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Abstract

We consider a two-station tandem queueing system where customeesaacrding to a Poisson process
and must receive service at both stations before leaving the system. idgitue is equipped with dedicated
servers. Instead, we consider three scenarios for the fluctuatiovizrkfiorce level. In the first, a decision-
maker can increase and decrease the capacity as is deemed apprithEiategstrictedcase. In the other
two cases, workers arrive randomly and can be rejected or allocatédgostation. In one case the number
of workers can then be reduced (tbentrolled capacity reductiosase). In the other they leave randomly
(theuncontrolled capacity reductiooase). All servers are capable of working collaboratively on a single
job and can work at either station as long as they remain in the system. We skaghirscenario that all
workers should be allocated to one queue or the other (never split betyueeies) and that they should
serve exhaustively at one of the queues depending on the directioniméguality. This extends previous
studies on flexible systems to the case where the capacity varies over timeetWgdtw in the unrestricted
case that the optimal number of workers to have in the system is non-diegy@athe number of customers
in either queue.



1 Introduction

The use of an agile workforce is becoming more prevalent in the manufag@amd service sectors. Prac-
titioners would like to understand the benefits of cross-training to know whétiey exceed the costs. If
workers or machines can perform a variety of tasks, they may be re@itbtaalleviate areas of high con-
gestion. Most models, however, assume that the number of workerstdwadgredetermined. In many
practical situations it is often the case that the number of workers availati@asnic. For example, con-
sider a simple two cell factory where a company manufactures two produatyj B. Suppose some of the
workers have the primary tasks of manufacture and inspection of prédbat are also trained to perform
the same tasks for product B. A decision-maker monitors the workload efitive job shop and can decide
to reallocate some of the workers to either the manufacture or inspectionrpoirtivze product B line. This,

of course, reduces the capacity to produce A and can be costly to teensyEhree questions arise:
e Should cross-trained workers be assigned to work on product B?

e If they are to be assigned to product B, should they be allocated to the acéumef or inspection

station?
e How long should they remain working on the product B line?

We address these questions in three contexts; each from the point ob¥igwe product B line. The
first is called theunrestrictedcase where the decision-maker can increase or decrease capacaguoer
product B at any time. In the second model, workers become availablerrdyntbut may be released by
the decision-makegontrolled capacity reductiarin the final problem workers randomly become available
and randomly leave the systenmcontrolled capacity reductioriWe note that the decision-maker has less
and less control over the availability of cross-trained workers from theté the third problem.

To illustrate each problem, consider the availability of health care professi(aoctors, nurses, etc.) in
various hospital operations. It is standard practice for a nurse ¢todebo is currently assigned to work in
other care units, such as the intensive care unit (ICU) or the outpalirict to be called to the emergency
room (ER) or trauma center to handle higher priority patients and then eettortheir primary assignment
when the workload has subsided. This practice is called “jeopardy’mRhe perspective of the other
care units, the time between calls that take workers away and the time theyn@iosioer worker) become
available again can be modeled as random events; the uncontrolled capdaityion case. On the other

hand, since the ER and trauma center are usually the highest priority ftandfte most costly) operation



performed in a hospital, they can add and subtract workers as nebdadrestricted case. Finally, while
arrivals of workers may be random (from say the ER), it is often the daat some of these nurses are
released to work in the general rounds when not needed; the contraff@dity reduction case.

Each problem is considered under the infinite horizon discounted exbea$t and average expected
cost criteria. Since the average case is considered, we preseciestiffionditions for the stability of each
model. We then show the rather surprising result that the optimal allocatiory polimdependent” of the
decision to increase or decrease capacity in the sense that a rule aisaiogbe classieu—rule applies
(no matter how many workers are available). Once this assertion is madeoWigcision processes are
employed to prove that optimal policies in the unrestricted case are monotoreenariiber of customers
in each queue. This result is used to develop heuristics for each case.

Of particular relation to the present work is the work of Ahn et. al [2, 1gvehthe clearing system and
dynamic versions of this problem with a static number of servers are coedide each case, the authors
provide conditions under which the optimal policy is exhaustive in each staboenyas et al. [13] and
Iravani et al. [20], in parallel, consider a tandem queueing system wéfflexible server and characterize
the optimal policy to be a monotone switching curve. The control of a flexibkfarce in minimizing the
cycle time of each job is discussed in Van Oyen et al. [26]. Andradottir g8&alconsider the control of
flexible servers to maximize throughput when the service rate is additivedi & al. [21] consider two
interconnected queues with identical machines and derive sufficieditioms under which the policy that
prioritizes jobs in queue 1 minimizes the expected value of the first time that tteerslgecomes empty (i.e.,
the dynamic version of makespan). Other related works include the wotduaket brigades” by Bartholdi
and Eisenstein [5] and Bartholdi et al. [4, 6].

The scheduling of (temporary) workers in queueing systems is closelgdet@ the scheduling of a
removable server. Early work in this area considered the question of tetsehedule the server to be offline
and online (cf. [27] and [19]). The authors show the existence dfcblimits determining when the server
should be turned on and off. More recently, Feinberg and Kella [16jvahe optimality of “D-policies”
that turn the server off when the system empties and turn it back on whevotkbad reaches some level
D. There has also been a considerable amount of work on serviceordteldn queueing systems. Classic
models include the work of Crabill [10], where it is shown that the optimaliserrate is non-decreasing
in the number of customers in the system. More recent studies of serviamrdtel problems include the
work of Stidham and Weber [25] and George and Harrison [17]. &l ease, the authors consider models

analogous to our unrestricted case but with the cost function nonasegein the one-dimensional state.



No such representation holds here. Other related works include [IL4, 15

The rest of the paper is organized as follows. Section 2 contains forefiaittbns of the problems
considered and Markov decision process formulations. In the samerseetostate results leading to
the stability of the network and the existence of a solution to the average mrstatty equations. The
main results of the paper are contained in Sections 3 and 4; the optimality ohanstive policy in each
case and the monotone structure of an optimal policy in the unrestrictedSarse. examples displaying a
significant difference between the models are provided in Section 5. Ringrhisuristics are also introduced

and analyzed. We conclude the paper in Section 6.

2 Preliminariesand Mode Formulation

Consider a two station, tandem queueing system where customer arrivatgiom 1 follow a Poisson
process of rate. > 0. After receiving service at station 1, customers proceed immediately to statind
must receive service in order to leave the system. The service requirtanafi customers is exponential
with (finite) meansl /., and1/u9 for stations 1 and 2, respectively. Neither station is equipped with a
dedicated, permanent server. Instead, in the unrestricted case thermofmirkers may be increased or
decreased, while in the controlled or uncontrolled capacity reductiors vemekers arrive according to a
Poisson process at raték) > 0 when there aré workers currently in the system. In the uncontrolled
capacity reduction case, accepted workers are available for anengmdramount of time with rate.

Once the decision is made to increase the capacity, workers are immediaighedds a station. As-
sume that all workers are identical and able to work at rate 1 regardi¢ke station to which they are
assigned. Note that this along with the assumption that the service requirameertgoonentially distrib-
uted implies that the time to complete a job at statimexponential with ratg,;. Assume that customersin
service can be preempted to reallocate workers and that when more thaoder is working at a station
their rates are additive; servers cahlaborate on a single job. Let < oo represent the maximum number
of workers that can be in the system at any particular time or equivalentty 8¢ = 0 for k& > /.

Define h;, i = 1,2 to be the rate at which holding costs are accrued for each customer ah statio
andr (k) to be the (finite, real-valued) cost rate of haviagvorkers in the system. Intuitively, this is the
opportunity cost of having the workers allocated to this station instead ofnire smher part of the job
shop described in Section 1. We assume i@} = 0. At each customer arrival and departure time, the
decision-maker must decide how to allocate the flexible workers to each stétidime unrestricted case,

the decision-maker must decide how many workers to keep (or add) foothiag period. In the controlled
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capacity reduction case, the decision-maker can reduce the numberkarsvat any time, while in the

uncontrolled capacity reduction case it must wait for workers to leavéhdrcontrolled and uncontrolled
capacity reduction cases, workers can only be added when the apipodrises. A decision must then be
made if they should be rejected. In either case, workers that are regretéast forever.

For the remainder of the paper we differentiate the unrestricted, conteni@dincontrolled capacity
reduction cases with superscripfs C, and F', respectively. Unless otherwise specified, quantities without
superscripts have a common definition for each problem. In each scendeision rule sayd(z), is a
function that maps the state space to the set of potential actions (the actie). shaequence of decision
rules is called golicy and prescribes what action should be taken for each state at any jpartime.
Note that although we have defined policies to only cover those that ateMan, this set is sufficient to
guarantee the optimality over the larger set of non-anticipating policiesXVet Z+ x Zt andX® =
XF = XY x {0,1,...,¢} denote the respective state spaces of each problem, #heiethe set of non-
negative integers. The first two elements of the state space represeuatther of customers at each station
and the last element (K¢ andX*) is the number of workers available to be allocated to either station.
Let IT denote the set of non-anticipating, non-idling policies and suppose feedviic 1T andt > 0 that
Q7 (t),Q5(t) andZ™(t) represent the queue length processes for station 1 and 2 and numberkefs

available at time, respectively. Define

t
oFo(z) = By /O eI [hQT(s) + haQ(s) + (27 (s))]ds, 2.1)
la) = lim ofy(o), 22
p" () = limsup U?’Ot(x), (2.3)
t—o00

wheref > 0 is the discount factor. The equations (2.1), (2.2), (2.3) define the fioitiedn expected
discounted cost, the infinite horizon expected discounted cost, and theuorayerage expected cost,
respectively. In the finite horizon case, only the portion of the policyiregudor the time horizon is used.

