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Abstract

We consider the allocation of reconfigurable resources erialdine with machine failures. Each

station is equipped with non-idling dedicated servers vttie whole system is equipped with a
finite number of reconfigurable servers that are availabbetassigned to any station. We provide
conditions for a policy to achieve throughput optimalitye\Also show in the two-station case that
transition monotone optimal policies exist. We discussriséius based on the two-server model
that reduce average holding costs significantly. Thesastesrare compared to several heuristics

from the literature via a detailed numerical study.



1 Introduction

Due to rapidly changing market demands and the popularigusfomized products, many com-
panies have invested in reconfigurable manufacturing s\s(BMSs) L3, 19]. That is, they have
developed systems in which some of the capacity can be coefign a relatively short period of
time to handle several different job types. To allow for thisee material handling system in the
RMS is usually capable of routing work-in-process (WIP)islimakes dynamic resource alloca-
tion (or dynamic job re-routing) easily implementable witth additional costs. On the other hand,
while this may be the motivation for the development of RMBe&re is another added benefit;
the alleviation of congestion due to machine failures. Aidgpmethod of dealing with machine
failures is to build enough redundancy into the system so &svte excess capacity at each sta-
tion. Dynamic allocation of resources allows factory masrago reduce recovery costs by using
the reconfigurable resources to “cover” for failed servarthe case of a machine breakdown (cf.
[6, 15, 28]).

Unfortunately, due to the “curse of dimensionality” mosttbé study of optimal allocation
policies has been restricted to systems with only a fewatat{usually 2) and a few machines.
In the particular case where reliability is considered urtle average holding cost criterion the
system is even less tractable. In order to overcome the dimeality restriction, we prove that
transition monotone policies are average cost optimal wasdtation tandem queueing system
with reliability considerations. Based on the intuitiontaibed from the two station queueing
network, heuristic resource allocation policies are dgvetl. This heuristic algorithm significantly
reduces calculations and according to our simulation exyts performs very well under both
the long run average holding costs and long term averagedghput criteria. Along the way we
provide conditions for the stability of the network and omiity in terms of average throughput.

By and large the literature on dynamic job re-routing or tese allocation in manufacturing
systems focuses on reducing holding costs or increasingghput without considering machine
reliability. One major approach of minimizing holding ce$s the clearing system analysis. The
goal is, given a fixed number of jobs in the system (a prodac@hedule), how might one empty
the system at minimum cost. Under this assumption, Fatrdrghows the existence of optimal
policies that ardransition monotonémonotone in the number of jobs at the second station) in
a two-station tandem queueing system with a flexible ser&én et al., P] proves that allocat-
ing both flexible servers to a single station is optimal in a station queueing system with two



identical flexible servers. Ir2fl], Shiefermayr and Weichbold provide a complete solutiartlie
optimal server scheduling policy for a model very similaithat in [2]. In two-station systems
with reliability considerations and multiple dedicateddaconfigurable servers, Wu et akg]
proves the existence of optimal transition monotone padiciwith additional assumptions, they
also prove that the optimal switching curves that define thiEn@l transition monotone policy
should have slopes of at least -1. When external arrivalsléo@ed, Hajek L6] shows the exis-
tence of transition monotone policies in a queueing netwatk two flexible servers. Ahn et al.
[1] shows that the result ir2] holds in a system with external arrivals under average cotd-
rion. In [24], Sennott et al. examine a model with several workers déelict stations and one
“floating” worker and discuss how the floating worker can bedu® stabilize the system and to
minimize holding costs. They allow for switching times, lolat not consider failures. For a more
detailed literature review of flexible server allocatiowlplems readers may wish to consulv].

In addition to minimizing holding costs, several papersehaiudied the resource allocation
problem to maximize throughput. Freiheit and HubJ[use static allocation policies to examine
server and buffer capacity allocation problems and try tprowe system throughput. When all
servers are reliable, Andradottir et aB, fi] examine tandem queueing systems with finite buffers.
Andradottir et al., ] studied the dynamic resource allocation problem with bméssand ma-
chine reliability considerations. They show that the maximthroughput is tightly bounded by
the solution of a linear program. They also proved that adigeneralized round-robin policy
can approximate the maximum capacity. In the current worktudy the problem with reliability
considerations under the minimum average holding costrasit. Moreover, we provide condi-
tions that guarantee throughput optimality in the infinitéfér case. It turns out that the heuristic
we propose achieves throughput close to maximum and cangbéysimodified (as discussed) to
achieve this maximum.

The remainder of the paper is organized as follows. A mathieaiaescription of the queue-
ing model and stability conditions are provided in Sectinin Section3, we give conditions
for policies to guarantee throughput optimality. We use Rdardecision processes to prove the
optimality of a transition monotone policy in two stationegieing networks with reliability con-
siderations in Sectiod. Using this result, a heuristic for larger systems (mora tBatations) is
provided in Sectiorb. Robustness of the heuristic discussed in Se@irevaluated by a discrete

event simulation in Sectioi. The heuristic is also compared to several other policies fthe



literature. We conclude the paper in Sectibon

2 Preliminaries

We assume tha¥ operations (afV stations) must be performed in a fixed order on every job or
customer that enters the system. Job inter-arrival timeasgsumed to be exponentially distributed
with rate . The service requirement for each job is exponentiallyrithisted with mean 1 at each
station. For the:™" station of the system, there aké, dedicated non-idling servers that can only
serve customers at that station. There @feadditionalgeneralized 6] reconfigurable servers
that have constant service rates at all stations. Thesafigamable servers can be assigned to
any station with zero setup time and costs (see Figur&hroughout the rest of the paper, when
considering anV —station system, label the station that receives arrivals foutside of the system
as station 1 and the others sequentially with the last oner&éefxiting the system being labeled
stationN. We say statiom is upstream (downstreanfjlom stationn’ if n < n’ (n > n’).
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Figure 1: An example of an N-station serial line with recoufaple servers



Let (r,¢),¢ € {1,2,..., M,} be the/"* reconfigurable server ar(d, /) indicate the/’" server
at stationk, wherek € {1,2,..., N} and/ € {1,2,..., M} }. We assume that the service rate of
dedicated serve, () is 1., and the reconfigurable servet ¢) has service ratg,. ;. , at stationk.
The failure and repair times are assumed to be exponentialigbuted with ratesy, , («..,) and
Br.e (B) for dedicated servefk, ¢) (reconfigurable server, £)). When a server failure occurs,
the service rate of the corresponding server is reducedrto zethe number of servers is more
than the number of jobs at any station, multiple serverscoflaborateon a single job; the service
rates are additive. This assumption is usual when large oaopis are being produced and more
than one machine can be assigned to a single product. Siecenti difference between this
assumption and the case when servers are not allowed tbaata is when the system is lightly
loaded, we believe that this serves as a reasonable ap@toimin either case. A brief numerical

study to this effect is provided in Secti@nl. The state space is

S = {q17 q2, .-, 4N, ml,l? m1,27 teey ml,MUmQ,l? LR mN—l,]\/folumN,b LR mN,]\/[]\m mT,17 ceey mT,Mr}7

where g, is the queue length at statidn including the one currently in servicey,, € {0 :
failed, 1 : operationd} is the status of servék, ¢), andm,., is the status of reconfigurable server
¢. LetlI be the set of all non-idling, non-anticipating (measurpptdicies. Each policy describes
where the reconfigurable resources should be allocated &iates, for all time (down servers are
not assigned). We next provide conditions under which wegcemantee existence of a policy that
achieves stability. This will be useful in both the throughpnd average cost analysis to follow.
In essence, it is an application of results @ [

Note that the availability of each server can be modeled astat2 (on-off) continuous-time
Markov chain. Let,, , be the long-run proportion of time that seryér /) is operational and,, ,
be the proportion of time that reconfigurable seri#er) is assigned to station for a policy .
That is

QL T

1 T
ke = m rng = hqrfl_gp T /0 L assigns(r, ) to stationn} (1) It

where1,4(¢) is the indicator of eventl at timet. Consider the following linear program (LP),



which we callLP(1).

max A
M, M,
st Y arepke+ Y Orpetrie > A, forallk e {1,2,...,N} (2.1)
/=1 /=1
N
> Grke < ang, forallle{1,2,.., M} (2.2)

k=1

Srpe >0, forallke{0,1,..,N}andl e {1,2,..., M,}.

The above LP finds the maximal arrival raké, such that the average service rate is greater than or
equal to\* (the first constraint) and guarantees that the total prapoadf time each reconfigurable
server is allocated does not exceed its availability (trewsé constraint). Define the following

optimality criteria.

