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Dynamic Allocation of Reconfigurable
Resources in a Two-Stage Tandem Queueing

System with Reliability Considerations

Cheng-Hung Wu, Mark E. Lewis and Michael Veatch

Abstract

Consider a two stage tandem queueing system, with dedicaaetiines in each stage. Additional
reconfigurable resources can be assigned to one of thesetdions without setup cost and time.
In a clearing system (without external arrivals) both witidavithout machine failures, we show the
existence of an optimal monotone policy. Moreover, wherthe machines are reliable, the switching
curve defined by this policy has slope greater than or equdl.tdhis continues to hold true when the

holding cost rate is higher at the first stage and machinaréslare considered.

I. INTRODUCTION

In recent years, competition and market changes have causéoimized products to become
more popular. To meet the challenge, many factory manadersse reconfigurable machines
to improve robustness under uncertain demand [1]. Whenehwadd variation is high, Narong-
wanich et al. [2] suggest that reconfigurable capacity campdréicularly valuable. This value
may be amplified when machine failures are considered. k fiaper we consider a tandem
gueueing system where there exists an external, potgnéafiensive, reconfigurable resource.
Machines are subject to failure and the resource can be coafigo work at either station. We

show for a clearing system (without external arrivals) tihat optimal policy is characterized by
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a switching curve. Without reliability considerationsgtgurve is shown to have slope greater
than or equal to -1. In the case with machine failures and daed assumption that the holding
cost rate at station 1 is higher than station 2, the same bouartte slope holds.

Previous clearing system analyses of flexible systems @vBervers can perform several
tasks) include [3], [4], [5]. Ahn et al. [3] examined a claagisystem problem with two-stage
tandem queues and two flexible servers. They show that arustiba policy for the upstream
or downstream queue is optimal. Farrar [5] shows the existeaf an optimal policy that is
monotone in a tandem queueing system with one fixed server at each atay@ controllable
service rate at the first station. We extend this result teective case when the server can serve
at either station and also to include machine breakdownsa@proach establishes properties of
the value function directly, rather than showing that prtips are preserved by value iteration
as in Hajek [4] and Veatch and Wein [6].

In contrast, when external arrivals are allowed, Hajek fjves that the optimal reconfigurable
machine assignment in a parallel queueing system follows@otone switching curve. Ahn et
al. [7] show that the results of [3] extend under the averaggt criterion. Duenyas et al. [8] and
Iravani [9] consider the optimal control of a single flexilslerver in a tandem queueing system.
The control of two interconnected queues with identical nivaes is discussed by Javidi et al.
[10]. The allocation of flexible workers with regard to maxang throughput is considered in
[11], [12], [13] and [14]. None of the previous work consig@enachine failures in a reconfigurable

manufacturing system with regards to minimizing total extpd holding costs.

[I. MODEL FORMULATION AND STATEMENT OF MAIN RESULTS

Consider a two-station tandem queueing system. Jobs mavesftation 1 to station 2 and then
exit the system. There ar€, and N, dedicated servers in station 1 and station 2, respectively.
addition, there aréV, reconfigurable servers that can be configured at any timerte s either
station. There are no external arrivals. All jobs requireeaponentially distributed amount of
service with mean 1. Let the service rate of #ie dedicated server at statidrbe denotedly ,
for ¢ = 1,2. When there are fewer jobs at a station than available serwer assume that the
service rates are additive; servers caltaborate on a single job. Similarly, thé* reconfigurable
resource, which serves at ratg,, can also collaborate. Although this assumption has always

been reasonable for large scale operations (automotieenddy parallel processing in computer
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systems), it is becoming more common even in small scaleatipas such as the drilling of
several bores simultaneously rather than in series. Lefdihgre (repair) time distribution of
the k™" reconfigurable server and" dedicated server at statidrbe exponential with rates; .
(Br.r) and g, (Br.e), respectively. Without loss of generality, assulig (., + cnr + Bir) +
Dk (Mk,z + e+ ﬁk,e) = 1.