In each case we define the optimal values

veo(x) = inf vjp(z), (2.4)
vo() = inf vj (@), (2.5)
p(z) = inf p"(2), (2.6)



where a policy that achieves the infimum of any of the respective critereeisidd optimal.

We will find it instructive to consider both the continuous-time problem preskand its discrete-time
analogue. In the discrete-time case assume uhdbrmizationin the spirit of Lippman [22] has been
applied so that the optimal discounted and average costs are scaledristantoThe optimal decisions are
unaffected. LeW = \ + maxyeqo1,.. a{a(k)} + £(max{u1, u2} + ) be the uniformization constant and
6= 9%1, be the scaled discount factor. Without loss of generality assumaitkat.

In order to simplify notation, for each decision-making scenariq; ket any real-valued function on the

respective state space. Define the following mappings for the unrestmicteel

}{U Sy . k \a(i 1.4
39(i,7) ke{r()r}ll?.,é}{r( )+ B(Ag(i +1,5)

+ Oggk{xmg((i “ O+ 1) + (b — 2)pagli, (G — 1))

1= Atz + (k—2)u2)lg(i, j)})},
for the uncontrolled capacity reduction model
HEg(i,j, k) = r(k) + B(Ag(i + 1,4, k) + vkg(i, j, k — 1)
+ a(k)min{g(i, j, k), 9(i, j, (k + 1) A £)}
+ min {apg((i = D)F, 5+ 1,k) + (k= 2)uag (i (= 17 F)

0<z<

+ 1= A+ ky+alk) +ap + (k= 2)u2)lg(i, 5, k)}),
and for the controlled capacity reduction model
Hg(i, 5. k) = min {r(m) +B(g(i +1,j,m)
+ a(m) min{g(i, j,m), g(i, j, (m + 1) A £)}
o min {zug((i =175+ 1,m) + (m —2)uzg (i, (G = 1), m)

+ L= (A +a(m) +zp + (m = x)u2)lg(i, j,m)})},

where in each case" represents the positive part@f These mappings represent the one-step cost associ-

ated with current workers, capacity increase/decrease decisiaha,tarminal cosy. In order to construct
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the optimal infinite horizon value functions let = 0 and define the following sets of equations,

Un,a(iy j, k) = iha + jhy + Hyva_15(i, 4, k) (2.7)
vg(i, j, k) = ihy + jho + Hfv(i, j, k) (2.8)
p4w(i,j, k) = ihy + jhe + H w(i, j, k), (2.9)

whereP = U, F, or,C.

The system of equations (2.7) are referred to as the finite horizon optimatigtiens (FHOE), (2.8)
the discounted cost optimality equations (DCOE) and (2.9) the averageptostlity equations (ACOE).
It is well-known that a solution to (2.7) is such that 5 is the optimal,3—discounted;—stage cost for
whichever problem is currently under consideration. Since the actiois §ieite, Proposition 1.7 of [7]
implies thatv,, 3 — v, a solution to the DCOE, as — oo. Moreover, a policy that achieves the minimum
in (2.7) ((2.8)) isn—stage cost (infinite horizon, discounted cost) optimal for the appropriateeimdhe
average cost case is a bit more subtle since the recurrence structioeeMdirkov process induced by each
policy must be considered. For the problems considered, when a salutiph of the ACOE (2.9) exists it
is such thap is the optimal cost (independent of the initial state) aria), called a relative value function,
is unigue up to an additive constant.

The first result states that the finite and infinite horizon discounted clost ftanctions are non-decreasing

in4andj. In order to ease notation, 1&g (i, j) = g(i+1,7) —g(i,j) andAg(i, 5) = g(4, j+1) —g(7, 5).
Lemma2.1 ”iﬂ andvg’ are non-decreasing in the number of customers in either queuk ferU, C, F.
Proof. We show the result for the unrestricted case. The other cases follow $ymilae n = 0 case is
trivial. Assume that it holds at — 1. Letd,, (i + 1, j) = (k’, ) be the optimal number of workers and the

number to place at station 1 when in stéite- 1, j) at timen. If we use the same decision in stéiej) we

have fori > 1
A 5(i,5) > hi + BAAWY_ i+ 1,5) + ' m A 5(i— 1,5+ 1)

+ (K = 2" ol g(6,5 — 1) + [L = (A + 2/ p1 + (K — 2")p2)] Al 5(i, 5)).

The inductive hypothesis and the non-negativityrpfimplies Aiv;{ﬁ(z‘,j) > 0. A similar argument holds

for i = 0 except that we idle the workers assigned to station 1 in the process starsitage(0, 7). Taking
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limits asn — oo yields the result in the infinite horizon case. "

The next result yields that the ACOE holds in states that are positiverestior the average optimal

policy. In Section 3 we provide results that allow us to identify the set of pesiécurrent states.

Proposition 2.2 Suppose that in the unrestricted or controlled capacity reduction modets ¢xéstsk™ €

A A * R . . 2
{0,1,...,¢} such thatm + 5 < k* or in the uncontrolled capacity reduction ca% + 45 <z

St (kpg), where

! I ~Lla(n) -
_ n=0
k=1

B Hﬁ;éa(n)

Pr = k!’yk Po, k:1,2,...,€.

In each case, the following hold
1. The optimal average cost may be computed bylimg; (1 — 3)vg(z) for anyz € X.

2. There exists a (bounded) limit pointx) = lim, .. wg,(z) = lim, . [vg, (z) — vg,(0)] such
that (p, w) satisfy the ACOE with the equality replaced with™, where vg(0) = vﬁU(O, 0) in the

unrestricted case and;(0) = minke{mwg}{vg’(o, 0,k)} forP =C,F.

3. Any policy, sayf, achieving the minimum on the right hand side of the above inequality is g&vera
cost optimal with average copt Moreover, the inequality is an equality at any state that is positive

recurrent under the Markov chain induced By

Proof. Lemma 2.1 yields thatg is non-decreasing in the number of customers in each queue. Moreover,
under the hypotheses of the proposition we have the existence of a palityinite average cost (see
the Appendix) so that the assumptions of Sennott [24, Proposition 7.2dl] Tibe result now follows by

applying Theorems 7.2.3 and 7.4.3 of [24]. "

The remainder of the paper is dedicated to proving Theorem 2.3 beloweshks on the allocation de-
cision hold for all three models, while the capacity decisions are for thestrioted model. In the latter, the
monotonicity results serve as a baseline for heuristics in the controlled aodtuolled capacity decrease

models.



Theorem 2.3 In each scenario and under the infinite horizon discounted cost armrd@@eost criteria, the

following hold

1. there exists an optimal policy that allocates all workers to one station ootter (workers are not

split between the two)
2. if poha < (>) pi(h1 — he), there exists an optimal policy that is exhaustive in station 1 (2).
Moreover, in the unrestricted case uif = po,

3. for each fixedi, j) € XU there exists an optimal number of workerfs(, j), such thatL(i, j) is

non-decreasing inand ;.

The third result above requires more comment. In all three calesf the examples we considered
yielded that the optimal capacity increase/decrease policy was noradexyén: andj. However, we were
only able to prove it in the unrestricted case. The difficulty is that the optin@Ed @ty increase/decrease
decisions in the other cases may vary in three directignsk). This significantly complicates the problem.
Indeed, given the results for the unrestricted case, we originally dongetthat an optimal policy in the
controlled and uncontrolled cases would continue to increase workereeaching some level, saV/ (i, j)

after which it would stop increasing; monotonekinThe next example disproves this conjecture.

Example 2.4 Suppose we have the following inputs for the uncontrolled capacity reduciiael:h; = 2;
ho =3, 0="T;A=3; u1 = 2; ue = 2; a(k) = 2; v = .001. Figure 1(a) displays the cost functiotk)

and 1(b) the average optimal capacity increase actions#of), 1.

The second result of Theorem 2.3 implies that the optimal allocation is extmustijueue 2 so that
the set of recurrent states may only hgve- 0 or 1. Note that despite the fact that the cost function is
non-decreasing i, the optimal capacity increase policy is not. We note that the cost functianteép
in Figure 1(a) may be interpreted as a system where the first few waakecated are not costly while
allocating several workers to this station significantly hampers productif/ttyeovhole system.

We also mention that the inequalipphe > (<) pn1(h1 — he) is analogous to theu-rule in parallel
systems. In a parallel system, the choice of which job to serve next is maeé ba the one that can reduce
the cost the fastest; with the highegt The fact that the system has flexible workers makes the decision of
where to serve a direct analogue. The right (left) hand side of the atiggis the rate at which costs can be

drained if the workers are allocated to queue 1 (2). A further explangtiprovided in [1].
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(a) Worker cost function. (b) Uncontrolled reduction optimal capacity increase
policy.

Figure 1: Counter-example, Ex. 2.4, showing an optimal policy need naidmetone (irk).

3 Optimal Worker Allocation

We divide the control of the system into two parts: the first discusses hmwens should be allocated to
each station and the second discusses optimal capacity increasefgel@eamns. The next result shows
that we need only consider policies that never divide the workers bateeeues. Although given the
existence of a solution to the DCOE and ACOE, the proof is now simple, thif staods to simplify the

other results of this section.

Proposition 3.1 In any of the models considered and under either the discounted caigeveost criterion,

there exists an optimal policy that always allocates all workers to either statmmnstation 2.