Definition 2.1 Let D™(t) denote the number of departures from the system byttumeler policy

D™ (1)
@,

7. The throughput of policy is defined byim, .

Definition 2.2 Suppose for each job at statidgnthere is a linear holding cost accrued at a fixed

rate h,. The expected average cost of policis defined by

- SN haEQ(s)ds

t—o00 t ’

whereQ’ (s) represents the (random) queue length of statiat times under policyr.

The remainder of the paper is devoted to searching for oppwlecies under these two criteria.
In the latter case, we pose heuristics that perform very wedler the throughput criterion while

approximating the average cost case for any finite numbeatbas.

3 Throughput Optimality of General Scheduling Policies

In this section we show several general results on througipgiimality. In particular, we show that

itis not possible to achieve a throughput larger thannder very general conditions. Moreover, if

5



the reconfigurable servers are such that, = v, .., for some strictly positive,, , and, 5, we
show that if a scheduling policy satisfies a condition on flezation when the queues are “large”
it is throughput optimal. This service rate structure igs the important special cases where the
reconfigurable servers have service rates that are eitdep@mdent of the server or independent
of the station. Since for most of this section we consideredfpolicy, we suppress the superscript
o

We first introduce some ideas frorhil]. Let Q. (¢) be the queue length at statiérat time
t. Also, definel}, ,(t) to be the amount of time that dedicated servat stationk has been busy
up until timet and7;. ; ,(¢) to be the amount of time that reconfigurable seivieas been busy at
stationk up until timet. Suppos€x,,n > 0} is a sequence of non-negative real numbers such
thatlim,, .., z,, = oo. If we let afluid limit be defined by

n—oo

Tk7g(t) = nh—{go {L';lTk,g ({L'nt)

Tnlﬁg(t) = lim l’;lTnk,g(Ilfnt),

n—oo

then as in Section 3.2 of], we have that any fluid limit satisfies the following set ohddions,
called thefluid modei

M, M,
Qi(t) = Qu(0) + Mt = >y Tro(t) = > pradTra(t), (3.1)
=1 =1
B B Mk,1 B ]\4}c B
Qr(t) = Qx(0) + Z fr—1,6Tk-1,0(t) — Z fe,e T e (),
=1 (=1
M, ) M, .
+ Zur,k—l,eTr,k—l,e(t) — Z ke Trre(t), 2 <k <N, (3.2)
=1 =1



such that

Qi(t) 20, 1 <k <N,

Tee(0)=0,1 << M,1<k<N,

Tr,k,f(()):(); 1§£§MT71§]€§N7

d —
OS%Tkl(t)Sak,ZangSMk? L<k<N,

d - _
%Tkvé(t) = Qg Whenevele(t) >0,1<l< M, 1<Ek<N,

N
0< S LT 4t) < app 1< 0< M, and

Tyo(-), Tr10.(-) are non-decreasing far< ¢ < M;, 1 <k < N,1 < /(, < M,.

The derivatives above exist almost everywherejagt) and T, ,(t) are Lipschitz (note that
| Ty.0(t) — Tre(s)] < |t — s|). From this point on, derivatives will be understood to Hestaon the
condition that they exist. Note that the equations aboveat@ompletely specifyf; ;. ,(t). Any
additional conditions would refine the fluid model. We intugd the following notions of stability
for the fluid model (se€l[1]). The fluid model is said to beeakly stabléf for each solution to the
fluid model withQ(0) = 0, Qx(t) = 0 for t > 0. Conversely, the fluid model is said to tveakly
unstableif there exists ans > 0 such that foreverysolution to the fluid model witt§),.(0) = 0,
S, Qu(s) #0.

The first result shows that any arrival rate greater thamesults in an unstable system, no
matter what the scheduling policy.

Proposition 3.1 If A > \*, with probability one,ij:1 Qx(t) — oo ast — oo. Consequently, the
long-run average cost is infinite.

Proof. By contradiction. Supposk > \*, and thatQ,(s) = 0 forall 1 < k < N and alls > 0.
To prove the result we construct a solution (usi)go L P(1); this contradicts the definition of*.

Since the dedicated servers can only be busy while they aitable, setl}, ((s) = aj,¢s. Suppose



we setT}, ;. (s) = 6, x5, (3.1) and @.2) imply (after dividing through by),

My M,
0 = A— E H1,0G1.0 — E My 1,007 0 (3.3)
/=1 /=1
My M, M, M,

0 = Z Hk—1,00k—1,0 — Z k0 g+ Z Lr 1,607 k—1,0 — Z L ke ¢Or k¢ (3.4)
=1 =1 =1 =1

with the constraint that

N
0< Z O e < Qrp. (3.5)
=1

The fact that 8.3)-(3.5) has a solution fon > \* contradicts the definition of*, as 8.3)-(3.5
provide a feasible solution fokP(1). Thus, the fluid model is weakly unstable and the result

follows from Theorem 2.5.1 ofi[1]. .

Now, let all of the reconfigurable servers be such that, = ~, ¢, forall ¢ = 1,2, ... M,
andk =1,..., N. Consider the following assumption.

Assumption (LQ). >0, 1)>0 LT, (t) = ay o for 1 < ¢ < M,.

AssumptionLQ) implies that when some stations have long queues the recoaliiig servers are
assigned to serve at one (or some) of the highly loaded statibmay seem that this assumption is
difficult to check, however, we will provide conditions thean be imposed on any policy that en-
sure tha{LQ) holds. Before doing so, we show that a policy satisfy(in@) achieves throughput
optimality. To do this, we define a polieyto berate stable(cf. [11]) if lim, .., D™(t)/t = X for

A < A*. The notion of rate stability is weaker than stability in theaial sense since no result about
the existence of a stationary distribution is obtained. E\®v, since\* is the highest throughput
rate that can be hoped for, policies satisfy{b@) are calledhroughput optimal

Proposition 3.2 If there exists strictly positive, , and j, ,, such thatu, , , = v, ¢ for all £ =
1,2,...,M,andk = 1,..., N, and the (reconfigurable) server scheduling policyatisfie{LQ),
thenr is rate stable.



Proof. If we definex, ., = 0, x.¢v.¢, LP(1) may be rewritten as

max A\

My,
sit. Zaﬂuﬂ/urk+2xrﬂ > Mg, forallk e {1,2,...,N}

(=1 (=1

N
me,z < ayo/ve, forallle{1,2,...M,}

n=1

x>0, forallke{0,1,..,N}andl e {1,2,..., M,}.

Call this LP(x). Now we turn to the fluid model. Differentiatin@(l) and 8.2) and evaluating at

time zero yields

M.
T d _
—Ql M=o = A — Z,lh z—T1 2(O)|1=0 — ;’YT,ZMT,IETT,LZ(t”t:O (3.6)
My, My,

d _
EQk(tﬂt:O = ; fg— 1Z_Tk 1e(t)] = O—ZMM—TM )|t=o

M,

” d d
+ g Vryobbr k- 1dtTrk 1,0() =0 — E Vriehr g Trgeo(t)|1=0- (3.7)
—1

/=1
Let U be the set of stations such thﬁ@k )|t=0 > 0 for k € U. We first show by contradiction
thatU must be empty. Assunie is nonempty. We have b§-Q) that ", _,; %Tr’]ﬁg(t)h:o = Q.

Also, for each fixed dedicated ser\ﬁer Tk o(t)|t=0 = ay, for anyk € U. By the definition of
U, for all k € U we have that the instantaneous arrival rate to statiamust be greater than the
instantaneous service rate (at time 0). AlSbjs an upper bound on the instantaneous arrival rate

to stationk (at time 0). In other words, we have fbre U,

M

d d
ZumdtTM( )= 0+Z%eurkdt T, 1e(t)|1=0

M

d
—Zukéakz+27reurkdt Trro(t)]i=o < A < A" (3.8)

/=1



By the definition ofA*, this combination is not possible as the inequal&y) cannot hold for
all k € U. Indeed if this were the case, |ettiﬁgg%j—‘r’k7g(t)|t:0 play the role ofz, ;. , in LP(x)
would imply that the solution td. P(z) would be less than*. As a result, our assumption @n
must be incorrect antl is empty. This means that fér=1,..., N, £Q;(t)|,—o = 0.

Since there is nothing special about time 0, we can use theeadigument for any time.
It follows that Q. (t) = 0 for all ¢, and in turn the fluid model is weakly stable. The result now

follows from Corollary 2.6.4. of11]. .

