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State Space Reduction for Non-stationary Stochastic
Shortest Path Problems with Real-Time Traffic
Information
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Abstract—Routing vehicles based on real-time traffic condi- and route determination becomes computationally challenging
tions has been shown to significantly reduce travel time, and (cf. Polychronopoulos and Tsitsiklis [1]). In this paper, we
hence cost, in high-volume traffic situations. However, taking pgte that in some cases, information about the whole network

real-time traffic data and transforming them into optimal route . t ired f timal te det inati F |
decisions is a computational challenge. This is in large part due to IS not required for optimal route determination. For example,

the amount of data available that could be valuable in the route N routing a vehicle from the Washington, D.C., Zoo to the
selection. We model the dynamic route determination problem Washington, D.C., National Airport, there may be no need
as a Markov decision process (MDP) and present procedures for to have information about travel congestion on links outside
identifying traffic data having no decision-making value. Such of the Beltway. Our objective then is (for a fixed origin and
identification can be used to reduce the state space of the MDP S . . . o )
thereby improving its computational tractability. This reduction Qestlnatlon) to find & systematic method for identifying links
can be achieved by a two-step process. The first is an a priori in @ road network that even when observed, do not stand to
reduction that may be performed using a stationary, deterministic aid in optimal route determination. We verify via a humerical
network with upper and lower bounds on the cost functions study that our methods can stand to alleviate some of the
before the trip begins. The second part of the process reduces the o, mntational challenges of real-time route determination in a

state space further on the non-stationary stochastic road network _. . h .
as the trip optimally progresses. We demonstrate the potential time varying, stochastic network. We note that this is different

computational advantages of the introduced methods based on from problems in traffic control (or assignment) that attempt
actual data collected on a road network in southeast Michigan. to control traffic flows from a system point of view since we
Index Terms—Markov Decision process, dynamic program- &€ interested in routing a single vehicle through a potentially

ming, non-stationary stochastic shortest path problem, state space congested network.

reduction, vehicle routing, real-time traffic information. With this in mind, consider the following decision-making
scenario; a formal model description will be given in Section
|. INTRODUCTION Il. A vehicle must travel from a start node to a goal node on

ECENTLY, there has been growing interest in determi a network composed of links having (possibly) non-stationary

: ) s . ravel times. A subset of these links (calletiserved links
ing the value of real-time traffic information for fleet . . S . .
. . o ) provide real-time traffic information. Depending on the current
management. Such information can be used inndglligent

: . oo congestion status of each observed link, the decision-maker
transpprtaﬂon systgr(iTS) to re_route vehples while m-roqte must choose the next intersection to visit. Upon reaching the
itrc]) :\goé?wziiaviocglglgg i?]c;?riﬁgg?é dlr\]/vﬁﬂ t':jaeﬁaill:vsvggg(’)gll(::];ﬁ?xt intersection (or perhaps slightly before), the status of the

. . Betwork is updated, the decision-maker chooses the next node
netic loops, cameras, etc.) and optimal routes would be co D" isit and the trip continues

puted (and re-computed) in real-time. As a vehicle approache he classic shortest path problem has been studied exten-

an intersection, the driver would be given updated directions . : L
. X L - sively in the literature. When the travel costs are deterministic,
based on the time varying and random travel time information L
. : . a route can be chosen to minimize the total cost before the

of the network. Such an implementation requires that a cent{

a . . : i
dispatcher monitor road conditions for the whole network and® beg_lns. This continues to .hOId when the trave_l times
L . . . - are stationary and stochastic since random travel times can
maintain communication with a vehicle throughout the tri

As the number of links in a network increases observatipbe replaced with their expectations. On the other hand, Hall
' ?E] showed that standard shortest path algorithms (such as
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When a road map is characterized by a tightly inteof Fu and Rilett [17] and Fu [18] discusses implementations
connected network of nodes, the complexity of finding thef real-time vehicle routing based on estimation of mean and
shortest path in a deterministic network was estimated variance travel times. A comprehensive literature review of
Pearl [3]. Using theA* algorithm, guided by the Euclideanshortest path problems can be found in Thomas [19]. Kim
heuristic, it was shown that a fraction of the nodes expandetial. [20] extended Psaraftis and Tsitsiklis [16] to examine
under breadth-first search would also be expandedAby the case where the congestion status of each link is available
Adaptations of theA* algorithm for path determination areto the driver. Using actual traffic data in a congested traffic
found in Bander and White [4] and Chabini [SLO* for a environment in southeast Michigan, the results have shown an
non-stationary stochastic shortest path problem with termirelerage expected cost savings of approximately 5.91-10.55%
cost was investigated by Bander and White [6] who showeshd a reduction in the vehicle usage time of approximately
that AO* is more computationally efficient than dynamic9.82-16.19%. We continue to consider this problem in the
programming when lower bounds on the value function apresent study, but the focus is on making the problem more
available. Similar formulations to our model without real-timéractable via our state space reduction techniques.
traffic congestion information were also presented. A hierar-The rest of the paper is organized as follows. Section Il
chical routing algorithm that finds a near-optimal route withresents a formulation of the problem using a stochastic
improved computational performance is in Jagadeesh et al. [@ynamic program. The optimality equations are discussed in
Miller-Hooks and Mahmassani [8] compared algorithms faBection Ill. Section IV presents a procedure to reduce the state
the least possible cost path in the discrete-time non-stationgpace for the non-stationary stochastic shortest path problem
stochastic case. Miller-Hooks and Mahmassani [9] producedth real-time traffic congestion information. The first step of
an algorithm for finding the least expected cost path in thtiis procedure reduces the state space by eliminating observed
case. links that are redundant throughout the trip; that is, those links