Proof. Note that the portion ngg, Hgg anngg that corresponds to the allocation decision has the

form
G(i,j,k,x) = xpig(i — 1,5+ 1,k) + (k — 2)pag(i, j — 1, k)
+ 1= A+ ky+alk) +zp + (k—2)u2)lg(i, 4, k),
with perhapsy and «(k) being zero. Sincé& (i, j, k,x) is linear inx and a linear function achieves its

maximum and minimum at the extreme points, the fact that the optimality equations eaxtecriterion

have a solution imply that it is optimal to setequal to0 or k& and the result is proven. "

Proposition 3.1 implies that we may restrict attention to policies that always allataterkers to one

station or the other. DefinH”* C II to be this set of policies. Next we show the existence of optimal
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policies that are exhaustive in either queue 1 or 2. The proof is anadgadlat in Nain [23] for scheduling
in parallel queues. First we make the assumption that the cost rate of vewikegrs in the system is zero

(r(-) = 0). This will be relaxed later. For a policy let
o6 = [ 20 ) = el (@) + pahae (o)}

where Z/(z) is the controlled Markov process representing the number of workersrtly available,

Fio — Froy — . .
ay(z) = 1{Q{(I7)>Uydf(x):1}, ay(xz) = 1{Q£(x7)>07df(x):2}, andd’ (x) = i represents the action that all

workers are currently assigned to statipfor i = 1, 2.

Lemma 3.2 For a fixed policyf € I1* and fixed? > 0,

1 t t
v = gl - e ") E[mQ] (0) + ha@5(0)] + E/O e " hi Ay (s)ds — E/O e P¢s(s)ds,  (3.1)
whereA; (s) is a Poisson process of rate

Proof. Denote the history of possible arrivals, services and the Markov gsagenerated by the capacity

increase/decrease decisions under paofiby
H(t) = { (A1), Y (). 27()) b = 1,2, £, 0 < s <t}

where{Y" k = 1,2,...,¢} are independent Poisson processes of matdor m = 1,2. Let F; be the
o-field generated by (¢). That is to say thaf; is the smallest filtration to whicl#/ (¢) is adapted. The

gueue length processes can be written
Ql(s) = Q{(0) + Au(s Z / L 210y (2)dY; (@) (3.2)

Qg( )= Qz +Z/ Lizs (a— >k}a1 dYkz Z/ Lizf (e )>k}a2( )dYk( )- (3.3)

Note that sincef is non-anticipating (and thus, left-continuous) the integrands in (3.2) 28) &repre-

dictablewith the respect tdF;. Moreover, eacly,”(t) is adapted to%;. Applying a result from Bremaud [8]

10



(see the “Partial result” on page 24 of [8]) we have

EZ/ Lizt(a- >k}a (2)dY;"( EZ/ Lizs (@ >k}a () pmdx

—E / 27 (x—)al, (@) pmdl,
0

form =1,2. Thus,
t 5
Ufﬂ = E/O e %h, [Q{(O) + A{(s) /0 Zf(m)a{(x),uldx} ds

+E/Oteesh2 [Qg(m/j Zf(a:—)a{(az)mdx—/os Zf(a:—)ag(x),ugdx} ds.

A little algebra yields

t t
vly = %(1 — ¢ " E[h Q] (0) + haQL(0)] + E/O e % hy Ay (s)ds — E/O e ¢ (s)ds

and the result is proven. "

Note that the above proof does not require the Poisson arrival d&ewavailability process assumptions;
any counting processes will suffice. Moreover, since only the lastite(®1) is dependent on the policy,

showing thatr* minimizesvy, is reduced to showing ¢ (s) > E ¢r(s) forall = € M andallo < s <t.

Theorem 3.3 Fix t > 0. Supposeu;(h; — he) < (>)pu2he. Then there exists a policy that minimizes

vl overII* for all 0 < s < ¢ that allocates all available workers to queue 2 (1) at timé Q3 (z) > 0

(@7 (2) > 0).

Proof. Consider the case with;(h; — ha) < p2hs. The other case is proved similarly and is omitted
for brevity. The result is proved via an interchange argument. Congigeocesses defined on the same
probability space. Suppose Process 1 follows a pofiey 117 while Process 2 follows a policy € 17

defined shortly. Since they are defined on the same space, the amigig|scgential) services are the same.

Moreover, assume thatis chosen so that the Markov chaifié(s) andZ™(s) are such thaf/ (s) = Z7(s)

almost surely. Suppose Process 1 allocates all workers to station 1 atismme < ¢ Whean(o) > 0.

Let 7 be the first time aftet that Process 1 begins serving at station 2 gnte the time after that it
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completes service of the first customer at station 2. Note that since custmagise pre-empted, there is
no reason to believe thatcorresponds to a service completion.

The policyr follows the same policy ag until time o. At this time, it serves at station 2 until either it
completes service of the first customer in queue, or Process 1 stopmgsargtation 1; whichever occurs
first. Denote this time by*. Process 2 then follows the poligyyuntil such time that the first customer in
queue 2 has been served (in Process 2). Denote this time. b®n [12, 1) process 2 serves at station 1.
After n; the processes follow the same poli¢y,Since the processes have the same number of workers, the
amount of work that can be done befageis the same. Moreover, since each process does precisely enough

work at station 2 to serve the first customer (the rest of the capacity i$ speting station 1), aftey; the

two processes coincide. Thu@i(az) = Qf(x) forz € [0,0) U [, 00). Note that

0 if z €10,00)\([o,0%) U [n2,m1)),
af(z) —aj(z) =< -1 ifzeloo")

1 if 2 € [n2,m),

0 if 2 €10,00)\([o,0%) U [n2,m1)),
aj(z) —al(z) =41 if z € [0,0%),

-1 if x € [na,m).

Consider
r(s) — dy(s) = / "2 @y (b — ha) (0 (z) — o] (2)) + poha(ad(z) — af(2))de

= [p2ha — p1(h1 — ha)] /0 Z1(2) acoo)y — Lz} )42

Note that since the total amount of work done by each process must aifmid > 7, the above integral
is zero. On the other hand, singe o*) N [n2,m1) = 0, ando™ < 1y, for s < n; the above integral is
non-negative. Now, the assumptipghs > 111 (h1 — he) implies ¢, (s) > ¢¢(s) for each0 < s < t.

It should be clear that the above argument can be repeated to credtie sefijuence of policiegr;, 0 <
i < M} such thatr), is exhaustive in station 2 ang,, , (s) > ¢x,(s) for each0 < s <t wherery = f.

As in [23], we note that although the policies, for 1 < ¢ < M — 1, are anticipating and thus not
in II, 7p, is non-anticipating (since it is exhaustive). Moreover, singeonly depends orf through the

capacity increase/decrease decisions, the increase/decreasss gfoes not violate the non-anticipation.
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The optimal policy’s capacity increase/decrease policy may improve on thissiog the queue length
information currently available. That is, there exists an exhaustive polatyhtis expected cost lower than

or equal to that ofry; and the result is proven. "

Note that since the policy constructed in the proof of Theorem 3.3 has the same capacity increaseske
process as that of, the restriction that = 0 is not necessary. Moreover, we note that since the results of
Theorem 3.3 hold for eadh they hold under the infinite horizon discounted and average cost (@Esesn-
ing stability) as well. In light of Proposition 3.1 they hold over the larger clégmbcies]l.

The results of this section suggest that the optimal capacity increaselsedaecisions are in some
sense decoupled from the allocation decision. Originally we expected thédeisions to be intertwined,
however, since theu-rule is basically a “greedy” algorithm (drain the cost as fast as po$sibis inter-
pretation continues to hold no matter how much capacity is available. In the ewidrswe analyze how

capacity increase/decrease decisions are made.

4 Optimal Capacity Increase/Decrease

In this section we consider the problem of when to increase and decreskers. In the unrestricted
model we show that the number of workers that should be made available-ecoeasing in both queue
lengths. Although this result has also held true in all of our numerical stidita® controlled and uncon-
trolled capacity reduction cases, we have been unable to prove it to datall Rom Example 2.4 that this
monotonicity does not extend to the optimal number of workers.

Theorem 3.3 implies that whemhs > (<) u1(h1 — he) we may restrict attention to policies that are
exhaustive in queue 2 (1). Consider the unrestricted case and sypges> u1(h; — he). For a (finite)

functiong onXY, H{j can now be simplified

minge o1, 0017 (k) + B(Ag(i + 1, 5) + kpag(i,j — 1)
HY (i, ) = 'Jr[l — (A + ku2)lg(i, 5))} | | | | forj >1,
mingeo1,.. 0017 (k) + B(Ag(i + 1,5) + kpag(i — 1,5 + 1)
+[1 = (A + kpa)lg(i, 7))} forj =0,

where fori = j = 0 setk = 0 in the minimum above. There is an analogous mapping &itfy(i,j — 1)

replaced withkp1g(i — 1, j + 1) for the case withusha < p1(hy — ha).

13



InspectingHgg(z', J), we note that if-(k) is concave, the minimum is that of a concave function. Thus,

its minimum is achieved on the boundary (i.ekat 0 or £). This is stated in the following proposition.
Proposition 4.1 If r(k) is concave, it is optimal to have either zero workerg @rorkers in the system.

Whenr (k) is a general non-decreasing function but perhaps not concaveptimeal policy depends
on the number of jobs in each queue as welt@g. Therefore, we investigate the structure of the optimal
policy with respect to the number of jobs in the system. For the remainder ofabi®is assume that
u = p1 = po and that-(k) is a general non-decreasing function. Sigoeill be fixed throughout most of

the section, we write,, for v,, 3. The main theorem of this section is stated next.

Theorem 4.2 In then—stage discounted cost problem, for each fiked), there exists an optimal number
of workers to be made available, sdy, 5(i,j). Moreover, these levels are such thigt 5(, j) is non-
decreasing in bothi and j. Similarly for the infinite horizon discounted cost and, under the assungption

Proposition 2.2, for average cost models.