Note that(LQ) is not sufficient to guarantee throughput optimality for arengeneral rate
structure, as seen by the following example. There are taiiosts, two reconfigurable servers,
no fixed servers and the reconfigurable servers are not subjélure. Letu, 11 = 00 = 1
andu, 12 = 21 = 2. Suppose that servemgives priority to queue as much as possible while
ensuring(LQ) holds. Then if for some > 0, the arrival rate id + ¢, then servei will at some
point always remain at queugas under the proposed policy, both queues are unstablesaamd a
result(LQ) is always satisfied). Thus the maximum throughput in thig @@ be no more than
one. However, it is easy to see by simply assigning servermaently to station 2 and server 2
permanently to station 1, the maximal throughput is two.

It remains to comment on more natural conditions that guaeghQ). This will help in con-
structing heuristics that are near throughput optimal &vhttempting to minimize holding costs.

Consider the following two simple modifications.

Assumption (LQ1). There exists a thresholtl < oo such that ifQ,(t) > L for at least one,

then at time the reconfigurable servers are all serving the station(t) tive longest queue.

Assumption (LQ2). There exists a thresholtl < oo such that ifQ,(t) > L for at least one,
then at time the reconfigurable servers are all serving stations witluglength at least(,,... (t)
where0 < v < 1 and@,...(t) is the largest queue length at time(Note that(LQ1) is (LQ2)
with v = 1.)

Under(LQ1) and by the fact tha),.(¢) is Lipschitz, ifQ,(¢) > 0 for at least oné, then there
exists a subsequenée,, ' Q. (z,s),n > 1}, such that for somé/ > 0 andh > 0, Qi (z,,s) > L
forallm > M ands € [t,t + h]. This means that for large:, the longest queue is served on

10



[t,t + h]. Taking limits implies that all of the reconfigurable sewvare serving a queue where
Qr(s) > 0fors € [t,t + h]. Thatis, the rate at which the busy time increases. iand (LQ1)
implies(LQ). A similar argument holds fo{LQ2).

4  Minimizing Average Holding Costs

In [6], the authors use a fluid model to show that a timed genedhliaend-robin policy is stable
(in the sense of yielding a stationary distribution) wher: \*. Moreover, they showed that any
throughput rate less thaki can be achieved. In systems with only one server at eaclorstati
Theorem 4.1 of]2] shows that all moments of the queue lengths are finite whefldid model is
stable. Since all service times are exponentially disteétuaccording tolg], their proof carries
over to systems with a finite number servers at each statiercaffclude that ik < \*,

N
lim > A, ET Q,(t) < oo, (4.1)

t—o00
n=1

wherer’ is a timed generalized round-robin policy as describeds]n [That is, there exists a
timed generalized round-robin policy with finite averagstc®oreover, applying Theorem 11.1.1
of Puterman 20] yields that there exists a Markovian randomized policy, $a with the same
average cost.

Assume now thatiniformization[25] has been applied so that we consider the discrete time
equivalent to the continuous time problem defined. The aasttfon for each state € S and

reconfigurable allocation (the action) isc(x, a) = fozl hnqn. Letz, € S be the state of the

system after the'” decision epoch ang, be the action chosen under policyDefine the:—stage

expected total discounted cost for initial statas follows

n—1

Vn,a(ﬂvx) = Eg [Zakc(xkayk)}v (42)
k=0

wherea € (0, 1] is the discount factor antly , = 0. Let V, (7, z) := lim, . V, (7, ) denote
the infinite horizon expected total discounted cost of potic The long-run average cost under

is now defined

g(m, x) = limsup M
n

n—oo

(4.3)
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A policy 7* is optimal under the respective criterionGi{n*, z) = inf,cy G(7, z) for all z € X,
whereG =V, ,, V,, org. It should be clear that any non-idling policy generates alkddachain

such that all states communicate. The following result i8 sonple but important.

Proposition 4.1 Suppose < A\* and consider the discrete-time equivalent to the contisttone

problem originally posed. There exists a Markov, randouhjzelicy, 7 such thaty(7) < oo.

Proof. The fact that the Markov chain generated under any nongdiwlicy is uniformizable is
trivial since the transition rate out of each state is bodndehus, the average cost under a fixed
policy = in the continuous-time problem is the same as that in theeatis¢ime equivalent modulo

a multiplicative constant. Applyingd(1) to Definition2.2yields the result. .

The goal is to find a policyr* that will minimize the long run average holding cost per unit

time over an infinite planning horizon.

4.1 The Two-Station Model

Let N = 2 and let: andj represent the number of customers at stations 1 and 2, teghec
From this point, we assume that the service rate for eachnfigewable server is independent of
the station, in other wordgs,. ., = p,, for all » and/. Denote the server status (0 = failed, 1 =
operational) of the¢*" dedicated server at stations 1 and 2 and the reconfiguratvier s®/ ¢,, 7,

andd,, respectively. The (now simplified) state space is

X = {(17]7 S = (Cvnve))hv] € Z+7C - (Clv CQ? "'7(]\/11)777 = (77177727 "'777]\/12)7

0 = (917927 --'791\/17-)7C€ € {07 1}7775 € {07 1}795 € {07 1}}7

Without loss of generality, assume the uniformization rate= A\ + Zk,g{uk,e + age + Ore} +
YA+ ane+ B} = 1. Supposeér; (he) represents the holding cost rate per customer per unit
time for station 1 (2). The cost function when in state= (i, j, s) and choosing the allocation
actiona is ¢(x,a) = thy + jhs.

In order to ease notation, we define two operatorand R to encode the failure and repair
transitions. Thus, for failure transitiors (¢) := (¢1, (2, ..., = 0, ..., Car, ) @nd repair transitions

Ri(¢) :== ((1,Cs, -, ¢ = 1,...,Cary)- Furthermore, lek =,y >= > x;y; and1 be a vector of

12



all ones. For any real number € R, definea™ = max{0,a}; the positive part olz. Then,

min{a,b} = a — [a — b]T. Define the mappind/v(i, 7, (,n,0) from X to R as follows

M,
HU(’i,j, §7n70> = ZGZMT,Z mlﬂ{’U(Z - 17] + 17 C77]79>7U(i7.j - 17C77779)}

/=1
+u(t, 4,(,n,0) +w(t, j,¢,n,0)
=<0, p, > (v(i—1,7+1,¢(,n,0) = [w(i—1,5+1,(,n,0)—v(i,j —1,(,n,0)]")
+u(i,j, ¢ n,0) +w(i,j,¢n,0), (4.4)
whereuv(i, —1,¢,n,60) = v(i,0,¢,n,0) andv(—1, 5,¢,n,0) = v(0,5 — 1,¢, 1, 6),

u(,l:7j7 C)U?e) = )\,U(Z_l_ 17j7 C)U?e)

+ ZNLZCZU@ - 17] + 17 Ca 7, 9) + ZM2,ZU€U(i7j - 17 C77]7 0)
Y4 Y4

+<< 1_<7:u1 >+ < 1—7’],,U2>+< 1_9>:u7’>)v(2.7jv<77779)7

and

7’ .] C 777 Zalﬁv { j?FZ 7778)+ZOK2,ZU(i7J7C7F£(ﬁ)79)
¢
+ Z aT,fU<i7j7 Ca n, F€<9)) =+ Z ﬁl,gv(imj? RZ(C)u m, 9)
14 J4

+Zﬁzsz,CRz +vau<n,m<>>

Note thatu encodes external arrivals, service completions of deglicaérvers and dummy tran-
sitions whilew encodes the server failures and repair transitions. THewolg are called the
finite horizon optimality equation&HOE), discounted cost optimality equatioi3COE) and the

average cost optimality equatio(&COE), respectively.

Un,a('ia ja C) m, 9) - Zhl + ]h2 + aH'Un—l,oz(Z.a jv C) m, 9) (45)
Uoz('iaja Caﬁ»e) :Zhl +jh2+aH'Uoz(Z.ajv Caﬁ»e) (46)
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One might note that the optimaligssumehat all of the reconfigurable servers are to be allocated
to one station or the other; never divided between statidhs.first result states that in each case
the minimum in the optimality equations sufficient when diag the servers among stations is

possible.

Proposition 4.2 The minimums ir{4.5), (4.6) and (4.7) are sufficient to solve the more general

problem where servers can be divided among the two stations.