For each job at statioi (2), a holding cost rate of; (hy) per unit time is accrued. Lef =
{(i,j,m,n,7r)|i,j € ZT,m = (mq,ma, ..., mp, ), = (N1, N2, ooy NNy ), 7 = (1,72, o0y TN, ), My €
{0,1},n, € {0,1}, 7, € {0,1}} be the state space, wheieand j represent the number of
customers (including that in service) at stations 1 and &peetively,m, and n, denote the
machine status (0 = failed, 1 = online) of the dedicated gerak each station, ang. denotes
the machine status of the” reconfigurable machine. Suppose that, Y;) denote the number
of customers at stations 1 and 2 at timeFor a policy = that describes where to allocate
the reconfigurable resource for all time ande X, definev™(z) := E] [*(h X, + hoY;)dt.
The optimal cost say(x) minimizesv™ over all non-anticipating, non-idling policies. We
note here that although it might be optimal to idle some gssrviéhe non-idling assumption
seems congruent with current practice. The following eXaniljustrates the usefulness of the
reconfigurable resource.

Example 2.1: Suppose there is one reconfigurable server, only one dedicarver in each
station, and the reconfigurable server never fails. Givenftllowing inputs: y; = 1; s =
3, = Lo = ap = 0.001; 6, = B2 = 0.01;h; = hoy = 1. The expected total cost at state
(1,7,m,n,r) = (10,10,1,1, 1) of a system that does not have a reconfigurable resoutr®€es
while that with access to this capacity (used optimally}3s0; a 28.2% improvement. Also,
note that if the allocation policy of the resource is simmgyonly use the reconfigurable resource
at station 1 or station 2, the total costs &rfe5 and 76.5, respectively; still9.7% and 15.4%

away from optimal.

In order to simplify notation, extendto v(i, —1, m,n,r) = v(i,0, m,n,r) andv(—1, j,m,n,r) =
v(0,j—1,m, n,r). Denote the failure and repair transitions, efg(m) = (my, ma, ..., mz0, ..., mp, )
and Ry(m) = (mq,ma,...,mp = 1,...,my,). Furthermore, lek< a,b >= > a;b; and 1 be a
vector of all ones. Then satisfies the dynamic programming (DP) optimality equation

/U(i7j’m’n7 T) :< ’r’ ‘LL',‘ > min{v(i - 1’j + 17m7 n7r)’v(i7.j - 17m7 n””)} + u(i7-j’m’n7 T)? (”'1)
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where

U(i,j,m,n, T) = ’th +.]h'2 + Z,uk.,lmkv(i - 17.] + 17m7na T) + Zukﬂnkv(imj - 17m7n5 T)
k k

+ Z ak,lv(iv.ja Fk(m)a TL,T) + Zak,Q’U(iajvmv Fk(n)vr) + Zak,rv(ivja m,n, Fk(r))
k k k

+ > Bravlis g, Re(m),n,r) + Y Brov(i, m, Re(n),r) + > Brrv(i, j,m, n, Ri(r))
k k

k

+(<1_mvﬂm >—|—<1—TL,,Un >+<1—7’,/L,~ >)v(i,j,m,n,7“).

It is clear from the minimum in (Il.1) that it is optimal to ma all reconfigurable servers at
station 1(2) ifo(i — 1,7+ 1,m,n,r) < (>)v(i,7 —1,m,n,r). We say that a policy isransition
monotone (cf. [5]) if for fixed i, j,m,n, andr, v(i,j — 1,m,n,r) < v(i — 1,5 + 1,m,n,r)
implies thatv(i, j + k — 1,m,n,r) <wv(i — 1,5+ k + 1,m,n,r) for all k > 0.

It can be inferred that for a transition monotone policy facle fixedi, m, n andr there is a
threshold level, say.(i), such that for; > L(i) it is optimal to use the reconfigurable machine
at station 2, otherwise use it at station 1. The functigf) is called aswitching curve. Figure 1
depicts optimal switching curves fdfm,n,r) = (0,1,1) and (1,1, 1). The inputs are the same

as Example 2.1. Unfortunately, we were unable to prove thatstvitching curve is monotone

m=1, n=1 . | Station 2 m=0, n=1
J J
Station 2
Station 1
Station 1
i i
(@ (m,nr) =(1,1,1) (b) (m,n,r) = (0,1,1)

Fig. 1. An example of (optimal) switching curves.

in general although our numerical work seems to confirm it.
The remainder of the paper is dedicated to proving the foligwheorem.

Theorem 2.2: The following hold

1) there exists an optimal policy that is transition moneton
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2) there exists a switching curve defined by an optimal tteomsimonotone policy that has
slope greater than or equal to -1 when> h, or when the machines are reliable.
We conclude this section with some results that are quitetime but will simplify the analysis.

