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1. (a) BS, = Bi. In the lecture notes from August 25th, we noted that lizlly = max{zTz : ||z]j < 1}.

So

2 € B

&=
4
=
=

llzllh €1
max{zTz : ||z]lc £1} <1
2Tz <1,Vz st ||zllee €1
z € B.

B? = (BZ,)° = Boo since B, is convex and contains the origin.

BS = B,. Thisis a special case of part (b).

(b) fS={Mz:z€ R",||z||2 < 1}, then 5° = {z:||MT2|]s <1}

o (C)If z € S°, then 2Ty <1,V¥y € S. But y = Mz, s0 2TMz <1, 0r (MT2)Tz < 1. This is
true for all = such that ||z|| < 1, so choose in particular = MTz/||MTz||. This gives us

Tz
(MTz)Tﬂ—gm <1 e ||MTz|| <1

o (D) If||[MTz|| <1,andy € S, then we have y = Mz and ||z|] < 1. Then

0

A

|MTz - g||?
(MTz -~ )T (MTz - z)
(MTz)T(MTz) —oMTz) Tz + =T

Simplifying, we get that Mz = 2Ty < 3(|lz|® + || MTz||?) < 1,50 2 € 5.
Note: by letting M = I, we see the proof for part (a) that By = B;.
() N(A)° = R(AT). This is a special case of part (d).
(d fS={zeR": Az = b}, then S° = {ATy 1y € R™, bTy < 1}. Consider any z € R"™. Then we

can write the LP max, {27z : Az = b}
(by assumption), so by strong duality,

and its dual miny {b7y : ATy = z}. The primal is feasible
either the primal is unbounded, or both the primal and

dual are feasible and have equal optimal values.
If the primal is unbounded, then 2Tz — +oo for some z € S, 80 2 ¢ S°.

If both are feasible, then

se8° <« max{z'z:Az=0b}= min{b7y : ATy=2}<1
z Y

&= E\yERm,ATyzzz,bTygl
= ze{ATy: b7y <1}

Note: If b= 0 as in part (c), then S5° = {ATy:y € R™} = R(AT).
(e) Note: I'll use the fact from (g) which I'll prove later. IfS ={yeR": ATy < 0}, then

S* = {Az:z € R",z >0}



63 IfS:{yERm:y_>_0},then5°:{zeRm:z§O}.
e (C) Ifz € S°, then 2Ty <0, Vy > 0, by the result from part (g). In particular, 2Te;, =2, <0
fori=1,...,m. That is, z < 0.
e (D) Ifz<0,y>0,then 2Ty <O0.
(g) Suppose C C R" is a convex cone. Show that C° = {z€R": #T2 < 0,¥z € C}. Note that this

differs from the defintion of C° only in requiring that 2Tz <0 instead of 2Tz < 1. We show that
if z € C° then it must be the case that 2Tz <0.

Suppose z € C°,z € C. Since C is a convex cone, a € C, Ya > 0. This means azlz < 1,YVa 2 0.
It must be the case that z7z < 0.

(a) Suppose there is some y such that ATy < 0,67y > 0. Lety = min; ¢;, and let 8 = max;(ATy): < 0.
If v > 0, then ay is feasible for all & > 0, since adTy<0<ye<e
If v < 0, then oy is feasible for all o > /[, since aATy < afe<vye<c.
In either case, we can let & — +09, and see that b’y — +oo, so the problem is feasible and
unbounded.

(b) We'll convert to problem (I") from recitation 4 notes. We can rewrite ATy < 0,67y > 0, as
ATy < 0for A= (4, —b). Then the alternate system is (11"),

Az=0, >0, #0, 07z<0.
Note that 07 < 0 is always true. Letting T = {z;a), we get
(A,-b)(z;0) =0, (2;0) 20, (2:0)#0,

or,
Az —ab=0, (z;0)>0, (z;0)#0.

_ Consider a sequence of points zj that converges to z such that z ¢ C for all k. Such a sequence exists

since = € OC, so there are points arbitrarily close to z that are not in C. For each such point zx we
can invoke the Separating Hyperplane Theorem (since C is closed and convex) to get a 0 # ax € R",
Bk € R such that

atzr > Br > afz, VzeC.

Assume that ay and B are normalized so l|lax|| = 1. By the hint, there is some convergent subsequence
a, say it converges to a. Then
af T > B }afz, Vze C. 1)

In particular, since & € C,

T,

T
aqr>p>a
But ¢y — a and 1 — T, 80 ol'z; and alz each converge to oz, and it must be the case that
1 ] g )

8 — B = aTz. Then from (1), we have

atz < afz, VzeC.




4. The general form of such a pair of problems is (for a,b,c € R)

min c¢x max by
ax > b ay < ¢
z > 0 y > 0
If we choose a = 0,b=1,c = —1, we can see that neither is feasible
min —z max ¥y
0 > 1 0 < -1
z > 0 y > 0

However, if we perturb a by an arbitrary positive amount, e.g. set a = ¢€ > 0, then the primal is
unbounded by letting z — +co and the dual is infeasible.

min  —I max Y
1 1
r Z % y < -3
z > 0 y > 0
Or if we perturb a by an arbitrary negative amount, e.g. set a = —€ < 0, then the primal is infeasible
and the dual is unbounded by letting y — +00.
min - max ¥
1 1
T < % y =2 %
zr > 0 y > 0



