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Abstract

We present results on global and polynomial-time convergence of infeasible-interior-point methods
for self-scaled conic programming, which includes linear and semidefinite programming. First, we
establish global convergence for an algorithm using a wide neighborhood. Next, we prove polynomial
complexity for the algorithm with a slightly narrower neighborhood. Both neighborhoods are related
to the wide (minus infinity) neighborhood and are much larger than the 2-norm neighborhood. We
also provide stopping rules giving an indication of infeasibility.

1 Introduction

The first polynomial-time interior-point algorithm for linear programming was presented by Karmarkar
in [3]. Later, the interior-point framework was extended to the general class of conic programming
problems by Nesterov and Nemirovskii in [7]. Conic programming can be defined as minimizing a lin-
ear objective subject to linear equality constraints and a cone membership constraint. Interior-point
algorithms can be broadly classified as either feasible- or infeasible-interior-point methods. In both,
the iterates remain in the interior of the cone. In the former, the iterates stay feasible to the linear
equality constraints, while in the latter, they are not required to satisfy these equations.

Infeasible-interior-point algorithms are appealing in practice as it is not easy in most cases to
find a starting point in the interior of the cone satisfying the linear constraints. In the case of lin-
ear programming, global convergence of an infeasible-interior-point method was first established by
Kojima, Megiddo and Mizuno in [4]. Subsequently, polynomial iteration complexity for variants of
this algorithm was established by Zhang [18], Mizuno [5] and Potra [11, 12]. Later, the results were
extended to semidefinite programming (for instance, in Zhang [19]). For extension in the case of
feasible-interior-point methods see [6, 9, 19].

Nesterov and Todd introduced self-scaled barriers and extended feasible-interior-point methods to
self-scaled conic programs (see [8, 9]). Self-scaled cones are the class of cones that have an associ-
ated self-scaled barrier, and they include the non-negative orthant and the cone of positive semidefinite
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matrices. Recently, feasible-interior-point algorithms were also extended to self-scaled cones using Jor-
dan algebraic techniques (see [15]). In this article, we generalize an infeasible-interior-point method
to self-scaled conic programs and provide a global convergence result using a wide neighborhood and
establish polynomial convergence for the same algorithm using a slightly narrower neighborhood. Both
neighborhoods are comparable to the wide (infinity) neighborhoods used in linear and semidefinite
programming, and are much wider than the 2-norm neighborhoods used in short-step methods.

For infeasible problems, infeasible-interior-point methods can provide some information about the
infeasibility. For general conic programming, using a homogeneous model, Nesterov et al. [10] intro-
duced various measures of infeasibility and obtained complexity estimates for algorithms using them.
For the type of algorithm we consider, in the context of linear programming, Todd and Ye [17] obtained
complexity estimates for some reasonably strong indicators of infeasibility; here we extend these results.

In feasible-interior-point methods the search directions lie in orthogonal spaces, which simplifies
the analysis very much. The main challenge in analyzing infeasible-interior-point methods lies in
getting a handle on the search directions. The global convergence result in this paper is based on
the arguments presented in Kojima et al. [4] for linear programming and the polynomial convergence
argument for the algorithm in Section 4 closely follows the analysis by Zhang in [18]. Our proofs rely
heavily on the self-scaled property of the barriers.

We start by introducing the preliminary concepts in Section 2. Section 3 presents an algorithm
with a wide neighborhood and analyzes its global convergence. In Section 4, we restrict the method
to a smaller neighborhood and obtain a polynomial iteration complexity result for it. We also provide
results pertaining to indicators of infeasibility. The paper concludes with some remarks in Section
5. Some of the proofs are quite detailed and technical. The reader may prefer to omit some of the
derivations at a first reading, for example those from (4.41) to (4.63).

2 Preliminaries

In this section, we describe the self-scaled conic programming problem and its optimality conditions.
We provide an introduction to self-scaled barriers and some of their properties. Then we state the
Newton system that will be used to define the search directions for the algorithms in later sections. The
section concludes with some of the key properties that follow from the definition of the Newton system.

Let E,Y be given finite dimensional real vector spaces, and E*, Y™ be their respective dual spaces.
Let (-,-) denote the scalar product on E* x E or Y* x Y. The primal and dual self-scaled conic
programs are defined as follows :

(P) min{(c,z) : Ar=0>, v € K}, (2.1)
(D) max{(b,y): A'y+s=c, s K"},

where A : E — Y™ is a linear map, A* : Y — FE* is the adjoint linear map, b € Y*, x € F and
s,c € E*. Here, K C F is assumed to be a regular closed convex cone, i.e., it contains no lines and has
a non-empty interior. It follows from standard convex analysis that its dual K* := {s € E* : (s,z) >
0 for all z € K} is also a regular closed convex cone. We will denote the interiors of K and K* by
int K and int K* respectively and Z and int Z will denote K X Y x K* and int K x Y x int K*



respectively.

In linear programming, £ = E* = %", YV = Y* = N™, and K = K* = RN}, the non-negative
orthant. In this case, A is a m x n matrix, A* = AT, b€ R™, ¢ € R, and (s,z) = 27 s is the standard
dot product for vectors x,s € R™ (or ). In semidefinite programming, £ = E* = S", the space of
symmetric matrices of order n, ¥ = Y* = ™, and K = K* = SV, the cone of symmetric positive
semidefinite matrices of order n. The scalar (inner) product is given by (s, z) = trace(xs) for z,s € S™
and we have the standard dot product on R™ x R"™. Here, Az = (trace(a;z))]* € R, A*y = > . yia;,
a; € S™, be R™, and c € S".

Let F be a strongly v-self-concordant, logarithmically homogeneous, non-degenerate barrier for K
(see Definitions 2.1.1, 2.3.1, 2.3.2 in [7]). The dual barrier functional, F, is defined by

F.(s) :=sup{—(s,z) — F(x) : x € int K}.

Then F, is also a strongly v-self-concordant, logarithmically homogeneous, non-degenerate barrier for
K* (Theorem 2.4.4 in [7]). For self-concordant barriers, » > 1 by Corollary 2.3.3 in [7].

We say F'is a self-scaled barrier for K if it is self-concordant and
(i) for any z,w € int K, F"(w)x € int K*, and
(ii) for any z,w € int K, Fy(F"(w)x) = F(z) — 2F(w) — v.

Let us further assume F' to be a self-scaled barrier. By Proposition 3.1 in [8], F is a self-scaled
barrier for K*. By convention, we call K and K* self-scaled cones, as there exist self-scaled barriers
for them, and (P) and (D) are the primal and dual self-scaled conic programming problems. We recall
Theorem 3.2 in [8]:

Lemma 2.1 For any (x,s) € int K X int K*, there exists a unique scaling point w := w(x, s) € int K
such that F"(w)x = s. O

Hereafter, we denote the scaling point for the pair (z,s) by w.

For linear programming, F(z) := — ) . Inz; and Fi(s) = — ) ,Ins; — n are self-scaled barriers,
and the scaling point w = \/g, where the square root and fraction are taken component-wise. For
semidefinite programming, F'(z) := —In(det(z)) and Fi(s) = —In(det(s)) — n for z,s € S}, the

space of positive definite matrices. The scaling point is given by w = z'/2[z}/2sz1/2]71/221/2 =
s~ 2[31/ 2051/ 2]1/ 24-1/2 Note that the matrix square root is uniquely defined for positive definite
matrices. In both cases, the parameter v of the barrier is n.

We collect here for later use some useful properties of the self-scaled barrier functionals. We then
define local norms using the barriers and prove a useful property. For 7 > 0, x € int K, s € int K*,

Fl(rz) = LF'(z), F'(rz)= %F”(m), (2.3)
F'(z)z = —F'(z), (—F'(z),z)=v, (2.4)
(F'(z)z,2) =v, (F'(z),F"(x)"'F'(2)) =v; (2.5)



—F'(z) € int K*, —Fl(s) € int K, (2.6)

F(z) + F(=F'(x)) = -, F(=F((s)) + Fu(s) = —v, (2.7)
Fi(=F'(z)) = —x, FI(=F(s)) = —s, (2.8)
FI(=F'(2)) = F'(z)", F(=FL(s)) = F(s)", 2.9
F(z)+ Fi(s) > —vIn(s,z) + vInv —v. (2.10)

Statements (2.3)-(2.5) follow from the logarithmic homogeneity of F' (see Proposition 2.3.4 in [7])
and similar statements hold for F,. Relations (2.7)-(2.10) follow from the definition of the dual barrier
functional (see Theorem 2.4.2 in [7], Theorem 3.3.5 in [14]). For self-scaled barriers, by Theorem 3.1
in [8], we have

F'"(w)x = s, F"(w)F/(s) = F'(x), and F"(w)F](s)F"(w) = F"(x). (2.11)

We define the following norms induced by the barriers ' and F : for p € E, x € int K, q € E*,
s € int K* and a fixed reference element e € int K,

% 1 0\1/2
Iplle i= (@), all = (a F@) ),
lals = (g Fl(&)a)' ", pls = (F/(s)7'pp)"”,
Ipll = [[plle, and lalle == Tllqlle-
Let ||-|| and ||-||« be dual norms on Y and Y*. The following is an important inequality on norms:

Lemma 2.2 Forpe K, x € int K, g€ K*, s € int K*,

(s,p) 2 lIplls and {(q,x) > ||qll;-

Proof : From Theorem 2.1.1 (ii) in [7], s — % € K* so that, <s - %’I» > 0.

