where this assumption does not hold: for example ifX is
the reciprocal of a three dimensional Bessel process starting atX0 = 1, thenX is
a local martingale for its natural filtration, butT 7→ P(T)0 is not increasing, since
P(0)0 = 0, P(T)0 > 0 for T ∈ (0,∞), but limT→∞ P(T)0 = 0, henceT 7→ P(T)0
cannot be increasing forT ≥ 0. Thus our assumptionT 7→ P(T)t is increasing in
T rules out the possibility of the market being governed by such prices processes.
(Note that the assumption thatT 7→ P(T)t is increasing inT is not essential, and
could be replaced simply withT 7→ P(T)t is absolutely continuous as a function
of T, provided one makes the appropriate mathematics changes in the proofs.)

So one can consider the latter property as embedded into the fact that the
P(T)t ’s are option prices. We slightly strengthen this property by assuming that
T 7→ P(T)t is absolutely continuous on(t,∞): we will check that this assumption
is satisfied by the Black–Scholes and many other usual models. An equivalent way
of expressing these properties is to write

P(T)t = g(Xt)+
∫ T

t
f (t,s)ds, t ≤ T, (2.4)

where thef (t,s)’s for t < sare random nonnegative andF t–measurable variables,
whose dynamics we now need to specify. (We remark that this is reminiscent of
one of the “Greeks,” namely theta, which measures the rate of change in the op-
tion’s value with respect to time to expiration, namelyT − t. Usually, however,
it is implicit that T is fixed and thatt is changing; here of course we are takingt
fixed withT changing.)A priori P(T)t is not defined fort > T, but it is convenient
to setP(T)t = g(XT) for t > T (recall P(T)T = g(XT)). So in fact each process
P(T) is well defined over the whole positive line, and our extension of course does
not alter the putative martingale property ofP(T); moreover sinceT 7→ P(T)t is
constant on[0, t), we should havef (t,s) = 0 for s< t.

Now we have to specify the dynamics of the processes( f (t,s),0≤ t < s). Note
that in (2.4), for any(ω, t) the functions 7→ f (ω, t,s) (for s> t) is a priori defined
up to a Lebesgue-null set only, since it is a density, and the null set may depend on
(ω, t). However it is convenient to assume thatf (t,s) is well-defined for allt < s.
In thecontinuous casethe dynamics is as follows:

f (t,s) = f (0,s)+
∫ t

0
α(u,s)du+∑

i∈I

∫ t

0
γ i(u,s)dWi

u, (2.5)

and in the general case it is

f (t,s) = f (0,s)+
∫ t

0
α(u,s)du+∑

i∈I

∫ t

0
γ i(u,s)dWi

u

+(φ(.,s)1{|φ(.,s)|≤1})∗ (µ−ν)t +(φ(.,s)1{|φ(.,s)|>1})∗µt . (2.6)

The coefficientsα(ω ,u,s), γ i(ω ,u,s) andφ(ω,u,x,s) and the starting points
f (0,s) determine our option price model. The precise assumptions, which amount
to nonnegativity and finiteness conditions, are given below:

Definition 21 A full option model associated with(X,g) is a family of processes
(P(T) : T > 0) given by (2.4), where for eachs the process( f (t,s) : 0≤ t < s) has
the form (2.6), and where
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(1) f (0,s) is a non–random nonnegative initial condition, measurable and lo-
cally integrable ins.

(2) α(ω,u,s) and γ i(ω,u,s), respectivelyφ(ω,u,x,s), are measurable w.r.t.
P⊗R+, respectivelyP⊗R⊗R+.

(3) α , γ i andφ are such that the integrals in (2.6) make sense for allt < s and
(ω, t,s) 7→ f (t,s)(ω)1{t<s} is O⊗R+–measurable.

(4) We havef (t,s)≥ 0 for all t < s.
(5) We have

∫ T
t f (t,s)ds< ∞ a.s. for allt ≤ T. ut

An important role will be played by the following processes:

χ(s)t =
∫ t

0

(
|α(u,s)|+∑

i∈I

|γ i(u,s)|2 +
∫

(φ(u,x,s)2∧1)F(dx)

)
du. (2.7)

Under (2) above, (3) is equivalent to saying thatχ(s)t < ∞ a.s. for allt < s.
Analogous to the stock model, one can modifyα, γ i or φ on a P̂-null set

without changing the option pricesP(T)t .
The above specification is necessary and sufficient for theP(T)t ’s to be well

defined, but it is not quite enough if we want to exchange the stochastic integrals
in (2.6) and the ordinary integral in (2.4) in order to exhibit the dynamics ofP(T)
itself. Note also that while we assumeχ(T)t < ∞ for t < T, we do not suppose
that χ(T)T < ∞. Thereforef (T,T) might not be well defined, and this is indeed
the case for the Black-Scholes model with pay–off functiong(x) = (x−K)+. Nev-
ertheless whenf (T,T) exists (as it does for some models), the models are much
simpler to deal with. This leads us to consider more special models:

Definition 22 A full option model associated with(X,g) is said to be
(1) regular if for almost allswe haveχ(s)s < ∞ a.s. (This implies thatf (s,s)

is well defined);
(2) fair if for all T we have

∫ T
t χ(s)t ds< ∞ a.s.;

(3) strongly regular if for all T ∈ R+ we have
∫ T

0 χ(s)s ds< ∞ a.s.

Note that strongly regular implies regular and fair, becauset 7→ χ(s)t is in-
creasing (buts 7→ χ(s)t is usually not increasing).

Now we turn to partial models, where trading takes place up to timeT? and
expiration dates are allT ≥ T0, with T0 > T?. In this case we have only to model
P(T) for T ≥ T0 andt < T0, and of course (2.4) gives us

P(T)t = P(T0)t +
∫ T

T0

f (t,s)ds (2.8)

Then if we know the dynamics ofP(T0), the model will be fully specified by
the dynamics oft 7→ f (t,s) for s> T0, whereas we need only to characterize the
dynamics of all processes up to timeT?. This leads us to the following definition:

Definition 23 A (T?,T0) partial option model associated with(X,g) is a family of
processes(P(T) : T ≥ T0) with time interval[0,T?] given by (2.8), where

a) For eachs > T0 the process( f (t,s) : t ≤ T?) has the form (2.6) and all
requirements of Definition 21 are satisfied fort ≤ T? ands> T0.
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b) The processP(T0) is given fort ≤ T? by

P(T0)t = P(T0)0 +
∫ t

0
αsds+∑

i∈I

∫ t

0
γ i

sdWi
s (2.9)

in thecontinuous case, and in the general case by

P(T0)t = P(T0)0+
∫ t

0
αsds+∑

i∈I

∫ t

0
γ i

sdWi
s +(φ1{|φ |≤1})∗(µ−ν)t +(φ1{|φ |>1})∗µt ,

(2.10)
where the above coefficients are predictable and satisfy

∫ T?

0

(
|α t |+∑

i∈I

|γ i
t |2 +

∫
(φ(t,x)2∧1)F(dx)

)
dt < ∞ (2.11)

a.s., and further the (non–random) initial conditionP(T0)0 and these coefficients
are such that we have identically

t ∈ [0,T?] ⇒ P(T0)t ≥ g(Xt). (2.12)

Finally the model isfair if we have
∫ T

T0
χ(s)T?

ds< ∞ a.s. for allT > T0. ut
Note that here the notions of regular or strongly regular models are irrelevant.

3) Equivalent (local) martingale measures.The definition of equivalent martin-
gale measures is standard, but we need first to specify a number of points.

Here we diverge a bit from the standard theory of Delbaen and Schachermayer
(see [9], [10]), where it is proved that the condition “No Free Lunch with Van-
ishing Risk” (known as NFLVR) is shown to be equivalent to the existence of an
equivalent probability measure making the price process a local martingale in the
continuous case. Instead, we consider locally equivalent probability measures: two
probability lawsQ andP are said to belocally equivalentif they are equivalent on
eachσ–fieldF t , t < ∞. A canonical example of two processes which give rise to
locally equivalent probabilities, but not equivalent ones, areW = (Wt)0≤t<∞ and
Z, whereZt = Wt +αt, 0≤ t < ∞ andα 6= 0, for a standard Wiener processW.