Of particular relevance to this paper is thi@chastic short- that would not be traversed by an optimal route regardless of
est path problem with recours®iginally studied by Croucher their traffic congestion information. This step can be quickly
[10]. In this work, when a driver chooses a link to traversgerformed by considering a deterministic road network using
there is a fixed probability that it will actually traverse amupper and lower bounds on the cost functions along each path.
adjacent link as opposed to the one chosen. One might thiflke second step of this procedure further reduces the state
of the original link as being one on which an accident apace by deleting observed links that could not be deleted
unexpected road block has occurred. Interesting extensiawisen the trip began but can be deleted later in the trip. Section
of this work include that of Andreatta and Romeo [11] an¥ presents computational results based on actual data collected
Polychronopoulos and Tsitsiklis [1]. In the prior, a path fronand a road network in southeast Michigan. The results demon-
the source to the destination is chosepriori. There is then strate (on average) a significant computational advantage when
a fixed probability upon arriving to one of the nodes in theur state space reduction techniques are employed. In Section
network that the next link is “inactive” and an alternate rout@l, conclusions and future research directions are discussed.
must be chosen. In the latter work, the authors assume that Nwtation and definitions are listed in the appendix.
costs to traverse arcs are random variables and that travelling
along the network reduces the possibilities for “states” of the
network. The problem we consider has a less general cost
structure than Polychronopoulos and Tsitsiklis [1] but allows We now formulate the non-stationary stochastic shortest
for both the costs and travel times to be non-stationary in tinfgath problem with real time traffic information as a discrete-
Moreover, we provide conditions under which the requiretiime, finite horizon Markov decision process (MDP). Consider
state observations are reduced. The recent paper by Waller andunderlying networlG = (N, A), where the finite sefv
Ziliaskopoulos [12] addresses the question with random aepresents the set of nodes addC N x N is the set of
costs but with only local arc and time dependencies. In Chabifirected links in the network. This network serves as a model
[13] a solution is provided for the efficient algorithms to comef a network of roads (links) and intersections (nodes). By
pute all-to-one shortest paths in discrete dynamic networkBis, we mean thatn,n’) € A if and only if there is a road
In Chabini and Ganugapati [14] design, implementation, arse¢gment that permits traffic to travel from intersectiorto
computational testing are reported for parallel algorithms thiatersectionn’. Let n, € N be the start node and the set
exploit possibilities offered by low-cost, commonly availablel’ C N be the goal node set. For each elemerd N define
parallel, and distributed computing platforms to solve manyhe successor sebf n (denotedSCS(n)) to be the set of
to-many shortest path problems in time-dependent networkedes that have an incoming link emanating fremThat is,
Gao and Chabini [15] discuss several approximations of tb&'S(n) = {n' : (n,n’) € A}. A pathp = (ng,...,nx) from
time dependent stochastic shortest path problem where infog- € N is a sequence of nodes such that,; € SCS(ng)
mation about the network is learned by the driver as the tripr £ = 0,1,..., K — 1. We assume the existence of a path
progresses. Psaraftis and Tsitsiklis [16] considered a probléimm any node in the network to the goal node set.
similar to the one discussed in this paper in which the travel A link (n,n’) € A is said to beobservedf real-time traffic
time distributions on links evolve over time according to & measured and reported ¢n,n’). Suppose that there are
Markov process except that the changes in the status of the ligkobserved links inA. Define the (random) road congestion
are not observed until the vehicle arrives at the link. The wosktatus vector at time to be Z(t) = {Z'(t),..., Z%(t)} so

Il. PROBLEM STATEMENT
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that the random variablg?(t) is existence of a path from any nodelfo Since|N| < co these
paths can be chosen to be finite. Choosihgnd 7 such that
T — T > |N|¢ guarantees our assertion.

Let U = {0,1,...,T} be the set of possible times that

decisions are made. Define the state space of our decision
for ¢ =1,2,...,Q. Denote a realization oZ(t) by z. Thus, problem to be

z € H ={0,1}?. We assume thadtZ(t), t=tg,to+1,...}
and {Z/(t), t = to,to + 1,...} are independent Markov Q={(ntz):neNtelzeH.
chains fori # j. For eachq = 1,2,...,Q, we assume that

the dynamics of the corresponding Markov chain are describ&d
by the one-step transition matrix

0 if the ¢** link is uncongested
Z4(t) =
1 if the ¢** link is congested

(deterministic, Markov) policyr is a function such that
m: ) — N and prescribes which node should be visited next
RtD) _ af 1—aof for each node, time, and congestion status; that(is, ¢, z) €
a 1-p4 B ' SCS(n). Let z; be the congestion status at tintg. We
Let P(2/|t, 2, ') be the probability of a transition occurring@SSUMe fomy. € I thatm(ny, ¢y, 2,) € I' for all 7; i.e., once
@, 2 t) P y gthe goal node set is reached, it is never left. When the decision

from z at time ¢ to 2z’ at time ¢’. By our assumption of . o
is made to travel fromm, to ng41 = w(ng, tg, 21 ), the (finite)

independence, random variablél}., ; is determined according to the discrete
P(Z|t,2,t") = PlZ(t') = /| Z(t) = 2] probability distributionP [Ty 1 = trr1|nk, t, 2k, PEt1]-
Q Let ¢(n,t,z,n/,t') be the cost accrued by traversing road
= H P[Z(t") = (29)|Z9(t) = 29 segment(n,n’) € A, given that travel begins at timeand
q=1 ends at timet’ with the congestion status at time ¢. We

where (29)" is the ¢*" element ofz’ and each term satisfies@Ssume the congestion of other links does not affect the cost

a simple extension of Kolmogorov equations for the noﬁj-f traversing, or the time to traverse, the current link. For

I 4\ __ = —
stationary case (cf. Theorem 5.4.3 of Ross [21]) n € I assume thak(n, ¢, z,n’,t') = ¢(n,t) = 0. Thus, once
the goal node set is reached, no other costs are accrued. Define

Rt — [ af 1—of ] % [ af iy 1—afy, the expected cost of traveling fromto »’, starting at time
a 1= B 1-8y Bl given congestion status by
X o0 X |: Otg/ 1 - Oég, :|
1-p} By |

c(n,t,z,n') = Z P(t'|n,t,z,n")é(n, t, z,n' ).
Thus, the congestion status of the network is modeled by a ¢

@—dimensional, non-homogeneous Markov chain.