Expanding, we get
(F!'(s)"'p,p) (F!'(s)"'p.p)

s,p) > = = ||pll5-
57 (FI(s)=1p, F!(s)FL(s)"Ip)' /2 (F2(s)~1p,p)'/? vl

The proof of the other part proceeds similarly. O

We will make the following assumptions for the rest of the paper :
Al A is a surjective linear map, and

A2 (P) and (D) have strictly feasible solutions, i.e., feasible solutions in the interior of K and K*
respectively.

For x feasible in (P) and (y, s) feasible in (D), we have the following weak duality result:

(c,x) - (b,y> = <A*y+ 37$> - <A$,y> = <S,.CC> > 0.



Hence (s,z) = 0 is sufficient for optimality. But, given our assumption of strict feasibility, it is also
necessary by Theorem 4.2.1 in [7]. So, the optimality conditions for (P) and (D) are:

Ay o+ s = ¢
Ax = b,
(s, ) - o, (2:12)
z € K, se K*.

We will now describe the central path and the associated Newton system. We define the central path
to be the set of solutions to the following system for all u > 0 :

Ay + s = c
Ax = b,
HF'(2) s o= 0 (2:13)
r € int K, s € int K*.

Given our assumptions, it is known (see Chapter 2 in [7]) that the set of equations (2.13) has a
unique solution (z(u), y(r), s(u)) for each p > 0 and that (x(u),y(u), s(n)) converges to (z*,y*, s*), an
optimal solution of (P) and (D), as y | 0. Following Nesterov and Todd [8], we propose the following
Newton system at a given (x,y,s) € int Z:

Newton Equations

ANy + As = c— A%y — s,
ANzx = b— Ax,
F'"(w)Ax + As = h:= —(1uF'(z) —s, (2.14)
ArxelE, Ayey, As € E*,

<Sl’jx> and [y € [0,1] is a given parameter.

where p =

In linear programming, the third equation of (2.14) is S™!XAz + As = BiuX~'1 — s, where

S = diag(s), X = diag(x) and 1 is the vector of all ones. For semidefinite programming, Toh et. al.

[16] showed that the third Newton equation in (2.14) is equivalent to Hp,(zAs + Azxs — xs) = oui,

where 7 is the n x n identity matrix, p is any nonsingular matrix such that p”p = w™?!, and Hp, is the
symmetrization operator given by

-1 —I\T

pap”" + (pap™")
Hy(a) = 5




Lemma 2.3 The following hold as a consequence of the Newton equations (2.14), where o > 0 is

such that x + oAz € int K and s + al\s € int K*.
(@) Az + [|As|li? + 2 (As, Ax) = ||h]5

(b) (As,z)+ (s,Az) = —(1—B1)(s,x);
@ (F'@),b0) + (85, FL(s)) = v— B (F'(a), FL(5))
() (s + aAs,V:c + alx) _ (s,ya:} (1—a+fia) + a? <A3,VA:U);
(s + als,z + alx) (s,2)\ all — 9 (As, Ax)
@ 7 )< (57) —et a0+t

(f) Alx+albz)—b=(1—-a)(Az —b);
A*(y +aly)+ (s+als)—c=(1—a)(A"y+ s —c).
Proof : The first equation is gotten by expanding the third equation of (2.14):
A2 = (F"(w)Az + As, F"(w) Y (F" (w) Az + As))
= (F"(w)Az+ As, Az + F"(w) P As)
= (F"(w)Az,Az) + (As, F'(w) " As) + 2 (As, Ax)
= |az| + | As]i2 +2(As, Ax).
The second equation follows from
(As,z) + (s,Az) = (As,z) + (F'(w)z, Az)
(As+ F'"(w) Az, z)
(=BipF' (z) — s,z) (from (2.14))
—(5,2) + Bu (~F'(x), z)
= —(1—7p1)(s,z) (from (2.4)).

We obtain (2.17) from
(F'(z), Az) + (As, Fl(s)) = (F'(w)F/(s), Az)+ (As,Fl(s)) (from (2.11))
= (F'"(w Am—i—As F(s))
= (—GipF'(x) — s, Fi(s)) (from (2.14))
v — Bus (F(x), Fi(5)) .
The equation (2.18) follows from

(s + als,z + alx) _ (s, x) n a(As, x) + (s, Ax) L (As, Ax)
= <S’Vx> + a_(l — il) {s,2) + o? <AS’VA$> (from (2.16))
= (5,2 >(1—a+61a)+a2w.
v v

Using the result above, we can see that (as In(1+¢) < ¢ for £ > —1)
A A
ln<(3+a 5,0+« w>> _ IH<M>+ln<1—a(l—ﬁl)+a2

14 v

< In <<S’m>> —a(l—p) +a2%.

)




Note that the condition inside the parentheses will apply if all logarithms are defined, i.e., as long as
(s + alAs,z + alx) > 0, which is ensured by our assumption on «. Finally, note that (2.20) follows
directly from the first two equations of (2.14). O

3 Global convergence in a wide neighborhood of the central path

The algorithm produces a sequence of iterates {(z,yx,sr)} C int Z until a termination criterion
is met. At each iterate, a step direction (Axy, Ayg, Asy) is computed from the Newton equations
(2.14), and step lengths o/;, ak € [0,1] are chosen. The next iterate is given by (Tg41,Yk+1,Sk+1) =
(xg + al;Axk, Y + a'jAyk, Sk + a'jAsk). Before we describe the algorithms, we need some definitions
from [9, 2]. For x € int K, s € int K*, let

i(w,s) = F(z)+ Fu(s)+vin (—“;j”)) o, (3.1)
va(z,s) = p(F'(z),F.(s))—v, (3.2)
¢]; = (- a;), where gbg =1, and
ok = Hi-:ol(l — a4), where ¢ := 1.

The neighborhoods used in the algorithms will be defined using vr and ~g. By applying (2.20)

in Lemma 2.3 inductively for a’; (and similarly for a’j), it is easy to see [2, 4] that gb’; (gb’;) represents

the proportion of the initial infeasibility remaining in the primal (dual) after k iterations. This we
summarize as

Az — b= qSI;(AJ:o —b), and A%y + s — ¢ = ¢h(A%yo + so — ). (3.3)
Let
NF(HF) = {(l’,y,S) €int Z: ’YF(xHS) < HF}

In the linear programming instance, this neighborhood is

n m n 2Ls 1
{(az,y,s)é?fbrx?)% x%‘%+:nln<n Hi(xisi)l/”>§0F}'

Thus the arithmetic mean of the x;s;’s cannot exceed their geometric mean by more than a factor of
exp(fp/n). For semidefinite programming, if (\;); denotes the spectrum of 2125212 we obtain the
following description for the neighborhood:

{(vxayas)es—i—)(% ><S+.nln< n Hi)\y" <0Op¢,

with a similar interpretation in terms of the arithmetic and geometric means of the A;’s.
Now, we state



Algorithm 1 :

1 Let1>08,>061>0,¢">0, Q" >0, 0 >0, zg €int K, yg € Y and sp € int K* be given such
that (zo,v0,S0) € Np(0r). Set k = 0.

2 Solve for (Axy, Ayg, Asg) from the Newton equations (2.14) at (xk, Y, Sk)-

3 Let (z(),y(a),s(a)) = (g, Yk, sk) + a(Dxg, Ayg, Asg). Compute the largest step length
ay, € (0,1] such that for all « € [0, ag], (z(a),y(a), s(a)) € Nr(0F),
(s(a), z(a)) = max(¢}, ¢5)(1 — @) (so, o), and (s(a), z(@)) < (sp, 1) (1 — (1 = F2)av).

4 Choose a primal step length a'; and a dual step length Ozfl such that
(Tt 1s Yot k1) = (@ + ab Az, yp + i Ayp, s+ afjAsi) € Np(0F),

max(¢k (1 — af), (1 — ok)) (s, zo) and
(skywg) (1 — (1 — B2)ag).

(Skt1, Thy1) =
<

(Skt1, Tht1)

5 Increase k by 1. If (sp,zr) < € (so,x0) or ||zk| + [|sk|l« > QF, then STOP. Otherwise, repeat
step 2.

We would like to note that, if we choose o/; = o/j = @y, all the conditions in Step 4 are satis-

fied. However, we are free to choose different step lengths as long as a comparable decrease in the
complementarity is obtained, the iterate remains in the required neighborhood, and we maintain the
condition

(Sg,xp) > rnax(¢l;, B8 (s0,20) . (3.4)

This requirement ensures that when total complementarity, (s, z), approaches zero, the infeasibilities,
from the interpretations of gb’; and QSI;, also approach zero. For simplicity, we will often write x,y, s
and ¢ for x,yg, sp and rnax(qﬁl;, <Z>fl) respectively. We also write vg for yp(z,s) and g for vg(z, ).
The arguments should be clear from the context.