Proof. Consider the infinite horizon discounted cost model andnaflervers to be divided be-
tween stations. The DCOE become

M

a>7.7770: ' h h ( erka._L. 17770
va(i, 4,1, 0) kle{o,gl,gl,...zwr{l 1+ + o ; o b, okoU (0 j+1,¢mn,0)

M,

+ ZQZMT,Z(l - ]Cg)’Ua(i,j - 17 Ca m, 9) + U/(i,j, Ca 1, 0) + w<7;7.j7 Ca 1, 0))}7
/=1

wherew andu are as defined above ahgis the decision variable denoting where tHeserver is
assigned (to station 1 (1) or 2 (0)). A little algebra yields

a.7.777‘9: ] erkab_L. 17770
Vo (i, 7,C, 1, 0) kée{ovggglw%{az ety ikeva(i — 1,5 +1,(,n,0)

-+ QZGZMTl(l - ]W)Ua(i?.j - 17 C77]79)}

+ihy + jho + ou(i, j,¢,n, 0) + aw(i, j, (0, 0)

kfe{071}7£:17~--M7‘

M,
= min {azefﬂr,fkf[va(i_ 17j+17C7n7‘9)_rUa(7;7.j - 17C7n70)]}
/=1

M,

+ aze&unéva(iaj - 17 Cﬂ% 9) + 'th +]h2 + QU(iaja Ca 7, 9) + Oé’LU(i,j, Ca 7, 9)
(=1

Now notice thatifv(i — 1,7 + 1,(,n,0) —v(i,j — 1,(,n,0) > (<) 0 indicates whether all of the
k. should be set to 0 or B{andy, , are non-negative for all). In other words, all servers should

be assigned to one station or the other as desired. The atbes are similar. .
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It is well-known that a solution to4(5) exists and satisfies, , = V,, .. In (4.6), if a solutionv,,
exists it is such that, = V,,. In (4.7), it is also well-known (at least when all states commurat
that if a solution,(g, ), to the ACOE exists thep = ¢*(x) for all z € X andh is called the
relative value function (see for example Puterma(j). We next show the existence of solutions
to the DCOE and ACOE under certain assumptions. We alsosidbe convergence of the value
iterates under both the discounted and average cost aritbiote that this implies a method for
approximating solutions. We then use value iteration tov@rihe existence of optimal transition
monotone policies.

Since the holding costs are non-negative and linear and #reronly two actions available for
each state, Propositigh3follows directly from Proposition 9.17 ofL[)].

Proposition 4.3 For eacha € (0, 1), the discounted cost optimality equatiqdss) have a unique

solutionv} andv}, = lim,,_.o vy 4.
Proposition 4.4 Suppose that < \* andz € X, the following hold:

1. The optimal average cost may be computed by

= lim(1 — )V, or =
g =1m(1 — a)Va(z) g= lim —

2. Letz € X be a distinguished state arid,(z) < oo for a € (0,1). There exists a limit
functioni(x) of h,,, (z) =V, (x) — V4, (2), wherea,, T 1 (see Definition 7.2.2 off3]).

3. The average cost optimality equatig@ds?) have the solutiorig, h) whereg and /. are de-

fined in parts 1 and 2.

Proof: Recall from Propositiort.1 that there exists a Markov randomized policy that has finite
average cost, say, < oo. Since the cost function is linear in the the queue lengtbi that
{(i,7) | e((i,7),a) = ihy + jhe < J,} is a finite set. According to Proposition 4.3 &7 the
assumptions of Theorem 7.2.3 (including the postulatetefieiss of/, (2)), Proposition 7.2.4 and
Theorem 7.4.3 of43] hold. Applying these theorems directly and noting thatitheducibility of

the state space implies that all states are recurrent When* yields the desired results. =
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4.2 Optimality of Transition Monotone Policies in Two Station Networks

In this section, we extend the results on transition mor®tpolicies of P§ to systems with
dedicated servers at station 2 and external arrivals uheediscounted and average cost criteria.
Throughout the section assumg = 0. Note from @.5) that it is optimal to allocate all available
reconfigurable servers to station 1 (2pif ,(: — 1,7+ 1,(,1,0) < (>) vmali,j —1,(,n,0).

Definition 4.5 We say that a policy is transition monotone (cfL4] 16]) if for any fixed state
(1,5, Cm,0), Vo (i, 5 — 1,61, 0) < Opali — 1,5+ 1,¢,m,0) impliesv,, o (i, +k—1,¢,1,0) <
Uma(i— 1,4+ k+1,(,n,0)forall £ > 0. In other words, if it is optimal in staté, j, (,n, ) to
allocate the reconfigurable servers to station 2, it is ojatito allocate the reconfigurable servers
to station 2 for all stateséi, 5', (,n, 0), wherej’ > j.

In the next theorem we show the existence of optimal tramsithonotone policies for each
m—stage problem. We then apply Propositigh8 and4.4 to get that the same property holds
under the infinite horizon discounted or average cost @itay taking the appropriate limits.

Theorem 4.6 Suppose < \*andM; = 0 (no dedicated server at station 1). For &l 7, (,7,0) €
X, a € (0,1] andm € Z™*, the following holds:

1. vma(i, 4, ¢, n, 0) is non-decreasing in;
2' Um,a(i_l,j+2, Cv n, 9) _Um,oc(ivja Cv n, 9) Z 'Um@(l.—l,j—kl, Cv m, 9) _Um,oc(i7j_17 Ca n, 9)

Proof: By induction. The results hold trivially fom = 0. Assume that they hold forn and
considenn + 1. To show that the first assertion holds, (&tj, ¢, n, 0) € X. A little algebra yields

Umt1,a(t,J +1,(,1,0) = Viy1,a(i, 4, (0, 0)
=ho+a <0, > min{v, (i —1,74+2,(,1,0), vma(i, j,¢,n,0)}
—min{vna(i — 1,5 +1,(,1,0), vmali, j — 1,1, 60)}]
+ afuma(i, j +1,0,1,0) = umali, §,¢,n,0)]

+ afwma(i, 7+ 1,(,1,0) — wma(i, 7, ¢, n, 0)]. (4.8)
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Sinceu,, , andw,, , are positive linear combinations of, ., the induction hypothesis yields that

they are non-decreasing jn Moreover,
min{vm,a(i - ]-7] + 2a C) 777 9)7 'Um,oz(z.a ja C) 777 9)}

Z min{vm,a(i - 1)] + 17 <7n79)7vm,a(iaj - 17Cana9)}

since the induction hypothesis yields (i — 1,5 + 2,(,n,0) > v,(i — 1,5+ 1,(,n,6) and
Um,a (i, 7,0, 0) > v a(i, 5 —1,¢,m, 8). This completes the proof of the first assertion.

To prove the second assertion, note
Umit,a(t = 1,74+ 2,¢,0,0) = Umali, J,¢,m,0)
=2hy —h1+a<0,u, > (min{vm,a(i —2,7+3,(,1,0),0ma(i — 1,7+ 1,(,n,0)}
—min{vya(i = 1,7+ 1,(7,0), vmalisj = 1,(,1.0)})
+ afuma(i = 1,7 4+2,¢,,0) = tma(i, 4, ¢, 1, 0)]

+ a[wm,a<i - 17] + 27 Cu m, 0) - wm@(i,j, Cu m, 0)]7 (49)

and
Umt1a(t = 1,7+ 1,0,n0,0) = vpy1a(i j — 1,0,m,0)
=2hy —hy +a <0, p, > (min{vga(i — 2,5 +2,,1,0), vma(i —1,5,(,n,0)}

— min{vna(i = 1,5,¢,0.0), Umali,j —2,¢,0.0)})

+afuma(i = 1,5+ 1,6,1,0) = umal(i,j —1,,n,0)]

+ afwna(i—1,7+1,(,n,0) —wna(i,7 —1,(,n,0)]. (4.10)

By the induction hypothesis, it is straightforward that, (i—1, j+2, ¢, 7, 0)—tm o (4, 7, ¢, m, 0) >

Um,a(t=1,741,¢,1,0) =t a(i, j—=1,¢,n,0) @andwp, o (i—1,j42,¢,1,0) —wm (i, 5, ¢, 1, 0) =

Wnalt—1,74+1,(,1,0) —wna(i,j—1,(,n,0) forall j > 1 because.,, , andw,, , are positive

linear combinations of”".
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If j = 1 and there is a service completion at station 2, we need to showi — 1,2, (,n, 6) —
VUma(1,0,0,m,0) > v o (i —1,1,(,1,0) —vm.a(i,0,(,n, 8) since they are part of the expansion of
Uma(i—1,3,(,1,0) —tma(i, 1,(n, 0) andu,, (i —1,2,(,n, 0) —unm.o (2,0, (, 0, 0), respectively.
However, this follows from the first assertion of the theor@tneady proven).