Proposition 2.3: The following hold:

1) the optimal cost functiony(i, j, m, n,r) is non-decreasing in bothand j;

2) v(0,j4+2,m,n,r)—v(0,j+1,m,n,r) >v0,j+1,m,n,r)—v(0,j,m,n,r)forall j > 0;

3) if hy > ho, v(i,j,m,n,r) >v(i—1,57+1,m,n,r).

Proof. To show the first assertion above we praxe+ 1, j, m,n,r) > v(i, j,m,n,r). The fact
thatv is non-decreasing inis analogous. Consider two processes defined on the samebityb
space. Process 1 starts in stéter 1, j,m,n,r) and uses the optimal policy, while Process 2
starts in staté:, j, m, n,r) and uses the policy that mimics the policy followed by Process 1 at
each time point with the caveat that if Process 1 allocateséhnver to station 1 when the station
is empty for Process 2, Process 2 avoids idling by allocatiegserver to station 2. Since the
processes are defined on the same space, they see the saite td@es, failures and repairs.
The first time the allocations might differ is when Procesavipes station 1. If the dedicated
servers of Process 1 complete the remaining job at statidhelprocesses continue to have a
difference of one customer (at station 2) until Process ltisidf the remaining job in station 1
is completed by the reconfigurable resources, Process 2tgse®mpletion in station 2 and the
difference in the number of jobs is 2. That is to say that Psedehas (at least) one more customer
in the system than Process 2 and at least as many at each statibsuch time that Process 1
empties. Hencey(i + 1, j,m,n,r) — v(i, 4, m,n,r) > v(i + 1,5, m,n,r) —v®(i,j,m,n,r) >0,
and the result is proven.

The second result is proved similarly. Define 3 processeh®sdame probability space starting
in states(0,5 + 2,m,n,r), (0,7 + 1,m,n,r), and (0, j,m,n,r), respectively and proceeding
optimally. Since we have assumed the policies are nonggdihre processes maintain their relative
gueuelength positions (Process 1, one more customer tlomed2r 2 and Process 2 one more
than Process 3) until Process 3 empties and Processes 1 aedaZservice that is not seen by
Process 3. Before this occurs, the difference in the holdosgis per unit time is zerg{ — h»).

After this time Process 1 has one customer and the othersngueyethe differential cost rate
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is thenhs. That is
v(0,7+2,m,n,r)—v(0,j+1,mn,r)—ov0,5+1,mn,r)+v(0,5,mmn,r)>hEX >0,

where X is the service time of this last customer.

To show the third result, again consider two processes debnethe same probability space
with Process 1 starting i, j, m,n,r) and using the optimal policy. Process 2 startqiin-
1,7+ 1,m,n,r) and mimics Process 1 as previously indicated. There arertvoitant events
to consider. In the first, Process 2 empties the first statitlowwed (perhaps after several other
events) by a service at station 1 by Process 1 (not seen byes$¥d?). Since prior to this
event, both processes have seen the same services, faihdespairs, Process 1 has one more
customer at station 1 and one less at station 2. After the eselrvice is seen by Process 1, the
processes couple and accrue the same costs. The differeti@eholding costs up until this time
is hy — hy > 0 (per unit time). The second event of interest is if Processnpties the second
gueue followed by a service at station 2 in Process 2 (not bgdProcess 1). After this event,
both processes have the same number of customers at statimrt Process 1 has one more
customer at station 1. Assume that both processes themvftil® optimal policy. The difference
in the holding costs up until this time &, — hy > 0 (per unit time) while after this time the
difference isv(i' + 1,5/, m/,n/,r") —v(i, j',m',n’,r") for some(?, j/,m',n’,r"). This difference
is non-negative from the first assertion. Lettinglenote the policy used by Process 2 we again
have that (i, j,m,n,r) —v(i— 1,5+ 1,m,n,r) > v(i,j,m,n,r) —v?(i—1,5+1,m,n,r) >0,
and the result is proven. .

[Il. RESOURCEALLOCATION WITHOUT RELIABILITY CONSIDERATIONS

In this section, we show the existence of a transition mametaptimal policy for the problem
without reliability considerations. The method forms addaee and will be extended to the case
with machine failures. However, we view the results as gg#ng without this extension. We also
note that in this case the non-idling assumption (on thenfgguarable servers) is not restrictive;
there exists optimal non-idling policies within the broadtass of potentially idling policies.
The proof of this fact has been omitted for brevity.