Towards proving global convergence, we will assume that at the k-th iterate
(sk,zr) = € (s0,m0) and [zl + [[sk[l« < Q7 (3.5)

and show that there exists an a* > 0 (independent of k) such that all conditions in Step 3 of the
algorithm are satisfied for all « € [0,a*]. This gives a lower bound of a* on @y, which by Step 3 of
the algorithm, implies that (sg,z) < (1 —a*(1 — 82))* (s0, o). Hence, if ||| + ||sk]l« < Q* for all k,
then the total complementarity goes to zero linearly and the infeasibility goes to zero at least linearly
by condition (3.4). This will complete the argument for the global convergence result. At the end of
Section 4, some conclusions are presented when ||z ||+ [|sg||« > Q* occurs. As a first step, we establish
results that allow us to bound some key terms involving Az and As.

Proposition 3.1 The scaling point w := w(x, s) (given by Lemma 2.1) is a continuous function of x
and s.



Proof : Let ¢, s(v) := (s,v) — (F'(v), z) for z,v € int K and s € int K*. From the proof of Theorem
3.2 in [8] we know that w = w(z, s) is the unique minimizer of ¥, 4(-), satisfying the optimality con-
dition F"(w)z = s, and that ¢, s(v) > (s,v) + F(v) — F(x) + v.

Let {(zn,s,)} C int K x int K* be such that x, — Z € int K and s, — § € int K*. Let
{wp, = w(zp,sp)} C int K and w = w(z,s) € int K be the scaling points given by Lemma 2.1.
To establish continuity we need to show that w, — w. By continuity of % in z,s we note that
Y sn (W) < Yz 5(w) + 1 for all sufficiently large n. Also, ¥y, s, (wn) < g, s, (0) for all n.

We claim that F(w,) < M < oo for some constant M. Then, from Proposition 2.1.1 in [7], as F’
is a strongly non-degenerate barrier, it follows that w,, is contained in {w € E': F(w) < M} C int K
which is closed in E. To prove the claim, note that for all sufficiently large n, F(x,) < F(z) + 1 and
hence,

Y .sn(Wn) > (Sp,wp) + Fwy) — F(x,) +v > F(w,) — F(Z) — 1+ .

This, along with the chain of inequalities ¥z, s, (Wn) < ¥s,,.5, (W) < Yz,5(w) + 1 for all sufficiently
large n, shows that, for such n, F(w,) < M = F(Z) + 95 s(w) + 2 — v. The claim follows.

As s, — §, for e = %min{xeK:”zH:l} (3,x2) > 0 and all n sufficiently large,

<Sn7x> - <‘§7$> - <§— Smx> = <‘§7$> - HxHHg— Sn”* = <§7$> - ||§— Sn”* = <‘§7$> —€2¢€

for every x € K such that ||z|| = 1. Now, for all sufficiently large n,

Wn,
wmn,sn(wn) = <5nawn> + <_F/(wn)a$n> > <5nawn> = ||wn|| <Sm m> > EHwnH

Then 1y, s, (W) < ¥z s(w)+1 (for all sufficiently large n) implies that {w,,} is bounded. Hence, {w,,}
is contained in some subset of int K that is compact in F.

Let @ be any limit point of {w,}. Since F"(wy,)x, = s, for all n, we have F"(w)T = 5. As w is
the unique solution to F”(w)Z = §, @ = w. Therefore, w is the the unique limit point of {w,}. Thus
w is a continuous function of (z,s) on int K x int K*. O

Lemma 3.2 The region

— (z,y,5) € int Z: (s,x) = € (s0,20), 2] + [[s]« <, yr(z,s) < Op, :
R= { and 3¢y, pq € [0,1] s.t. Az =b+ ¢pp(Azg — 1), A*'y+s=c+ ¢pa(A*yo + so — ¢) 15 compact.

Proof : Using the expression for v in (3.1), the fact that (s,z) > €* (sg,x0) and yr(z,s) < Op
we get that F(x) 4+ Fi(s) < M; for some constant M;. By Proposition 2.1.1 in [7]

R:={(z,y,s) €int Z: F(z)+ F.(s) < M}

is closed in E x Y x E*. Hence replacing int Z by R in the definition of R we see that R is closed.



If A is surjective then the solution to the equation A*y = r is unique and ||y|| < [|(AA*)7Y|||A]|[|7]«
with the standard operator norm on operators. Using ||z| + [|s||« < ©*, the remark above and the
inequality ||c 4+ ¢qa(A*yo + so — )|« < |lell« + ||c — A*yo — sol|« we get ||y|| < My for some constant
Moy, or ||lz|| + [|y]| + [|s]l« < Q* + Ms. Hence, R is compact. O

Note that the operator defining the Newton equations (2.14) is continuous in w and invertible for
all w € int K. By Lemma 3.1, w is continuous in (z,y,s). Also note that all the iterates defined by
the algorithm lie in the region R as (;5'; , d)fl € [0,1]. We established compactness of R in Lemma 3.2.
Therefore the operator is continuous and invertible over the compact set R. Hence,

Proposition 3.3 (Ax, Ay, As) is a bounded continuous function of (x,y,s) on R. In particular, the
sequence {(Axk, Ask)} produced by the algorithm is uniformly bounded. O

As a consequence of Proposition 3.3, we can choose n sufficiently large that, for all (x,y,s) € R,
|z +112s]2 < n/2 and [(Ds, Aa)| < 5L (s0,20) (3.6)

Using (3.5) and (3.6) we get as a consequence
(As, Az)]
(s,7)

The reason for this choice of 1 will become clear later. Next, we recall the definition of the Minkowski
functional and the associated norm from Section 4 of [8]. For p € E, z € int K, ¢ € E*, and
s € int K*,

<n/2v. (3.7)

1 .
ox(p) = Sup{azozx_apeK}:mln{ﬂZO:ﬂx—peK}, and
ple == max(ox(p),0x(—p));

0s(q) and |q|s are similarly defined, and we set

0:(q) == 0_pr(2)(q), and o5(p) = o_p1(5)(P)- (3.8)
Using (2.9) we derive the following identities: for § = —F’(x) and & = —F/(s)

o\ — 1/2 *
plle = (F"(@)p,p)"* = (F!(3)"p,p)""* = ||p|l%, and (3.9)

1/2 -1 \1/2 "
lals = (g F/(s))"* = (g, F/@) ¢} = a2 (3.10)

Let & := max(||Az||s,||As|ls). By Proposition 3.5 of [9], & > max(|Ax|;, |As|s). Let us define
z(a) := x + alAz and s(a) := s+ a/\s. Then we have the following result (this is a slight weakening
of Theorem 4.2 in [8], but more suited for our analysis):

Lemma 3.4 For all a € [0,1/(2R)]

F(z)+ a(F'(z), Az) + ?||Az||? and

<
< Fu(s)+a(As, Fl(s)) + a?||As|2.

10



Proof : Note that o,(—Az) < |Az|, < k. Let z(f) = = + —ﬁ, with 8 € [0,3]. Let 6(3) :=
F(z(0)). From the proof of Theorem 4.2 in [8], we have

(0)5 +6"(0) / /A ldid:
— 9'(0)8 +6"(0) /O %

A 1
< 0(0)8+ 9”(0)/ 2Ad)\ < as A< B < 5)

0

= 6'(0)8+6"(0)8°

The first part of the lemma now follows by substituting the appropriate expressions. The second part
can be proven using a similar argument for F. Il

0(3) - 0(0)

IN

Note that &2 < ||Axz||2 + ||As||? < n/2. Therefore, \/1/(2n) < 1/(2r). If we define
& =4 —, (3.11)
then the conclusion of Lemma 3.4 and (2.19) in Lemma 2.3 hold for all a € [0, 1]

Now, using vr to denote vp(z,s), it follows from Lemma 3.4, Lemma 2.3, and (3.2) that for
o€ [0, &1],

r(a(a),s(@) = F(a() + F(s(a) + v <M>+

14
< Flo) +a(F(z), Az) + o Al + Fu(s) + a (As, Fl(s)) + o As|2

{ (52 —att-ay + 25202

= qr+ o ((F'(2),Az) + (As, Fi(s))) —av(l = f1) + a%%
o® (| Ax|2 +[1As)2)
= yr+a(v— G (F(2),F(s)) —av(l - B1) + a2y<A<jf>m>

o2 (18] + | As]2)
s (- (P, ) o (02

. 7]
As, Ax
= ar—aino+a? (vEEDD 4 gz + sl

YN HAsuz)

IN

vr — aBivr + a?(n/2 +1/2) = vF — afiyr + .

The last inequality follows from vp < g ((4.17) in Theorem 4.2 of [9]), (3.6), and (3.7). To ensure
that yr(z(a), s(a)) < 6p, it suffices to have

YF — afiyr + a’n < Op.