Lemma 4.3 Consider the following cases.
1. If 2hy > hq, then for alln > 0,
@ AwY (i, j—1) < Al (i, 4) forj > 1,
(b) Ajuvy (i,5 — 1) < Ajug (i, j), forj > 1,
(©) AY(i—1,1) < AY(i,0), fori > 1
(d) A;0Y(i,0) > oY (i,0) — 0¥ (i —1,1) > A0V (i — 1,0).
2. If hy > 2hs, then for alln > 0,
(@ AY(i,5) < AV (i, + 1) fori, j >0,

(b) AjY(i—1,5+1) < A7 (i) fori > 1andj > 0.

Proof. See Appendix "

Proof of Theorem 4.2 (and 2.3 (3)). We consider the cases when the optimal allocation policy is exhaustive

at station 1 and 2 separately.
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Case 1. hy < 2ho. Recall that this implies the optimal allocation is for all available workers to serve
exhaustively at station 2. Suppose instead of the optimal policy at steageused,, (i, j) in state(i + 1, j)

andd,, (i + 1, j) in state(i, j). Then forj > 1
v (i, 3) = iha + jho + 7(dn(i, §)) + Aoy 1 (i + 1, §) + da (i, f)poy 1 (1,5 — 1)
1= (A d(i ) ) vy (G, 5)
<ihy + jho +7(dp(i +1,5)) + MU (i +1,5) + dn(i + 1, )0 (3,5 — 1)
1= A+ dn(i + 1, ) p)]o_y (4, 5),
and
v (i 41,5) = (i + Dha + jho + r(dn(i +1,5)) + Aoy (i 4+ 2,§) + dn(i + 1, j)poy_1 (i +1,5 = 1)
+ 1= A +da(i+ 1, 5)m)]v 1 (i +1,5)
< (i + Dhy + jho + r(dn(i, 7)) + WV (i 4 2,7) + dn (i, )Y (i + 1,5 — 1)
+[1 = A+ dn i, ) )]vy 1 (i + 1, 5).
Thus,
Ay (6,5) = ha + A1 (i + 1,§) + dn (i + 1, ) pdivly_y (6,5 — 1)
1= A+ dn(i + 1, ) )] Aoy (i, §) (4.1)
and
Ajoy) (3, 5) < hi 4+ Ay (i + 1, §) + dn (i, ) plivy_y (3,5 — 1)

+ 11— A+ dn(i, )] A1 (4, 5).- (4.2)

Subtracting (4.1) from (4.2) (and dividing Iy yields

[dn(i,§) — dn(i + 1, ))(Aso] (i, — 1) = Al (i, 5)) > 0. (4.3)
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Whenj = 0, andi > 1 a similar argument yields

[dn(i7 O) - dn(Z +1, O)](Aivrlzjfl(i -1, 1) - Aivgfl(@ O)) > 0. (44)

By symmetry we have the following inequalities also hold fo¥ 1,
[dn (i, 5) = dn(i, 5+ D) (Ajv_y (6,5 — 1) = Aju_y (i, 5)) > 0, (4.5)

and forj = 0 andi > 1,

[dn(i,0) = dn (i, )] (051 (4,0) — 01 (i — 1,1) = Ajul 1 (,0)) > 0. (4.6)

As noted previously, whein = j = 0 it should be clear that it is optimal to have zero workers and the
monotonicity holds trivially. Lemma 4.3 implies that in (4.3)-(4.6) we have the diffee in the actions

between two states multiplied by a non-positive quantity. Consider for exam@g (If AoY | (i,j —

1) =AY 1 (i,7) <0, dn(i,j) — dun(i + 1,7) < 0and the result is proven. We note that the minimum
in HJ v (i, j) is realized wherr(k) + kulv]_(i,j — 1) — vf_,(4,7)] is minimized. Similarly, for
HY vl (i +1,5) andr(k) + kplo]_ (0 + 1,5 — 1) — o1 (i + 1,5)]. Thus, if Al (3,5 — 1) -
AU ,(i,7) = 0 we may choose the number of workers in each state to be the same and thésresu

proven. The infinite horizon cases are precisely the same upon recaﬁhlgdlﬂnvg andw?, solutions to

the DCOE and ACOE, respectively, can be obtained by taking limits. Thatisé¢gualities of Lemma 4.3

hold withv{) replaced with eitherf; or w". This completes the proof of Case 1.

Case 2. h1 > 2hy. Itis optimal to serve exhaustively at station 1. We first show fhag (i, j) is non-

decreasing ify. In an analogous manner to the case wher< 2hy, fori > 1
[dn (i §) = du (i, 5+ D)oy (0 = 1,5 + 1) = Ajup_4(6,§)) = 0, (4.7)
and fori =0
[dn (0, 5) = dn (0,5 + D(Aj0,[1(0,5 = 1) = Ajuy 1 (0,)) > 0. (4.8)

The proof now follows in the same manner as Case 1 by applying the sestmfdreequalities in Lemma 4.3.

To prove the result fof, note that fori > 1

[dn (i, ) — dn(i 4+ 1, ) (A0S (i = 1,5+ 1) = Al (i, 5)) >0, (4.9)
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and fori =0
[ (0, 7) = (L, 7)) (v 1 (0,7 + 1) = v _1(0,5 = 1) = Awy_4(0,5)) = 0. (4.10)
Thus, we must show that the following inequalities hold foralt 0:
1. A0Y (i —1,54+1) - AY (i, 5) <0fori >0,
2. (WY, 5+ 1) =Y (i+1,5) — oY (i, 5 — 1) +0Y(5,5)) <0fori > 0,5 > 1,
3. 0Y (i —1,75) —oY(i,j—1)<0fori,j > 1,

where the last inequality, required for the proof of the other two, is préwyechoosingl,, (i — 1, 7) in state
(7,7 — 1) and is omitted for brevity. For the first inequality, note that#for 2

Ajoy (i = 1,5+ 1) = Aoy (i,5) < A[Aiwg (6, +1) = Aqwy[ (i +1,5)]
+dn(i— 1,5+ Dp[Apwd (i — 2,7 +2) — Al (i — 1,5 +1)]
1= A+ dn(i+ 1, 7)m[Agvy (0 = 1,5+ 1) = A4 (i, 5)],
and fori = 1
Aqvgl (0,5 +1) = Ajugl (1,5) < MAjop_y (1,5 +1) = Aoy (2, )]
+dn(0, 5+ Do 10,5 +2) = v,[1(0,5) = Aqvy (0,5 + 1)]
1= (A da(2,5))][A507 10,5 + 1) = Ay (1, 5)].
The inductive hypothesis yields the result. For the second assertion with
v (1,5 + 1) = o (i 4+ 1,5) = v/ (6,5 = 1) + w0y (i, 5) <
2hy —hy + A (i +1,5+1) =0 (i +2,5) —oY (i+1,5 1)+ (i +1,5)]
1= A+ d (i + L) )lon 1 (65 + 1) = vy (i 4 1,5) — 01 (6,5 = 1) + v, (8,5)]
+dn (i 1L j)plvg (= 1,5 +2) = vy (5 + 1) = v (0= 1,j) + 04 (0= 1,5+ 1)]

H [dn(i+1,5) — dn(iyj — D]ploy (0= 1,5 +2) — o1 (i,5 + 1)]

17



and fori =0andj > 1
v (0,5 4 1) = vy (1,7) = v (0,5 — 1) + (0, ) <
2hy — ha + Al (L5 + 1) = ol (2,5) —of (1,5 — 1) + 051 (1,5)]
1= A+ da(L ))][op-1 (0,5 + 1) = vy (1,5) = v;_1(0,5 = 1) +v;_1 (0, )]

+dn(0,5 — Dp[A0Y (0,5 —2) — Aj0Y (0, 5)].

With the exception of the last term, in each case, the inductive hypotheBtesifbr the non-positivity of
each term. Furthermore, note that the inductive hypothesis implies, via (9%#4.0), thatl,, (i + 1,j) >
dn(i,7). Thus, sincel, (i, j) is also non-decreasing in d,, (i + 1,j) > d,(i,j — 1). This completes the
proof fori > 1. As for the last term foi = 0, recall thatA ;oY (i + 1,7) > A;vY(4,5) so the result is
proven.

As in the proof for Case 1, noting that solutions to the DCOE and ACOE carbtzéned by taking

limits, the results hold for the infinite horizon discounted and average cessca "

5 Numerical Examples

In this section we include examples under the average cost criterion @polgerpromising heuristics based
on the results in Section 4. A truncated state space is used to facilitate computati@next two examples
the optimal allocation is exhaustive in queue 2, and hence only stateg withor j = 1 will be occupied

in the long-run. Since; = ue, the results of Theorem 2.3 part 3 also apply.

Example 5.1 Suppose we have the following parameter settings:= 1; ho = 2; r(k) = k?; { = 6;
A= .5 w1 = ux = .5 alk) = .5; v = .1. Figure 2(a) displays the optimal capacity levels given the
number of customers for the unrestricted model. Figure 2(b) displays thmeabgapacity target levels for
the controlled capacity reduction modeliifis less than the target level, then it is optimal to add workers
when the opportunities arise up to the target, and ig greater than the target level, then it is optimal to
decrease the number of workers down to the target. For example, iwkeB, j = 0, it is optimal add
workers if k < 3, and remove workers wheln > 3. Figure 2(c) displays the optimal capacity increase
policy for the uncontrolled reduction model. For example, when3, j = 0, it is optimal to add workers

if & <2.
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The average cost in the unrestricted, controlled capacity reductionrenxhinolled capacity reduction
cases i.6024, 8.2007 and9.9530, respectively. As is expected, the unrestricted case dominates the con-
trolled and uncontrolled capacity reduction cases (approximately 8% &bdr@kpectively). In the class
of policies with a fixed number of servers, the optimal average cost is @@ (Bworkers is optimal in this
class). This is approximately 45% more than the unrestricted case. Thistesdfaaleast for this example)

that a company can derive significant benefits from having dynamicatipéecapacity.

