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Problem

E: finite dimensional real vector space with dual £*;

K C E: regular (= solid and pointed) closed convex cone;
K*:={se E*:(s,z) >0, forall x € K};

T € int K, seint K*.

(Can think of £ and E* as R" with (-, -) the usual dot product.)

Problem:;

Find “large” ellipsoids centered at z and s and contained in K and K*.
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M otivation

Consider the conic programming problem
min (so,z) : x € L+{x0}, =€ K,

and its dual

min (s,xo0) : s€L"+{so}, s€ K",

where L is a linear subspace of F.

Cases:

K nonnegative orthant — linear programming;

K second-order cone — second-order cone programming;

K positive semidefinite cone — semidefinite programming.

Suppose z and s are feasible. We wish to find improved iterates.
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Restrictions

Let us choose ellipsoids C C K and C* C K™ centered at z and s and solve the

simpler subproblems
min (so,x) : x € L+{x}, ze€C,

and

min (s,z0): s€L"+ {5}, seC”,

Good approximation: want C' and C* “large” — choose maximum volume.
There are known solutions for the cases above.
But... C and C™* are unrelated, so ...

Need to solve two subproblems.
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Dual Ellipsoids

Let H : E — E™ be self-adjoint and positive definite.

H defines the norms on F and E*;
Wila = (Ho, )%, Jullfy = (u, H )",

dual to each other.

Let

C =Bu(T,az) ={x € E: |z —Z||ng < az},
C*=By(5,as):={s€ E" :||s—35||g < as}.

Then both restrictions can be solved for the price of one.

So want the “largest” inscribed dual balls.
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Goal

If dim ¥ =: n, we have
vol C' = aff - (det H) /2.9, vol C" = af - (det H)™"/? .y’

so that

vol C' - vol C* = (ij;Oég)n . (ww*)

Let
az(H) := max{az : Bu(Z,az) C K}, as(H) := max{as : By (5,as) C K*}.

Goal: Maximize the product az(H )as(H) of the radii of the balls.
Solution: If K is symmetric (homogeneous and self-dual), then we know the form
of the answer. If we have a self-scaled barrier for K, then we get an explicit

solution. This gives a geometric motivation for the Nesterov-Todd scaling.
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Symmetric Cones

We call cone K self-dual if there is a linear bijection J : E — E™ with

G(K) =K, Gr = z;

and symmetric if it satisfies both properties. Then for every z € int K, s € int K™,

there exist such J and G with

(JoG)(K)=K", (JoG)x = s.
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Barriers

Nesterov and Nemirovskii defined 6-logarithmically homogeneous self-concordant
barriers F : int K — R (think of F(z) = — ) Inx; for the nonnegative orthant or
F(x) = — Indet x for the semidefinite cone). These exist for all regular closed
convex cones.

Nesterov and Todd defined self-scaled barriers.

Guler observed that a cone admitted a self-scaled barrier (i.e., is self-scaled) iff it
IS symmetric.

NT:if x € int K, s € int K*, then there is a unique w € int K with

w IS called the scaling point for x and s.
Gdiler: this almost holds (instead F" (w)(K) C K™) for the wider class of

hyperbolicity cones.
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Main Result

Theorem: If K is self-scaled, then az(H)as(H) is maximized by H = F" (w),
where w is the scaling point for z and s.
Sketch of proof: There is some z € 0K with ||z — Z||., = az(w). So there is some

nonzero u € K™ with
0= (u,2) =min{(u, z) : z € By (Z; az(w))}.

Similarly, there is some t € 0K ™ with ||t — 5|3, = as(w), so there is some nonzero
v € K with

0= (t,v) = min{(t,0) : t € B, (5;as(w))}.

Without loss of generality, we can take ||ul||, = [|7]|lw = 1.

In fact, we can take t = F"'(w)z, v = F" (w) 4.
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Proof, ctd.

This implies that
af(w) — <’L_L,CTZ>, O4§(w) — <§7 f‘_)> :

Now, for any H, By (Z,az(H)) C K and B (5,as(H)) C K™, sO

min{(u,z) : z € Bu(Z,az(H))} > 0,

min{(t,v) : t € B (5,as(H))} > 0.

Hence we obtain

az(w)as(w) = (,Z)(5,0) > az(H)as(H)||u||g||v]|x

'V

oz (H)as(H) (a,7) = az(H)as(H)||ollw = az(H)as(H).
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Final Remarks

If K is not self-scaled, but is a hyperbolicity cone, we can again find the “scaling
point” w for  and 3, but because we only have F"(w)(K) C K™, the argument
above does not go through. We can still define z, @, ¢, and v as before, but we no

longer have v = F”(w)'#. So we obtain:
az(w)as(w) = (4, Z) (5,0) 2 az(H)os(H)||a]|[|9||g 2 oz(H)as(H) (4, ) .

If we can find z and v, H = F"'(w) is optimal to within the factor

(@,7) < [lalw o]l = 1.

Also, az (H)as(H) (s, x) can be shown to be an upper bound on the product of the
iImprovement in the primal objective function in moving from x to the optimal
solution of the primal ellipsoidal restriction, and the corresponding improvement in
the dual objective function. Hence we are equivalently maximizing this upper

bound.
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