Let P(t'|n,t, = n') denote the probability of arriving at Note that in many practical applications, there are “ideal” and

noder’ at timet’, given that the vehicle travels from nodeo latest acceptable_ arnva/l time windows to the Igoal node set.
Thus, for a given link'n, n’) such that ¢ T andn’ € T there

n/, departing node: at timet with congestion status vector - ;o
. T . may be two components of the cost functigmn, ¢, z,n', t'), a
This probability distribution is assumed to be discrete, and the : : )
rt corresponding to the cost of traversing the linkn’) and

travel time between any two nodes is assumed to be bouno%%part corresponding to arriving at the goal node set at time
i.e., P(t'In,t,z,n') =0 forall ¢ <t and for allt >t+¢ P 9 9 g

, .
for a given, finite value. Notice that we have not precludedt that represents the pelnalty for late or early/arrlval. Assume

. . for all (n,t,z) € Q andn’ such thatn ¢ T and¢’ < T, there
n from being a member of its own successor set. When this

. L ) i + < ) < .
situation occurs, the driver is allowed to wait at nadeand %;SLS:aﬁwadeﬁﬁgmgag tzl be; Z(g[’eg f:’onst’ 22 2 %; &
we assume thaP(t + 1|n,t,z,n) = 1, for all t and z. P policy.

Denote thek™ node visited by the vehicle as;, and let Let the random variable\/ be the number of decision
t, be the time that nodey, is visited. Thus,n is the start epochs before tim&'. The total expected cost accrued under

node and, the start time. We assume the existence of a fix&licy 7 is
(and known) timel" after which no other decisions are made.
Thus, if n,, is the k" node visited and,, is the time of the v"(70,%o0,20) =
k™ decision epoch, upon arrival to the next node, say; at M
time ¢, > T, a terminal COSE(ny41,t,.1) is accrued. We Ep 4 . {ZC[nk,thk,ﬂ(nk,tk,Zk)} + 5(?1M+1,tM+1)}
assume that(n,t) = oo for all t > T andn ¢ T. k=0
Since the goal of a decision-maker is to find the minimum ) ) N
cost path.T" is simply for modelling convenience and can b&/nere E; ., is the expectation operator, conditioned on
chosen to be arbitrarily large. We choo®esuch that ift, Pe€ginning at staténo, to, z0) € 2. We seek an optimal policy
is less than somé' < T there exists a path from any node™" Such that
to I such that the time of arrival t&' is (guaranteed) to be i
less tharil". This is possible as a consequence of the bounded ~ v* (0, 0, 20) = v" (1o, to, 20) < v (no, to, 20),
travel times assumption. For example, supp¢dsounds the
travel times on each link. Recall that we have assumed tfog all policies.
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[1l. OPTIMALITY EQUATIONS AND PRELIMINARY In the next section we begin to address these concerns.
RESULTS
For any functionf : Q@ — R™, let IV. STATE SPACE REDUCTION
hin,t, z,n' f] = cn,t, z,n] A. A priori state space reduction
I ZP[t’m,t,z,n/} ZP[Z/H’Z’t/]f[nlvtlvzq' In thls section we plescrlpe a proced'ure. for' state space
” = reduction before the trip begins. The motivation is that when

tpe driver travels from the origin to the destination, observing
ate . . :
ste links does not improve the optimal total cost throughout
fhe trip. Indeed, some links would not be traversed even if
the usual route taken by the driver is congested. This situation
is illustrated in Figure 1. The small marks indicate observed
links. Those outside of the dashed oval are not required to
v*(n,t,z) = min {h(n,t, z,n',v*)} (1) determine an optimal route and simply add superfluous infor-
n'€SCS(n) mation. That is to say, solving the non-stationary, stochastic
subject to the boundary conditions (n,t,z) = é(n,t) for shortest path problem with the 10 observed links on the left,
t > T'. Furthermore, a policyr*, is optimal if and only if, for yields the same optimal expected total cost as that on the

Thus, h represents the total expected cost when in st
(n,t,z), n’ is chosen as the next node to visit and a termin
reward f is accrued after moving ta’.

For any(n,t,z) € Q we call the following theoptimality
equations

all n,t, z, right with only 4 observed links. Unfortunately, identifying
T (nt,2) € argmin {h(n.t, 2,0, 07)}. @ observgd Imks t_hat are superfluous for a particular trip is not
neSCS(n) always intuitive in an urban network of roads.

When considered together, the boundedness of the cost funcl-n order to obtain the main results of this section, we bound
. e 9 ;] . thé costs of traversing observed links. This allows us to bound
tion ¢(n,t, z,n,t") (for t' < T), the existence of a path from

each node ta" and the fact thafN| < oo guarantee the the effect that each link can have on the optimal cost function.

. . . A If this effect is zero, we need not consider the congestion status
existence of an optimal policy with finite expected cost for

L : of the link and it can be deleted from the state space. We
any initial time such that the goal node is reached before : : .