For a full model we then callM ar, respectivelyM arloc, the set of all proba-
bility measuresQ on(Ω ,F ) which arelocally equivalenttoP (that is, equivalent
on eachσ–field F t , t < ∞), and under whichX and P(T) for all T ∈ T are
martingales, respectively local martingales.

In a similar way, for a(T?,T0)-partial model we callM ar(T?,T0) andM arloc(T?,T0)
the sets of all probability measuresQ on (Ω ,F T?

) which are equivalent toP on
F T?

and under whichX andP(T) for all T ≥T0 are martingales, respectively local
martingales, over the time interval[0,T?].

According to the folklore of the subject, no–arbitrage means that the setM ar
is not empty, and completeness means that it is a singleton. This of course comes
from (local) martingale representation theory. From a mathematical point of view,
M arloc is much easier to deal with, and justified from the standpoint of the theory
of Delbaen and Schachermayer ([9], [10]). We note that Delbaen and Schacher-
mayer show that one can in general have only an equivalent sigma martingale
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measure in the general case (ie, not necessarily continuous) for the price process.
However a sigma martingale which is bounded below is a local martingale (see,
e.g. [18] or [24]), and we are assuming nonnegativity of our risky asset price pro-
cess, which of course is appropriate when modeling stock prices. So we do not
need to consider sigma martingales here.

We note in passing that the really meaningful sets would be the above sets of
measures with the original filtration(F t) replaced by the filtration(G t) generated
by the processesX and theP(T)’s for T ∈ T . But this is much more difficult
to analyze when the inclusionG t ⊂F t is strict. It is often the case that the two
filtrations agree, although it is of course easy to exhibit “counterexamples”. We
do not pursue this issue in this paper.

ThroughoutX is fixed, and of course the question of whetherM arloc, resp.
M ar, is empty or not is irrelevant if we do not have (H), resp. (H’), below:

Hypothesis (H): There exists at least one locally equivalent probability measure
under whichX is a local martingale.

Hypothesis (H’): There exists at least one locally equivalent probability measure
under whichX is a martingale.

4) The Black–Scholes model.Here we check that option models as defined above
encompass at least the Black–Scholes model, for which the price of options is
completely determined by the stock price model. Other examples are provided
later. We have a single Brownian motionW1 =W and no Poisson measure (µ = 0).
We suppose thatP is the risk neutral measure, so that

Xt = X0 +
∫ t

0
σXsdWs (2.13)

Under the traditional setting, the price of a European option with pay–off function
g having polynomial growth and maturityT, at timet ≤ T, is P(T, t) = C(Xt ,T−
t), where

C(x, t) = E(g(xeσU
√

t−σ2t/2)), (2.14)

andU isN (0,1). One knows thatC isC∞ on(0,∞)×(0,∞) and that (with obvious
notation for the partial derivatives):

C′
t(x, t) =

1
2t

∫
h(u)g(x eσu

√
t−σ2t/2)

(
u2−1−uσ

√
t
)

du.

If g is C2, thenC is C1 on (0,∞)× [0,∞) andC′
t(x,0) = σ2

2 x2g′′(x), which is the
valueL g(x) with L the generator ofX, at it should be. Wheng is convex but
notC2, one deduces from (2.14) thatC(x, t)−g(x) = O(

√
t) ast → 0, and for the

particular caseg(x) = (x−K)+ a simple computation shows that

√
t C′

t(x, t) →
σ

2
√

2π
1{x=K}. (2.15)

More generally,C′
t(x,0) exists if g is twice continuously differentiable atx, and

not if g is not twice differentiable atx.
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From this discussion, it follows that (2.4) holds with

f (t,T) = C′
t(Xt ,T− t), (2.16)

and by It̂o’s formula we have (2.6) fort < T, with

f (0,T) = C′
t(X0,T)

α(s,T) =−C′′
tt(Xs,T−s)+ 1

2 C′′′
txx(Xs,T−s)σ2X2

s

γ(s,T) = C′′
tx(Xs,T−s)σXs.





(2.17)

Therefore the pricesP(T) follow a full option model associated with(X,g), which
is always fair. It is strongly regular ifg is C2, but it is not even regular ifg is not
twice differentiable.

3 A characterization of equivalent local martingale measures

In this section we aim to give a sort of “technical” characterization of equivalent
local martingale measures. We start with showing that all processesP(T) are of
the type (2.8) and more specifically of the type (2.10) for suitable coefficients, and
under the right assumptions. Let us first introduce the notation

σ̃ i
t = σ i

t g
′(Xt−)

ψ̃(t,x) = g(Xt−+ψ(t,x))−g(Xt−)

ψ(t,x) = ψ̃(t,x)−g′(Xt−)ψ(t,x)

ãt = atg′(Xt−)+ 1
2 g′′(Xt−)∑i∈I (σ i

t )
2 +

∫
E F(dx)ψ(t,x)1{|ψ(t,x)|≤1}





(3.1)

Lemma 31 For a strongly regular full model and ifg is C2, we have fort ≤ T:

P(T)t = P(T)0+
∫ t

0
A(u,T)du+∑

i∈I

∫ t

0
Γ i(u,T)dWi

u+Φ(.,T)∗(µ−ν)t +Φ ′(.,T)∗µt ,

(3.2)
where the coefficients above are, foru≤ T:

A(u,T) =− f (u,u)+ ãu +
∫ T

u α(u,s)ds

Γ i(u,T) = σ̃ i
u +

∫ T
u γ i(u,s)ds

Φ(u,x,T) = ψ̃(u,x)1{|ψ(u,x)|≤1}+
∫ T

u (φ(u,x,s)1{|φ(u,x,s)|≤1})ds

Φ ′(u,x,T) = ψ̃(u,x)1{|ψ(u,x)|>1}+
∫ T

u (φ(u,x,s)1{|φ(u,x,s)|>1})ds.





. (3.3)

Although it is not immediately apparent from the sight of (3.2), takingt = T
in this formula yieldsP(T)T = g(XT): this happens because of the presence of the
term f (u,u) in the driftA(u,T), plus the presence of̃a, σ̃ i andψ̃ in the four terms
of (3.3). Writing (3.2) implicitly means that all terms in it are meaningful, which
amounts to saying that a.s.,

∫ T

0

(
|A(u,T)|+∑

i∈I

|Γ i(u,T)|2 +
∫

(Φ(u,x,T)2 +1{Φ ′(u,x,T)6=0})F(dx)

)
du< ∞

(3.4)
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Proof. By hypothesis
∫ T

0 f (0,s)ds< ∞, and also
∫ T

0 χ(s)T∧s ds< ∞ a.s., hence for
all soutside a Lebesgue–null setN the processf (t∧s,s) is a semimartingale over
R+. So a simple transformation of (2.4) gives

P(T)t = P(T)0+g(Xt)−g(X0)−
∫ t

0
f (s,s)ds+

∫ T

0
( f (t∧s,s)− f (0,s))ds (3.5)

if t ≤ T, provided the last integral above makes sense, in which case the first one
will also be finite (recallf ≥ 0). Now each semimartingalef (t ∧ s,s)− f (0,s) is
“controlled” by the processχ(s), so

∫ T
0 χ(s)T∧sds< ∞ is exactly what we need to

apply Fubini’s theorem for ordinary (for the drift) and stochastic integrals. This
means that the last integral in (3.5) is well defined and equal to

∫ t

0
A(u,T)du+∑

i∈I

∫ t

0
Γ i(u,T)dWi

s +Φ(.,T)∗ (µ−ν)t +Φ ′(.,T)∗µt ,

where

A(u,T) =
∫ T

u
α(u,s)ds, Φ(u,x,T) =

∫ T

u
(φ(u,x,s)1{|φ(u,x,s)|≤1})ds,

Γ i(u,T) =
∫ T

u
γ i(u,s)ds, Φ ′(u,x,T) =

∫ T

u
(φ(u,x,s)1{|φ(u,x,s)|>1})ds.