Assume that all machines are reliable (no failures). Simcéhis casem;, = ny = r, = 1

and oy, = o, = 0 for all k£ and/, this is equivalent to considering a single dedicated serve
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at each station with service rajge = >, i, for £ = 1,2 and a single reconfigurable server
with service rateu, = ), ux . The uniformization rate ig; + p2 + . = 1. The DP equations

v(i, j) now simplify considerably:

v(i, j) = (T)(i, j), (1.1)
where
(T0)(i,5) = ihy + jha + pav(i — 1,5+ 1) 4+ pov(i,j — 1) + pr (v(i — 1,5+ 1) — [o(i = 1,5 + 1) —v(i, j — 1)]T).

It is optimal to place the reconfigurable server at statio and only if v(i — 1,5 4+ 1) —

v(i,j — 1) > 0. We establish the following submodularity condition for ab> 0 andj > 0

which implies transition monotonicity. Note that Propasit2.3 also applies to(z, j). We will
prove (Il1.2) using only Proposition 2.3 and (l11.1). This done by nested induction by showing
that (111.2) holds along each strip of the forfw j) wherei > 0 is fixed and; ranges over the
positive integers.

Wheni = 5 = 1, (lll.2) holds sincev(0,2) — v(1,0)v(0,2) — v(1,—1) > v(0,1) — v(1, —1).
Assume (ll1.2) for(1,j — 1) andj > 2. For (1, j) note

U(Oaj + 1) - U(Ovj) = h? + /Ll(U(O,j + 1) - U(Oaj)) + /LQ(U(Ovj) - U(Oaj - 1)) + /LT(U(Ovj + 1) - U(Ovj))

— e ([0(0,7 4+ 1) = v(0, /)] " = [v(0,5) = v(0,5 — 1)]). (1.3)

and

U(lvj - 1) - U(lvj - 2) = h2 +ﬂl(v(07j) - U(Oaj - 1)) +/L2(U(17¢j - 2) - U(lvj - 3)) +Mr(v(05j) - U(Ovj - 1))

- /Lr([v(()vj) - v(lvj - 2)]+ - [’U(Ov] - 1) - v(lvj - 3)]+)v (|”4)

Compare (111.3) and (l11.4) term by term. Thig, terms cancel and the difference in the second
and third terms is non-negative by the convexityvg, j) with respect toj and the inductive
hypothesis, respectively. Consider now the differencénenterms with coefficient,.. Sincev is
nondecreasing, we can drop both “+” operators in (I1l.3)u3hsincefv(0, j) —v(1,5 —2)]" —

[v(0,7 —1) —wv(1,7 — 3)]" > 0 holds by the inductive hypothesis, (Il.2) holds fot 1.
Consider now; > 1. First note that (I1l.2) holds for(,1) sincev(i — 1,2) — v(,0) =

v(t—1,2) —v(i,—1) > (v(i — 1,1) — v(i, —1)). Using this result and the result fot, j) (for

all j > 0), we make two inductive assumptions; first that (111.2) rfdr all (m, n) with m <
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andn > 0 and second that (l11.2) holds for aft,n) such thatn < j. It remains to show that

(11.2) holds at(i, 7 + 1). A little algebra yields

v(i—1,74+2)—v(i—1,j+1)=ho+pu(v(i —2,j+3) —v(i —2,j+2)) + pe(v(i — 1,5+ 1) —v(i — 1,7))
+pr(W(i—2,5+3) —v(i—2,5+2) — pp([v(i—2,5+3) —v(i— 1,5+ 1)]"
— (i —2,5+2)—v(i—1,5)]"), (111.5)

and

U(’L,_]) - U(i,j - 1) = h2 +,LL1(U(7’ - 1aj =+ 1) - U(Z - 13.])) +,LL2(U(’L,_] - 1) - ’U(Z.aj - 2))
- /LT([’U(Z - 1aj =+ 1) - ’U(Z.aj - 1)]+ - [U(Z - 17]) - U(i,j - 2)]+) (”IG)
The first three terms in (l1l.5) are greater than the respederm in (111.6) by simple algebra
and the inductive assumptions @t— 1, j + 2) and (7, j), respectively. By using the hypothesis
at (i,7) note, [v(i — 1,5 + 1) —v(i,j — 1)]* — [v(i — 1,5) — v(i, j — 2)]* > 0. Thus,
(v(i—1,7+1) =v(i—1,5) = (@ = L,j+1) —v(i,j — D]T —[v(i = 1,7) —v(i,5 - 2)]7)
< (’U(Z - 27] +3) - ’U(Z - 21.7 + 2)) - (’U(l - 21.7 +3) - U(Z - 11.7 + 1)) - (U(Z - 21.7 + 2) - U(Z - 11.7)))

