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L_owner-John Ellipsoid

In one of the first papers on modern inequality-constrained nonlinear optimization,
F. John (1948) considered the minimum-volume ellipsoid E.(S) containing a

compact S C IR"™. We can assume S is convex and full-dimensional.

® Derived necessary conditions, showed them sufficient, but didn’t realize the

significance of convexity;
® ShoweddIT C S, |T| <n(n+3)/2,with E.(T) = E.(S) (a core set); and

® Showed that
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LLogDet

Let S™ denote the space of symmetric n x n real matrices, of dimension
n(n +1)/2, with 8T and S its cones of positive semidefinite and positive
definite matrices. (We write X > 0 or X > 0.)
Define F' : ™ — IR by

F(X):=—Indet X

if X is positive definite, +oo otherwise.
Note: if f(x) := — ) Inz;, then F = f o A\, with A(X) the vector of eigenvalues of

X: this is a spectral function as studied by A. Lewis.
DF(X)[H]=—-X'eH :=—Trace (X 'H),

D’F(X)[H,H =X "HX 'eH.

Hence F'is convex.
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The Linear Model In Statistics

Consider the linear model Y = 274 + ¢, with

6 € IR™. unknown parameters;

x € IR™: vector of independent variables, drawn from design space S,

compact and spanning IR"; and

e € IR: random variable with mean 0, variance 1.

Suppose we get observations y1, ...,y at points z1, ..., x,. Then the best linear

unbiased estimate of 9 is

0:= (XX Xy,

where X := [z1,...,2,m] € R™™, and

E0) =6, covar(d) = (XX

MinVoIEIl — p.5/2;



Optimal Design

We can choose the design X with each column in S. What criterion?

First, replace the discrete choice of x4, ..., z,, by the choice of a probability

measure £ on S. Replace %XXT by the Fisher information matrix

M(§) := /xdeg.

D-optimal (Wald): Choose £ to minimize — Indet M (§).
If we predict Y corresponding to z by § = 87z, we getvar(g) = z7 (X XT) ' z.

G-optimal (Kiefer-Wolfowitz): Choose ¢ to minimize max,cs z' M (€)™ .
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Equivalence

If we let

g(w, &) :=a' M(§) 'z, §(€) = maxg(w,£),

we see that

ge) > / g, €)dE = / (2T o M(¢)™")de

= M€ e M) =Trace (I,) =mn,
so g(&£) = n is a sufficient condition for £ to be G-optimal.

Equivalence Theorem (Kiefer-Wolfowitz (1960)): The following are equivalent:
a) £ is D-optimal;

b) ¢ is G-optimal; and

c) g(§) = n.
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Geometry

The set
E(z, H) ={zeR": (x—2) " Hz—Z) <n}

forz € R", H € S is an ellipsoid in IR™, with center £ and shape defined by H.

If we write H~' = LL' and z = L™ '(x — z), we see that
E(z,H)={x =2+ Lz : ||z]| < v/n},

SO

vol(E(z, H)) = |det L| - (v/n)"™ - vol(B,,) = const(n)/vdet H,

and minimizing the volume of E(z, H) is equivalent to minimizing — Indet H.
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Dual Problems

So ¢ is D-optimal iff £ maximizes the volume of E(0, M (£)™1).

Silvey (1972) asked: is this related to minimizing the volume of a central ellipsoid
containing S?

Sibson (1972): Yes, using convex duality! (And the proof gives the

Kiefer-Wolfowitz equivalence theorem.)

ming.o —IndetH

(P) " Her < nforalaxcS.

max Indet M (&)

(D) ¢ a probability measure on S.
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Weak Duality

mingsg — IndetH max Indet M (&)

(P) v"Hr < n,Vx €S (D) £ prob. meas. on S.

Suppose H and ¢ are feasible for (P) and (D) respectively. Then

T = T o = o H.
nZ/S:I: Hxd¢ = /S(:m: H)d¢ =M(E)e H
So, —Indet H —Indet M(§) = —Indet M(§)H

= —nln(ILX(MEH))""
> Ai(M(§H)

>  —nln
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Consequences

Equality holds iff

® ¢issupportedon {rc S:z"Hx =n}, and

® M (&)H is (a multiple of) the identity matrix.

So, assuming strong duality, we find that if ¢ is D-optimal, then M (¢) ! is optimal
for (P), whence 2" M (¢) 'z < nforallz € S, so g(¢) = n and ¢ is G-optimal.
Also, for any v € IR"™,

max{|v’ x| : :UE\/—_EOH}—\/’UTM v—\// vTx2d§<I:£1€a§<|v x|,

and hence ﬁE(O, H) C conv{S U (=S)} C E(0,H); so we have the well-known

Léwner-John property of the minimum-volume (central) ellipsoid enclosing a cen-

trally symmetric set.
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Lowner-John Ellipsoids, Again

Problem (P) seeks the smallest central ellipsoid circumscribing S. What if, as did
Léwner and John, we seek the smallest ellipsoid with arbitrary center?
Unfortunately, the set of (z, H) with (z — z)" H(x — z) < nfor all x € S is not
convex. But we can proceed as follows.