On the other hand, Itô’s formula yields

g(Xt) = g(X0)+
∫ t

0
ãudu+∑

i∈I

∫ t

0
σ̃ i

sdWi
s +(ψ̃1{|ψ|≤1})∗(µ−ν)t +(ψ̃1{|ψ|>1})∗µt

(3.6)
Putting all these facts together readily gives us the result. ut

Now for partial modelsP(T0) is given by (2.10), so we really need only to
write in a form like (3.2) the differencesQ(T) = P(T)−P(T0) for T ≥ T0, which
is

Q(T)t = Q(T)0 +
∫ T

T0

( f (t,s)− f (0,s))ds.

Then as soon as
∫ T?

0 χ(s)T?
ds is a.s. finite (recall that heret ≤ T?) we can apply

Fubini’s theorem as in the previous proof and we readily get the following lemma;
note that unlike in the previous lemma, we make no regularity assumption ong:

Lemma 32 For a fair (T?,T0) partial model we have fort ≤ T? andT ≥ T0::

Q(T)t = Q(T)0+
∫ t

0
A(u,T)du+∑

i∈I

∫ t

0
Γ i(u,T)dWi

u+Φ(.,T)∗(µ−ν)t +Φ ′(.,T)∗µt ,

(3.7)
where the coefficients above are, foru≤ T?:

A(u,T) =
∫ T

T0
α(u,s)ds Φ(u,x,T) =

∫ T
T0

(φ(u,x,s)1{|φ(u,x,s)|≤1})ds

Γ i(u,T) =
∫ T

T0
γ i(u,s)ds Φ ′(u,x,T) =

∫ T
T0

(φ(u,x,s)1{|φ(u,x,s)|>1})ds.

}
. (3.8)
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Next, we recall how locally equivalent measures can be described. We intro-
duce the setϒ0 of all families Y = ((bi)i∈I ,Y), where eachbi is a predictable
process andY is a positivẽP–measurable function, satisfying

D(Y )t := ∑
i∈I

∫ t

0
(bi

s)
2ds+

∫ t

0
ds

∫ (|Y(s,x)−1|2∧|Y(s,x)−1|)F(dx) < ∞,

(3.9)
for all t. We denote byϒ0,b (the ”b” is for bounded) the subset of allY ∈ϒ0 for
which the random variablesD(Y )t are bounded for eacht. Two familiesY =
((bi)i∈I ,Y) andY ′ = ((b′i)i∈I ,Y′) in ϒ0 are said to be equivalent if

i ∈ I ⇒ bi = b′i P̂−a.e., Y = Y′ P̂−a.e. (3.10)

Finally, ϒ andϒb are the sets of all equivalence classes (for this equivalence re-
lationship) ofϒ0 andϒ0,b respectively. Then Girsanov’s Theorem applied to the
family (Wi)i∈I and toµ , with respect to which a martingale representation theo-
rem holds, yields the following (see e.g. [18]; let us emphasize that the “martingale
representation theorem” here is different from the martingale representation w.r.t.
a given process or a family of processes, as needed for complete models, this is
the representation of all martingales as sums of stochastic integrals w.r.t. theWi ’s
and the random martingale measureµ−ν):

Lemma 33 a) There is a subsetϒeq of ϒ which is in one–to–one correspondence
with the set of all probability measuresQ on (Ω ,F ) which are locally equivalent
to P.

b) If Y = ((bi),Y) ∈ϒeq and if Y ′ = ((b′i),Y′) ∈ϒb is such thatY +Y′ > 1
identically, then the familyY ′′ = ((b′′i),Y′′), whereb′′i = bi + b′i andY′′ = Y +
Y′−1, also belongs toϒeq. In particularϒeq containsϒb.

c) If Y = (bi ,Y) ∈ϒeq, under the associated measureQ the processesW′i
t =

Wi
t −

∫ t
0 bi

sdsare independent Brownian motions and the compensator of the ran-
dom measureµ (no longer a Poisson measure in general) isν ′(ω,dt,dx)=Y(ω, t,x)ν(ω,dt,dx).
Moreover the martingale representation theorem holds forQ, with respect to the
(W′i)’s andµ−ν ′.

When the time horizonT? is finite, we are interested in probability measures
equivalent toP onF T?

only. The restrictions of these measures toF T?
are in one–

to–one correspondence with the subsetϒ ′
eq(T?) of ϒeq consisting of those((bi),Y)

satisfyingbi
t = 0 andY(t,x) = 0 identically fort > T?.

We will denote byϒloc the set of allY ∈ϒeq which correspond, via the previous
lemma, to a probability measure inM arloc. In a similar way,ϒ ′

loc(T?,T0) the set
of all Y ∈ϒ ′

eq(T?) which corresponds to a probability measure inM arloc(T?,T0).
For the next theorem, we recall the notationψ of (3.1). We also that one can

modify the coefficients of the model outside aP̂-null set without affecting the
model itself; so when these coefficients satisfy a property forP̂-almost all(ω,s,T)
we can thus find “good” versions of these coefficients which satisfy the property
identically. The same holds for the elementsY of ϒ .
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Theorem 34 For a full strongly regular model and ifg is C2, the setϒloc is the
set of all((bi),Y) ∈ϒeq which, for a good version of the coefficients of the model,
satisfy for alls> 0 :

as+∑
i∈I

σ i
sb

i
s+

∫
ψ(s,x)(Y(s,x)−1{|ψ(s,x)|≤1})F(dx) = 0, (3.11)

f (s,s) =
1
2

g′′(Xs)∑
i∈I

(σ i
s)

2 +
∫

Y(s,x)ψ(s,x)F(dx), (3.12)

and also for allT ≥ s:

α(s,T)+∑
i∈I

γ i(s,T)bi
s+

∫
φ(s,x,T)(Y(s,x)−1{|φ(s,x,T)|≤1})F(dx) = 0. (3.13)

Remark 35 For any givens, the relation (3.13) should hold forall T ≥ s, whereas
bi

s andY(s,x) do not depend onT, so (3.13) basically specifies the drift whenγ i

andφ are given. This is typical of term structure models, and already present in the
Heath–Jarrow–Morton model. On the other hand, the relation (3.12) is somewhat
surprising, and probably difficult to check and even to interpret, and quite specific
to the option model.

Before proceeding to the proof of theorem 34 we need a lemma.

Lemma 36 For a strongly regular full model withg beingC2, the setϒloc is the set
of all ((bi),Y) ∈ϒeq which, for all (ω,s) outside aP̂-null set, satisfy (3.11) and,
for all T > 0,

A(s,T)+∑
i∈I

Γ i(s,T)bi
s+

∫
(Φ(s,x,T)(Y(s,x)−1)+Y(s,x)Φ ′(s,x,T))F(dx)= 0.

(3.14)

Proof. Let Q be the locally equivalent measure associated with((bi),Y) ∈ ϒeq.
Since the coefficientsA(.,T), Γ i(.,T), Φ(.,T) andΦ ′(.,T) are continuous inT,
the second condition above is equivalent to having, for any givenT, the property
(3.14) for P̂-almost all(ω,s). Hence we just have to show thatX, respectively
P(T), is aQ–local martingale if and only if we have (3.11), respectively (3.14),
for any givenT. We prove only the second property, the first one is similar, and in
fact simpler.

With the notation of Lemma 31, we have

P(T)t = P(T)0 +
∫ t

0
A(s,T)ds+∑

i∈I

∫ t

0
Γ i(s,T)dW′i

s +Φ(.,T)∗ (µ−ν ′)t +Φ ′(.,T)∗µt

+∑
i∈I

∫ t

0
Γ i(s,T)bi

sds+
∫ t

0
ds

∫
(Y(s,x)−1)Φ(s,x,T)F(dx),

where all terms make sense because of (3.4) and (3.9). The third and fourth terms
in the right side above areQ–local martingales, the second and the last two terms
are continuous with finite variation, with a sum denoted byAt . Then forP(T) to be
aQ–local martingale it is necessary and sufficient that the processA′t = Φ ′(.,T)∗
ν ′t , which is also

∫ t
0 ds

∫
Y(s,x)Φ ′(s,x,T)F(dx), is well defined and satisfiesAt +
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A′t = 0 a.s. But this amounts to saying that (3.14) holdsP̂ almost everywhere, and
we are finished. ut

Proof of Theorem 34.We fix a family((bi),Y) ∈ϒeq. Denote byGs, H(s,T) and
K(s,T) the left sides (fors< T) of (3.11), (3.13) and (3.14) respectively, and by
Rs the right side of (3.12). Set

Ms =− f (s,s)+ ãs+∑
i∈I

σ̃ i
sb

i
s+

∫
ψ̃(s,x)(Y(s,x)−1{|ψ(s,x)|≤1})F(dx).