Consider now the terms involving minimums:
min{v, o (i — 2,5+ 3,(,1,0), vma(i— 1,5+ 1,(,n,0)}
—min{v, (0 — 1,7+ 1,(,1,0),vmalt,7 —1,(,n,0)}
— Upali = 2,5 43,,0,0) — vmali — 1,54+ 1,¢,1,0)

- [Um,a(i - 27] + 37 C77]70) - Um,a(i - 17] + 17 C77]70)]+

+ [Vt — 1,5+ 1,(,1,0) — vmali, j—1,¢,m,0)]" (4.11)
and
min{ v, o (i — 2,5 +2,(,1,0), vma(i —1,5,(,n,6)}
— min{vpa(i = 1,5,¢,1,0), vmali, j — 2,¢,7,60)}
= Uma(l —2,j+2,(,n,0) —vma(i—1,75,(,n,0)
— [Vmal(i = 2,7 +2,6,1,0) = vmali = 1,5,¢,n,0)]
+ [Vt —1,5,C,1,0) — vimali, 7 —2,¢,m,0)] . (4.12)
Definez~ = min{0,z} for all z € R (note that this imot the negative part). Note that

for A, B,C,D € R, A > CandB > D, impliesA — A" + B* > C — C* + D*. Indeed
A-—AT+B*">C—-Ct+Bt*>C—-Ct+ D,

LetA=v,0(1—2,74+3,(,n,0) —vma(i—1,7+1,(,n,0), B=vy,.(i—1,j+1,(,n,0)—
Uma(t, ] — 1,(,n,0), C = vpa(i — 2,5 +2,(,n,0) — Unali — 1,5,(,n,0), D = vy4(i —
1,7,(,n,0) — vima(i,j —2,¢,n,0). The fact thatd > C andB > D follows from the induction
hypothesis. The previous argument implié¢gs- A* + BT > C' — C* + D*. Thus the second
assertion holds for stage + 1 and the proof of the theorem is complete. n

This leads to the following structural result; the main ttezo of this section.
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Theorem 4.7 Suppose\ < \* and M; = 0 (no dedicated server at station 1), the following hold
1. There exists a transition monotone policy that is infihideizon discounted cost optimal.

2. There exists a transition monotone policy that is averaggt optimal.

Proof. First note that by taking the limit asa — oo in statement 2 of Theoreh 6 we have

Uoc(i - 17] + 27(?”79) - Ua(i7jagvn79) Z Uoc(i - 17] + 17(77779) - 'Ua(imj - 17 Cﬂ%e) (413)

If we next take the limit along a subsequenge? 1 in (4.13, statement 2 of Propositioh4 and
(4.13 yield

h(’L - 17] + 27(?”79) - h(l7]7C7n79) > h(l - 17] + 17 Cvnae) - h('La] - 17(77779)7 (414)

whereh satisfies the ACOE on recurrent states of the optimal policy.

Recall that it is infinite horizon discounted cost optimaatimcate all available reconfigurable
servers to station 1 (2) in state j,(,n,0) if v,(i — 1,74+ 1,(,n,0) < (>)va(i,5 — 1,(,n,0).
Thus, if it is optimal to allocate the reconfigurable serverstation 2 in staté¢i, j,(, n, 6), then
(4.13 implies it is optimal to allocate all of the resources tdista2 for all (i, j + k, , n, 0) where
k > 0. Similarly for the average cost case. .

Theorem4.7 implies the existence of a threshold functibuy, ¢, n, §), where for any state
(1,7,¢,m,0) € X, allocating all reconfigurable servers to the second stasioptimal if and only
if 5 > L(¢,¢,n,0). This simplifies considerably the search for an optimalatmn policy (see
Section 8.5.6 0ff0]). Moreover, only the curvé& needs to be stored in the lookup table as opposed
to actions for every state.

We conclude this section with a remark on the system witha#dd servers at the upstream
station. To complete the proof of Theoreft6 in systems with dedicated servers at station 1,
the additional boundary condition would requirg(0,j + 2,(,n,0) — v (0,7 + 1,(,n,0) >
(0,74 1,¢,n,0)—v(0,74,(,n,0) forall j andm. Thatis to saw?*(0, j, ¢, n, 0) is convex inj.
However, sufficient conditions for the convexity @f (0, 7, (,n,0) in j remain unclear. Consider
the following example.

Example 4.8
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Suppose there are two stations with two reconfigurable seared two dedicated servers at each
station. As an approximation, assume a fixed buffer capadi0 before each station and an
external arrival rate\ < 0.5)\*. Suppose; = 1; hy = 3; 11 = o = 7, flag = fa2 = 10;

a;r = 04; a0 =0.1; 6y =6; B =03, u =5, . =0.1; 5, =03and\ = 7. Let: =9,
j=10,¢ ={1,1},n = {0,0},andd = {0,0}. Thenh(i,j+1,¢,n,0)—2h(i,,(,n,0)+h(i, j—
1,¢,n,0) =~ —0.006. That is to say thak is not convex inj at (i, j, (,n,0).

We note the non-convexity exhibited in Exampgl&is not pathological. Other examples in the
literature can be found inlp] and [27]. Even within the example there were several other states
that exhibited non-convexity. Of course this does not inthht optimal policies are not transition
monotone. Quite the contrary, our numerical work suggéststhere exists an optimal transition

monotone policy whed/; > 0.

5 Heuristic Allocation Policies

We have shown the existence of optimal transition monoteseurce allocation policies in a two-
station system. This simplifies the search for an optimalcpand the implementation of this
policy for small problems. However, finding an average cgdtneal policy (or even structural
results) for anV —station system is still intractable. In this section, we tigetwo-station solution
to develop an easily implementable heuristic. As we will, segerforms well when compared to
several heuristics currently in practice.

Instead of solving the resource allocation problem for thel system, ouffwo-pairing
heuristics reduce the computation effort by looking at amg stations at a time. For simplic-
ity, suppose we start with the first two stations and the ogitiftwo-station) policy is to allocate
all of the resources to the first station. The heuristic it this advice, allocate the resources
to station 1 and stop. On the other hand, if the optimal paitycates the resources to the second
station, the heuristic considers an optimal policy for tstation model that consists of the second
and third station. This process continues until we reacHastestation. A formal description of
these Two-pairing algorithms follows:

Two-pairing Upstream (TPU) [ or Two-pairing Downstream (TPD)]: In a system withV sta-

tions:
e (1) Initialization.
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a. For each positive integéf > n > 1, consider the two-station sub-system that has only
the reconfigurable resources and statior@dn + 1 of the original system. Assume
that the sub-system and the original system have the sawvieesefilure, repair and
external arrival rates. Find the optimal resource all@rapolicy of each sub-system

and store the optimal policy in a lookup tahki&:.

b. Setn = 1 [for TPD: letn = N — 1].

e (2) Station Evaluation. Suppose the current state(qi, g2, ..., gn, (M1.1, ooy MM, )y oo

(mN,la ---7mN,MN>7 (mT,17 LS m7"7Mr>> S S.

a. Lets' = (¢n, Gnr1, (M1, ooy My ary,), (M1 1, - mn+1,Mn+1)a (M1, ..., mpag,)). Find
the optimal two-station action for statein the lookup tabler™*(s').

b. If the optimal two-station action in (2)a is to allocate tteconfigurable server at the
upstream ffor TPD: downstrearhstation, then go to step (3). Otherwise, go to step
(2)c.

C. fn=N—1[forTPD: If n = 1], then letn = N [ for TPD: letn = 0] and go to step
(3). Otherwise, letr = n + 1 [ for TPD: letn = n — 1] and go to step (2)a.

e (3) Allocation. Allocate the reconfigurable server to siati [ for TPD: stationn + 1].

One might observe that TPU and TPD choose the allocatiorcoffegurable resources without
considering non-adjacent stations. We next define a familywo-pairing heuristics that alleviate
this concern.