. . - : assume throughout the remainder of this section that the goal
Since the problem posed is a finite state and action space

finite horizon MDP, a simple extension of the results o otle sefl” = {1} is a singleton. This is done for simplicity

Chapter 4 of Puterman [22] yields that the value functio%nly since the results can be extended to the more general case
whereI is a subset ofV.

re_Iated to _the non-stat}ongry stochastlc s_ho_rtest path _prob_le ix to < T and recall that this implies that there exists a
with real time congestion information satisfies the optimalit ; .
equation (1), that (2) characterizes an optimal policy, and t aatlth from any node toy such that the time of arnyal to

' ' IS (guaranteed) to be less thdh Thus, for the remainder of

we can use (1) to compute* via backward induction. .
As explained in Kim [23], the size of the state space itshe paper, assume that all times are less faso that the
' Il expected costs are finite. Lefn,¢,n’) and¢(n,t,n’) be

IN| x T x 29, i.e., the number of nodes times the number . , .

: S . . e expected link cost from to n” when the observed link

time units times the number of states in the Markov chain for ~ " . X
n') is uncongested and congested, respectively, at time

the observed links. Since the state space can be quite large d?' ; i
. i ' ; efinec(n,n’) andc(n,n’) as follows:
large ), solving the optimality equations recursively may be -

impractical. The remainder of the paper is devoted to easing c(n,n’) = min{c(n, s,n’)}
this burden. To this end, we remark that if we divide the vector I s )
of observed linksz, into two sub-vectors such that= (Z, 2) c(n,n') = max{c(n, s,n)}
and, .

v (n,t, (,2)) = v*(n, t, 3), for each observed linkn,n’) € A.

Suppose a path from node to v, denotedF(n,~), is
for all z, then for node: and timet we can eliminateZ from  chosen by historical data or by previous experience. It is often
our state space without loss of optimality. Thus, observinge case that a driver has made the trip frorto ~ regularly
the links corresponding té at time ¢ does not improve the and has a preferred path that can be used in this step. Let
optimal total cost. Furthermore, faf > ¢ we hope that this u(n,t) be the expected total cost fromat timet to  along
continues to be true for every node in the optimal path. HengRe predetermined path when all observed links in the path
the objectives of our state space reduction algorithm are: are deterministically congested. Define similatlyn) to be
« To identify what elements in the-vector can be elimi- the total cost fromn to + along the predetermined path when
nated before the start of the trip. c(n,n’) is assigned to each observed liagk »’) in the path for
« To find conditions that guarantee the eliminated elemerd8 ¢t < 7. Furthermore, leb(n,t) be the minimum expected
of z remain eliminated throughout the search for thtotal cost fromn at timet¢ to v when all observed links are

optimal policy without loss of optimality. deterministically uncongested andn) be the minimum total
« To develop quick and efficient techniques fewector cost fromn to v whenc(n,n’) is assigned to each observed
reduction. link (n,n') € A for all t < T. Define uv(n,t, (m,m’)) to

o To implement these techniques in practice for real-tim@e the minimum expected total cost from nodeat time ¢
vehicle routing. to v through the link(m,m’) when all observed links are
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deterministically uncongested, andn,(m,m’)) to be the  Proposition 2: Given F(n,~), suppose a linkim,m’) is
minimum total cost from node to - through the link(m,m’) observed, and
whenc(n,n’) is assigned to each observed lifik, n') € A u(n) < v(n,(m,m’)) , (10)

for all ¢ < T. Thus, by using the definition aof(n,n’) and
¢(n,n') we have

i.e., we need not observen,m’) at timet. Then forn’, the
immediate successor node ofalong F'(n, ),

u(n,t) < u(n), ) u(n') <v(n', (m,m)). (11)
v(n) < w(n,t), (4) Proof: It should be clear thak'(n, ) may be sub-optimal
o(n, (m,m’)) < ul(n,t, (m,m’)). ) for the original (non-stationary, stochastic) network. Define

k(a, b) to be the minimum total cost fromto b whenc(n, n')
Suppose we have is assigned to each observed litk,n") € A. Suppose (10)
holds. Then, by definition

un, 1) <v(n,t, (m,m’)). © u(n) < v(n, (m,m’)) = k(n,m)+c(m, m’)+k(m’,~). (12)

That is, the expected total cost in the worst traffic conditiolq ote thatu

: : (n,(m,m')) is obtained from a road network with
from noden at timet to v along the predetermined path 'Sstationary,dTrmimstic link costs.

less than the one in the best traffic condition through the Suppose:’ is the immediate successor noderoélong the

link (m,m’). Upon noting thatv*(n,t,z) < u(n,t), it is ; . e
immediate when (6) holds that we need not consider tlﬁ)éedetermlned path. Consider the case when the (lin’)
iS"observed. Then,

congestion status of the linkn,m’) at time¢ regardless of
any possible vectot. k(n,m) —k(n',m) < c(n,n’)