Some tedious but straightforward calculations based on (2.6) and (3.3) yield

K(s,T) = Ms+
∫ T

s
H(s, r)dr, (3.15)

Ms = Rs− f (s,s)+g′(Xs−)Gs. (3.16)

Now we letN1 be the set of all(ω,s) such that eitherGs(ω) 6= 0orK(s,T)(ω) 6=
0 for someT > s, andN′

1 be the set of all(ω,s) such that eitherGs(ω) 6= 0 or
f (s,s) 6= Rs(ω), andN3 be the set of all(ω ,s,T) such thatH(s,T)(ω) 6= 0 and
T ≥ s. In view of Lemma 36, it is enough to prove thatP̂(N1) = 0 is equivalent to
P̂(N′

1) = P̂(N3) = 0.
Suppose first̂P(N′

1) = 0 andP̂(N3) = 0. By Fubini, the setN′′
1 of all (ω,s) such

that
∫ ∞

s 1N3(ω ,s,T)dT > 0 hasP̂(N′′
1 ) = 0, and (3.15) yields thatK(s,T)(ω) =

Ms(ω) for all T ≥ s if (ω,s) ∈ N′′
1 . ThenN1 ⊂ N′

1∪N′′
1 , and thuŝP(N1) = 0.

Second, supposêP(N1) = 0. If (ω,s) /∈ N1, (3.15) yields thatH(s, r)(ω) = 0
for dr–almost allr ≥ s, and alsoMs(ω) = 0. We deduce that̂P(N3) = 0, and also
obviously that̂P(N′

1) = 0, and upon using our comments about “good versions”
for the coefficients, the proof is finished. ut

In exactly the same way, one proves the following theorem:

Theorem 37 For a (T?,T0) partial fair model, the setϒ ′
loc(T ,T?) is the set of

all ((bi),Y) in ϒ ′
eq(T?) which, for a good version of the coefficients of the model,

satisfy (3.11) fors≤ T? a.s., and (3.13) fors≤ T? and T ≥ T0 a.s., and also for
s≤ T? a.s.:

αs+∑
i∈I

γ i
sb

i
s+

∫
φ(s,x)(Y(s,x)−1{|φ(s,x)|≤1})F(dx) = 0. (3.17)

4 Completeness for partial fair models

In this section we consider(T?,T0) partial models. There is no problem for the ex-
istence of such models with no-arbitrage (a non empty setM arloc(T?,T0)), or at
least not any more than for a one or multi-dimensional stock price model for hav-
ing no arbitrage: indeed the model basically amounts to specifying the processes
X andP(T) for T ≥ T0, with no restrictions except forg(Xt) ≤ P(T)t ≤ P(T ′)t

whent < T? < T0 ≤ T < T ′.
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Therefore we concentrate on the completeness of such (fair) models. Since for
us completeness means that the setM arloc(T?,T0) is a singleton, this is a relatively
simple matter, at least from a theoretical point of view. (See, eg, [23].)

So we start with a partial fair model. For any(ω,s) we denote byϒ ′(ω,s) the
set of all familiesζ = ((βi)i∈I ,y) whereβi ∈R andy is a function onR, satisfying
the conditions:

∑i∈I β 2
i < ∞,

∫
(y(x)2∧|y(x)|)F(dx) < ∞,

x 7→ ψ(ω,s,x)y(x) and x 7→ φ(ω,s,x)y(x) areF-integrable.

T ≥ T0 ⇒ x 7→ φ(ω ,s,x,T)y(x) is F-integrable.





(4.1)

Theorem 41 Consider a(T?,T0) partial fair model such that the setM arloc(T?,T0)
is not empty. Then this set is a singleton if and only if, for a good version of the
coefficients of the model, we have the following property: the system of linear
equations

∑
i∈I

σ i
s(ω)βi +

∫
ψ(ω,s,x)y(x)F(dx) = 0, (4.2)

∑
i∈I

γ i
s(ω)βi +

∫
φ(ω,s,x)y(x)F(dx) = 0, (4.3)

T ≥ T0 ⇒ ∑
i∈I

γ i(s,T)(ω)βi +
∫

φ(ω,s,x,T)y(x)F(dx) = 0, (4.4)

all for s> 0 a.s., where((βi),y) ∈ϒ ′(ω,s), has for only solutionβi = 0 andy= 0
up to anF(dx) null set.

Proof. Let us first observe that, since

(x+y)2∧|x+y| ≤ 6
(
x2∧|x|+y2∧|y|) ,

each setϒ ′(ω,s) is clearly a linear space (for the obvious vector operations).
By hypothesis there exists aQ ∈ M arloc(T?,T0), associated with the family

Y = ((bi),Y) ∈ϒ ′
eq(T?,T0) in such a way that, provided we choose a good version

of the coefficients and ofY , we have (3.11), (3.17) and (3.13) for alls≤ T? and
T ≥ T0, and also∑i∈I |bi

s|2 < ∞ and
∫
(Y(ω ,s,x)−1)2∧|Y(ω,s,x)−1|)F(dx) < ∞

for s≤ T?. In particular the family((bi
s(ω),Y(ω,s, .)−1) belongs toϒ ′(ω ,s).

Let us now prove the sufficient condition. IfQ′ is another measure inM arloc(T?,T0),
associated with the familyY ′ = ((b′i),Y′) ∈ ϒ ′

eq(T?,T0), thenY ′ has the same
properties as above (we can of course choose a good version of the coefficients
which works for bothQ andQ′). Then if, for some(ω,s) with s≤ T?, we set
βi = bi

s(ω)− b′is(ω) andy(x) = Y(ω,s,x)−Y′(ω ,s,x), we readily deduce from
(3.11), (3.17) and (3.13), written forY and for Y ′, that ((βi),y) belongs to
ϒ ′(ω,s) and satisfies (4.2), (4.3) and (4.4). Then the condition of the theorem
implies thatbi = b′i andY = Y′, that isQ′ =Q, and we have the sufficient condi-
tion.

For the converse, suppose that the condition is not satisfied. Using a section
theorem (or, measurable selection theorem), one can construct predictable pro-
cessesb′i and a predictable functionY′ > 0 on Ω ×R+×R, such that

Y +Y′ > 1, ∑
i∈I

(b′is)
2 +

∫
((Y′(s,x)−1)2∧|Y′(s,x)−1|)F(dx)≤ 1
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and that the family((β ′is (ω)),Y′(ω,s, .)− 1) belongs toϒ ′(ω,s) and solves the
equations (4.2), (4.3) and (4.4), and also such that the set

A = {(ω,s) : s≤ T?, b′is(ω) = 0 ∀i ∈ I , Y′(ω,s, .) = 1 F(dx)–a.e.}

has a non̂P–negligible complementAc in Ω × [0,T?]. ThenY ′ = ((b′i),Y′) ∈
ϒb and the familyY ′′ = ((b′′i),Y′′), whereb′i = bi + b′′i andY′′ = Y +Y′ − 1,
satisfies (3.11), (3.17) and (3.13). Hence by Lemma 33-(b) and Theorem 37 there
is a measureQ′′ associated withY ′′, and this measure belongs toM arloc(T?,T0).
Moreover sincêP(Ac) > 0, we deduce thatY andY ′′ are not equivalent in the
sense of (3.10), that isQ′′ 6=Q: this proves the necessary condition. ut
Remark 42 In practice the setT of the expiration dates of all tradable options
is finite. In that case, and still in the “partial” situation studied here, there are ev-
idently other, and perhaps simpler, ways to pose the problem. Namely, instead of
describing the dynamics off (t,s), we can as well give directly the dynamics of
P(T) for eachT ∈ T as we did forP(T0) in (2.10), provided we add the compat-
ibility relationshipP(T)t ≤ P(T ′)t if T < T ′ (like we did in (2.12) forP(T0)). In
this case the family(P(T) : T ∈ T ) behaves like a family of stock prices, espe-
cially as far as completeness is concerned: for example in the continuous case we
have completeness if and only if there are not more driving Wiener processes than
the number of options, plus 1 (the stock itself), as soon as some non-degeneracy
holds. See, in this regard, for example the work of Romano and Touzi [28], or
Mark H.A. Davis [7].