General Two-pairing heuristics: In a system withV stations:

e (1) Initialization.

a. For each positive integer € {1,2,..., N} andn’ € {n + 1,..., N} consider a two-
station system that has only the reconfigurable resouragstations: andn’ of the
original system. Assume that the two-station system anatigénal system have the
same service, failure, repair and external arrival ratesl #he optimal resource alloca-

tion policies of each two-station system and store the agdtpolicy in a lookup table

ﬂ.n,n’

b. LetL be anN x N matrix andL, ; be the(i, j)"" element ofL. Initialize L = 0.
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c. Letn = 1.

e (2) Station Evaluation. Suppose the current state(qi, ¢a, ..., gn, (M1.1, «-os M Ay ), oo

(mN,la '--7mN,MN)7 (mr’,lv sy mﬁMr)) €8S.

a. Foreach’ € {n+1,...,N}, lets" = (qn, Gu, (Mp1, s M ar, ) (M2 15 oo, M a1, ),

(my1,...,mraz)). Find the optimal two-station action for statein the lookup table

,n.n,n’

b. Ifthe suggested action in (2)a is to allocate the recordigle servers at the downstream
station, let.,, ,, = 0 andL,, ,, = 1. Otherwise L, ,, = 1 andL,, ,, = 0.

c. Ifn =N — 1, continue. Otherwise; = n + 1 and go to step (2)a.

e (3) Station Weights. Step (2) yields pairwise compariscgtsvben any two stations and
n'. Definef,, . (h,, h,/,n' —n) to be a set of weight functions calculated from holdingsgost
h and the distance betweerandn’. LetY,, = Zﬁzl Ly, v frop (B b, 0" —n). Y, is called

the weight associated with station n.

e (4) Allocation. Allocate the reconfigurable server to aistatvith the heaviest weight.

The general two-pairing heuristics deserve more commené. pairwise comparisons of the
second step describe which stations dominate when coesi@dsrtwo-station models. This infor-
mation is stored in the matrik. Each station is then weighted based on the holding cost aaie
the distance between two stations by the (decision-malesifggd) functionf. Of course using
different weight functions causes the heuristic family emgrate different policies. Moreover, it
should be clear that TPU and TPD are special cases of gemgrgddiring heuristics. In Section
6.3we examine several choices of the functifirin the next section we provide the details of our

numerical study comparing each of the heuristics along setleral from the literature.

6 Simulation Description and Results

In this section, we analyze the performance of the heumstiicies in a four stage serial line with
the buffer capacity before each station fixed at 30. Eaclostet equipped with two identical ded-

icated servers. There are two additional reconfigurablesgthat can be allocated to any station
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without setup time or costs. In such systems, 20 differerdrpaters are required to describe the
model.

If for each of the twenty parameters required to describeykstem we considered two values, a
complete design would requigd’ > 10° combinations. For each combination, we are required to
solve several Markov decision processes with computdtzomaplexity of2|S|? in each iteration
([20], section 4.5, p.93), wherg5| denotes the number of different states. In each two station
subsystem of this modellS| equals to31% x 2¢ = 61,504. This design is intractable. Thus, in
order to efficiently conduct a simulation study, we use ranigayenerated system parameters. We
also restrict the range of each parameter to ensure thanalle systems are chosen for simulation
evaluation. Let/(0, 1) be a uniform (0,1) random number. The algorithm that is usegeherate

system parameters works as follows:

e hy,ha, hy, hy: randomly choose froni1,2,3,4

® i1, [lo, i3, L4, ft: TANdomly choose from5,6,7,8,9,10. This ensures that the system is not
extremely asymmetric, which is reasonable for most manufexg systems. Meanwhile,
sufficiently large arrival and service rates also help touemshat the simulation collects
enough data within a fixed time period.

o (1,9, a3, (ay, . choose fron.5 - U(0, 1). This assumption makes service ratedailure

rates; a common characteristic in most systems.

e 31, 02, 33, Bs, B-: randomly chooses, 7o, 3, 74, @nd-y, from {3, 7,11, 15,19}, and lets; =
a; X ;. This forces a server's expected failure time to be equal fo -, &, or 5= of the
total expected time from repair to repair. In other wordg é&xpected long term average
server reliability is in(0.75,0.95).

e ). Use the previously generated parameters to obtain thenapsolution\* of LP(1).
Then, letA = (0.6 + 0.4 - U(0,1))A\*. The generated arrival rate allows us to focus on

systems with medium to high utilization ; which is realistianany manufacturing systems.

In each simulation run, the first 500 units of time are deerhedwarm-up” period; no statis-
tics are collected. After the warm-up period, system gtatigre collected for 5,000 units of time.
According to the simulation run length and the system patangeneration algorithm there are
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on average between 28,125 and 128,760 external arrivaloowever, in 91% of the generated

systems, there were between 50,000 and 100,000 exterivalsir

6.1 Comparison with Several Heuristics in Practice

Before introducing the simulation results, we first list ffadicies that we compared to TPU and
TPD:

e Upstream First Heuristic (UPF): Allocate the reconfigueal®@sources to the furthest up-
stream station which is non-empty. This heuristic is simitespirit to the “bucket brigade”
policies in Bartholdi et. ald] and [9], except we include the presence of dedicated servers.
Bartholdi et. al 8] show that this heuristic has higher throughput than otherenit industry

practices. Of course they do not consider dedicated seoveexver reliability.

e Downstream First Heuristic (DTF): Allocate the reconfigalearesources to the furthest
downstream station that is non-empty. This heuristic isilamio the expedite heuristic

in [26], except for the presence of dedicated servers.

e Trouble Shooting Heuristic (TRS): Allocate the reconfiduesservers to the furthest down-
stream station when there is no machine failure in the systaifrthat station is non-empty.
If there is a machine failure in a station and the station isemapty, use the reconfigurable
servers at that station to compensate for the capacitylidkere are several servers failed in
the system, use the reconfigurable servers at the downsstesions when the downstream

station with the failed server is not emptyq.

e Timed Generalized Round-Robin Policy 1 (RR1): Reconfigleralervers stay at station
for d,, time units and then move to the next station. When the busfempty at statiom
before thed,, time units are finished, the reconfigurable servers moveaméxt station to
prevent idling. In the timed generalized round-robin pplic we assume thaz,iv:l d, =

%.1 As previously noted, in systems with reliability consideras, optimal throughput

Yn [5], a small value onfj:l d,, is suggested to reduce the average holding costs. Howevexteemely small

Zf:[:l dy, is not practical in many manufacturing systems. We mentere thatzgzl dn = % does not improve the

average holding costs much ovel"_. d,, = 2. On average the difference was less théhn
n=1 oW
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rates can be achieved by timed generalized round-robigipslivhen buffers have infinite

capacity p].

e Timed Generalized Round-Robin Policy 2 (RR2): This polisythe same as the Timed

Generalized Round-Robin Policy 1, except that we assEﬁ(:e1 d, = 3—0

e Two-Pairing Downstream (TPD): Since TPD is similar to TP &an be simulated without

additional calculation, we include TPD in our study.

In each simulation, we use common random numbers to redeceatiance of simulation re-
sults between policies. For each policy, we use the same@nmamilimber sequences to generate
the next server failure and repair times. We also use comarmiom number sequences to gener-
ate the service time of each job. Using common random nundagresices should provide better
accuracy in comparing different policies.

For each interval of utilizationg, [0.6,0.7),[0.7,0.8),[0.8,0.9), and[0.9,1.0), we simulate
100 different sets of system parameters. For each set afraygarameters, we run sufficient
replications such that 95% confidence intervals have widds ithan 5% of the corresponding
sample mean. This required 30 replications for 389 systemd$8 replications for the remaining
11. In order to facilitate understanding of the simulatiesuits, we list a complete set of simulation

outputs for one example system.
Example 6.1
e |Input Parameters:

— Holding cost rates at each statiq, hs, hs, hy) = (2, 3,4, 2),

— Service rates of dedicated servers at each statjonus, us, ig) = (10,5,9,8),

— Failure rates of dedicated servers at each station:as, as, ay) = (0.450,0.492,0.280, 0.023),
— Repair rates of dedicated servers at each statings, 53, 51) = (4.953,7.378,0.839, 0.248),
— Service, failure, and repair rates of the reconfigurabhesser (i, «.., 5,) = (9,0.443,3.103),

— Arrival rate: A = 16.18.

e Simulation results of the first replication:
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A =17.764, p = A/A\* = 0.911,

Average Holding Costs: TPU = 62.20, TPD = 163.31, UPF = 23108[F = 205.68, TRS
=148.14, RR1 = 139.66, RR2 = 145.75,

Average Throughput Rates of each policy: TPU = 16.11, TPD £894JPF = 14.24, DTF
=14.89, TRS =10.86, RR1 =15.71, RR2 = 15.59,