11



By considering the larger root of the quadratic (yr —0r) — aB1yF + a1, we see that this is guaranteed
for 0 < a < g with

1

a2 =5 0<31FIQQF{517F + \/ﬁﬂF +4n(0F — )}

Setting the derivative with respect to v of the minimand to zero, we obtain 0p = n/ B%. This implies
that the function is monotone, and so it achieves its minimum at one of the extreme points. Hence

Gy = %min(\/nHF, 8160). (3.12)

So, we have (z(«a),y(a), s(a)) € Np for all a € [0, @s].

Next, we will establish a similar guarantee on step lengths for condition (3.4) at iteration k + 1.
Let h(a) := (s(a),z(a)) — (1 — @) (s, z0). Recall that ¢ = max (¢, ¢%) so that, if we took equal step
lengths of « in both primal and dual at the kth iteration, the resulting ¢**1’s would both be at most
#(1 — a). We would like an @3 > 0 such that h(a) > 0 for all « € [0, a3]. Since (3.4) holds at (x,y, ),
using (2.18) in Lemma 2.3 and (3.7) we get

he) = (s(a),z(a)) = ¢(1 — @) (s0, 7o)
(s,x) (1 —a(l — B1)) 4+ a® (As, Ax) — ¢(1 — a) (sg, xo)

= (1= a)({s,2) = d{s0,20)) +a (s,2) <51 ! a%)
a(s,z) (51 - 0‘%) :

v

Hence the choice of
2ﬁ1V
n

ensures that the second condition in Step 3 of Algorithm 1 holds for all « € [0, @3]. Using (2.18) and
(3.7), we find

as = (3.13)

(s(a), z(e)) < (s,) (1 Ca(l— B+ az;)

We will obtain our desired decrease in total complementarity if o satisfies
2 M
_ _ 1) < _ _
(s,) (1 a(l = p) + « 21/> <(s,z) (1 —a(l—pB2)),
or equivalently
n
_ —a—1|>0.

@ |(B2 = 1) —ag-] 20

Hence, we have (s(a),z(a)) < (s,z) (1 — a(l — (2)) for all « € [0, ay], where

_ 2(B2— BV
n
Taking into account (3.11), (3.12), (3.13), (3.14), we obtain

o := min (1, &1, g, g, Ay ) mm( \/7 \/E 5191? 2511/ 2(82 —ﬁl) > —Q(1/y). (3.15)

We are ready to state our first main theorem.

(3.14)

12



Theorem 3.5 Given (A,b,c,K), 1 > B > 1 > 0 and Op,e*,Q* > 0, if all iterates of Algorithm
1 satisfy ||zi| + ||skll« < QF, then we obtain a solution (x*,y*,s*) such that (s*,z*) < €* (so,z0),
|[Az* — b|| < €| Az — b, and [|A*y* + s* — c|| < €*||A*yo + 50 — || in O (nln (L)) iterations.

Proof : As ||zg| + ||sk]|« < Q2 at each iterate, if we choose any a € [0, a*], with o* in (3.15), as the
step length, all the conditions in Step 3 of Algorithm 1 are satisfied. Hence for each k, ap > o*. Thus

for k = {(1 e —‘ln( ):O(nln(}*)),we have

In((sp, ) < In((sp—1, k1) (1 —a*(1 = B2)))

< In ((so,xo 1—a*(1- 62))k)

— ({50, 20) + kI (1 — (1 - B2))
< In((so,20)) — ko (1 — B2)

< In((s0,20)) + In(e”) = In(e" (s0, z0))

The first inequality follows from the decrease in total complementarity condition, the second from the
same applied inductively, and the third inequality from the identity In(1 4 &) < £ for all £ > —1. The
fourth inequality follows from our assumption on k.

From condition (3.4) it follows that max(qﬁl;, ok) < {kT) < ¢* Then (3.3) implies that

(s0,0)

[Azy, — bl < €"[|[Azo — b, and [[A"yy, + sp — cl| < ]| A"yo + s0 — .

We postpone the discussion on indicators of infeasibility to the end of Section 4.

4  Polynomial iteration complexity

We now present a variation of Algorithm 1 with a neighborhood defined using ¢, which is narrower
than one using vr (see (4.1) below). In this section, we obtain some key results leading to bounds
on terms involving Ax and As, and this leads us to our analysis of polynomial complexity. Most
of the results are extensions from the linear programming case proven by Zhang [18]. Though the
ya-neighborhood is tighter than the yp-neighborhood, it can be related (see (4.10), (4.11)) to the
Yoo-neighborhood used in practice. In our conclusion, we will discuss some implications of the relation
between neighborhoods and complexity estimates of the algorithm. Let

NG(HG) = {(l’,y,S) €int Z: ’YG(‘TVS) < GG}
We note that, as vp(z,s) < yg(x,s) ((4.17) in Theorem 4.2 of [9]), it follows that
Ne(0r) C Np(0F), (4.1)

and hence Np(0F) is a wider neighborhood than Ng(0F).

13



Algorithm 2 :
1 Suppose given 1 > 32 > 31 >0, € > 0, 0g > 0, and (x0, Y0, s0) € Ng(ba). Set k = 0.
2 Solve for (Axy, Ayg, Asg) from the Newton equations (2.14) at (xk, Y, Sk)-

3 Let (z(a),y(a), s(a)) := (g, Yk, Sk) + a(Dzk, Ayg, Asg). Compute the largest step length oy, €
(0, 1] such that for all « € [0, ax],

(z(a),y(a),s(a) € Na(lg), (4.2)
<S(a)7 .CC(O()> > max(¢];7 ¢§)(1 - a) <307 x0> ) (43)
(s(a),z(a)) < (sp,ax) (1 — (1= B2)a). (4.4)

4 Choose a primal step length a'; and a dual step length Ozfl such that

(Trt1s Yrtts k1) = (@ + A Az, Y + o Ayp, s + aljAsi) € Na(0a),
max(cb';(l — o/;), (blj(l — alj)) (s0,xo) and

(skyzk) (1 — (1 = Bo)ay).

(Sk+1, Thy1) >
(Sk+1,Thy1) <

5 Increase k by 1. If (sg, zx) < €* (sp, xo), then STOP. Otherwise repeat Step 2.

In this section too, if we choose a’; = 0/3 = ay, all the conditions in Step 4 are satisfied. However, we

are free to choose different step lengths as long as a comparable decrease in the complementarity is
obtained, the iterate remains in the required neighborhood, and we maintain the condition (3.4). In
our analysis, we again consider equal step lengths « in the k-th iteration, irrespective of the choice
of step lengths in previous iterations, and show that a certain minimal step length can be chosen.
Then different step lengths can be chosen, but we will preserve a minimal level of decrease in the
complementarity. The relations in (3.3) hold also for this algorithm. That is,

Az, — b= QSI;(AJJO —b), and A'yp+sp—c= ¢§(A*y0 + 50— ¢). (4.5)

Let (ug,ro,vg) € EXY x E*, satisfying Aug = b, A*ro+vg = c and (xg—ug, So—v9) € int K xint K*,
denote our reference point. It is feasible to the linear system but not necessarily feasible to the cone
constraint. The last condition can be met by scaling our initial point by a large positive scalar.

For the given sequence of iterates {(x, Y, sg)} we find it useful to define the following :

U1 = up +ak(zp + Dz —up) = (1—ab)(up —ax) + 24113
Ty = e+ oy + Dy — 1) = (1= ) (e — yr) + Yer1;
Vg1 = vp+ak(sp+ Asp—vp) = (1—ah)(vk — s) + St

The properties below directly follow from the above definitions :

Tt — Uhg1 = (1= oF)(@p — up) = o8 (g — wo) € int K;
Skt — Vkr1 = (1 — ) (sp — vi) = o5 (so — vo) € int K*;
Auy, = b and A*ry + v, = ¢ for all k; (4.6)
Az + Dxg — ug) = A(z + Axg) — Augp, = b—b = 0;

A*(yp + Dyp — 1) + s + Asp — v, = 0.
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(The third line holds for £ = 0 by assumption, and then holds for all k£ by induction using the last
two lines.)

The analysis in this section is quite similar to that in the previous section. We will henceforth
denote xg, Yy, Sk, Wk, (ﬁl;, and gbfj by z,y,s,w, ¢p, and ¢4 respectively. We also write ¢ for max (¢, ¢q)
and ¢ for min(¢,, ¢4). We will drop the subscript & unless the subscript is necessary for clarity. We
first prove the following useful lemma.

Lemma 4.1 Let (x,y,s) be any iterate generated by the algorithm and (x*,y*,s*) be an optimal
solution to (P) and (D). Then

s,z —u)+{s—v,x) <14 (8™, 20 — up) + (80 — vo, %) + (80 — Vo, To — U)
(s,2) B (s0,20) .
If a strictly feasible point for (P) and (D) (say (Z,7,S)) exists, then the sequence {(xy,si)} generated
by the algorithm is uniformly bounded.