—j=0---j=1

21 Add Do Nothigg

121 Add Do NOthlgg 12 Add

(b) Controlled reduction optimal capacity target levels:  (¢) Uncontrolled reduction optimal capacity increase

add (remove) workers whénis less (more) than target. policy.

Figure 2: Optimal polices for Example 5.1 with convex worker cost functi@n = k2.

We know from Theorem 2.3 part 3 that the optimal number of workers ferutfirestricted case is
monotone in the number of jobs. This is evident in Figure 2(a); the optimatitgpevels are increasing
in both¢ andj. The optimal policy for the controlled capacity reduction case, Figure, 2@ a form
close to the unrestricted policy and is also monotoneandj. In addition, it is monotone it. Likewise,
the optimal policy for the uncontrolled capacity reduction case, Figure B(e)onotone in all three state

variables. As stated previously, while we were not able to prove it, we clmgthat the optimal policies

19



al 0.1 0.2 0.5 1 2 5 10 20 50 100
Optimal cost| 8.8802| 8.6651|8.2007 7.9933 7.9069 7.7243 7.6632 7.6328 7.6145 7.6085
% from unrestricted 16.81% 13.98% 7.87%) 5.14%] 4.01%| 1.60%]| 0.80%| 0.40%) 0.16%] 0.08%

Table 1: Optimal average costs for Example 5.1 in the controlled reductierf@agariousa(k) = «. The

second row compares this to the unrestricted optimal ©6624.

(6

~ 01 | 02 [o5| 1 | 2 [ 5 | 10| 20 | 50 | 100
0.01[ 10.9166| 9.9866 |9.63939.5561/9.5159 9.4960 9.4874 9.4830 9.48049.4796
0.05] NA [12.23879.3982|8.9979 8.8438 8.7609 8.7337 8.7207 8.7133 8.7108
01| NA NA |9.95308.9535|8.6594 |8.5054 8.4637 8.4449 8.4343 8.4309
05| NA NA | NA | NA [9.21148.2980(8.0951|8.0198 7.9797 7.9676
1 NA NA | NA | NA | NA |8.5664 8.1405 7.9765|7.8836|7.8555
5 NA NA | NA | NA | NA | NA | NA |8.58877.8991 7.7737

Table 2: Uncontrolled reduction optimal average costs for Example 5.1 wiibugax (k) = o andy. NA

indicates infeasibility. The minimum cost in each column is in bold.

for the controlled and uncontrolled reduction cases are monotang,iandk whenr (k) is non-decreasing
and convex.

Tables 1 and 2 show the effect on the optimal average cast/gsis varied in the controlled reduction
case, andv(k) and~ are varied in the uncontrolled reduction case, respectively. In theatietreduction
case, asy(k) = « becomes large, that is, when excess capacity becomes available mamenthggthe
average cost decreases towards that of the unrestricted casefixemt g the average cost also decreases
in the uncontrolled reduction case@a$ncreases. For a fixed, however, the average cost is hot monotone
in ~v. For eachx there is an “optimal®. If + is too low, excess workers stay too long, while/iis too high,
the workers do not stay long enough. This suggests that heuristicd bagbe unrestricted case may do

well in some cases and not well in others.

Example 5.2 Suppose we have the same parameters as in Example 5.1 exegpt 15v/k. Figure 3

displays the optimal capacity increase policy for the uncontrolled reductiaieino

We have seen in Examples 2.4 and 5.2 that optimal policies need not be moimotogveen whenr (k)

is increasing. Our numerical studies suggest that such monotonicity srgead only when(k) is convex.
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Add

Figure 3: Uncontrolled reduction optimal capacity increase policy of Exwbt@ concave worker cost

functionr(k) = 15V/k.

Example 5.2 has a worker cost function that is increasing and concarse®\n Figure 3 that the optimal
policy for the uncontrolled reduction case is not monotonk.ifror example, whet = 3, it is optimal to
not add workers wheh = 0, optimal to add workers wheh = 1, and then optimal to not add workers

again for largek.

5.1 Heuristics

In this section, we consider some heuristics that have shown promise. siin eaaracterized heuristic

is to try and to maintain a constant workforce level independent of the nuafilpebs in the system. As
noted for Example 5.1, this does not work well in the unrestricted casé&s@8% more than the optimal
policy). Instead consider the policy that increases capacity to a conet@htsayL, when there are jobs

in the system and then removes all workers when there are no jobs. ¥vdaefuch a policy as @—L
heuristic. For the unrestricted case of Example b.% 3 is optimal in this class of policies with an average
cost 0f8.0000, only 5.23% above the optimal policy cost. For this system we exploited the fact that under
a constant level of 3 workers, the probability of having zero custometfseisystem is significant3333.
Thus, in this case, the-0L heuristic significantly reduces the worker idle time.

For the controlled and uncontrolled reduction cases; & Beuristic adds workers (when the opportu-
nities arise) if and only if there are a positive number of jobs in the systenfeaveet thanZ workers on
hand. In addition in the controlled capacity reduction case, the heuristig/pelicoves all workers when
there are no jobs in the system. The results for the controlled reductiorot&sample 5.1 are given in
Table 3 for various values ef(k) = «. Again L = 3 performs the best. We see that for some parameters

this heuristic performs well, while for other parameters it does not. In thentralled capacity reduction
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al 0.1 0.2 0.5 1 2 5 10 20 50 100
Heuristic cosf 14.316611.1361 9.1993|8.5555 8.0838 8.2476 8.0380 8.0179 8.0069 8.0034
% from optimal| 61.22%]| 28.52%] 12.18% 7.03%)| 4.31%| 4.65%| 4.89%| 5.05%| 5.15%) 5.19%

Table 3: Average costs of a-0. heuristic with, = 3 applied to the controlled reduction model of Exam-

ple 5.1 with variousy(k) = .

case, the heuristic in general does not perform well. For example,dgratameters of Example 5.1 with
a(k) = .5 andy = .1, the best such heuristic is only withit2% of optimal (average cost df2.1440
compared to optimal.9530).

For the uncontrolled reduction case, consider the following policy: whenethre less thahfi jobs in the
system (in total), add workers only when there are less thaservers on hand; when there &rer more
jobs, add workers up to a total ék. Thus, there are two target worker levels, and L, and a threshold
total number of jobd" that indicates when to switch between the two. We refer to such a polic-dsval
heuristic. A 2-level heuristic may perform well and is fairly simple to implement.

For Example 5.1, the best 2-level heuristic Has = 2, Lo = 4, andT = 3. This is depicted in
Figure 4(d). The average costlig.2438, within 2.92% of optimal. Figure 4(b) shows a 2-level heuristic for
Example 2.4 that performs within47% of optimal. The best 2-level heuristic for Example 5.2 is depicted
in Figure 4(f). HereL; = 0 and L, = 6 and the policy reduces to a simple job threshold policy that adds
capacity if and only if there ar& = 4 or more jobs in the system, independent of the number of workers
(up to the capacity limit). This policy performs within82% of optimal. It should be noted that a single job
threshold policy {1 = 0 andL, = ¢) does not always perform well. For example, the best such policy for

Example 5.1 ha%" = 3 and is only within17.63% of optimal.

5.1.1 2-level Heuristic Numerical Study

In this section we present the results of a numerical study of how well@{ewuristics perform for a variety
of parameters. For the study, the arrival rate and the total number &évegaallowed are kept fixed at= .5
and/ = 6. Three values for the ratiby /h; are considered: .5, 2, andbj = 2 andhs = 1, h; = 1 and
he = 2, andhy; = 1 andhy = 5, respectively. There are also three possible values for thegatio,: .5,
1, and 2. The specific values fpi and s are such that the offered load(1/u; + 1/us2), is equal to 2.
The resulting values foti; andus arep; = .5 andus = .5, 1 = .75 andus = .375, andu, = .375 and
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(e) Optimal capacity increase policy, Example 5.2. (f) Heuristic within 0.82% of optimal, Example 5.2.

Figure 4: Optimal uncontrolled reduction capacity increase policies apécige heuristics.

o = .75. Of the nine combinations of ratids, /h; andpy/ue, two combinations witthy /hq = .5 result
in optimal exhaustive allocation at queue 1 (with one of these two being irgtifféetween allocation to
gueue 1 or to queue 2); the rest are exhaustive at queue 2.

For the uncontrolled reduction case, we consider three values forttbeway. In order for the system

to be stable, with an offered load of 2, it must be thdty > 2.0258. The ratiosn/~ are chosen to be 3,
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5, and 10. As a base case, consider the convex worker cost fun¢tipe= k2. For this cost functiony is
chosen to be .05, .1, and .5. Hence, the base set of parameters hag#feirat« — v combinations and
81 overall parameter combinations. In particular, the parameters of Ex&nipdee included.