<((E—2,7+3)—v(i—2,7+2)— (w(i—2,+3)—v(i— 1,7+ 1)]" = v —2,5+2) —v(i —1,5)]7),

where the second inequality follows from the inductive hyyesis applied ati — 1, j + 2) and
the proof is complete. This implies the existence of an ogkitransition monotone policy.

We next show that the switching curve has a slope 1. This holds if the following inequality
holds (refer to (111.2)),

vi—1,7+1)—wv(i,j—1) >v(i,j) —v(i+1,j —2) (111.7)

for all (7, 7) such that it is optimal to allocate the reconfigurable resetio station 1. Intuitively,
this implies that the reconfigurable machine tends to stastedion 1 if: is increased and the
workload for station 2 is constant. First, we establish sarseful properties ofi (i, 7).

Lemma 3.1: For: > 1

1) v(i—1,1) —v(3,0) > v(i, 1) —v(i + 1,0)

2) v(i—1,1) <v(i,0)
Proof. Rearranging the optimality equation @t0) shows (2) and yields(i — 1,1) — v(,0) =

Lihy o —(HDRL oy
“1"‘%; = prtpe U(l’ 1) U(l + 170)- n
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Let Ax :={(4,j) € (Z" xZ")|i+j=K,i >1,j > 1} be the set of states for which there are
K service completions required at station 2 before emptylegstystem, wher&™ is the set of
positive integers. Defin@y := {(i,j) € Ax|j < L(i)}. Note thatBx represents the subset of
Ay such that it is optimal for the reconfigurable machine to watlstation 1. Using the fact
that By, is not accessible fronB;, we show inductively that (I11.7) holds for alki, j) € Bx
and K > 2. Let

Sk . If (i,5) € Bk, then (111.7) holds. (111.8)

Observe that for fixed<, the hypothesis of; may not hold for any(i, j) € Ak. In this case,

Station 2 Station 2

Station 2

N Station 1 Station 1

(a) k=8 (b) k=2 () k=5, ¢ = 14

Fig. 2. Possible (optimal) switching curves. The leftmasgjitmost) arrow represents the point that defie$¢l/, when

necessary).

we say thatSk holdsvacuously and search for the minimur” such thatBy is non-empty to
establish the induction basis. Denote this minimumknd note that depends on the optimal
switching curve (see Figure 2). In Figure 2(a) it is optin@lserve at station 2 foi < 6 and
j = 1 while it is optimal to serve at station 1 far= 7, j = 1. The induction basis would be
established at = 8. In Figure 2(b), it is optimal to serve at station liat j = 1; the induction
basis is established &t= 2. Moreover, note that there may exist poidts> k such thatBy is
empty. Suppose there exiskS > k for which By is empty. Define/ to be the minimum point
larger thanKk such thatB, is non-empty. That is to say, the switching curve reaches far
a second time. The arguments that follow hold foK K < ¢ such thatBy is non-empty and
can be repeated dtand so on (see Figure 2(c)).

The existence of an optimal transition monotone policy iegthatB, = {(k —1,1)}. Also
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using Lemma 3.1 (part 2) fak < oo,
vk—n—-1,n+1)—v(k—n,n—-1)>0, forn=2,and
vk—n—1n+1)—v(k—n,n—-1)<0, forn=0,1L. (111.9)

That is to say that it is optimal for the reconfigurable reseuto be allocated to station 2 in
state(k — 2, 2) while it is optimal to allocate it to station 1 in statés 0) and (k — 1,1). Note

that (k — 1, 1) is the point that the arrow points to in Figure 2.
Assume first that statél, 1) € B, so thatk = 2 may be used as the inductive basis. Note,

v(0,2) — v(1,0) = — hy 4 2hg + p1 (v(0,2) — v(0,1)) + p2(v(0,1) — v(1,0))