Proof : We first observe the following inequality, assuming the iterate is the kth, so that ¢ =
maX(qu, ¢d) and ? = min(qbpv ¢d):

(s—v,x—u) = ¢pga(so—vo,z0— uo) (see (4.6))
= ¢¢ (so — vo, To — Up)
< 9<<S, x> (S() — Vg, Ly — UQ> (by (34)) (47)
SO,$0>

Next, from (s* —v,2* —u) =0, (s*,2*) =0, z* € K and s* € K*, we have

(s,c—u)+(s—v,x) < (s,x—u)+(s—v,x)+ (s",z)+ (s,2%) + (s —v, 2" —u)
= (s,z)+(s—wv,2")+ (s",x —u) + (s —v, x—u>+<s*,x*>
< (s,2) + ¢ [(s0 — vo, ") + (s7, w0 — ug)] + ¢ Tso. xo 7 (S0 — vo, T — uo)
< (s,z) + (Lig;?)) [(so — vo, ") + (5", 20 — uo)] + & Sg ;0 (80 — vo, zo — ug)
~ () {1 N (5%, 20 — o) + (0 — vo, %) + ¢ (so — vo, Zo —U0>}'
(s0,z0)

The first inequality is strict because z € int K and s € int K*. We get the first equality by rearranging
the terms. The second inequality above follows from (4.7) and (4.6) and the third follows from (3.4).
This gives the inequality in the lemma since ¢ < 1.

For the second part of the lemma, observe that
(s,Z) + (8,2) < (s,Z)+ (N,ac> (s, —u)+(s—v,z) +(§ —v,T —u)
= (s,2)+ (s —v,2) + (8,2 —u) + (s —v,x —u) + (5, T)
(s0,0) + (S0 — v0, ) + (8, T0 — o) + (50 — v0, o — uo) + (5, %) (as ¢ < 1).

IA
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We define
’YOO(‘Tv S) = 02“ - 17 (48)

where 0 := o, (w) and p := <s—f> This definition follows from Lemma 3.1 and (4.10) of [9]. Then,
N () :={(z,y,s) € int Z : yoo(z,s) < 0} defines the yoo-neighborhood (parameterized by ) widely
used in the literature: for linear programming, this measure is the arithmetic mean of the x;s;’s divided

by their minimum, minus one, and for semidefinite the same but using the eigenvalues of z1/2sz/2.

From (4.18) in [9], we have

73
T+ 79

<G S VYoo (4.9)

2
From this we get 7o, < VTG +1\/ve + %. This leads to the following relations:

6 <y < VI9 4 P68 <2 AE < g+l for e <1, (4.10)
X <y <X+ (X +1)<rg+1 for y¢ > 1. (4.11)

From (4.10) and (4.11) we conclude
Na(bc) C Neo(Bg + 1); Noo(8) C Ng(v0). (4.12)

So vg < O¢ implies that 7,0 < 0 — 1 for 04 := Og + 2. This yields the following simple bound on o :

Ooo
o< \/; (4.13)

We will first note some useful consequences of Lemma 3.4 in [9] and Corollary 4.1 (ii) in [8]. Let
peEE, zeint K, g€ E* s€int K*, w € int K such that F”(w)x = s and t = —F'(w). From
Lemma 3.4 in [9] we have

02(=F/(s)) = 0s(~F'(z)) = 0z(w)* = 0%, (4.14)
and from Corollary 4.1 (ii) in [8] we have
F'"(z) < 04(=F.(s))F"(w) = 0?F"(w) and F"(s) < oy(—F'(z))F!(t) = c*F!(t). (4.15)

Here for two self-adjoint operators A and B, A < B means that B — A is positive semidefinite.

Let us define

t =ty = v/[Ba]% + 1Bs]2. (4.16)
The following two quantities play a crucial role in our bound for t:
X = =2 { {0 = v0, 20 — o) } + 2% 4 (182, and (4.17)
(80, Z0) v

Szgk::\/@[@,m—uwgs—v,@} w1



Proposition 4.2 ti < w (s, k), where w is independent of k and

2
<£k+\/§g+xk> <w < o0.

Proof : We will drop the subscripts for now. First, we note the following identity.

Il =

(=PrpF" (x) —
52 2<F'($), Fi(s)) = B ((s, —Fi(s)) + (—F'(x),2)) + (s,)
p? (F'(z), Fl(s)) — 2B1pv + (s,z) (from (2.4))

e [ﬁl (3

(s,2) [(1— B2 + 5722 .

s, —PuFl(s) — )

) — 26 + 1] (from (3.2))

From (2.15) in Lemma 2.3 and the expression for ¢ in (4.16), we have

| Al + 188132 +2 (A5, A2) = 2 +2(Ds, Az) = (s,2) [ 525 + (1= Bu)?] .

Now we will show that 0 < (s, x) {s0

bompotouo) | (N5, M)+ Ety/(5, 7).

Expanding (s + As — v,z + Az — u) and using (4.6), it follows that

(s —v,z —u)+

(As, Ax) 4+ (As,x —u) + (s — v, Ax) = 0.

It follows from (4.15) that for p € E,q € E*, ||p|lz < ollpllw and ||g||s < ollq%,, so that

By letting p=x —u

[z —ulls < (s,

[Az]ly < ol Azfly and [[As]ls < of|As]ly,-

, ¢ = s — v in Lemma 2.2 we have

z—wu) and [|s — ||y < (s —v,x).

From (4.22), (4.23), (4.13), and (4.16), we see that

(Bs,z —u) < |z —ul[|As]ls < (s,2 —u) o] As]ly, <

A similar bound holds for (s — v, Az).
Substituting these bounds and (4.7) in (4.21), we get

———(so — vo,xo — ug) + (As,Azx) + [ — (s,z —u)t + /| — (s —v,z) t
<80,$0><0 0540 0> < > [ < > L < >

(80 — vo,z0 — uo)
(s, x) T50.70)

Ooo

— (s,x —u)t.
W

+ (As, Ax) + £t/ (s, ).

Using (4.20) to eliminate (As, Ax), we get

t2

< 2(s

)

(s0 — vo, o —

(s0,70)

u0>_|_<s x)[ %7_04_(1_51 }+2§t\/ s, x)
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So, t? < 26t/ (s, x) + (s,x) x or (t — &/ (s, x) (5,2) (x + €2). Therefore,

2
ti < (Sk, k) <€k +4/& +Xk> -

Since v < 0, Xk is uniformly bounded by X, and & is uniformly bounded by ¢ using Lemma 4.1.
We can choose Y, &, and w to be

0 S0 — Vo, Ty — U

X = f—G+(1—ﬁl)2+2{<° 0.0 °>}, (4.25)
<807$0>

F o= \/@{1+(s,wo—uo>+<so—v0,x>+<so—v0,w0—uo>}7and (4.26)

(s0,T0)

2

w > <§+\/§2+x> : (4.27)
This completes the proof of the proposition. O

In the following corollaries w plays a role similar to 7 in the previous section. Later, we will obtain
a polynomial bound for w, given a suitable choice of starting points and an assumption on the size of
optimal solutions.

Corollary 4.3 |[(As, Az)| < % (s, z).

2 *2
Proof : |(As, Az)| < || Az, | As|z, < 1ozhutltsh < v 4). O

Corollary 4.4 ||Ax|]? + ||As]|? < Osovw and || Az As]|s < 2 Do

Proof : From (4.22) |Az|; < o||Az||w and ||As||s < o||As||y,. Hence,
6
I8z]Z + 18] < o* (1Al + | As]l?) < f’ow (s,7) = Ooorw.

The second part follows from the inequality ||Ax|.||As|s < w. O

Let z(a) := = + oAz and s(a) := s + als. We use the following lemma to guarantee that our
iterates x and s remain in their respective cones.

Lemma 4.5 Let & = max{||Az|, ||As|ls}. Then for a € [0,1/(28)], (o) € int K, 0yq)(r) <
2, s(a) € int K* and 044)(s) < 2.

Proof : From the definition of &, we have ||aAz|, < 1/2 and |JaAs||s < 1/2. Therefore z(a) €
int K and s(a) € int K*. Note that 2z(a) —z = 2(x + alz) —z = x4+ 2alz € K as ||alz|, < 1/2.
Hence, 0,()(2) < 2, and similarly o,.,)(s) < 2. O
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From Corollary 4.4,

1 1 1
—_— = > =: Q1. 428
% 2max{| Az 18T - e (4.28)

Henceforth we will restrict our choice of « to [0, @;]. Note that
al| Azl <1/2, ofAslls < 1/2, (4.29)

and the conclusion of Lemma 4.5 hold for all such a.

We have so far obtained bounds on expressions involving Az and As and on step lengths guaran-
teeing that our iterates remain in the interiors of the respective cones. Now, we proceed to guarantee
the existence of a minimum positive step length such that we can satisfy (4.2)—(4.4), that is, stay
inside of the Ng(6¢) neighborhood, while satisfying the condition in (3.4) and the decrease in total
complementarity condition. First we will focus on the arguments that lead to bounding v along the
step directions. We introduce the following convenient notation.