Supposern’ is the immediate successor node sofalong < N _ 7 13
F(n,~). If (6) implies < efnn) =u(n) —u(m),  (13)

where the first inequality is an equality if the linfa,n’)
a(n’,t') <uv(n',t', (m,m')) (") havingc(n, n’) as the link cost is on the minimum cost route
from noden to m. The equality at the end of (13) follows
from the fact thatn’ is the immediate successor node rof

for all ¢’ > ¢, then by noting that*(n/,t’, 2") < u(n’,¢'), the
congestion status of the linkn,m’) that was deleted from :
: . . . . long the predetermined path.
consideration at node remains unimportant in the subsequen . : N
. . . Now, consider the case when the liflk, n’) is unobserved,
steps. We can then solve the optimality equations with the C o ) ;
Co : nd the deterministic link cost(n,n’) = ¢(n,n’) = ¢(n,n’)
reduced state space by eliminating the congestion status of the . : ,
. , d . . o i assigned to the linkn,n’). We have
link (m,m’) from consideration without loss of optimality.
Since the link costs are non-stationary, we note that com- k(n,m) — k(n’,m) < ¢(n,n’) = u(n) — u(n’), (14)

uting the quantities(n, t) andv(n,t, (m,m’)) for all t ma . . . .
ptung d (n, ) u ( ) Y here again, if the linKn,n') is on the minimum cost route

require considerable computation. Thus, we introduce a m q he | lity | litv. Combini
efficient procedure that can be performed on a stationa m noden to m, the inequality Is an equality. Combining
{ 3) and (14) we get

deterministic road network. The remainder of this section

devoted to proving the following result. k(n,m) — k(n',m) < u(n) — u(n’). (15)
Theorem 1:Given F(n,~), suppose for an observed link ] ]
(m,m’) that By adding (12) and (15), we obtain
u(n) < v(n, (m,m")). (8) u(n') < k(n',m) + c(m,m’) + k(m',~),
Then the congestion status of the like, m’) need not be which implies (11), and the proof is complete. [ |
considered when computing an optimal policy fremto ~ The next proposition is an immediate consequence of the
for any timet. inequalities (3), (5) and Proposition 2.

Proposition 3: Given F(n,~), suppose a linkm,m') is

This inequality states that the upper-bound on the total trav@tserved, and
cost in the worst traffic condition from nodeto ~ along the u(n) <wv(n,(m,m')). (16)
predetermined path is less than the lower bound in the bel'ﬁ[en
traffic condition through the linKm,m’). If (8) holds, then a(n,t) < v(n,t, (m,m")) (17)
equations (3) and (5) imply ’ VA
implies
u(n,t) < w(nt, (m,m’)) ©) a(n’, ') < o(n',t', (m,m")). (18)

and the previous argument yields that, m') does not effect We are now ready to prove Theorem 1.

the optimal choice at node. In order to complete the proof t of Th 1
of Theorem 1 we must show that we need not observe ;Eéoof. OA Iec_)rem8 " i
congestion status dfm,m’) as the trip progresses. To sho foof: Applying (8) implies

that (6) implies (7), we require the following proposition. v*(n,t, 2) < k(n,m) + c¢(m,m’) + k(m', ), (19)
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by noting thatv*(n,t,z) < u(n). Let n’ be the immediate Proof: It follows directly from the optimality equations
successor node of determined by an optimal policy. By usingthat A1 implies
a similar argument to that in Proposition 2

vt () < k(' m) + c(m,m’) + k(m',y) - (20)

the first assertion is trivial. The second assertion is proved by

for anyt’, and the proof is complete. B contradiction. Suppose (21) holds and assume
While Theorem 1 holds for any node in the network, we are

concerned in particular with the start nodg, Table | sum- arg min {h(n,t, (%, 2 =0),n/,v")}

marizes a procedure for eliminating unnecessary observations "%

before the trip begins. Again refer to Figure 1. In practice, argmin {h(n,t,(%,2=1),n',v")} =0

when this reduction is complete, the optimality equations have n’€S0S(n)

become more tractable and we can inductively solve them anllen, for

create a look-up table of an optimal policy. In the next section,

we discuss how to further eliminate unnecessary observations n® € argmin {h(n,t,(z, 2 = 0),n',v*)}

and reduce the portion of the table that must be accessed n’€S0S(n)

dynamically as the trip progresses. and

n' € argmin {h(n,t,(Z,2 = 1),n',0")},
i . n’€SCS(n)
B. Dynamic state space reduction

In this section we show that we may further reduce the state have

space as the trip progresses thereby eliminating unnecessary v*(n,t, (3,2 = 0)) = h(n,t, (3,2 = 0),n°,v*)
observations and reducing the need to access the whole table. hn,t, (3,5 = 0),n}, 0"
To make this more concrete, consider the situation depicted in <h(n,1, (2,2 ), v)
Figure 2. Some observed links (the short lines in the figure) < h(n,t, (2,2 =1),n',0")
may be important when the trip begins, but may no longer =v"(n,t,(2,2=1)),

be important as the trip progresses toward the goal node. Of _ ) ) )
course, the same procedure that is outlined in the previdﬂgere the second inequality follows from Al. This contradicts
section could be used to prune the network as the vehiékl). and the result follows. u
reaches each node by redefining the origin, but this may not bd>roposition 4 implies that if (21) holds, we cannot improve
desirable since it would require re-solving the problem sevetf optimal expected total cost by observifigt noden at
times. We seek a much simpler approach. time ¢. That is to say, under (21), (in state, ¢, (, 2))) there
We begin by showing that the optimality equations yie|§xists a choice of node that results in the same expected cost,
conditions for state space reduction as the trip optimally pregardless of the congestion status of the link corresponding
gresses. The first two conditions, A1-2 below, can be verifié@ 2. We conclude that the observed link corresponding to
after the a priori state space reduction has been complefe@rovides superfluous information for givent and all z,
sincev* is available. and we can eliminaté from the state space without loss of
Supposez is partitioned so that = (Z,%) where z is OPtimality. _ _
a (Q — 1)—dimensional vector describing the transitions of Consider the following assumptions :
Q@ — 1 observed links and € {0,1} describes the remaining A2: For all (n,t,2), if (n,n’) is the observed link cor-