+ pr (v(0,2) = v(0,1)) — gy ([v(0,2) — v(0,1)]" — [v(0,1) — v(1,0)]T) (111.10)

v(1,1) = v(2,0) = — hy + ha + p1(v(0,2) — v(1,1)) + p2(v(1,0) — v(2,0))

+ 1 (0(0,2) — v(1, 1)) = 2 ([0(0,2) = v(1,0)]* = [v(1,1) — v(2,0)]*) (I1.11)
Comparing (111.10) and (Ill.11) term by term we note that ttiéerence in the constant terms
is clearly positive whilev(0,2) —v(0,1) > v(0,2) —v(1, 1) follows from the fact thav(1,1) >
v(0,1). The inequality holds for the terms with coefficient since by (1) of Lemma 3.1,
v(0,1) —v(1,0) > v(1,1) —v(2,0) > v(1,0) — v(2,0). Moreover, for the terms with coefficient
u, in (111.10) note that sinces(i, j) is non-decreasing in the first two of these terms cancel.
The last term is zero since(0, 1) < v(1,0). For the analogous terms in (l11.11), the fact that
v(1,0) < o(1,1) implies thatv(0,2) — v(1,1) < [v(0,2) — v(1,0)]". Finally, (2) of Lemma 3.1

implies that the last term is zero; and the result holdskfer 2.
If £ > 3, the DP equations yield

vk —2,2) —v(k —1,0) = —hy + 2hg + 1 (v(k — 3,3) —v(k — 2,1))
+ pe(v(k —2,1) —v(k —1,0)) + pr(v(k — 3,3) —v(k —2,1))

— pr(o(k = 3,3) —v(k —2,1)]" — [w(k —2,1) —v(k —1,0)]") (111.12)

v(k —1,1) —v(k,0) = —hy 4+ ho + p1 (v(k — 2,2) —v(k — 1,1)) + pa(v(k — 1,0) — v(k,0))
+ pr(v(k —2,2) —v(k —1,1))

— pr([o(k —2,2) —v(k —1,0)]" — [v(k —1,1) — v(k,0)]T) (11.13)
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In order to show that (lll.7) holds, note again that comparihe first terms of (lll.12) and
(111.13) yields —hy + 2hy > —hy + ho. The difference in the terms associated withis non-
negative by (111.9) and the fact thatk —1,1) > v(k—1,0). Consider the terms associated with
1. By (1) of Lemma 3.1, the last terms in (I11.12) and (lll.13e&aero. Furthermore,

pr(v(k = 3,3) —v(k —2,1) — [v(k — 3,3) —v(k — 2,1)]")
> pr(v(k —2,2) —v(k —1,0) — [v(k — 2,2) — v(k — 1,0)]")

> 1, (v(k = 2,2) —v(k — 1,1) — [v(k — 2,2) —v(k — 1,0)]*), (I1.14)

where the inequalities follow from (1) of Lemma 3.1 and thet fdatwv (i, j) is non-decreasing
in ¢+ and j. We remark that the proof of the inductive basis is valid notydor the basis but
also for all stategi, 1) € B;.; with the only change needed being that we invoke the indectiv
hypothesis for the terms associated with Thus, we need only consid¢r> 2 in the following
induction process.

Assume now forK > k that Si_; holds. Since the optimal reconfigurable machine location
is station 1 at stat¢/’,0) and station 2 at stat€), i), there exists a staté, j) € Ag, in
which using the reconfigurable machine at station 1 is optiiorastate (i, j) and at station 2
for (i — 1,7+ 1). This (coupled with the monotonicity in for i = 1) impliesv(i — 2,j 4+ 2) —
v(ii—1,7)>0>wv(i—1,7+1)—wv(i,7—1). Our inductive proof forK™ starts from that specific
state. This proof can extended to all states3in. The DP equations yield

v(i — 1,54+ 1) —v(i,j — 1) = —hy 4+ 2ho 4+ 1 (v(i — 2,5 +2) —v(i — 1,7))

+ p2(v(i—1,7) —v(i,j —2)) + pr(v(i — 2,7+ 2) —v(i — 1, 7))