The results of the numerical study are given in Table 4. The averagereatifference between the
optimal average cost and the average cost of the best 2-level heigigtid%. We see that the percent
difference gets smaller asdecreasesi(/y decreases for a fixeg). In fact, the average percent difference
fora < A = .5isonly1.77%. Whena/~ is 3 (or less), it turns out that the best 2-level heuristics always
havelL, = 6, full capacity. In these cases both the optimal policy and the heuristic pplezydsa lot of time
in states where it is optimal to hire, and the percent differences betweematkeage costs are very small.
As « increases, the percent of arrivals that are hired decreases. dpatameters of Example 5.1 with
a = .5, the best 2-level heuristic hds = 2, L, = 4, T = 3, and &2.92% percent difference; whenm = .3,
the best heuristic i€, = 3, L, = 6, T = 4, and the percent difference is ory80%; whena = 1, the
best heuristic id.; = 2, Ly = 4, T = 5, and the percent difference3s4%. Increasing the opportunities
to add workers makes the optimal policy in a sense more “dynamic” and thePhleuristic may not do as
well in matching it. Below we will see results for other worker cost functiohem sometimes the percent
difference in costs may actually decreasevdscreases.

So far we have only defined a 2-level heuristic for the uncontrolledatemtucase. We can also define
2-level heuristics for the controlled reduction and unrestricted casethelunrestricted case, when there
are less thaff” jobs in system, havé; workers on hand. When there dfeor more jobs, havé., workers.

In the uncontrolled reduction case, hire when there are lessithabs and less thah, workers on hand.
When there are less thdhjobs and more than, workers, reduce capacity down fq. When there ar&
or more jobs, hire up to or reduce downiig.

Results for 2-level heuristics in the controlled reduction and unrestrietsesdor the base set of parame-
ters are given in Tables 5 and 6, respectively. While there are nineatifie/~ ratios in the uncontrolled
reduction case, there are only eight different valuesofoiThese are the values studied in the controlled
reduction case. The average difference in costs for the controlledtied case (over 8 different’s) is
3.16%, with an average of only.71% for a < \. The average difference in costs for the unrestricted case
is 5.32%. For the parameters of Example 5.1, the best 2-level heuristic in the uctes$itase id; = 0,

L, = 3, andT = 1 with a cost difference 05.23%. In other words, the best 2-level heuristic is-alD
heuristic with. = 3, the best 8- L heuristic. All of the best 2-level heuristics in the unrestricted case are

0—L heuristics. In the uncontrolled case, the parameters of Example 5.1 reaudest 2-level heuristic of
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2.58%

10.881
11.143
2.41%

11.074
11.333
2.34%

11.632
11.871
2.05%

12.138
12.355
1.79%

12.750
12.947
1.55%

Opt:
Heur:

% Diff;

11.344
11.732
3.42%

11.148
11.529
3.42%

10.393
10.794
3.86%

9.312
9.630
3.41%

9.398
9.698
3.19%

9.593
9.907
3.27%

10.140
10.462
3.17%

10.652
10.947
2.77%

11.248
11.572
2.88%

Opt:
Heur:

% Diff:

19.024
19.080
0.30%

18.767
18.820
0.28%

16.479
16.654
1.06%

13.491
13.599
0.80%

13.563
13.671
0.80%

13.783
13.889
0.77%

14.361
14.469
0.76%

14.868
14.978
0.74%

15.519
15.630
0.72%

Opt:
Heur:

% Diff;

12.310
12.648
2.74%

12.102
12.442
2.81%

11.187
11.578
3.50%

9.861
10.159
3.03%

9.953
10.244
2.92%

10.152
10.438
2.82%

10.708
10.995
2.68%

11.231
11.499
2.39%

11.836
12.110
2.31%

Opt:
Heur:

% Diff;

10.663
11.044
3.57%

10.471
10.850
3.62%

9.813
10.166
3.60%

8.848
9.166
3.59%

8.954
9.261
3.44%

9.160
9.451
3.17%

9.696
10.020
3.34%

10.202
10.516
3.08%

10.793
11.106
2.91%

Opt:
Heur:

% Diff;

12.951
13.428
3.69%

12.951
13.178
1.76%

11.822
12.138
2.67%

10.306
10.606
291%

10.384
10.690
2.94%

10.599
10.904
2.87%

11.175
11.492
2.84%

11.684
11.986
2.58%

12.332
12.606
2.23%

Opt:
Heur:

% Diff;

10.325
10.870
5.28%

10.140
10.666
5.19%

9.578
10.081
5.25%

8.712
9.083
4.26%

8.825
9.168
3.89%

9.007
9.366
3.98%

9.548
9.932
4.02%

10.045
10.443
3.96%

10.619
11.064
4.19%

=12

=10

Opt:
Heur:

% Diff;

9.491
10.121
6.64%

9.358
9.921
6.02%

8.893
9.429
6.02%

8.190
8.659
5.73%

8.298
8.753
5.49%

8.498
8.941
5.20%

9.042
9.504
5.11%

9.524
9.999
4.98%

10.072
10.571
4.96%

Table 4: Results of the numerical study for the uncontrolled reductiondessewithr (k) = k2. Given are

the optimal average cost, the average cost of the best 2-level hewntithe percent difference.

L1 =1, Ly, = 3, andT = 1 with a cost difference 08.51%. This is better than th&2.18% of the best

0—L heuristic found in Table 3. Note that in the controlled reduction case thaliffesence is not always

non-decreasing in.
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Opt:
Heur:

% Diff:

10.439
10.620
1.73%

10.265
10.418
1.50%

9.544
9.672
1.34%

8.647
8.737
1.04%

8.735
8.819
0.96%

8.919
9.012
1.04%

9.461
9.560
1.04%

9.958
10.054
0.97%

10.547
10.651
0.99%

a=.25

Opt:
Heur:

% Diff:

10.131
10.262
1.30%

9.948
10.070
1.22%

9.336
9.457
1.30%

8.530
8.626
1.13%

8.626
8.706
0.92%

8.806
8.895
1.01%

9.337
9.433
1.03%

9.822
9.917
0.97%

10.398
10.508
1.06%

Opt:
Heur:

% Diff:

10.058
10.172
1.14%

9.872
9.983
1.13%

9.286
9.399
1.22%

8.399
8.601
2.41%

8.506
8.680
2.04%

8.685
8.868
2.11%

9.244
9.402
1.71%

9.761
9.883
1.24%

10.360
10.470
1.06%

Opt:
Heur:

% Diff:

9.768
10.002
2.40%

9.591
9.819
2.38%

8.974
9.292
3.53%

8.104
8.400
3.65%

8.201
8.489
3.51%

8.373
8.661
3.43%

8.909
9.182
3.06%

9.404
9.657
2.69%

9.980
10.224
2.44%

Opt:
Heur:

% Diff:

9.266
9.866
6.48%

9.099
9.689
6.49%

8.606
9.018
4.79%

7.903
8.226
4.09%

7.993
8.308
3.94%

8.160
8.470
3.80%

8.670
8.958
3.32%

9.140
9.401
2.86%

9.691
9.933
2.50%

Opt:
Heur:

% Diff:

9.106
9.732
6.87%

8.942
9.540
6.68%

8.486
8.918
5.09%

7.846
8.196
4.46%

7.934
8.274
4.30%

8.098
8.432
4.13%

8.597
8.904
3.58%

9.056
9.334
3.07%

9.597
9.850
2.63%

Opt:
Heur:

% Diff:

8.985
9.626
7.14%

8.822
9.437
6.97%

8.392
8.854
5.52%

7.761
8.114
4.54%

7.847
8.190
4.38%

8.005
8.342
4.22%

8.486
8.800
3.70%

8.931
9.217
3.20%

9.452
9.714
2.77%

Opt:
Heur:

% Diff:

8.792
9.453
7.51%

8.635
9.266
7.31%

8.221
8.687
5.67%

7.639
8.009
4.84%

7.724
8.084
4.65%

7.882
8.234
4.46%

8.359
8.683
3.88%

8.802
9.094

3.32%

9.312
9.582
2.89%

Table 5. Results (optimal average cost, cost of the best 2-level heudsticpercent difference) of the

numerical study for the controlled reduction case of the base paramétiens i) = k2.

In addition to the convex worker cost functieiik) = k£ (Function 1), consider the linear function
r(k) = 6k (Function 2), the concave function in Example 5:25) = 15v/k (Function 3), and the gen-
eral function (neither concave nor convex) given by the vecter [0, 8,13, 17,22, 30, 36] (Function 4).
Numerical results for these functions are given in Tables 7, 8, and thdéouncontrolled reduction, con-

trolled reduction, and unrestricted cases, respectively. We only gbudts for the case = .1 and the three

resultinga’s whena /v = 3, 5, and 10.
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ha _ g ha _ hy _

hy — hy h1
ol = m =2 =l = m =2 = s 1[0 =2
Opt:|| 8.544 | 8.387 | 8.007| 7.517 | 7.602| 7.760| 8.233 | 8.671| 9.170
Heur:|| 9.185| 9.000| 8.476| 7.926 | 8.000| 8.148| 8.593 | 9.000| 9.481
% Diff: || 7.50% | 7.31%| 5.87%]|| 5.43% | 5.23%| 5.00%| 4.36% | 3.79%| 3.40%

Table 6: Results (optimal average cost, cost of the best 2-level heudsticpercent difference) of the

numerical study for the unrestricted case of the base parameters(Wwjtk= k2.

For Function 1 the average cost difference in the uncontrolled caseted toy = .1 is 2.29%. For
Functions 2, 3, and 4 this average difference.i®%, 0.94%, and1.43%, respectively. For Function 1 in
the controlled firing case the overall average cost difference fer.3, .5, and1 is 2.94%. For Functions 2,
3, and 4 this average differenceli87%, 0.90%, and0.42%, respectively. For Function 1 in the unrestricted
case the average cost differencé.i&2%. For Functions 2,3, and 4 this average differende(8%, 0.00%,
and0.74%. For Functions 2,3, and 4 the 2-level heuristics do very well. In factFforctions 2 and 3,
both of which are concave, the best 2-level heuristic in the unrestrietezlis always.; = 0, L, = 6, and
T = 1, which coincides with the overall optimal policy. For Function 3, the besw@Hbeuristic in the
unrestricted case is always = 0, Ly = 4, andT = 1, a 0—L heuristic. Since it is not concave, it does
not haveL, = 6 and does not coincide exactly with the overall optimal policy. Note again tegidhcent
difference in costs is not always non-decreasing.ifror example, for the parameters of Example 5.1 except
with worker cost Function 4, the best 2-level heuristig (= 1, Ly = 4, T = 3) is within 1.98% of the
optimal cost while the best 2-levels heuristics folowered to .3 {1 = 3, Ly, = 6, T = 4) and« raised to
1(L; =0, Ly = 4,T = 4) are within0.53% and1.53%, respectively.