Average Buffer level before each station: see Tdble

BUFFER LOCATION TPU TPD UPF DTF TRS RR1 RR2
Before Station 1 5.88 16.42 18.39 16.76 26.93 10.46 11.24
Before Station 2 10.36 21.33 22.35 23.07 27.90 16.14 16.95
Before Station 3 2.50 4.62 23.63 13.83 1.92 12.63 13.08
Before Station 4 4.67 23.98 16.76 23.80 1.46 9.91 10.05

Table 1: Average buffer level under different policies

e Average of the 30 replications withb% confidence intervals:

Average holding costs of each policy: TPU = 62:670.85, TPD = 163.08- 1.63, UPF =
230.11+ 1.13, DTF = 230.94t 2.07, TRS = 148.1% 0.15, RR1 =138.12 2.02, RR2 =
145.60+ 1.74,

Average throughput rates of each policy: TPU = 16.108.019 , TPD = 14.59& 0.057,
UPF = 14.244+ 0.050, DTF = 14.879% 0.042, TRS = 10.862Z 0.015, RR1 = 15.70%
0.038, RR2 =15.586- 0.037,

Normalized average performance (Average holding costgtamodighput rates are normal-
ized to the results of TPU): Tabie

TPU TPD UPF DTF TRS RR1 RR2
Normalized Average Holding Costs 1 2.63 3.71 3.29 2.39 2.23 2.35
Normalized Average Throughput Rates 1 0.91 0.88 0.92 0.67 0.98 0.97

Table 2: Normalized average performance of the examplesyst

From the previous example, we make several observatiorst, ffie TPU heuristic can detect

potential starvation (and blocking) and reallocate WIP tevpnt it. WIP reallocation reduces
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the probability of starving or blocking and improves averaystem throughput rates. Second,
although the RR1 and RR2 heuristics do not perform well utfteeaverage holding cost criterion,
they can still prevent starving and blocking and performselto the TPU heuristic in average
throughput. Third, intuition does not always work in resmugallocation problems. An example
is the throughput rate of UPF. Since external arrivals as¢ \When the first buffer is full, one
might think that the UPF heuristic should reduce the numibéosi customers and improve the
throughput rates. However, this is not the case. We belieigeis due to the fact that the UPF
heuristic increases the probability of blocking. This a¢spves to increase the average holding
costs.

A summary of the simulation results of the 400 randomly gateel systems are presented in
several tables/figures. In Figu2éa), we plot the average holding costs as a percentage of the uppe
boundU, = 30 - Zizl hi. Whenp > 0.8, the average holding costs of policies TPD, UPF, DTF,
and TRS did not grow with. This is intuitive since blocking and starving occurs maegtiently
at higher utilizations. On the contrary, TPU and the roumloiir policies lose fewer arrivals and
have higher throughput rates wheris increased. The increase in throughput rates causes the
increase in holding costs.

The TPU heuristic reduced holding costs by more than 25% ice#kgories. Since the maxi-
mum holding costs are bounded above hywe note that the impact of better resource allocation
policies is less significant in normalized costs when 0.9. Compared to DTF, TRS, RR1, and
RR2, TPU performs best in normalized holding costs when yilsees utilization is between 0.7
and 0.9.

Average Holding Costs v.s. Utilization Throughput Rates v.s. Utilization
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Figure 2: Varying Utilization (Exponential Service Times)
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We also noticed that RR1 performs better than RR2 in averagealized holding costs. This
is similar to the results in Section 5.3 &f|[ This result also suggests that minimizing the time of
each cycle in a timed generalized round-robin policy yiétsger holding costs.

In Figure2(a)the improvement of TPU for the average holding cost is notgrgfgcant when
utilization is greater than 0.9. Figugb) shows that the improvement for the average throughput
rate is more significant when the utilization is higher. Im&ocases (although not on average),
the improvement is more than 30%. The increase in througtgbetboosts the utilization of all
stations and servers.

In Figure 2(b) the average throughput rate of each policy is plotted as eeptage of the
external arrival rate. Categorized by utilization, oneldbdmote that TPU effectively prevents loss
of external arrivals when utilization is high.

According to p], timed generalized round-robin policies can achieverogtithroughput rates
when the buffers have infinite capacity. Our simulation gtadnfirms similar results in finite
buffer systems. The throughput rates of timed generali@edd-robin policies are only marginally
less than TPU in most cases when the time between two “rousdshall. One should also note
when the utilization is in the region6,.7), the difference in the throughput between TPU and
the first round-robin policy is negligible. In this regiormet finite state approximation closely
approximates the infinite state system.

So far, we have studied the average performance of eachypdticaddition to the average
improvement over the 400 simulated systems, we are als@sgtezl in whether TPU is a superior
policy in each individual system. We use the statisticalhods in Chapter 12 of7] to study
whether TPU is statistically better in each evaluated sysw/ith 95% confidencepfvalue< .05)
the summary of the results is displayed (as percentageshie 3.

According to Table3 TPU does at least as well as any other single policy in mone #7856 of
the tested systems. When TPU is not superior to other psjigie can usually find strong intuition.
For example, wheh, = 1, hy = 1, h3 = 1, hy = 4, TPU may allocate the reconfigurable server to
the first three stations and ignore the significantly higledimg cost at station 4.

The throughput rates of each evaluated system are alsadndily analyzed. With 95% con-
fidence p-value < .05), we test whether TPU has higher average throughput radestkie other
five policies. The results, categorized by system utilaatare displayed (as percentages) in Table
4,
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COMPARE TO THE TWO-PAIRING DOWNSTREAM UTILIZATION TPD UPF DTF TRS RR1 RR2
0.9-1.0 93 99 95 95 93 94
# of systems where TPU is superior 0.8-0.9 96 100 100 98 88 91
0.7-0.8 92 100 95 99 92 93
0.6-0.7 92 100 94 92 85 91
0.9-1.0 7 1 5 5 6 6
# of systems where TPU is inferior 0.8-0.9 3 0 0 1 10 9
0.7-0.8 7 0 5 0 7 7
0.6-0.7 8 0 6 8 14 6
0.9-1.0 0 0 0 0 1 0
# of systems where the difference are 0.8-0.9 1 0 0 1 2 0
indistinguishable 0.7-0.8 1 0 0 1 1 0
0.6-0.7 0 0 0 0 1 3

Table 3: Significance of holding cost difference in indivadlgystems

COMPARE TO THE TWO-PAIRING UPSTREAM UTILIZATION TPD UPF DTF TRS RR1 RR2
0.9-1.0 95 100 99 100 90 94
# of systems where TPU is superior 0.8-0.9 97 100 99 100 92 93
0.7-0.8 90 100 91 100 87 89
0.6-0.7 76 97 70 4l 59 63
0.9-1.0 5 0 1 0 9 6
# of systems where TPU is inferior 0.8-0.9 2 0 0 0 7 5
0.7-0.8 1 0 1 0 2 3
0.6-0.7 1 0 1 0 0 0
0.9-1.0 0 0 0 0 1 0
# of systems where the difference are 0.8-0.9 1 0 1 0 1 2
indistinguishable 0.7-0.8 9 0 8 0 1 8
0.6-0.7 23 3 29 29 41 37

Table 4: Significance of throughput rate difference in imndlisal systems

For any studied range of system utilization the TPU heuristiat least as good as any other
single policy in more tha®1% of the tested systems. When system utilization is betwegn
and0.7, almost identical throughput rates are observed underfté DTF, TRS, RR1, and RR2
policies (Figure2(b)). The buffers are rarely full under those policies and onfgva arrivals are
lost.

We conclude this section with the observation that in spitthe fact that the TPU heuristic
is developed under the assumption that servers can codiesb(work together on the same job),
even in cases when this assumption does not hold it perfouites\gell. Suppose now that servers
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SERVER COLLABORATION TPU TPD UPF DTF TRS RR1 RR2
Non-collaborative 1 2.206 2.798 2.657 1.978 1.349 1.645
Collaborative 1 3.464 4.301 3.102 3.014 1.530 1.817

Table 5: Average normalized inventory holding costs: witld svithout server collaboration

SERVER COLLABORATION TPU TPD UPF DTF TRS RR1 RR2
Non-collaborative 1 0.897 0.859 0.878 0.943 0.998 0.988
Collaborative 1 0.923 0.863 0.941 0.921 0.990 0.979

Table 6: Average normalized throughput rates: with and auttserver collaboration

cannot collaborate. The service rate at each station isuitmeas the service rates of (available)
servers at that station that currently have work that canskagyaed to them (note that dedicated
servers are assigned to jobs first). The average normaliakling costs and throughput rates
of 100 systems are provided in Takileand Table6. Comparing to systems where servers can
collaborate, the performance improvement of TPU is lessfsignt but still outperforms all other
heuristics by at least 35% in average holding costs. Amoad @® randomly generated systems,
TPU has the lowest average holding cost rates among alldtiesrin 78 systems and highest
throughputrate in 63 systems. This result confirms the &ffmress of TPU when the collaboration

assumption is not valid.