— (i —2,54+2) —v(i—1,5)]" — i —1,5) —v(i,j —2)]"), (.15)

v(i,j) —v(i+1,j—2)=—h1 +2ha+ p1(v(i— 1,5+ 1) —v(i,j — 1))
+ (v, j—1)—v(i+1,7 = 3)) + pr(vi — 1,5 +1) —v(i,j — 1))
— (@ —1,54+1) —v(i,j— 1)) — (i, j—1) —v(i+1,j—3)]T)  (ll.16)

The difference in the terms with coefficienf is non-negative by our previous discussion about
(1t — 1,7+ 1). This implies

(v(i = 2,5 +2) (i = 1,5)) = [v(i = 2,5 +2) —v(i = 1,7)]"

>v(i—1,j+1)—v(i,j—1)—[v@i — 1,5+ 1) —v(i,j — 1)]".
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Since we have the existence of an optimal transition moropmiicy, using the reconfigurable
resource at station 1 is also optimal in statej — 1). The inductive assumptiorsx 1, implies
that (111.7) holds for(i, j — 1) so thatjv(i — 1, 7) —v(i,j —2)]" > [v(i,j— 1) —v(i+ 1,57 —3)]".
This yields that the difference in the terms associated witland 1., are non-negative and the
result is proven for(i, 7).

Since (i, j) can be any state inlx for which it is optimal to serve at station 1 while it is
optimal to serve at station 2 ifi — 1,7+ 1), Sk is true for all K > 2. This guarantees that the

slope of the switching curvé (i) is greater than or equal tel.

IV. RESOURCEALLOCATION WITH RELIABILITY CONSIDERATIONS

In this section, we extend the results of the previous sectiothe case with reliability
considerations. For now, we assume there is only one recoabe server and one dedicated

server in each station. Let := y; + po + p1, + a1 + ay + o, For (m,n,r) € {0,1}3, let
(Tmnrv)(laj) = 'th +]h2 + mlu“lv(i - 17] + 17m7 n, T) + n,UQU('L.vj - 17m7 n, T)
+7’M7«(U(’i - 17] + 17m7n7T> - [U(l - 17.] + 1,m,n,7‘) - ’U(i,j - 1,m,n),7“]+).

We make the important observation that,,. has the same form &5 in (lll.1), except that the
coefficients ofv on the right hand side no longer sum to one. Recall that thefmfo(l11.2) for
reliable systems did not require the coefficient to sum to d @mly used Proposition 2.3, and
(111.1). Hence the same proof shows that (I11.2) holds {@,,,.v)(i, j).

Consideruv(i, j,1,1,1) and rearrange terms in (ll.1) to get

@W(i»j» 17 17 1) - CYlU('l.,j, 07 17 1) - QQU(i7j7 17 07 1) - arv(iaja 17 17 O) - (Tlllv)(iaj)- (IVl)

Repeating the same procedure for @h,n,r) € {0,1}* the DP equations for a givef, j)

can be written in matrix formAV = T. Here A is an8 x 8 matrix with, e.g.,A;; = ¥;

Ajg = —ay; Az —ag; Ay = Aig = Air = Ais = 0; Ais = —ay. Let Q = [I— A]. Since

Q > 0 and some of the rows of) do not sum to 1, it can be interpreted as the transitions
between transient states of a discrete-time Markov chdmat s to sayl — QA is invertible.
Moreover, all elements ofl — Q)~! are non-negative. Thu& A~'T and each element o¥

can be written as a nonnegative linear combination®f,,,.v)(i, ) for (m,n,r) € {0,1}3.
Since (111.2) holds for(7,,,,v)(z, 5) it also holds forv(i, j, m,n,r), i.e., an optimal transition
monotone policy exists with reliability considerations.
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Now we extend to the case with multiple dedicated and recordlge servers. Suppose again
that there aréV, reconfigurable machines ad, and /V; dedicated machines at station 1 and 2,
respectively. DefineA to be the gV +Vz+Nr 9N+ N2+N) matrix that encodes the probabilities
(times -1) of next entering each server status along withdibgonal that holds the sum of all
possible probabilities out of each state. Netbe the RV +V2+Nr 1) vector that represents the
value functions for all possible states of the servers (fedi; and j). Finally let T be the
(2N +N2+Ns 5 1) vector that encodes the holding costs plus the probatsiliof type of service
multiplied by the appropriate value function. Similar tetprevious argument, the components
of T satisfy (11.2). Again, some of the rows @ := I — A do not sumto 1 and~! > 0 exists.
Hence, the components & = A~!T also satisfy (I11.2) and the proof of the first assertion of
Theorem 2.2 is complete.