observed link. Consider the following assumption : responding toZ, then h(n,t, (2,2 = 0),n/,v*) <
Al: For all (n,t,%) andn’ € SCS(n) h(n,t, (2,2 =1),n,0%). _
A3:  For all (n,t,2), if (n,n') is not the observed link
h(n,t, (2,2 =0),n",v*) < h(n,t,(z,2 =1),n',0v%) . corresponding toz, then c(n,t, (2,2 = 0),n') =
. ) e(n,t, (2,2 = 1),n'), and P{#|n,t, (2,2 =
Proposition 4: The following statements hold 0),n') = P(t'|n.t, (3,5 = 1),0').
1) Suppose Assumption Al holds. Then A4:  Forall (n,t,z), n' € SCS(n), everyt >t and z’

such thatP(t'|n, t, (2, 2),n")P(Z'|t, Z,t') > O for all
21

2) Suppose for givem, ¢ and all Z PG =1t 5= 0,t) < P(2 = 1]t,2 =1,') .
vint, (2,2=0)) =v"(n.t,(2,2=1)).  (21)  Theorem5and a simple induction argument state that once
Then, the observation of is identified as redundant by Proposition
4, it remains redundant as the trip optimally progresses.
argmin {h(n,t,(z,2=0),n",v*)} Theorem 5:Suppose Assumptions Al-A4 hold and for
neSCS(n) givenn,t and all 2

N ﬁ%én;&){h(n’t’ E2=1n)} 20, (22 v*(n,t, (5,2 = 0)) = v*(n,t, (3,2 = 1)). (23)
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Choose 7* so that n* = =*(n,t, (2,2 = 0)) =
m*(n,t,(Z,2 = 1)). Then, for everyt > ¢ and z’ such that
P(t'In,t, (2, 2),n*)P(Z'|t, z,¢') > 0 for all 2

vt(n", 1 (2,2 = 0) =ut(n", (2,2 = 1))

Proof: Suppose (23) holds. It follows from Proposition

4 thatr* can be chosen so that = 7*(n,t,(2,2 = 0)) =
™(n,t, (2,2 =1)).

Let (n,n*) be the observed link correspondingioThen,
it follows from A2 that

which is a contradiction. Thus, we conclufie, n*) is not the
observed link corresponding th

denotedl™(n,t,n’) or T%(n,t,n’) when the link is
congested or uncongested, respectively, then

P(T*(n,t,n') > k) < P(T(n,t,n') > k) (24)

for all k. We further assume that (24) has strict
inequality for at least oné.

If 2z, < Zz, then the process that starts &t say

7Z = {z(t;) = z;,1 > k}, is stochastically less than
that which starts at,, Z = {z(t;) = z,i > k}
(written Z <, Z).

Assumptions A7 and A8 require some additional remarks.
Assumption A7 is quite reasonable given the fact that in
most applications, the ordering is with probability 1; a con-
gested link takes more time to travel than an uncongested
one. Stochastic ordering is a significantly weaker assumption.
Furthermore, a sufficient condition for the stochastic ordering

A8:

Straightforward algebraic manipulation and A3 imply thath Assumption A8 to hold for each is that1 — af < 5 for

2,2=1)) —v"(n,t,(2,2=0))
,(2,2=0),n")
= ZP (Z'|t, z,t)

x Y P(#|t, 2 = 1, )v*(n", t’ L (2,2)
ZP (Z|t, 2,1

vt (n*, 1 (2, 2))

n*) Y Pt 5t
2/

P =0t,2=0,t')=1—P(2 =1]t, 2 =0,t),
P =0t,z2=1,t")=1-P(E =1t,2=1,t)
The result then follows from Al and A4. [ ]

all ¢. This implies the stochastic ordering of each individual
Markov chain which in turn implies the stochastic ordering of
the processe and Z (cf. Kulkarni [24].). The main result
on stochastic ordering of stochastic processes that we will
use is called theouplingtheorem. We state this theorem for
completeness.

Theorem 6:(cf. Kulkarni [24].) Consider stochastic
processesX = {X,,n > 0} andY = {Y,,n > 0}.
X <4 Y if and only if, there exist two stochastic processes
X ={X,,n>0}andY = {Y,,n > 0} on a common
probability space such that

1) X = X andY =Y in distribution

2) X, <Y, for all n > 0 almost surely (with probability

one).

The next result shows that under Assumptions A5-A8 the
required inequalities on hold.

Theorem 7:Suppose Assumptions A5-A8 hold and< Z.
Then, A1 and A2 hold.

Proof: The result is proved via a sample path argument.
Since Z <,; Z we may construct a single probability space
such thatY = {y(t;),i > 0} = Z andY = {y(t;),i >
0} = Z in distribution andy(t;) < #(t;) with probability
one for alli, wherety = t. Similarly, the times to traverse a
link (n;,n;11) that is uncongested fdr but congested fo¥’,

We note that all of the results of this section thus far akgy yT"(n;, t;,nit1) andT(n;, t;, nis1), are constructed such
heavily dependent on Al and A2. As previously noted, thegqaat TU(ng, ti,nip1) < T¢(ng, i, nie1) almost surely but are
can be verified after the a priori state space reduction has begfial in distribution to those that would be constructed for
performed. On the other hand, there are problem instanggg original processe& and Z. To complete the construction,
in which these conditions can be shown to hold even befofghen the two processes are the same on a particular link, we
the a priori state space reduction. We now present conditiqie a common random variable to construct the travel time.
that imply that these two key assumptions hold. Consider thegyppose we start two vehicles at timgom noden with the

following assumptions :