Using Taylor series expansions, let us define R, and R, by
F'(z()) = F'(z) + F"(z)(aAx) + o*Ry, Fl(s(a)) = Fl(s) + F/'(s)(aAs) + o®Rs.  (4.30)
We have
Lemma 4.6 For a € [0,a4],
IR} < 2010012, 1Rl < 20) 252 (4.31)

Proof : From Theorem 4.3 in [8], since |Az|, < ||Ax]|,, we get ||Rx|];(a) < ||Ax||?, and similarly

HRSH:(Q) < ||As||?. We now just need to change the local norms to obtain our result.
The identities in (4.15) can also be written as

F'(w)™' <o F"(z)™!, and F/(t)"' <o® F/(s)" L. (4.32)

Let p € E, z,& € int K, q € E*, s,§ € int K*, w such that F"(w)x = s and t = —F’(w). Then,
using (4.32) and (4.14) we have

" _1 \1/2 _1 \1/2 «

ldlt, = (¢.F'(w)'9)"* <o (g, F"() )" = ollq|l%. (4.33)
* _ 1/2 *

Plle = lpl; <o (F(s)"'p,p)""* = olp|l3: (4.34)

" _1 \1/2 1 \1/2 "
lalt = (0, F"(2)")"? < oa(z) (g, F"(2)""q)""* = 0(2) g%, and (4.35)

" _ 1/2 ~ 1/2 "
plr = (F/(s) " p,p) " < oa(s) (B (3) " p,p) ' = 0a(s)pll2- (4.36)

In (4.35) and (4.36), © and § are used in the role of scaling points.

Using the above relations we get || R. ||y, < ol|Rell; < 0044 (a;)HRxH;(a) < 20||Ax|2, and similarly
[ Rsllw < ol|Rsls < 0050 ()| R ) < 20|/ As||2. The first set of inequalities follow from (4.33) and

s(a
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(4.34). The second set follows from (4.35) and (4.36). The third follows from the bounds at the
beginning of the proof. O

Now v (z(a), s(a)) depends on § := (F'(x(a)), Fl(s(a))). Expanding § into linear, quadratic,
cubic and quartic terms using (4.30), we get

= (F'(z),F/(s)) + a {(F"(z) Az, F.(s)) + (F'(z), F/(s)As)} (4.37)
+a? {{F'(z), Rs) + (Ry, FL(s)) + (F"(z) Az, F (s)As) }
+a’ {{Ry, Fl'(s)As) + (F"(2) Az, Ry) } + o' (Ry, Ry) .

We begin with a bound for the linear term.

Lemma 4.7
(F" (@), FL(s)) + (F'(x), Fl/(s)2ss) < (F'(w), Fl(5)) {—%m (- m} . (4.38)

Proof : Using relations (2.11) and F"(w)Axz + As = h = —fiuF'(z) — s, we get

<F//($)AZL',F;<(S)> + <F/(x),F;/(s)As>
= (F"(x)0z,Fl(s)) + (F'(z), F"(w) ' F"(2)F" (w) "' As)
= (F'(z)Aa, F’( )+ (B (2)F"(w) "' As, Fl(s))
= (F'(z) F”( )Az + As), Fi(s))
= (F"(z) —BipF' (x) = 5), Fy(s))
= —51M<F” w) " F (x), Fl(s)) — (F"(2)F"(w)™'s, Fi(s))
(
(

\_/
H
/\A/—\\_/

— B JFL(8)) — (F"(x)x, Fl(s))
— B L FL(s)) + (F'(z), FL(s)) .

We note that (F"(z)F!(s), F!(s)) > Z@LED Phis follows from

(F'(2), Fi(s)) < |FL() | 1F ()5 = VVIF(5)]o-

Hence,

"2 /(g 2
(F"(2)Ax, Fl(s)) + (F'(z), F!'(s)As) < _51NM + (F'(2), Fi(s))
= (F'(z),F(s)) {—%,u (F'(z), Fi(s)) + 1}
— () {-Loc 4 +1f

= (PR {2+ -0
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Using (2.11), we obtain

1F" ()13 = (F'(2), F"(w) "' F' (@) = (F'(x), Fl(s)) = (F"(w)Fi(s), Fi(s)) = [|FL(s)|3-

So, we let

™= [[F' ()5 = [1F(8) |- (4.39)
For future use, we note that
2 / ' plel 276G Vv 2
¢ =(F(x),F,(s)) = —— =0"—— < vo”. 4.40
< (=), £ )> 2 Yoo +1 ( )

This follows from relations (3.2), (4.8), and (4.9).
We now bound the quadratic terms. Using the above and (4.31) we get

(F'(2), Rs) < |[Rsllul " ()15, (4.41)
< 2mo|As|E,

and similarly

(Ry, Fl(s)) < 2ma| Dz (4.42)
Finally,
(F'(x)Ax, Fl(s)As) < [[F/(s)Ds]|wl| " (z) D],
< G| F!(s)As||F||F"(x)Az|% (by (4.33) and (4.34)) (4.43)
= 0| Asls[| Az

To bound the cubic and quartic terms, we have
(Ro, F(s)As) + (F"(2) Dz, Rs) < ||[FY(s)As]|wl| Rallly + [1Rs ]| F () Az][5, (4.44)
< 202 F (s)Ds|[sl| A3 + 202 | F" () Az ||| Aslf2
(by (4.33), (4.34), and (4.31))
20°|| Dslls )| Ax|3 + 20| Azl | As]l3-

Using (4.31), we have
(Ro, Rs) < || Rsllwll Rally, < 40| Az|Z]| Al (4.45)

Let

Lim (). FU) { -2+ (1=}, Q= {22108l + [50l2) + 2ol 1A}

Substituting (4.38), (4.41), (4.42), (4.43), (4.44) and (4.45) in (4.37), and using (4.29) in the first
inequality we get

§ < (F'(z),F(s)) +aL +a® {2r0|As||2 + 2n0|| Az||2 + 02| As| || Azl }
+a® {207 As||s[| Azl + 202 Azl | As]|2} + dato? || Az A2

(F/(2), FL(s)) + oL+ a®0? {22 (|8s|2 + | Ax|2) + | Asll | Azl }

+a? (202|285 s Ao (1/2) + 207 [ Aao |1 85 (1/2)} + 40?02 Ax . | As]ls(1/4)
= (F/(2), Fl(s)) + aL + a0 {22 (|| 85 + | 52]12) + 4| 25l 2al. |

= <F’(x),Fi(s)>+aL+a2Q.

IN
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Note that p(z(a), s(a)) = M >0 as z(a) € int K and s(a) € int K* for all « € [0,a4]. So, we
have

va(z(a),s(a) +v = pla(a),s(@)) (F'(@(a)), Fu(s(@))

< {u+a(ﬁ1—1u+a AS Aw}{< 5)) + oL +a’Q}

= v +v+aiuB—1)(F (), F( S)>+Lu}
a {/LQ+<A87VAQJ>< ), Fl(s)) + (1 — 1) uL} (4.46)
o’ {ML + (B — 1)u@} + o/*MQ.

We derive the following bounds on the terms of the above expansion:

(B = 1) (@ FAS) + Tn = (= D {F @), o)) + (P, E6) { - Dn 1= )}

= D@, Fis) = ~Pacte + ). (447

We will now use our bound on 7 to bound Q. From (4.40), we see that

VG tv
hQ = po* (22 sl + 0l) + 4ol Al )
< 2uo? 702‘;’/(02&) (s,2)) + 4pc? oo (using the proof of Corollary 4.4)  (4.48)
o
= 27 v (1o?)*vw + 202 vw (using (s, z) = )
< 203 20w(\/0c + v+ V0s) (by (4.13)).

Using Corollary 4.3, we get

(o 8) (), Fi()) < L0 (P (a), FL(s)) = L (F(a), FU(s)) = 206 +v) < 2066 + ).
(4.49)
Next,
(B =DuL = p(By = 1) (F(2), Fi(9)) { =812 + (1= 8) |
= (B -Doc+) {-AL+0-8)}
= B8 (1 g )
< 61(1_61)@’ (4.50)
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and

L+ (5 —HpQ <

As, Ax

fonn)

IN

2 (' (@), FL(s)) {% - m)}

< (et {ﬁ%”r (1 —51)}

2
< et gle o g (451)
Using the expression for @) and (4.29) we have
0*Q = 0? (22(o 852 + @A) + 40| Aslaf| Aala) < o> (v + 1), (452)
From (4.52), (4.13) and Corollary 4.3 we have
020200 < 2 )2 _ Yy (), (4.5

To reduce the cubic to a quadratic term, we use a < 1. We use (4.53) to reduce the quartic term to
a quadratic. Substituting the corresponding bounds into the expansion (4.46), we get

6170(76“1'7/) 2

vo(z(a),s(a)) +v < yo+v—a > + o,

where

= 202200/ (0c +v) 4+ Vbs0) + 90—1—1/)4—61(1—61)@ (4.54)
+lbe+0) |55+ (- )| + T+ 1)

and the quantities in 7 are gotten from (4.47), (4.48), (4.49), (4.50), (4.51) and (4.53).
Denoting v¢ by ¢, we want an o, such that ¢ — ozﬁl@ + a7 < fg for all a € [0, ). So, we

have
2
o= {ﬁlg“j”) " \/<ﬁ1<(%”>> T 4r(0g - <>} -

Let drg = mingep g, - Let f(¢) = f1¢(¢ +v) and g = 4*7(0g — ¢). Then,

2rvde = min  f(O)+ v/ f2(() +9(¢) > min f(¢)+ v 9().