It remains to show that wheh, > h, the switching curve defined by an optimal transition
monotone policy has slope —1. We cannot use the approach above because Lemma 3.1 does
not hold foruv(i, j, m,n,r). Instead, we show that this holds by showing that (l11.7)dsdior all
1> 1andj > 2. Consider 4 processes, A, B, C, and D, defined on the samelpliopbgpace,and
starting in state$i — 1, i+ 1,m,n,r), (i,j,m,n,r), (i,j—1,m,n,r), and(i+2,j—2,m,n,r),
respectively (see Figure 3(a)). Notice that as long as tlaive queuelength positions of A to
B and C to D are the same, the difference in the holding cossresthy — hy — (hy — hy)O0.
Thus, suppose process B (C) uses the palicyo,) that mimics the policy followed by A (D)
with the caveat that it does not idle. Since the reconfigerabsources serve at the same rate
for either station, the services seen by that resource @ Isg all of the processes (as long
as the queuelengths are positive). Through this fact (arebEm 2.2, part 1) we note that the
relative position of processes A and B are always to the liefirocesses C and D.

There are several cases to consider. First suppose thagltiere positions of all processes
have remained in tact, but that Process A serves at statiohil2 Wrocess D serves at station
1. Eventually, Processes A and C will couple as will Proce€3eand D; see Figure 3(b) and
the cost rate difference thereafter is zero. Suppose noiwPtlteess A empties the first station
followed by a service at station 1 in Process B. Since statissempty for Process A, the two
processes couple leaving processes C and D in their santieggdasitions; see 3(c). Since the
difference in Processes C and D is of the far(if, j', m/, n/,r") —v(i' — 1,7+ 1,m',n', '), the

third result of Proposition 2.3 yields that the differensenon-negative.
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Fig. 3. Possibilities for Coupling.

If Process D empties station 2 followed by a service at staZidoy Process C before any of
the previously described events occur, the relative psitif the processes changes as depicted
in Figure 3(d). However, the difference in costs becorhes- h; + ho = hy > 0. Note it is
still possible that Processes A and B couple leaving Prese€sand D in their (new) relative
positions, but the difference is now of the forrv (i, j', m/, n',v') +v(,j'+ 1,m’ . n’,7") > 0.

After the relative position of C and D changes there are twogemmases to consider. In
the first, Processes A and B empty station 2, but Processesi@anay not have station 2
empty; see Figure 3(e). The difference due to the relatigtipos of each Process becomes
hs — ho = 0. In this case, Processes A and B will clear the first queuerbef® and D.
Process A will empty station 1 followed (perhaps after salveervices at station 2 seen by
both processes) by a service in station 1 by Process B (sageFR(f)). At this point the
relative difference in the holding costs ish, + h; > 0. It then remains to wait until Process
B is empty at both stations (so A is also empty) or Process C rempty station 1. In
the prior subcase the remaining difference in the costs dmtwProcesses C and D is of the
form —ou(d, 5/, m/,n/;r") + o + 1,7 ,m';n',r") > 0. In the latterv(0, 5/, m/, n’,r") — v(0, 7' +
Lm/,n/;r")y — o0, + K, m' v ")+ 00,7 + & +1,m',n',r") > 0, for somek’ > 0. The last
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inequality follows from the convexity of (0, j, m,n,r) in the second assertion of Proposition
2.3.
Since in each case, the cost difference between processes-isegative, (111.7) holds for the

whole state space (not just when it is optimal to serve atostdt) and the result follows.

V. CONCLUSION

This paper investigates the optimal allocation of recoméigle resources in a tandem queueing
system. The optimality of transition monotone policies mesi an optimal switching curve while
the lower bound on the slope of this curve further reducesctimeputation of optimal policies.
With respect to transition monotone policies, our findingdicate that with or without reliability
considerations it will tend to be optimal to use the addaioesource at the downstream station
when the queue length is increased at that workstation.eTisesignificant potential for further
research in this area. We have a strong belief that the optmwdching curve is actually
monotone. Indeed in over 30000 cases with randomly chosemmeders inevery case the
monotonicity held. Moreover, it is unknown whether theseperties still hold in a system with
external arrivals or setup costs/time. Again, our numéstiadies suggest that the results extend.
We would also like to see if the ideas here can be used to develoristics for problems with

several stations.
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