The continuous case.As an example let us consider the continuous case, that is
the model given by (2.1) and (2.5) and (2.9).

In this case, the second terms in the left sides of (4.2), (4.3) and (4.4) vanish,
and the following result is then a trivial consequence of Theorem 41. Below, when
I is infinite, we denote bỳ2(I) the subspace ofRI of all vectors whose sum of
squared components is finite (so at most a countable number of them are non-
zero), and this space is endowed with the usual`2 topology. The same applies
whenI is finite, but then of coursè2(I) = RI . Note that one can consider(βi)i∈I

in (4.1) as an element of̀2(I), and similarly for(σ i(ω)s)i∈I , (γ i(ω,s,T)i∈I and
(γ i(ω)s)i∈I just above, at least for a good version.

Theorem 43 Suppose that we have the(T?,T0) partial fair model described by
(2.1), (2.5) and (2.9), and also that the setM arloc(T?,T0) is not empty. Then there
are two alternatives:

a) Either, for a good version of the coefficients, for alls≤ T? and ω the
closed linear subspace of`(I) spanned by the vectors(σ i(ω)s)i∈I , (γ i(ω)s)i∈I and
(γ i(ω ,s,T))i∈I for T ≥T0, is equal tò (I) itself; in this case the setM arloc(T?,T0)
is a singleton.

b) Or this property fails, and the setM arloc(T?,T0) is infinite.

So in this case it is very simple to obtain models that are complete. Checking
that (a) above holds for a “good” version of the coefficients may be tricky. How-
ever in practice it is quite likely that the coefficientsσ i

s and γ i
s and γ i(s,T) are

taken continuous ins andT: then they are automatically such a good version and
(a) can be checked directly.



18

On the other hand checking that, to begin with, the setM arloc(T?,T0) is not
empty is quite another matter. This depends primarily on the structure of the vec-
torsσs, γs andγ(s,T), considered as elements of`(I). When all coefficients (in-
cluding the driftsas, αs andα(s,T)) are continuous ins andT, then as soon as
for all Ω ands< T? there is a countable dense subsetD(ω,s) of (T0,∞) such that
the vectorsσs(ω), γs(ω) andγ(ω,s,T) for T ∈ D(ω,s) are linearly independent,
thenM arloc(T?,T0) is not empty (note that this implies thatI is infinite). Other-
wise this property may fail: if for exampleγ(s,T)i = 0 for all i and somes< T?

andT > T0, then one should haveα(s,T) = 0 as well if M arloc(T?,T0) is to be
not empty.

The Lévy driven case.Here we assume that all our processes are driven by the
same real-valued Ĺevy processZ, say with square–integrable jumps, and whose
characteristics are denoted by(B,C,F). That is, we replace (2.2), (2.6) and (2.10)
by the following equations:

Xt = X0 +
∫ t

0 δsdZs,

f (t,T) = f (0,T)+
∫ t

0 ρ(u,T)dZu,

P(T0)t = P(T0)0 +
∫ t

0 ηudZu.





(4.5)

This is a particular case of our general models: indeed,F is the restriction to
R\{0} of the image of Lebesgue measure onR by a Borel functionθ , and either
I = {1} andW = W1 = Zc/

√
C when the unit varianceC of the Gaussian partZc

of Z is positive, orI = /0 if C = 0, so that

Zt = Bt+
√

C Wt +θ ∗ (µ−ν)t , (4.6)

whereµ = µZ, the jump measure ofZ. Then (4.5) amounts to (2.2), (2.6) and
(2.10), with the coefficients:

as = δs

(
B− ∫

{|δsθ(x)|>1} θ(x)F(dx)
)

, σ1
s = δs

√
C,

α(s,T) = ρ(s,T)
(

B− ∫
{|ρ(s,T)θ(x)|>1} θ(x)F(dx)

)
, γ1(s,T) = ρ(s,T)

√
C,

αs = ηs

(
B− ∫

{|ηsθ(x)|>1} θ(x)F(dx)
)

, γ1
s = ηs

√
C,

ψ(s,x) = δsθ(x), φ(s,x,T) = ρ(s,T)θ(x), φ(s,x) = ηsθ(x).





(4.7)
Two popular examples in the literature are geometric Lévy processes, and the
exponential of a Ĺevy process. A geometric Lévy process is often expressed in the
form:

Xt = 1+
∫ t

0
σXs−dZs+

∫ t

0
µXs−ds (4.8)

with the caveat that the jumps of the Lévy processZ are strictly larger than−1,
so that the price processX remains positive. An exponential Lévy process has the
particularly simple form of

Yt = exp(σZt + µt) (4.9)
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and in this case there is noa priori restriction on the jumps ofZ. Sincet is also a
(degenerate) Ĺevy process, one can show (using Itô’s formula, see e.g. [24]) thatX
in (4.8) andY in (4.9) can both be expressed in the form (4.5). Thus this situation
is quite general, and analogous considerations show that almost all previously
proposed models fall within this scope. Indeed, if one wants to consider even
quite general semimartingale Markov processes as models of stock prices, using
the work of Çinlar and Jacod [5], up to a change of time and change of space, such
models can be represented as solutions of stochastic differential equations driven
by Wiener processes and compensated Poisson random measures, and these too
fit into this framework.

We do not examine here the question of whetherM arloc(T?,T0) is empty or
not (both cases are possible), and concentrate on the completeness:

Proposition 44 In the Ĺevy case described above, the setM arloc(T?,T0) is not a
singleton, unless eitherC = 0 and the support ofF contains one point, orC > 0
andF = 0.

Proof. The equations (4.2)–(4.4) amount to the single equation

√
C β1 +

∫
θ(x)y(x)F(dx) = 0. (4.10)

The result is thus obvious. ut

Hence, as far as completeness is concerned, we are in a situation similar to
what happens for the stock price only, namely a one-factor driving Lévy process
(for the asset price and option prices all together) does not provide completeness
except when completeness holds already for the asset price by itself.

On the one hand this is natural for a model like (4.5), which is thus probably
irrelevant in practice: if we take any specific equivalent martingale measure for
the asset price, supposed to be given by (4.5), and then compute the option prices
under that particular measure, we donot obtain option prices driven by (4.5),
except in the two special cases above. In fact, the option prices are driven by the
Wiener partandthe jump measure ofZ, but not byZ itself.

On the other hand this is a noticeable difference with what happens for gener-
alizations of the Heath–Jarrow–Morton model driven by Lévy processes, see e.g.
[15] or [16], and despite the fact that the two kinds of models look very similar:
for interest rate models driven by a one-factor Lévy process we typically have
completeness as soon as bonds with all maturities are tradable.

An example of a complete model in the discontinuous case.The reason com-
pleteness fails in the previous example is the way the coefficientφ in (4.7) factors.
In contrast, completeness does not fail for the analogous situation for bonds. In-
deed, this is because in the case for bond models Equation (2.4) is replaced by
an equation where the (random) interest rate enters, implying that even when the
processesf (.,s) are all driven by the same Lévy processZ, then the pricesP(T)
(prices of bonds) arenot driven byZ, but rather by its jump measure which is a
Poisson measure.

Having this in mind, it is simple enough to produce an example where com-
pleteness holds, in the discontinuous case, even though the stock price is driven
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by a Lévy process. So letZ be as in (4.6), with sayC = 0 (we are in the “purely
discontinuous case”). The stock priceX and the option priceP(T0) are still driven
by Z, that is by (4.5), and the associated coefficientsa, ψ, α andφ are still given
by (4.7), whereasσ = 0 andγ = 0 because no Wiener process is present. What
differs is the dynamics for thef (t,s)’s: in (2.6) we takeγ = 0 (again, there is no
Wiener process) andφ as follows:

φ(ω ,s,x,T) = Φs(ω)g(x,T−s) (4.11)

for some predictable processΦ which does not vanish and some functiong on
R× (T0−T?,∞). We leftα(s,T) unspecified, since it plays no role as far as com-
pleteness is concerned. But of course it plays a fundamental role as to whether the
setM arloc(T?,T0) is empty or not, see Theorem 37 above.