The 2-level heuristics displayed in Figures 4(b), 4(d), and 4(f) seemork well because they are
essentially smoothing the optimal policies, Figures 4(a), 4(c), and 4&ectvely. While we found that
2-level heuristics work well in many settings and are definitely promising, if tteenot work well in a
particular instance then the idea of smoothing the optimal policy could be egglotaer.

In conclusion, our numerical study yields three major observations. Hiestifference in the average
costs between operating with a fixed number of servers and operatirg thedoptimal policies for the
unrestricted, controlled capacity reduction and uncontrolled capacityctied cases can be significant.
Second, our 2-level heuristic provides a simple, easily implementable altert@tptimal policies without

(in most cases) a significant increase in the average costs. This atiserseems to be robust in each
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Opt:
Heur:

% Diff:

26.037
26.106
0.26%

25.778
25.847
0.27%

23.483
23.552
0.29%

20.369
20.536
0.82%

20.450
20.617
0.81%

20.670
20.833
0.79%

21.261
21.415
0.72%

21.779
21.924
0.67%

22.439
22.575
0.61%

Function 2
(linear)

Opt:
Heur:

% Diff:

19.661
20.053
1.99%

19.479
19.849
1.90%

18.539
18.933
2.13%

17.079
17.482
2.36%

17.191
17.575
2.23%

17.381
17.765
2.21%

17.957
18.331
2.09%

18.491
18.851
1.95%

19.112
19.464
1.84%

Opt:
Heur:

% Diff;

18.220
18.773
3.03%

18.038
18.577
2.99%

17.377
17.937
3.22%

16.335
16.740
2.48%

16.444
16.843
2.42%

16.641
17.029
2.33%

17.208
17.606
2.31%

17.741
18.142
2.26%

18.344
18.760
2.27%

Opt:
Heur:

% Diff:

33.459
33.467
0.02%

33.211
33.219
0.02%

30.984
31.024
0.13%

27.864
27.989
0.45%

27.953
28.075
0.44%

28.167
28.280
0.40%

28.753
28.862
0.38%

29.277
29.384
0.36%

29.926
30.025
0.33%

Function 3
(concave)

Opt:
Heur:

% Diff:

27.352
27.685
1.22%

27.183
27.504
1.18%

26.240
26.583
1.31%

24.613
24.817
0.83%

24.729
24.932
0.82%

24.904
25.102
0.79%

25.451
25.673
0.87%

25.985
26.217
0.89%

26.579
26.815
0.89%

Opt:
Heur:

% Diff;

25.870
26.222
1.36%

25.702
26.052
1.36%

25.058
25.360
1.20%

23.546
23.926
1.61%

23.662
24.045
1.62%

23.831
24211
1.59%

24.349
24.780
1.77%

24.871
25.323
1.82%

25.452
25.898
1.75%

Opt:
Heur:

% Diff;

26.084
26.097
0.05%

25.828
25.842
0.05%

23.610
23.689
0.33%

20.653
20.766
0.55%

20.731
20.841
0.53%

20.947
21.056
0.52%

21.523
21.633
0.51%

22.036
22.136
0.45%

22.684
22.773
0.40%

Function 4
(general)

Opt:
Heur:

% Diff;

19.848
20.327
2.41%

19.665
20.127
2.35%

18.761
19.204
2.36%

17.401
17.756
2.04%

17.505
17.852
1.98%

17.693
18.046
1.99%

18.245
18.625
2.08%

18.769
19.143
1.99%

19.372
19.724
1.82%

=12

=10

Opt:
Heur:

% Diff;

18.399
18.810
2.24%

18.218
18.620
2.21%

17.599
18.043
2.52%

16.607
16.873
1.60%

16.723
16.979
1.53%

16.905
17.155
1.48%

17.439
17.721
1.62%

17.948
18.225
1.55%

18.523
18.787
1.43%

Table 7: Results (optimal average cost, cost of the best 2-level heudsticpercent difference) of the

numerical study for the uncontrolled reduction case of the base paramestnicted toy = .1 with various

worker cost functions.

of the model parameters. Finally, our numerical study supports our vepr@onjecture that a sufficient

condition for the optimal capacity increase/decrease policy to be monotora théhworker cost function

is increasing and convex. When the convexity assumption is relaxed, casmow that the optimal policy
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% Diff:

17.433
17.596
0.93%

17.273
17.448
1.01%

16.550
16.730
1.09%

15.560
15.710
0.96%

15.669
15.811
0.90%

15.805
15.930
0.79%

16.288
16.370
0.50%

16.750
16.798
0.29%

17.224
17.250
0.15%

Function 2
(linear)

a=.5

Opt:
Heur:

% Diff:

16.594
16.726
0.80%

16.473
16.615
0.86%

15.871
16.006
0.85%

14.645
14.669
0.17%

14.744
14.765
0.14%

14.859
14.874
0.10%

15.278
15.283
0.03%

15.680
15.681
0.01%

16.100
16.100
0.00%

Opt:
Heur:

% Diff:

15.030
15.050
0.13%

14.936
14.955
0.12%

14.576
14.590
0.10%

13.795
13.795
0.00%

13.879
13.879
0.00%

13.974
13.974
0.00%

14.334
14.334
0.00%

14.682
14.682
0.00%

15.053
15.053
0.00%

Opt:
Heur:

% Diff:

23.642
23.642
0.00%

23.535
23.535
0.00%

22.597
22.597
0.00%

20.544
20.593
0.24%

20.653
20.711
0.28%

20.753
20.813
0.29%

21.172
21.253
0.39%

21.592
21.698
0.49%

22.009
22.134
0.57%

Function 3
(concave)

a=.5

Opt:
Heur:

% Diff:

21.155
21.155
0.00%

21.062
21.062
0.00%

20.436
20.436
0.00%

18.922
19.099
0.94%

19.015
19.213
1.04%

19.103
19.304
1.05%

19.466
19.713
1.27%

19.828
20.128
1.52%

20.191
20.530
1.68%

Opt:
Heur:

% Diff:

18.730
18.734
0.02%

18.645
18.656
0.06%

18.231
18.274
0.23%

17.132
17.478
2.02%

17.210
17.580
2.15%

17.288
17.658
2.14%

17.600
18.018
2.37%

17.907
18.383
2.66%

18.223
18.737
2.82%

Opt:
Heur:

% Diff:

18.035
18.192
0.87%

17.890
18.031
0.79%

17.145
17.254
0.64%

15.528
15.595
0.43%

15.632
15.697
0.42%

15.762
15.826
0.41%

16.230
16.289
0.37%

16.681
16.736
0.33%

17.163
17.215
0.30%

Function 4
(general)

a=.5

Opt:
Heur:

% Diff:

16.562
16.722
0.97%

16.433
16.589
0.95%

15.786
15.873
0.55%

14.493
14.518
0.17%

14.592
14.615
0.16%

14.712
14.737
0.17%

15.147
15.177
0.19%

15.567
15.600
0.21%

16.016
16.056
0.25%

Opt:
Heur:

% Diff:

14.885
15.021
0.91%

14.775
14.897
0.83%

14.360
14.416

0.39%

13.550
13.570
0.15%

13.640
13.658
0.14%

13.751
13.772

0.16%

14.150
14.177
0.19%

14.533
14.564
0.22%

14.945
14.987
0.28%

Table 8: Results (optimal average cost, cost of the best 2-level heudsticpercent difference) of the

numerical study for the controlled reduction case of the base paramestristed toy = .1 with various

worker cost functions.

need not be monotone.
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=5 = =
meslm-1h-2a-sla-1h-2lh-s[h-1h-2
Opt:|| 12.815|12.750) 12.646| 12.574|12.625| 12.685|| 12.907| 13.125| 13.352
Function 2 Heur:|| 12.815| 12.750| 12.646|| 12.574|12.625| 12.685|| 12.907| 13.125) 13.352
(linear) | % Diff: || 0.00% | 0.00%| 0.00%/| 0.00% | 0.00%| 0.00%|| 0.00% | 0.00% 0.00%
Opt:|| 13.062| 12.997| 12.893|| 12.822|12.872 12.933|| 13.155| 13.372 13.599
Function 3 Heur:|| 13.062| 12.997| 12.893|| 12.822|12.872| 12.933| 13.155| 13.372 13.599
(concave) % Diff: | 0.00% | 0.00%| 0.00%/| 0.00% | 0.00%| 0.00%| 0.00% | 0.00%/ 0.00%
Opt:|| 12.431|12.341 12.176|| 12.026|12.096| 12.188|| 12.478| 12.774 13.091
Function 4 Heur:|| 12.611|12.500] 12.267|| 12.056| 12.125| 12.222|| 12.556| 12.875| 13.222
(general)| % Diff: | 1.45% | 1.29%| 0.74%| 0.25% | 0.24%| 0.28%| 0.62% | 0.79%| 1.00%

Table 9: Results (optimal average cost, cost of the best 2-level heudsticpercent difference) of the
numerical study for the unrestricted case of the base parameters rdstmigte= .1 with various worker

cost functions.