Let S’ := {(1;2) : . € S} C IR'"*", and let E’ be the minimum-volume central

ellipsoid containing S’. Then
E:={zxcR":(l;2) ¢ E'}

IS the minimum-volume ellipsoid containing S. So, at the expense of increasing
the dimension by 1, we can reduce the general case to the central one. This also

allows one to prove the general Léwner-John property that L E,(S) C S C E.(S).
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The Ellipsoid Method

In 1976, Yudin and Nemirovski introduced the ellipsoid method for convex
programming (also independently Shor), and in 1979, Khachiyan famously used it
to show LP € P. The key step at each iteration was to replace the current

ellipsoid £ = E(z, H) C IR™ by the minimum-volume ellipsoid E containing
Eonn:={z€FE:a"z>a" 7}
or more generally
Ewp:={z€E:a'z—a"z€[a,f]},

where —1 < a <3< 1landa € IR" is normalized so that ' H 'a = 1/n.
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The Ellipsoid Method, 2

Obtaining a plausible such ellipsoid E is not too hard, but proving it has minimum
volume was messy and ad hoc. Using the general method above with S = E,3
gives a much cleaner approach. The optimal measure £ puts some of the measure

Te =a’z + a} and

uniformly distributed on E, :={z: (z —2)'H(x —Z) =n, a
the rest uniformly distributed on E3.
We can similarly derive the minimum-volume ellipsoid containing the intersection

of two balls.
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Semidefinite Programming

The semidefinite programming problem is

min{CeX :A,eX =0b,i=1,...,m, X = 0},

where C' and all the A;s lie in §™. Interior-point methods can be applied to this
problem by using the barrier function —Indet on SY ., , as shown by
Nesterov-Nemirovski and Alizadeh.

Thus minimum-volume ellipsoid problems are related to analytic center problems

for SDP.

Boyd, Vandenberghe and Wu, describing an interior-point method for the max det

problem, also surveyed its wide ranging applications; also Sun and Freund.
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Algorithms

Khachiyan (1996) developed/analyzed an algorithm to compute a
(1 + e)n-rounding of the convex hull S of m points x1,...,z, in R", i.e.,

— —FCSCE
(I4+en  —  — 7

in O(mn”(e”' +1Inn + Inlnm)) arithmetic operations, and hence an

n-approximate Léwner-John ellipsoid, i.e.,
SCE, Vol(E) < (1 + n)vol(E.(S)),

in O(mn?(nn~' 4+ Inn + Inlnm)) arithmetic operations.
The latter contrasts with a variant of the ellipsoid method that needs
O((mn® 4+ n®)In(nR/nr)) operations, and an interior-point method that needs

O(m>® In(mR/nr)) operations.
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Algorithms, 2

In fact, Khachiyan's method coincides with that of Fedorov (1972) and is closely
related to that of Wynn (1970) for the optimal design problem. It also coincides
with a central shallow-cut ellipsoid method for the polar of S.

Khachiyan applies “barycentric coordinate ascent” to the problem

(D) max Indet XDiag(u)X"', e'u=1,u>0.

Start with v = (1/m)e (uniform distribution).
At each iteration, compute max; x; (XDiag(u)X") 'x; (cf. g(x, ) and g(¢)) and
stop if the max is at most (1 + €)n.

Else update

u<«— (1 —9)u+ de;

for the optimal 6 > 0.
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Algorithms, 3

Kumar and Yildirim, with applications in computational geometry in mind with

m > n, suggest a different initialization, eliminate the Inlnm term, and obtain a
small core set.
Todd and Yildirim also compute min = (XDiag(u)X ")~ 'z;, and sometimes
update

u<— (1 +9)u — de;

for the optimal 6 > 0.
This coincides with a method of Atwood (1973)!
Their algorithm has the same complexity as the Kumar-Yildirim method, and is

likely to produce an even smaller core set.
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Algorithms, 4

The optimality conditions for (D) are

z; (XDiag(u)X") ta; <n, forall i,
with equality if u; > 0. Khachiyan’s method computes « such that
z; (XDiag(u) X ") 'z; < (14 €)n, forall 4.
Todd and Yildirim’s (and Atwood’s!) method computes u such that

z; (XDiag(u)X ") 'z; < (14 €)n, forall 4,

z; (XDiag(u)X ") 'z; > (1 —e)n, forall j, u; > 0.
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Discussion

It appears from computational experiments with small € (10~ is feasible
compared with the expected 10~ " or 10™2), that the number of iterations of the
Atwood/Todd/Yildirim algorithm grows with O(In(1/¢)) not O(1/¢).

With Damla Ahipasaoglu, we have recently seen why this is the case, although the
result may be a local convergence rate rather than a global complexity result.

For example, we can find an approximate rounding with e = 10~ *° for 1000 points

in 100-dimensional space in 7 seconds.
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Conclusions

The minimum-volume ellipsoid problem and — In det minimization are ubiquitous in

statistics, computational geometry, and optimization.

Interior-point methods led to a revolution in optimization, but their work per
iteration is often very high. For large-scale problems, where high accuracy is not
required, sophisticated first-order methods can be very successful (cf. recent work

of Nesterov, Ben-Tal and Nemirovski, and others).

MinVolEIl — p.21/2



	L"{o}wner-John Ellipsoid
	LogDet
	Outline
	The Linear Model in Statistics
	Optimal Design
	Equivalence
	Geometry
	Dual Problems
	Weak Duality
	Consequences
	L"{o}wner-John Ellipsoids, Again
	The Ellipsoid Method
	The Ellipsoid Method, 2
	Semidefinite Programming
	Algorithms
	Algorithms, 2
	Algorithms, 3
	Algorithms, 4
	Discussion
	Conclusions