Proposition 45 For the model described above, and if the setM arloc(T?,T0) is
not empty, then it is a singleton as soon as the family of functions(x 7→ g(x, t) :
t > 0) is “measure-determining” in the sense that any two measuresG(dx) =
y(x)F(dx) and G′(dx) = y′(x)F(dx) on R, with y≥ 0 and y′ ≥ 0 satisfying the
second property in (4.1), and having

∫
g(x, t)G(dx) =

∫
g(t,x)G′(dx) for all t > 0,

coincide.

Proof. In our case, Equations (4.2)–(4.4) amount to

∫
θ(x)y(x)F(dx) = 0

Φs
∫

g(x,T−s)y(x)F(dx) = 0 ∀T > T0.

}

Then again the result is obvious, sinceΦs 6= 0. ut

An example of a functiongsatisfying the above requirement isg(x, t) = e−th(x),
whereh is a bijection fromR into (0,∞) such that

∫
e−th(x)F(dx) < ∞ for all t > 0.

If we further assume thatF belongs to a given parametric family of measures and
thatΦ belongs to a parametric family of processes, then one could attempt to do
calibration on empirical data.

What this shows is the intuitively appealing observation that if we have enough
information obtained from contingent claims, which in some sense spans the hid-
den noise leading to the original incompleteness, then we can in fact “complete”
the market with this extra information.

5 Full regular models: existence and completeness

Now we consider full models. A full model describes in particular what happens
when time increases and reaches the expiration timesT ∈T , and thussome com-
patibility between the stock price and the option model is required, in addition to
P(T)t ≥ g(Xt). This property strongly restricts the class of possible option models
associated with(X,g), if we want them to be arbitrage-free, and the question of
their existence is naturally posed (from the Black-Scholes example seen above we
know that there are some... )
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The main results in that direction are the following two theorems, for the state-
ment of which we need to recall the Itô-Meyer-Tanaka’s formula:

g(Xt) = g(X0)+
∫ t

0
hsds+Mt +Nt +Lt , (5.1)

whereM is a local martingale, and in fact the sum of stochastic integrals w.r.t. the
Wi ’s andµ − ν , andh is locally integrable, andN is an integral w.r.t.µ having
locally finitely many jumps, andL is an increasing continuous adapted process
such that the measuredLt is singular w.r.t. Lebesgue measure (a local time). When
g is C2 we haveL = 0, but otherwiseL typically does not vanish (the fact that
L does not vanish depends in a rather complicated way on how the continuous
martingale part ofX behaves whenX reaches the points whereg is not twice
differentiable).

Theorem 51 a) If the processL in (5.1) does not vanish a.s. (henceg is not twice
differentiable), for any full strongly regular option model associated with(X,g)
the setM arloc is empty.

b) If g is of classC2 and if (H) holds, there exists at least a sequence of stopping
timesSn increasing to∞ and for eachn a full regular option model associated
with (XSn,g) such thatM arloc is not empty (hereXSn is the stopped processXSn

t =
XSn∧t).

c) If g is of classC2 with at most linear growth and if (H’) holds, there exists
at least a full regular option model associated with(X,g) such thatM arloc is not
empty.

Remark 52 Theorem 51 shows that one cannot have models such as we pro-
pose for classic European options, since the functiong(x) = (x−K)+ is notC 2 on
(0,∞). This essentially implies that if our models are correct, then classic financial
derivatives such as European calls create arbitrage opportunities, since there can-
not be a risk neutral measure for which all prices are compatible. At first blush this
is horrifying, but some reflection leads one to reconsider the concept of NFLVR,
where the “vanishing risk” occurs as one passes to the limiting case. If one were
to approximateg with C 2 functionsgn, then there could exist compatible pricing
measuresQn for eachgn, and these measures would vary continuously withgn

(see [27]). This would correspond to practice, where the difference in a practical
economic sense betweeng(x) = (x−K)+ and a close approximation ofg is essen-
tially negligible. In other words, the arbitrage opportunity only exists in the limit,
and thus in reality cannot be used in practice to economic advantage.

Nevertheless, this is unsatisfying, since any reasonable model should be able
to handle functions of the formg(x) = (x−K)+ and not onlyC 2 approximations
of it. This shows that our approach of constructing a type of term structure model
is theoretically unsatisfying, although for practical purposes it is essentially the
same as if functions such asg(x) = (x−K)+ were included exactly as they are.
We note that the (less general) models of [6], [30], [3], and [32] do not have this
shortcoming, although they of course have their own limitations. Basically, this
shortcoming is due to the NFLVR condition (and the NFL condition before it) be-
ing justified primarily by its equivalence to the existence of an equivalent sigma
martingale probability measure, and not due to its inherent nature as a lack of arbi-
trage in any practical sense. In other words, the arbitrage which would be present
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in our model if we included functions such asg(x) = (x−K)+ is an arbitrage
obtainable only “in the limit,” and to exploit it one would essentially need to be
able to use a strategy which exploits a process of the nature of a local time, an
essentially impossible task in practice (see in this regard [19], for example).

Remark 53 In the continuous case for the stock price, that is (2.1), the process
L associated by (5.1) is always non vanishing wheng is not twice differentiable,
and thus there is no arbitrage–free option model associated with(X,g) which is
strongly regular. This is due to the fact thatL has paths which are singular with
respect to Lebesgue measure (see the treatment of the Girsanov-Meyer theorem
in [24] for example), and thus creates an arbitrage opportunity, which has been
observed long ago (see for example the book of Karatzas and Shreve [21, p. 329]
where it is a consequence of Theorem B.2, or alternatively the recent detailed treat-
ment in [25]). One may perhaps find non regular arbitrage–free option models: see
for example [30] for results in this direction in a different but related (continuous)
context.

Theorem 54 Assume thatg is of classC2. A locally equivalent measureQ cannot
be in the setsM arloc corresponding to two different full strongly regular option
models associated with(X,g).

Remark 55 This result is in deep contrast with what happens for bond models
like Heath-Jarrow-Morton’s, and also for the usual stock prices models. In the
latter case for instance, if we have two stock pricesX andY under, say, some risk
neutral measure, the volatility ofX obviously does not determine the volatility of
Y; here however ifP is a risk neutral measure and in the continuous case, say (that
is µ = ν = 0), then knowing the volatility ofX (that is, theσ i ’s) determines the
volatility of theP(T)’s (that is, theγ i(.,T)’s.

Remark 56 This result does not mean that there is a single arbitrage–free strongly
regular option model associated with(X,g). There might be several, and even
infinitely many, each one corresponding to a different equivalent local martingale
measure, as we will see in the stochastic volatility example provided at the end of
the paper. Rather it shows that these ideas are well defined.

Remark 57 However, for the Black–Scholes model (2.13) withW being the only
source of randomness,M arloc is either empty or is the singleton{P} becauseP is
the only measure under whichX is a (local) martingale. Then Theorem 54 yields
that there is at most a full strongly regular which is arbitrage-free, and of course
there is one, exhibited in (2.17). In view of the PDE satisfied by the functionC it
is clear from (2.17) that the condition of Theorem 34 are satisfied withb= bi = 0.
More generally, if we start with a stock model which by itself is already complete,
then the associated full strongly regular model which is arbitrage-free is unique:
in other words, the theory developed in this paper is useless in that case, as we
know from the start since the stock model is enough for hedging any claim !

Proof of Theorems 51 and 54.a) Suppose that we have a full strongly regular
model and thatg is such that the processL in (5.1) is not almost surely zero.
Then (3.5) holds. If we try to derive (3.2), we get the same formula, for possibly
different coefficientsA, Γ i andΨ , plus the extra summandLt .
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Now, by Girsanov’s theorem, under any locally equivalent measureQ the pro-
cessP(T) is the sum of stochastic integrals w.r.t.W′i and µ − ν ′ (notation of
Lemma 33), plus an absolutely continuous drift which may possibly be set to0
by the right change of measure, plus the continuous increasing processLt which,
being singular w.r.t. Lebesgue measure, is always here. ThenP(T) cannot be a
local martingale under any locally equivalent measure.

b) We assume thatg is C2 and that (H) holds. Consider((bi),Y) ∈ ϒeq asso-
ciated with a measureQ under whichX is a local martingale. This amounts to
assume (3.11) for a good version ofa, σ i andψ, and underQ the local martingale
X can be written as

Xt = X0 +∑
i∈I

∫ t

0
σ i

sdW′i
s +ψ ? (µ−ν ′)t .