A5:
driver can be made to wait; that is,c SC'S(n).
AG:
to the nodeic(n,t,z,n,t + 1) < ¢(n',t,z,n,t + 1)
for all n #n'.
AT:

is, if the time to traverse linkn,n’) at time ¢ is

The time to traverse any link when it is uncongestefbr vehicle 2. For example, suppoée, n’
is stochastically less than when it is congested. Thaft) = 2

goal of reachingy. The first vehicle sees congestion status

At every node that connects an observed link, thaitially, while the second sees congestion statushe second

vehicle follows the policysx’ that moves te:’ from its current

The cost rate of waiting is less than that of drivingtate and then follows an optimal policy. The first uses a policy,

m, that in essence follows the same policyrdsbut if it arrives

to noden’ earlier than vehicle 27 requires vehicle 1 to wait

) is observed. Since

< () = z at timet, if (n,n') is congested
for vehicle 1, it is also congested for vehicle 2 and the travel
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times are the same. Similarly, if2,n’) is uncongested for the total number of states in the Markov chain for the observed
vehicle 2, it is also uncongested for vehicle 1. On the othénk), the current study was undertaken so as to make the
hand, if the link is uncongested for vehicle 1, and congestpdoblem more tractable. The actual cost savings of having the
for vehicle 2, we are in the scenario described in A2 (we ametwork equipped with traffic sensors is reported in Kim et al.
comparingz = 0 to 2 = 1). Our assumption that there is[20].

strict inequality for some in the stochastic ordering relation To show the usefulness of our methods we investigate 30
implies that on some sample paths (with positive probabilitijdstances by randomly choosing origin/destination pairs and
the time to traverse the link for vehicle 1 is (strictly) less thathe departure time. We use a Pentium 4 personal computer
that of vehicle 2. Assume we are on one of those paths. Upaith 3.06GHz CPU and 2G RAM. First, we examine how
arrival to noden’ at timet’ say, vehicle 1 waits for vehicle the reduced number of observed links by the a priori state
2 to arrive and is chargedn’,¢',z’,n’,t' + 1) for each time space reduction can affect the total states expanded and actions
unit until vehicle 2 arrives. Suppose vehicle 2 arrives at no@ealuated. This results in a substantial decrease in add/multiply
n/ at time t”. Vehicle 2 has accrued travelling costs fram operations and, consequently, CPU time. Table Il summarizes
to ¢ while vehicle 1 has accrued travelling costs frento the results of our study. It implies that the reduced number of
t' and waiting costs front’ to ¢”. Thus, by assumption, the observed links directly affects the computation time. CPU time
cost of vehicle 2 is (strictly) greater than that of vehicle Idecreases to, on average, only 2.55% of that of the original
Continuing in this manner for the entire path of vehicle 2 wproblem after applying the reduction.

have, the total expected cost to be accrued for each vehicle isigure 4 shows the histogram for the CPU time ratios of

M "after’ to 'before’ a priori state space reduction. We note that
C(n,t,z) = ZC(nmtuyim(m,ti,yi)) +e(nargr, tars) the ratios are actua_lly less than Q.Ol in many cases and less
s than 0.05 in most instances, which implies our introduced

M methods are robust and result in significant computational
< ZC(nutmjiﬂrl(nuti,ﬂi)) +e(naretstars) improvement in diverse transportation environments.
i=0 Figure 5 shows how to further reduce the required obser-
=C(n,t,2). vations and decrease the portion of the table that must be
. ] ] accessed dynamically as the trip optimally progresses. For
Taking expectations yield€(C'(n,t,z)) < E(C(n,t,2)). example, as we progress 30% of the total trip, we do not need,
Since theZ (Z) andY” (Y') are equal in distribution we have o average, over 80% of the original observations, and as we
h(n,t, (3,5 = 0),n/,v*) < E(C(n,t, (3,5 = 0))) progress 50% of the t.rip., approximatlely .90% of the. origine_ll
i o ;. observations can be eliminated. Considering the fast increasing
<E(C(n.t (2,2=1))) = h(n,t, (2,2 = 1), ', 07), number of real-time traffic observations in large urban areas,
and A2 is proven. The (non-strict) inequality described in AWe note that these percent reductions can be significant.
is due to the cases where the travel times are almost surely
equivalent; either the linkn, n’) is unobserved or in the same VI. CONCLUSIONS
state for both processes. ] . .

In the next section we show how the main results of this This paper presents a procedure of state space reducnon for
section can be applied to a real road network with actual traffic n?stauonary' StO.ChaSt'C §hortest path problem§ Wl.t h real—Ume
data. In particular, we show that we may reduce the sté{gmc congestlpn !n_formatlpn. Our main concl_usmn is that .th's
space before the trip begins and then continue to reduce thod can_5|gn|f|cantly improve computatlona_\l tractability
state space as the trip progresses, making a difficult probl %.syst.ematlc.ally reducing the s_tate space, without loss of
computationally manageable. optlmgllty. This procc_adure exploits the fact. th_at fast (_Jleter-

ministic search algorithms (such ak’) can aid in reducing
the computational requirements of non-stationary stochastic
shortest path problems.