¢€l0,6¢] ¢€[0,64]

Let the derivative of the minimand be ¢(¢) = f'({)+ ;}% = 61(2(+v)— #2(20—() = 31(2¢+v)—
vy'T

N We can check that ¢”(¢) depends only on the second term and is negative for all ¢ € [0,0¢].
Hence, £(0) < 0 and ¢/(0) < 0, implies that ¢(¢) < 0 for all ¢ € [0,65]. This leads to the condition
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that 7 > 7 := (ﬁ%@g, 166%0 % ) This can be ensured by requiring that w > 32316 /v, because
then
w w e] wr w ﬁlﬁG Gﬂ%HG 5
e = — — > — > > T
2(0(;—1—1/) 2(9@4—1/)[&1/—1—(1 61)]_ 5 t5, B0 +

Since the derivative is nonpositive throughout, the minimum is achieved at { = 65 and

Gy = Pi0c(0c +v) _ Bifc —: .

vT T

(4.55)

Then (z(a),y(a),s(a)) € Ng for all a € [0,a2]. Taking into account the above condition on w and
the bound imposed by Proposition 4.2, we will define

2
W= max{<£_+\/£_2+>_(> ,32%0G}. (4.56)

Now we focus on obtaining a guarantee of a positive step length as satisfying the condition (3.4).
We want an @z such that (4.3) holds for all 0 < o < &3. Using (2.18) and Corollary 4.3, we note that

BELAA G- = 2ran - )+ TR0 0 -
S0, X0 S0, X0 S0, X0

_ (s,x) o Cd)ta (s,x) 5 (As, Ax)

a <<8075€0> (b) (1=a)+afb (80, T0) (s0, o)

(s,x) w
a(so,x0> (ﬁl B oz§> ’
Therefore, it suffices to have
a3 = i}ﬂ (4.57)

in order that (s(a),z(a)) — ¢(1 — ) (sq,z0) > 0 for all a € [0, a3].

Using (2.18) and Corollary 4.3, we get
<S(Oé),.fC(Oé)> = <87$> (1 —Oé(l _ﬂl)) +a2 <A37A:C>
< (s,2) (1 —a(l - B1) +aw/2).
Therefore, to satisfy (4.4), it suffices to ensure that
(s,2) (1 —a(l = B1) +a’w/2) = (s,2) (1 - a(l = B2)) = (s,2) a (= (B2 — B1) + aw/2) < 0

Thus for all a € [0, @4] with

_ 2(B2—Br)

Qy i\=m ———,

- (4.58)
(s(a), z(a)) < (s,2) (1 — a1 = B2)).
Taking into account (4.28),(4.55), (4.57), (4.58), we define
. 1 Bibe 261 2(B2 — Bh)
a® = min <1, N ,7,T>. (4.59)
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For a € [0,a*], all the conditions in Step 3 of Algorithm 2 are satisfied. Observe from (4.54) that
7= O(wr!d). So, a* = Q(r71) = Q(wtr~15). We will now establish a bound on w.

Let (ug,r0,v0) be the solution to min{||u|| + ||v|« : Au=0b, A*r+v =c}. Let
zo = poe € int K, sop=—poF'(e) € int K*, (4.60)

where e is the fixed reference element in int K and pg > max(||ugl|, [|vollx) > max(|ugle, |vole). Then
we have o.(xg — ug) = |To — uole < 2pp and oc(so — vog) = [so — vole < 2pg. Therefore,

200e — (z0 —ug) € K, —2poF'(e) — (so —vo) € K*, and (s, x0) = pav. (4.61)

Let us assume that, for some constant ¥ > 0,

1 1
po > E,o* =3 min{max (|z*|c, |s"[¢) : (", s") solves (P) and (D)}. (4.62)

(Note that we can always increase pg.) Now we can obtain a bound for w. From (4.26) we recall that

E = Vo y{1+ (s*,wo—uo>+<so—v0,x*>+<so—v0,x0—u0>}

(80, 20)
2p0p*V + 2p0p*v + 4p3
\/Hooy{l—k Pop Y+ /)20,0 v pou} (using (4.61))
PoV

= OV {1 + M} =V 0oov(4¥ + 5) (using (4.62)).

o

IN

We use (4.61) to bound Y (see (4.25)), which is used subsequently to bound w (see (4.56)) to get

0 S0 — Vo, Xy — U 0 4p2v 0
Xzﬁf—G+(1—ﬁ1)2+2{<° it 0>}§—G—|—1+2-/)2—0:—G—|—9and
v (80, x0) v pEV v

W = max <(§+ \/ €2+ %)2, %) = O(Oxov).

Hence
7 = O(wr'?) = O(*9).
Substituting the expression in (4.59), we get
o =min (1,1, &g, &3, @) = min (1, Qv™h, Q@ 2%),Q™), Q(I/_l)). (4.63)

Theorem 4.8 Given (A,b,c, K, K*) and (1,0g,¢" > 0, let us choose x¢ and yo as in (4.60), where
(4.62) holds. Then Algorithm 2 will produce a solution (z*,y*,s*) such that (s*,z*) < €" (so, o) and
¢* < € in O(W*5In (L)) iterations.

Proof : If we choose a* in (4.63) as the step length at each iterate, then all the conditions in Step
3 of Algorithm 2 are satisfied. Thus a@; > o™ for each k, so that the complementarity is reduced by at
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least the factor (1 — (1 — f2)a*) at each iteration. So for k = {(1_52)01*—‘ In(4)=0@@* (L)), we
have
In((sg, 1)) < In((sp-1,21-1) (1 = (1 = F2)))
< In ((so,xo 1—a*(1- 62))k)
= In({so, o)) + kIn (1 —a*(1 - f2))
< In({s0, 20)) — ke (1 — f2)
< In({s0, 7)) + In(e”) = In(€” (s0,0))

The first inequality follows from the decrease in total complementarity condition, the second from the
same applied inductively, and the third inequality from the identity In(1 4+ x) < z for all x > —1. The
fourth inequality follows from our assumption on k.

From condition (3.4) it follows that ¢ < M < €*. From (4.5), it follows that

(s0,20)
[Azy, — bl < €"[|[Azo — b, and [[A"yy, + s — cl| < ]| A"yo + s0 — .
O

By the second part of Lemma 4.1, we can see that strict feasibility in both primal and dual implies
that all the iterates are bounded. As the result was independent of the neighborhood, this implies
that there exists a Q* large enough that (3.5) in Section 3 will always hold. However, if such a Q*
did not exist or is very large, then we would like some inference on the infeasibility of the primal-dual
pair. We will also see the relevance of ¢ and condition (4.62) in producing infeasibility indicators.
Todd and Ye [17] provide some guarantees on the norms of optimal as well as feasible solutions for
linear programming. We closely follow their approach and obtain analogous results in this extended
setting of self-scaled conic programs. Let (z*,y*, s*) denote an optimal solution to the pair (P) and
(D), if one exists.

Now, we will directly relate & (which contributes to the complexity estimate through w) defined in
(4.18) to indicators of infeasibility. Recall that ¢ = max(¢p, ¢q) and ¢ := min(¢,, ¢q). Let

p = max(|xg — uole, [So — vole)- (4.64)
If max(|z*|e, [s*]e) < p, then following the proof of Lemma 4.1, we have

(s,x —u)+ (s —v,x) op (8,20 — u0) + Pa (S0 — Vo, )
(s,x) (s,x)

(s*, 20 — ug) + (s0 — v, *) + ¢ (s0 — Vo, To — o)

< 1
i 50, 0)

2ppv + Gp*v 20+ ¢

_1+pp2,p :1+(p ,0)
PoV I

In light of our discussion above, we can use the following condition as a stopping rule.
e Stopping Rule 1. For some p, stop if

bp (8,70 — uo) + Pa (50 — vo, T) - (1 n p(2p + ‘PP)>
(s,) - 1% '
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Theorem 4.9 If stopping rule 1 applies, then there is no optimal solution pair x* and (y*, s*) for (P)
and (D) with |z*|. < p and |s*|. < p. O

We would like to show that for some 2, under certain assumptions, violation of condition (3.5) does
lead to some conclusions on the size of optimal solutions and the size of feasible solutions (as we
shall see in Theorem 4.13). Assume that the primal is strictly infeasible, i.e., the alternative Farkas
system is strictly feasible; then it can be shown that the sequence of iterates {z} is bounded by some

constant M > 0. So, suppose that ¢, > 6 >0, and Q, = M + %ﬁj*“‘)) (p% + 2pp + @pZ), so that
llz]| + ||s|l« = Q. implies that ||s||. > W (p3 + 2pp + ¢p*). In this case, from

¢ (s,€) >

’e‘(xo—ug) N ‘e’(xo —up)