Then It̂o’s formula yields that, underQ,

g(Xt) = g(X0)+
∫ t

0
Rsds+∑

i∈I

∫ t

0
σ̃ i

sdW′i
s + ψ̃ ? (µ−ν ′)t , (5.2)

where

Rs =
1
2

g′′(Xs)∑
i∈I

(σ i
s)

2 +
∫

E
F(dx)Y(s,x)ψ(s,x), (5.3)

which hasRs≥ 0 becauseg is convex. In particular
∫ t

0 Rsds< ∞ a.s. for allt. Then
we choose the increasing sequence of stopping timesSn such that, for example,∫ Sn

0 Rsds≤ n. We will prove the existence of a full regular option model associated
with (XSn,g), which is arbitrage–free, for each fixedn.

Replaceas and ψ(s,x) by as1{s≤Sn} and ψ(s,x)1{s≤Sn}: this does not affect
(3.11), and it implies thatX is replaced byXSn andRs by Rs1{s≤Sn}. Therefore it is
in fact enough to prove the existence of an arbitrage–free option model associated
with (X,g), under the additional assumption that

∫ t

0
EQ(Rs)ds< ∞, ∀ t. (5.4)

Under (5.4) it is also possible to set the coefficientsa andψ to be0 at any times
such thatEQ(|Rs|1{s≤Sn}) = ∞ without altering the model. Therefore we can also
suppose thatRs isQ–integrable for alls.

The processU(s)t = EQ(Rs|F t) is a Q–martingale. Using the notation of
Lemma 33–(b) and the representation theorem forQ–martingales, we obtain

U(s)t = u(s)+∑
i∈I

∫ t

0
γ i(u,s)dWi

u +φ(.,s)∗ (µ−ν ′)t , (5.5)

with u(s) = EQ(Rs) and some predictable processesγ i(.,s) andP̃-measurable
φ(.,s), which are determined, uniquely up tôP-null sets by the following proper-
ties :

[U(s),W′i ]t =
∫ t

0
γ i(u,s)du, φ(.,s) =M(∆U(s) | P̃), (5.6)
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where∆U(s)t(ω,x) = U(s)t(ω)−U(s)t−(ω) andM denotes the positivẽP–σ–
finite measure on(Ω×R+×R,F⊗R+⊗R) given byM(dω ,dt,dx)=Q(dω)µ(ω,dt,dx).
Since (ω,s) 7→ Rs(ω) is F ⊗R+-measurable, there is a version ofU(s)t(ω)
which is F ⊗R+⊗R+-measurable in(ω, t,s). Hence by (5.6) we can find a
version forγ i andφ which has the properties (2) of Definition 21, and such that
γ i(u,s) = φ(u,x,s) = 0 if u > s becauseU(s)t = U(s)s if t ≥ s. Moreover, since
the right side of (5.5) makes sense, for allt andswe haveP-almost surely

C(s)t :=
∫ t

0

(
∑
i∈I

|γ i(u,s)|2 +
∫

(Y(u,s)(φ(u,x,s)2∧|φ(u,x,s)|)F(dx)

)
du< ∞

(5.7)
Then we use the elementary estimates

φ 2∧1≤ 2Y(φ 2∧|φ |)+4((Y−1)2∧|Y−1|),

|φ(Y−1{|φ |≤1})| ≤Y(φ 2∧|φ |)+((Y−1)2∧|Y−1|)+
√

(φ 2∧1)((Y−1)2∧|Y−1|)
plus Cauchy–Schwarz to get, withDt denoting the (finite) left side of (3.9):

∫ t

0

(
∑
i∈I

|γ i(u,T)|2 +
∫

(φ(u,x,T)2∧1)F(dx)

)
du≤ 2C(T)t +4Dt , (5.8)

∫ t

0

(
∑
i∈I

|γ i(u,T)bi
u|+

∫ ∣∣φ(u,x,T)(Y(u,x)−1{|φ(u,x,T)|≤1})
∣∣ F(dx)

)
du

≤
√

C(T)t(2C(T)t +4Dt)+C(T)t +Dt . (5.9)

(5.9) allows to define the coefficientα in such a way that (3.13) holdŝP-a.e., and
this coefficient satisfies the same measurability property than theγ i ’s, and by using
also (5.8) we get that the processesχ(T) of (2.7) are finite–valued.

At this stage we setf (t,s) =U(s)t and we defineP(T)t by (2.4), so in particu-
lar f (0,s) = u(s). SinceRs≥ 0 and (5.4) holds, we clearly have the properties (1),
(4), (5) of Definition 21, and (2) and (3) were proved above. It remains to show
that f is given by (2.6) and thatP(T) is aQ-local martingale for allT: we will
then have an option model associated with(X,g) which will necessarily be regular
becauseχ(T)T < ∞, as seen above, and for whichQ ∈M arloc.

That (2.6) holds follows from a simple calculation based on (5.5) andf (0,s) =
u(s) and on the form ofα and the fact thatW′i

t = Wi
t −

∫ t
0 bi

sdsandν ′ = Y ·ν . For
the local martingale property, one could think that, since (3.12) holds by construc-
tion of f (we havef (s,s) = Rs), it follows from Theorem 34. This is not correct,
because we do not know that the model is strongly regular (although we suspect it
is !). However, we can use (3.6) and perform a calculation similar than for getting
(3.16), plus use the fact that (3.11) holds, to obtain (5.2). ThereforeP(T)t is the
sum of aQ–local martingale, plus the process

∫ t

0
(Rs− f (s,s))ds+

∫ T

0
( f (t,s)− f (0,s))ds=EQ

(∫ T

0
Rsds|F t

)
−

∫ T

0
EQ(Rs)ds,
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becausef (t,s) = f (s,s) = Rs if t ≥ s. Due to (5.4), this is aQ–martingale, and the
proof of (b) of Theorem 51 is finished.

c) For (c) of Theorem 51, wan reproduce the proof of (b), choosing forQ a
measure under whichX is a martingale, henceg(X) is a submartingale. Recall that
(3.6) underQ gives

g(Xt) = g(X0)+
∫ t

0
Rsds+Mt

for aQ–local martingaleM, andRs≥ 0. This gives the Doob-Meyer decomposi-
tion of theQ-submartingaleg(X). SinceX is aQ–martingale it is locally of class
(D) (forQ) and, sinceg is of linear growth here, the processg(X) is also locally of
class (D). It follows that the increasing process in the Doob-Meyer decomposition
is integrable for each timet, that is we have (5.4) without any stopping at the times
Sn as before. The result follows from the end of the proof of (b).

d) It remains to prove Theorem 54. We fix the stock model (2.2). Suppose that
we have a locally equivalent measureQ which is a local martingale measure for
our stock model and for two distinct full strongly regular option models associated
with (X,g), with g of classC2: one is the model (2.4)–(2.6), the other one is similar
with initial data f ′(0,T) and coefficientsα ′, γ ′i andφ ′.

The measureQ is associated with((bi),Y) ∈ϒloc. The left side of (3.12) can
be written (with the notation of Lemma 33 again) as

f (0,s)+∑
i∈I

∫ t

0
γ i(u,s)dW′i

u +φ(.,s)∗ (µ−ν ′)s,

and we have a similar expression if we use the second option model, whereas the
right side of (3.12) depends onX andY (hence onQ), but not on the option model.
Therefore if f ′′ = f − f ′ andγ ′′i = γ i− γ ′i andφ ′′ = φ −φ ′, we deduce that for all
(ω,s),s≥ 0, outside âP null set

f ′′(0,s)+∑
i∈I

∫ t

0
γ ′′i(u,s)dW′i

s +φ ′′(.,s)∗ (µ−ν ′)s = 0. (5.10)

Now, as said before, anyQ–integrable martingale can be written as the sum of a
constant plus stochastic integrals w.r.t. theW′i ’s andµ −ν ′, and this decomposi-
tion is unique and the integrands are unique as well up to null sets: applying this
to the “variable”0, we deduce from (5.10) thatf (0,s) = f ′(0,s) for almost alls,
andγ i = γ ′i for P̂ almost all(ω ,u,s) andφ = φ ′ for P̂ almost all(ω,u,x,s). If
we finally apply (3.13) for the two option models and use the previous result, we
obtain also thatα = α ′ for P̂ almost all(ω,u,s). Hence the two option models
coincide. ut

Now let us turn to the completeness of our model. We start with a full strongly
regular model with coefficients as above. Similar to (4.1), for any(ω,s) we denote
by ϒ (ω,s) the set of all familiesζ = ((βi)i∈I ,y) whereβi ∈ R andy is a function
onR, satisfying the first condition in (4.1), and also (recall (3.1) forψ):

x 7→ ψ(ω,s,x)y(x) and x 7→ ψ(ω ,s,x)y(x) areF-integrable,

T ≥ s ⇒ x 7→ φ(ω,s,x,T)y(x) isF-integrable.