6.2 Generally Distributed Service Times

In this section, we show the effectiveness of the two-pgihauristic in systems without the mem-
oryless property. Since only the exponential distributi@s the memoryless property, finding
optimal resource allocation policies using MDPs is not picatin many systems. A typical way
to alleviate this problem is to apply results from Markoveyrstems to non-Markovian systems.
For example, in inventory control problems, tf3e.S) policy that is derived using MDPs, has been
successfully applied to many systems that have non-Poissoion-discrete customer demand
processes. Similarly, we apply our two-pairing heurisfteveloped under the exponential service
time assumption) in systems with other service time distrdms. Our detailed numerical studies
show similar performance improvement.
We begin by assuming that the service time distribution temeinistic. In Figure3(a), the

average holding costs in 400 (newly generated) systemsfir golicy are plotted as a percentage
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of the upper bound/. = 30 - Eizl hy. Comparing to Figur&(a), we see that TPU performs
equally well under deterministic service times. In the higifization region p > 0.8), compared
to any other policies, TPU reduces the average normalizietingocost by at least 42%. When the
utilizationis low (0.6 < p < 0.7), the average normalized holding cost of RR1 is 18.6% mae th
that of TPU, which is a 10% improvement from that of the expdiaé case.

Average Holding Costs v.s. Utilization Throughput Rates v.s. Utilization
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(a) Bounded holding costs v. system utilization(b) Throughput rates / arrival rates v. Utilization

Figure 3: Varying Utilization (Deterministic Service Tis)e

If we compare Figure(a)with Figure3(a), we find that the improvement in holding costs is
almost unchanged under deterministic service times. Evenvhe utilization is highg > 0.9),
the average buffer levels of TPU are still only 20% of the buffapacity. Because buffers are
relatively empty, TPU should not be sensitive to manufacgvariations such as demand spikes or
machine failures. This ability to tolerate variance cdnites to the increased average throughput
rates plotted as a percentage of the external arrival raggure3(b).

As stated above, reduced buffer levels increase averageghput rates. When service times
are deterministic, the TPU heuristic performs equally welterms of average throughput rate.
The improvement in average normalized throughput ranges #.6% to 27.1%. This range of
improvement in average throughput rates is almost iddrtbdat of systems with exponentially
distributed service times.

To verify the performance improvement of TPU under servieeetdistributions with greater
variance, we conducted a smaller simulation study of 108oary generated systems wiiltt <
p < 1.0. For each of the 100 randomly generated systems, we let thieséime distribution be

first the gamma distribution with = 3 and second the truncated normal distribution with: 0.5.
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The truncated normal distribution is made symmetric. Fameple, if1/4 is the mean service

time, a random variable betweérand2/.. is accepted by the random-variate generator.

SERVICE TIME DISTRIBUTION TPU TPD UPF DTF TRS RR1 RR2
Gamma 1 3.682 4.885 3.249 2.926 1.496 1.632
Truncated normal 1 4.262 5.11 3.879 3.285 1.547 1.68

Table 7: Average normalized inventory holding costs in tB@ gystems

SERVICE TIME DISTRIBUTION TPU TPD UPF DTF TRS RR1 RR2
Gamma 1 0.924 0.846 0.936 0.926 0.991 0.983
Truncated normal 1 0.907 0.832 0.922 0.911 0.993 0.980

Table 8: Average normalized throughput rates in the 10@gyst

In Tables7 and8, the average normalized holding costs and throughputoétbs 100 systems
are provided. Note that TPU is still the best heuristic urstgh perfomance indices. When the
service times follow the gamma distribution, in 87 systemst (of 100), TPU has the lowest
average inventory holding costs; in 98 systems, TPU has iteest throughput rates. When
the service time distribution is truncated normal, TPU s tbp performing heuristic in average
holding costs and throughput rates in 83 and 96 systemsatrgply. This result confirms that the

relative performance of TPU is insensitive to the choicenefgervice time distribution.

6.3 Comparison Between TPU and Other General Two-pairing Heristics

In this section, we use simulation to compare TPU, TPD, amdraéweight functions in the two-
pairing heuristic family. As mentioned in Sectibndifferent weight functiong,, ,,» for the general
two-pairing heuristic generate different policies. We sidier 6 weight functions. The heuristic
policies generated are compared with TPU and TPD in 400 {ngererated) systems. The weight

functions are defined as follows (HF stands for “heuristiochion”):
o HF1: f, ,v(hyn, b, n' —n) = 1forall n,n', h,, h,.

o HF2: f,, o (hn, by, —n) = 1p_n<ay + 0.6 X 1y_pqy forall n, ', by, by (Wherely, is
the indicator function). HF2 gives higher weight to adjacgations.

o HF3: f,(hn, R, 0" —n) = h,, foralln,n’, hy,, hy,.
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o HF4: f,, ./ (hn, hl;,n" —n) = hy X 1gy_p<1y + 0.6h, X 1g_pnsqy forall n, n', by, by, HF4
gives higher weight to adjacent stations (based on the mpllhsts).

e HF5: f, v (hy, hl,,n' —n) = 10" for all n,n', h,, h,,. HF5 gives higher weight to down-

stream stations.

e HF6: f,, ./ (hy, h,,n'—n) = 107" for all n,n’, h,, h,,. HF6 gives higher weight to upstream

stations.

For brevity, the details of each simulated system are ntdisNormalized (to TPU) average
holding cost rates and throughput rates (the total numbseice completions at the last station
divided by the length of the simulation (5,000 after the 5@Gm-up period)), are summarized in
Table9. In addition, we give the number of systems that yield hadiosts or throughput rates

superior to TPU.

TPU TPD HF1 HF2 HF3 HF4 HF5 HF6

Average Holding Costs 1 3.16455 3.38441 3.290828 2.763799 2.760721 2.844213 4.990953
(Normalized to TPU)

Average Throughput Rate 1 0.923139 0.859389 0.879412 0.887469 | 0.909762 0.857001 0.860244
(Normalized to TPU)

Average Holding Costs < TPU - 1 1 4 2 5 1 0
Average Holding Costs < TPD 29 9 8 12 12 17 2
Throughput Rate > TPU - 3 3 2 4 0 2
Throughput Rate > TPD 27 7 8 8 4

Table 9: Comparison Between Heuristics

Note that TPU is better than each of the tested heuristiesring of average throughput rates.
Compared to any of the other policies, the average throughfriof TPU is improved between 1%
to 20%. However, compared to TPU, HF1 and HF2 reduce avemadel cost by 7% and 13%,
respectively. The general two-pairing idea was not fullplered, we chose what we believe to
be reasonable weight functions. For sets of system parasneteere TPU or TPD do not perform
well, we believe that identifying appropriate two-pairihguristics is a promising direction for

future research.

33



7 Conclusions

In this paper we have studied the optimal allocation of régonable resources in a serial line with
reliability considerations. When the number of stationgrisater than 2, computing an optimal
policy is computationally intractable. This is due to thdlvkmown “curse of dimensionality” that
limits the applicability of Markov decision processes. Tewate this problem, we introduced a
class of heuristics based on the two-station model thabped well under the average holding
cost criterion. Somewhat surprisingly, the same class bfips performs well under the average
throughput criterion despite the fact that the policiescieeloped for average holding costs.

In the special case when there are no dedicated servers fatstheation, we show the exis-
tence of optimal transition monotone policies in the twatisih model. Since several MDPs must
be solved to implement our heuristics, this stands to redueecomputational requirements by
allowing the decision-maker to restrict attention to a demnalet of policies.

We note that the numerical study was performed on a finite siggtem. However, the con-
ditions that guarantee throughput optimality in Sectioare for the infinite buffer system. The
heuristics discussed can be implemented in an infinite bejfstem. If the decision-maker would
like to guarantee throughput optimality, the heuristic banmplemented when the buffer levels
are not “too high” and could serve at the longest queue (réc&ll)) when the queue lengths

grow. In the systems studied in the numerical study, setting30 would suffice.
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