5]

bp (s, 0 — o) + Pa (S0 — Vo, T) > ¢p (s, 20 — up) >
if we substitute the lower bound on ||s||. and use p3v > (s,z), we get
bp (8,30 — o) + da (S0 — vo, ) > v (p§ + 26p + ¢p°) > <1 + w> (s, ),
Pp(s,20—u0)+P4q(s0—v0,T)

so that stopping rule 1 applies. Note also that condition (4.62) implies a bound on T5.2) ,
p(2p*+@p))
I

because (1 + <5+ % < 5+ 4V¥. The inequality can be seen using ¢ < 1, p < 2pg and

condition (4.62).
Next we investigate stopping rules that provide lower bounds on the size of any feasible solutions.
We use the following result:

Lemma 4.10 Let

ap = mmln{HxH Az =b, z € K},
oy = minflyl: Ay+s=c €K7,
ag = n;l;l{HsH* A'y+s=c, s€ K}, and
oy 1= min{lyl + sl A%y +s=c, s€ K*).
Let
Be = minfllé].: é- A"y e K*, (by) =1},
By = nbnn{HlA)H* Az =b, (c,z)=-1, ze€ K}
@
Bw = rlxunil{HwH Axr =0, (c,x)=—-1, z4+w e K}, and
Bpw = gnin{max(”i)”*, |wl) : Az =b, (¢c,z) =—1, z4+we K}.
e

Then, ayB. = ayﬁb = asfy = aysﬁbw =1
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Proof : The proof of the first three relations follow directly by applying Lemma 3.13 in Renegar [13].
The fourth follows by using the relation between «, and (. with linear operators [A* I]: (y,s) —
A*y+ s replacing A, cone Y x K* replacing K and right-hand side ¢ instead of b. Note that the norm
max(|b]|s, [|@]|) on Y* x E is dual to the norm ||y + ||s]|» on Y x E*. Then as a counterpart for the
problem defining o, we get

e LI () Y (B EY G P R

where Y = {0} is the dual cone of Y and (K*)* = K. Now changing variables to b = —b, = = —
and W = W, we obtain the desired form for the problem defining Gp,,. O

It is straightforward to verify that
ug = F"(e) LAY (AF" (e) P A") 7, 1o = (AF"(e) P AY)TLAF"(e)7te,  and vy :=c— A*rg.
(We can observe here that (c,ug) = (b,79).) Consider the following stopping rules.

e Stopping Rule 2,,. Let r =y — ¢4(yo — ro). Then, for some p, > 0, stop if
(b,7) = llc+ da(so — vo)l« Pp-
e Stopping Rule 24. Let u =z — ¢p,(zo — up). Then, for some pg > 0, stop if
(¢, u) < —max ([[bll+, ¢pllzo —uoll) pa-

The following theorem establishes lower bounds on the norms of x in the primal space and (y, s) in
the dual space.

Theorem 4.11 If stopping rule 2, applies, then any feasible solution to (P) has norm at least py; if
stopping rule 24 applies, then any feasible solution to (D) has ||ly|| + ||s||« at least pq.

T

Proof : If we let § = ) and
>

1 (b,r)
W 2 L= erdatso -l
w = %, then £ +w = — <“;Cu K. Now, the second part follows by using the relation between [y,

and ays in Lemma 4.10. O

= % in Lemma 4.10, we will get that 8. < ||¢||«. Therefore,

, proving the first part. Next note that if we let T =

o>

— “>and

—{c,u

Pp
€

~

The following modified stopping rule is analogous to the rule proposed in [17] and this is symmetric
between x and s.

e Stopping Rule 2),. Let § =y — [ro + da(yo — 70)]. Then, for some p, > 0, stop if
(b,9) > [lvo + ¢als0 — vo)ll« Pp-
e Stopping Rule 2. Let & = x — [ug + ¢p(xo — ug)]. Then, for some 4 > 0, stop if

(c,2) < —|luo + ¢p(x0 — uo) Pa-
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The proof of the following theorem follows verbatim from that of Proposition 4.2 in [17] using Lemma
4.10 in place of Lemma 2.1 in [17].

Theorem 4.12 If stopping rule 2;, applies, then any feasible solution to (P) has norm at least p,; if
stopping rule 2!, applies, then any feasible solution to (D) has ||s||« at least pq. O

The following theorem shows that if p is sufficiently large, whenever stopping rule 1 applies, so
does stopping rule 2, or 24 (alternatively, stopping rule 21’0 or 2/). This result provides a sharper lower
bound than that provided in [17], and as should be no surprise, we can see that ¢ does not appear in
the denominator of the lower bound. As a consequence, if for instance the primal is infeasible while
the dual is feasible, the dual is not restricted from attaining feasibility.

Theorem 4.13 If

- 1 B i
P> s v [le + ¢also — vo)|l« pp + max (||b]l«, dpllzo — woll) Pal,

then if stopping rule 1 applies, so does either 2, or 24. If

s 1 _ _
p = = [llvo + ¢a(s0 — vo)llx pp + lluo + dp(zo — uo)ll pal ,
2ppv

then if stopping rule 1 applies, so does either 2;, or 2/,
Proof : Let us first note the following identities:

Au = b, A'r + s =c+ dpq(so — vo),
u=2x— ¢p(xg —up), and r =1y — dg(yo —r0).

Hence using a weak-duality like relation it follows that

(s,u) = {c+ @a(s0 — vo),u) = (b,r) = (¢, u) = (b, 7) + (bals0 — v0),u) -

We first substitute for u and r in the above identity, then use the condition in stopping rule 1 and
rewrite ¢p¢4 as ¢ ¢, and finally use (4.64), (so,z0) = pgv and ¢ (so, zo) < (s, ) to get

(C, u> - <b,7”> = 37u> < ( S0 — U0)7u>
8,7 — ¢p(0 — o)) — (Ba(s0 — v0), = — Pp(z0 — o))

(
(

= (5,7) — da( So—’Uo,> bp (8,20 — o) + Ppda (S0 — Vo, To — Uo)
( P+¢P)} +¢<30—U0,l‘0—u0>—

<

¢ (s0,0)

S, x) [1—1— 5

<[°

< oppv [ ]=—2¢Vpp

B <80,$‘0>
0
+ ¢ (s, T)
Po

If termination criteria of both the stopping rules 2, and 2,4 did not apply, then

{e;u) = (b,1) = = [lle + ¢a(so = vo)ll« pp + max ([[bll, dpllzo —uoll) pal-
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Therefore, if we choose

. 1 _ _
p 25— [llc+ ¢also — vo)llx pp +max (|[bll+, ¢pllzo —uoll) pa ,
2ppv
then one of the stopping criteria must hold, otherwise it will contradict the lower bound on the dif-
ference (c,u) — (b,r). This completes the proof of the first part.

Furthermore, note that & = u — ug, § = r — ro and we have already observed that (c,ug) = (b, 7).
Consequently, (c, &) — (b,g) = (c¢,u) — (b,r). Hence, by a similar argument, for the choice of p stated
in the hypothesis, it is seen that if stopping rule 1 applies, then so does either 21’0 or 2/,. O

5 Conclusion

We have established global convergence of Algorithm 1 and polynomial iteration complexity of Al-
gorithm 2. In Section 4, we placed restrictions on our initial points so that zg — ug € int K and
so — vg € int K*. There have been global convergence results for linear programming using arbitrary
infeasible starting points [1]. It would be interesting to see if such results also extend in this setting.

Complexity estimates of algorithms for linear programming problems have normally been derived
using the y,-neighborhood, because this is a reasonable approximation to the 99%-of-the-way scheme
used in many practical implementations. If we are given 6 and the ~y-neighborhood N (), we could
relax it to a bigger neighborhood N¢(0g) by choosing 6 = v and 6, = vf + 2. This gives us a
complexity estimate of O(v%), larger for example than the O(r?%) bound using the v,.-neighborhood
for semidefinite programming in [19]. However, we must note that the neighborhood has also gotten
bigger and is a better approximation to the 99%-of-the-way scheme. Moreover, our complexity anal-
ysis contains several approximations, and it is quite possible that a different analysis would yield a
tighter estimate.

We can make modifications to the algorithms presented to implement them in practice with-
out losing the convergence guarantees. The a* in both the algorithms are hard to compute as we
do not know 7 in Algorithm 1 or w in Algorithm 2 beforehand. The step length at each itera-
tion can be computed by replacing 1 by max <2(||A:L’||:2C + || As?), M) in Algorithm 1 and

(s,2)
(”Ax”l%‘t!As”g), 2|<As’$x>|) in Algorithm 2. We can also obtain step lengths using local

w by max(

(or binary) search satisfying the conditions in Step 3, to improve the practical performance of the
methods based on vp- and vg-neighborhoods. For example, as long as the step length &y satisfies
all the conditions in Step 3, but 2¢;, fails at least one condition, then we know that &y > ax/2 > o* /2.

Finally, we presented results pertaining to lower bounds on optimal and feasible solutions when

certain stopping rules apply and also related them to the termination condition (3.5) in Algorithm 1
and condition (4.62) in Algorithm 2.
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