}
(5.11)
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Then the proof of the following characterization of completeness is the same as
for Theorem 41:

Theorem 58 Assume that our model is full and strongly regular, thatg is C2 and
that the setM arloc is not empty. Then this set is a singleton if and only if, for a
good version of the coefficients of the model, we have the following property: the
system of linear equations consisting in (4.2) and

∫
ψ(ω,s,x)y(x)F(dx) = 0, (5.12)

T ≥ s ⇒ ∑
i∈I

γ i(s,T)(ω)βi +
∫

φ(ω,s,x,T)y(x)F(dx) = 0, (5.13)

where((βi),y) ∈ϒ (ω,s), has for only solutionsβi = 0 andy = 0 up to anF(dx)
Lebesgue-null set.

In particular when the model is “continuous” we have, similar to Theorem 43:

Theorem 59 Suppose that we have a full strongly regular model described by
(2.1) and (2.5), with furtherg beingC2 andM arloc being non–empty. Then there
are two alternatives:

a) Either, for a good version of the coefficients, for alls≥ 0 andω , the closed
linear subspace of̀(I) spanned by the vectors(σ i(ω)s)i∈I and(γ i(ω,s,T)i∈I for
T ≥ s, is equal tò (I) itself; in this case the setM arloc is a singleton.

b) Or this property fails, and the setM arloc is infinite.

In the Lévy driven case, we also have a result similar to Proposition 44: con-
sider again the situation where our full model is driven by the Lévy processZ, that
is the first two equations (4.5) hold. Then the coefficientsa, σ i andψ on the one
side,α, γ i andφ on the other side, are given by (4.7). Then we have:

Proposition 510 In the Ĺevy case described above, the setM arloc is not a sin-
gleton, unless eitherC = 0 and the support ofF has at most two points, orC > 0
and the support ofF has at most one point.

Proof. The equations (4.2), (5.12) and (5.13) amount to the two equations (4.10)
and ∫

(g(Xs−+δsθ(x))−g(Xs−)−g′(Xs−)δsθ(x))y(x)F(dx) = 0.

The result is thus obvious. ut

Hence, as far as completeness is concerned, we are in the same situation as we
are for a pure (that is, there are no options being considered) model for two stocks
driven by a Ĺevy process. However, although we cannot prove it, we suspect that in
this case the setM arloc usually is empty. To support this, one can look at the proof
of Theorem 51-(b): the key to the proof is to establish the analogue of (3.6), but
to achieve a model like (4.5) we need thatφ factorize asφ(u,x,s) = ρ(u,s)θ(x),
and this is of course usually not the case.

On the other hand, Proposition 45 holds for full models, with exactly the same
statement.
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Remark 511 A different approach to the completion of Lévy driven markets is
that of introducing new securities, based on the sums of the powers of the jumps,
such that these sums are convergent (which implies the imposition of some light
hypotheses on the existence of moments). For this, see Corcuera, Nualart, and
Schoutens [6].

A family of Markov type stochastic volatility models. This example is a typical,
and quite general, “Markov type” stochastic volatility model. Namely, within our
general setting (a filtered space endowed with the Wiener processesWi and the
Poisson random measureµ), the dynamics of the stock price is

Xt = X0 +
∫ t

0
a(Xs,Ys)ds+

∫ t

0
σ(Xs,Ys)dW1

s . (5.14)

Now Y is an auxiliary process, which we take for simplicity to bed-dimensional
and locally integrable (more general versions would do as well), and the basic
assumption is that the pair(X,Y) is a semimartingale driven by(Wi)i∈I andµ and
also a Markov process. This amounts to saying that, in addition (5.14), we have

Yt =Y0+
∫ t

0
h(Xs,Ys)ds+∑

i∈I

∫ t

0
ki(Xs,Ys)dWi

s +
∫ t

0

∫

R
H(Xs,Ys−,x)(µ−ν)(ds,dx),

(5.15)
for Borel functionsh andki onR×Rd andH onR×Rd×R (the fact that the pair
(X,Y) is driven by the two equations (5.14) and (5.15) is in fact necessary if it is a
Markov processand a semimartingale with absolutely continuous characteristics,
with in addition X continuous: see [5]). We assume thata, σ , h, ki and H are
nice enough for these equations to have a unique (strong) solution for every (non-
random) starting point(X0,Y0), and this solution(X,Y) is consequently a Markov
process. This covers in particular the usual globally Markov stochastic volatility
models, whereσ(x,y) = y andH = 0 and I = {1,2}, and also cases when the
volatility has jumps.

In the classical paradigm, we choose a locally equivalent martingale measure
Q (meaning thatX is a martingale, or a local martingale, underQ; no reason of
course forY to be a martingale) and we evaluate the pricesP(T)t of options under
Q. These prices may be discontinuous. Among the (many) locally equivalent mar-
tingale measures, some preserve the Markov property, namely the “extremal” ones
in the convex set of all locally equivalent martingale measures. Let us suppose that
it is the case forQ and denote by(Qt) the semigroup of the Markov process(X,Y)
underQ, and(L ,DL ) its infinitesimal generator. We also assume thatDL con-
tains allC2 functions. Recall that underQ the pair(X,Y) satisfy equations (5.14)
and (5.15) with the sameσ andki andH, but with modified coefficientsa andh
and other Wiener processesW′i and another compensatorν ′ for µ.

Now, the priceP(T)t (underQ) takes the form

P(T)t = E(g(XT)|F t) = QT−tG(Xt ,Yt)

by the Markov property, whereG(x,y) = g(x). If g isC2, henceG as well, we have
G∈DL and thus we may write

P(T)t = g(Xt)+
∫ T

t
Qs−tL G(Xt ,Yt) ds.
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Hence (2.4) holds, withf (t,s) = Qs−tL G(Xt ,Yt). Note that the process( f (t,s) :
0≤ t ≤ s) is aQ-martingale, and also that it is discontinuous whenY is discon-
tinuous (that is, the processH in (5.14) is not identically0). If further g and the
coefficients driving(X,Y) are smooth enough, the functionQs−tL G(x,y) isC2 in
(x,y) andC1 in t over[0,s], so we can apply It̂o’s formula to obtain (2.6) (relative
to W′i andµ−ν ′) with coefficients of the form

α(s,T) = A(T−s,Xs,Ys−),

γ i(s,T) = Γ i(T−s,Xs,Ys−),

φ(s,x,T) = Φ(T−s,Xs,Ys−,x)





(5.16)

for functionsA, Γ i andΦ which are easily computable in terms of the function
QtL G(x,y) and its derivatives int, x andy. That is, we have obtained a full model
for our option prices, which is necessarily regular and with the corresponding
M arloc not empty because it contains at leastQ itself.

In other words, under some regularity conditions, we have at least as many
full regular option models associated with(X,g), with no-arbitrage, as there are
locally equivalent martingale measures under which(X,Y) is a Markov process
with a nice enough semigroup andX is a (local) martingale (and actually many
more because there is a full option price model with no-arbitrage for any convex
combination of measuresQ as above).

Wheng is convex but notC2, thenG does not usually belong to the domain of
L . However under some ellipticity condition,QεG does for allε > 0. Then the
same argument shows thatT 7→ P(t,T) is absolutely continuous on(t,∞). Since
it is also continuous atT = t (becauseg is continuous), we still have (2.4) and a
full option model, no longer regular.
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