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OR 630: Mathematical Programming 1. Fall 2005.
Take-home Midterm Exam. Available at 3 pm Monday, October 17th, from Donna Moore
in Rhodes 206. Due: 4 pm on Tuesday, October 18th.

This must be all your own work. No discussions with any other students or faculty, or
email to discussion groups or friends at other universities ... are allowed. If you are stuck on a
problem I can provide some hints to get you going at a slight cost. You can consult any of the
course materials, lecture or recitation notes, or Bertsimas-Tsitsiklis or Chvatal.

1. (30 points: 8, 7, 6, 5, 4) A partnership trades in the purchase and sale of agricultural
commodities. It owns a large storage tank, which can hold C gallons of soybean oil. At the
beginning of period 1, it holds I gallons (0 < I < C). In period ¢, t=1,... , T, the partnership
can sell any oil it has, at selling price p; per gallon. This must be delivered at the beginning
of the period. It can also order more oil, at a purchase cost of ¢; per gallon, which will be
delivered at the end of the period. Any oil left at the end of period T' is worthless. There
is no holding cost, and the partnership knows all the prices and costs at the beginning of the
planning horizon, periods 1 through 7. It wants a plan for selling and buying to maximize its
net profits.

Let w; denote the number of gallons sold in period ¢ and z; the number of gallons bought.
Do not use any other variables, such as storage amounts. In each period ¢, there are two
constraints: first, the amount sold cannot exceed the amount on hand. In the first period, this
constraint is just w; < I; in later periods, it bounds w; by I together with the net amount
bought over the first ¢ — 1 periods. The second constraint limits the amount purchased to what
will fit in the tank. In the first period, this constraint is just 1 < C — I + w;; in later periods,
it bounds z; by C — I together with the net amount sold in the first ¢ — 1 periods and the
amount sold in period t. Also, all variables are nonnegative.

a) Formulate the problem of finding a profit-maximizing plan over the planning horizon as
a linear programming problem.

b) Let y; be a dual variable corresponding to the bound on w;, and z a dual variable
corresponding to the bound on z;, t =1,...,T. State the dual problem to that in (a).

c) Obtain an optimal solution to the problem in (b) by inspection, by assigning values to
the dual variables in the order zr, yr,...,21, Y1- (A very heuristic argument of optimality
suffices.)

d) Show how you could obtain an optimal solution to the problem in (a) from your solution
in (c).

(eg How could you show rigorously that your solutions constructed above are indeed optimal?

2. (30 points: 8, 12, 10) Consider the two related linear programming problems

min, ¢’z min, ¢’z
(P) Az = b, (P) Az = b,
T _>_ O, Z Z 07

where A = A + pbcT, p >0, and ¢ 2 0.