We consider the road network in southeast Michigan de-Although we have presented methods for reducing the state
picted in Figure 3. The network consists of 139 nodes arsgpace of a problem with the congestion status of each link
213 arcs. Some of the arcs corresponding to highways ding modelled as a two-state Markov chain, the methods are
fitted with traffic sensors to provide real-time traffic dataextendable to the case when the congestion status of each link
In this network, there are 49 such observed arcs. In 20@@&n be in one o2 < W < oo states. The definitions of
the current work was funded by the Michigan Departmegbngestion status are likely to be problem specific based on
of Transportation to decide if the cost savings obtained frothe typical travel times along each link. Moreover, we have
optimal use of these data would warrant further investment inade the assumption that the link travel times are independent.
such equipment throughout the state. Thirty days of actual oAepresent, it is not clear if our results can be extended to the
minute traffic data were provided for all of the observed linksase where this does not hold. In particular, comparisons made
It was suggested (and confirmed) that a reasonable assumplietween the cost and probability functions such as those A3
for the unobserved links was to deterministically set the traffinay have to be adjusted.
speed to the speed limit on the link in question. Since the statdn the a priori state space reduction process, we have left
space of the problem was so large (recall2ZRecomponents of the choice of the (potentially sub-optimal) predetermined path

V. NUMERICAL RESULTS
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up to the decision-maker. It is often the case that a drivere
has made the trip from the source to the destination regularlys
and has a preferred path that can be used in this step. As an
alternative, if the preferred path does not yield much in the «
way of state space reduction, one might choose several pathe
to see which yields the most benefit. If one prefers a more
systematic approach, the shortest path in the deterministic
network with the cost function being(n,n’) on each link  «
is also a candidate. The key observation is that when better
bounds are available, the state space reduction algorithm will
delete more unnecessary links, thereby decreasing the solution
time of the optimality equations. This of course is true in «
the other direction as well; if the bounds are not tight, less
observations can be ignored.

We also mention that we may be able to apply the ae«
priori state space reduction process backward from the goal
node set to the origin iteratively to obtain tighter bounds e
before solving the optimality equations. Investigating trade-
offs between more computations and tighter bounds is an
interesting future research topic. Finally, we remark that the s
assumption that the unobserved links have deterministic cost
functions is only a restriction in the sense that we require thate
the cost functions are stationary. If the cost is to be a random
amount, we would then use the expected cost along each link
as the deterministic cost function. .

APPENDIXI
LIST OF RELEVANT NOTATION

o G = (N, A): The underlying road network

o N: The set of nodes

o A: The set of arcs .

« I': The goal node set

e SCS(n): The successor set of a node

e (: The number of observed links

o 2(t) = {z'(t),...,29(t)}: The road congestion status
vector (1]

o of (B1): Given theq™ link is uncongested (congested) a(gz
time ¢, the probability that it is uncongested (congested)
at timet + 1 [3]

e P(¥|n,t,z,n'): the probability of arriving at node’ at [4]
time t/, given that the vehicle travels from nodeto n’,
departing node: at timet¢ with congestion status vector
z

« ny: The k" node visited by a vehicle

e t;: The timeny is visited

(5]

2,27 9

b (B): Lower (upper) bound or

T: Time before which we are guaranteed to have path
from any origin to the goal node set

v™: The total expected cost accrued under policy

K7, .t0.2o- EXpectation operator under policy condi-
tioned on the initial staténg, to, z0)

v*: Optimal total expected cost

h(n,t,z,n', f): The total expected cost when in state
(n,t,2), n’ is chosen as the next node to visit and a
terminal costf is accrued after moving ta’

7*: An optimal policy

(%, %): A partitioning of the vector of observed links;
represents the status of those links that will potentially
be removed from the state space

F(n,v): A predetermined path from to ~ (the goal
node)

c(n,t,n’') (¢(n,t,n’)): The expected link cost from

to n’ when the observed linKn,n’) is uncongested
(congested) at time

c(n,n’) (c(n,n’)): The minimum (maximum) of the
above over all time

u(n,t) (u(n)): The total cost alongF'(n,~) starting

at time t when links are deterministically congested
(assigned d(n,n')))

v(n,t) (v(n)): The minimum total cost from node to

~ when links are deterministically uncongested (assigned
(c(n,n")))

v(n,t, (m,m")) v(n,(m,m’)): The minimum total cost
from noden to v at time ¢ through the link(m,m’)
when all observed links are deterministically uncongested
(assigned d(n,n')))

k(a,b): The minimum total cost from nodeandb when

all observed links are deterministically assignéd, n’)
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z=(z!,72,73,7%, 7, 25,77, 78, 7°, 210) z=(z, 22, 73, 7%)

Fig. 1. An a priori state space reduction process. The short dashed lines
represent observed links.
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Fig. 2. A dynamic state space reduction process.

12



IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS , VOL. ?, NO. ?, ? ?

Fig. 3. A road network in southeast Michigan.
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AKouanbal4

Ratio of CPU time

Fig. 4. Histogram of CPU ratio.
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Fig. 5. Percent of required observations as the trip optimally progresses.
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TABLE |

SUMMARY: A PROCEDURE FOR STATE SPACE REDUCTION BEFORE THE

TRIP BEGINS

1
2)

3)

4)

Determine a “good” path fromng to v, for example, using
historical data or previous experience.

Calculateu(n) along the predetermined path by assignitag, n’)
for each observed link in the path.

Calculatev(n, (m,m’)) through an observed linkm,m’) by
assigninge(n, n’) for each observed linkn,n’) € A.

If w(n) < v(n, (m,m’)), then eliminate the congestion status
the link (m,m”) from the state space. Otherwise, go to 3 until
all observed links have been evaluated.

of
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TABLE I
AVERAGE RATIOS OF'AFTER’ TO ‘BEFORE A PRIORI STATE SPACE
REDUCTION.

CPU Add/Multiply States Actions
Time Operations Expanded Evaluated

Average Ratio  0.0255 0.0383 0.1362 0.1366
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CAPTIONSLIST

« Figure 1. An a priori state space reduction process. The
short dashed lines represent observed links.

o Figure 2. A dynamic state space reduction process.

o Figure 3. A road network in southeast Michigan.

o Figure 4. Histogram of CPU ratio.

o Figure 5. Percent of required observations as the trip
optimally progresses.

o Table I. Summary: A procedure for state space reduction
before the trip begins.

« Table Il. Average ratios of ‘after’ to ‘before’ a priori state
space reduction.
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