6 Conclusions

In this paper we considered several models for a potentially temporaxipl@evorkforce in a dynamic
environment. We characterized the structure of the optimal allocation polftgxdile capacity in a tandem
gueueing system when the capacity is available only for a random amotimteofFurthermore, when the
decision-maker has complete control over the capacity available in the systgnpved the intuitive result
that the optimal number of workers is non-decreasing in the number ofrocasiat each station. Each of
these results stand to simplify both computation and analysis.

We remind the reader that we have assumed that workers can collaboeasingle job. When this does
not hold, we believe that the allocation results of Section 3 no longer holdasit not in both directions.
Indeed, even when the capacity is not variable, only the direction leadthg tptimality of a policy that is
exhaustive in queue 1 holds (see the example in Ahn et al. [1]). We béfiava similar result holds here.
Moreover, we do not believe that the assumption that 1 is required for Theorem 4.2, but have been
unable to prove it without this assumption.

As of yet we have been unable to prove any analogous results forgheitaincrease/decrease decisions
in the controlled and uncontrolled capacity reduction cases. While some stimat we considered exhibit
the monotonicity, the result does not extend to the case where the oppocstifyer unit time is increasing

in the number of servers (as demonstrated by Example 2.4). Howeveextansive humerical studies

30



reinforced our conjecture that the optimal capacity increase/decrefisg is monotone in the number of
workers when the worker cost function is increasing and convex; lifasr@mains to be proven. Along with
this study, we note that other future research directions include a similesenfor a network of stations

and those with capacity that is available for a fixed amount of time.
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8 Appendix

8.1 Structure of Value Functions for Finite Horizon Problems

Proof of Lemma 4.3. Suppos&hs > hy. By induction. The result holds trivially for = 0. Assume that
it holds forn — 1. Letd,, (4, j) denote the optimal number of workers in stétej) at stage:. We show that
each inequality holds foHj'v{/_,. The result then follows from the definition of’ in (2.7). For the first
inequality, choose the actiows (i + 1,j) andd,(i,j — 1) in states(i, j) and (i + 1, j — 1), respectively.
Forj > 2

AHGOY ((i,5) = MY (i +1,5) + du(i 4+ 1, ) udvl (i, 5 — 1)

+ 1= A+ dn(i+ 1, )] A1 (4, 4),

33



and
AiHG vy (0,5 — 1) < ML (i+ 1,5 = 1) 4+ dn(i, § — Dpdiv_y(i,5 — 2)
1= A+ dai,j = V)] Ao (6,5 = 1)
Taking the difference we have
AiHGop (65— 1) = AHG o1 (i,5) < A[Aqop_y (041,57 = 1) = Aj 4 (i + 1, )]
+dn(iyj = DplAivg (i, § = 2) = Ay _1(i,5 = 1)]
L= (A dnli+ L)) [Agvr 1 (6,5 — 1) = Aoy (6, )],

The inductive hypothesis yields the first assertion. In the casejthatl and: > 1, a similar argument

yields
Angvg—l(ia 0) - Angvg—l(ia 1) < )‘[AiU’rZL]—l(i + 1) 0) - )‘Aivg—l(i + 1’ 1)]
+ dn (i, 0)p[Ajvy_1 (i = 1),1) — Agvp_4(i,0)]

The result now follows directly from the inductive hypothesis.jlt= 1 and: = 0, we first note that
d,(0,0) = 0 is an optimal action (otherwise workers would be idle). Thus, the previccuality holds
with the second term equal to zero.

For the second inequality, Ie:tgg(z',j) =Ajg(i,7+1) —Ajg(i,j). Note forj > 1
AFHE W 1 (6,5) > ANl (i, 4) + d(i, ) pdFoy (6,5 — 1) + [1— (A +d(i, j + 2) )] A% (4, 5),
and forj =0andi > 1
AFH o1 (6,0) 2 MAFv 1 (1,0) + d(i, 0)p[Ajv] 4 (1,0) = (v} 1(1,0) = vy (i — 1,1))]
+ 1= (A +d(6,j + 2))]ATop 1 (6, ).

The result follows by the inductive hypothesis. The caseifet ; = 0 is analogous to the previous

argument.
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The third inequality yields
AiHE op (0= 1,1) = A HE v (i,0) < A[Aguy_ (i, 1) = Agoy_y (i + 1,0)]
+ (i, D p[Agvy 1 (1 = 1,0) = Aoy (i = 1,1)]

1= A+ d (i, 0)p)][Agor 1 (0 = 1,1) = Agur (3, 0)).

Each term is non-positive by the inductive hypothesis by noting

Al (i —1,0) =AY (i —1,1) = Ajod 4 (i — 1,0) — AjuY 1 (i,0).

n

To show the fourth inequality choosg (i, 1) andd,, (i — 1, 1) for the two processes starting i 0),
AjHBUUgfl(iaO) - [Hgvgfl(iao) HB v (i—1,1)] >
AAju 1 (64 1,0) = [y (6 +1,0) — vy (4, 1)]]
+ 1= (A da(i, )] [A503_1 (3,0) = [0 _1(4,0) — vy (i = 1, 1)]]

+dn(i = 1, D) pf[on 4 (1,0) — vy (i = 1,1)] = Ajur_y(i — 1,0)].
Similarly,
HEwl 1(i,0) — H v (i —1,1) = AjHE Y (i —1,0) >
Aoy 10 +1,0) = o1 (3, 1) = Ajuy 41 (0,0)]
+[1 = (A +dn(,0) )] [ 1 (3, 0) = v;_1 (i = 1,1) = Ajoy 4 (i — 1,0)]
+dn(i = 1,0)u[Aju 4 (i = 1,0) = o5 (i = 1,0) = v;[_y (i — 2,1)]].

In either case, the inductive hypothesis yields the resulﬂgmg_l. Recalling thah, > hy yields the

result forv?.

Suppose now that; > 2hs. Again, the results hold fat = 0 trivially. Assume that it is true fon — 1.
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To prove the first inequality, choose potentially sub-optimal actions to getfol
Ajor, (i, 7) = Aoy (6,5 +1) S AAjup_y (i +1,5) = Ajo g (i + 1, j + 1))
+dn (i, J)u[Ajon 1 (i = 1,5 +1) = Ajuy_1 (i = 1, +2)]
+ [ = (A dn (i + 2)m][A 051 (6, ) = Ajog 1 (i5 + 1],
and fori =0
Ao (0,5) = Ao (0,5 + 1) < A[Ajup_1(1,5) = Ajup_q (1,5 +1)]
+ dn(0, ) p[Av5 1 (0,5 — 1) = Ajuy_1(0,5)]
+ [ = A+ dn (0,5 + 2)m][A ;051 (0,5) = Ao (0,5 + 1))
Similarly, for the second inequality far> 2
Ajor, (i = 1,5+ 1) = Aju] (6,5) < MAjo_y (6,5 + 1) = Ajop_y (i + 1, 5)]
+dn(i— 1,5+ Dp[Aj8 (i —2,5+2) — Ajul_ (i — 1,5 +1)]
+ L= (A da(i, g + )] [Agon (0= 1,5 +1) = Ajor_y (4, )],
and fori =1
Ao (0,5 4 1) = Ajug (1,§) < A[Ajup (1,5 +1) = Aju_1(2, 7))
(0, 7 + DlAj0; 1 (0,5) = Ajuy 4 (0,5 +1)]
1= (At dn (1,5 + DA 10,5 + 1) = Ao (1,5)].

In each case, the induction hypothesis proves the result. "

8.2 Stability Results

We provide conditions under which a policy yields a stable Markov proCHss leads to a guarantee that
the process also lends finite average cost, and thus to the existenceitefsolution to the ACOE. The first

result states conditions for stability for the unrestricted and controlleccitgwaduction cases.
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Proposition 8.1 Suppose for son¥e* € {0,1,...,/¢}

A A
—+ — < k"
YA )
Then in either the unrestricted or controlled capacity reduction modelsethgists a policyr such that

pT < o0.

Proof. In either case, one may choose the policy thatdfasorkers available for all but a finite amount of
time. The system is then the same system studied for 2 workers in Ahn etvéi¢i¢ the average holding
costs is shown to be finite. THe worker case is directly analogous. Adding:*) to this finite amount

yields the result. "

When the capacity reduction is uncontrolled, the workforce is not conatehthe argument in Propo-
sition 8.1 does not carry over. For the remainder of this section we studgribiidem and thus, suppress
the superscript’ on all quantities. Note that this no longer means that quantities apply to all thelsno
Since the workers are flexible, the system can be viewed as a reententtinone common pool of re-
sources that can be split amongst two classes — stage 1 and stage 2 csisBiaislity and convergence of
moments results for standard reentrant lines (with fixed service capaaity)ecobtained using fluid limit
techniques as in Dai [11] and Dai and Meyn [12]. We adapt thesésdswour setting with a varying service
capacity. In general, the fluid limit results are very useful in analyzing owt\stability even when arrival
and service times follow a general distribution. This is not taken advanfdg®- only exponential times
are addressed. What is made use of is the fact that the results go kstgbilitly in a positive recurrence
sense and ensure finite average queue length.

Fix a Markovian head of the line (HL) policy;,. That is,r is such that workers can collaborate to work
on only the first customers in each of the queues and worker allocatimagrreonstant in between changes
in the Markovian stateX (t) = (Q(t), K(t)), whereQ(t) = (Q1(t),Q=2(t)) is the queue length process
(including the customers in service) aAdt) is the number of workers available at tirhe

We explore the statistical regularity of this policy throutjiid scaling a law of large numbers type

scaling of space and time. Define the norm

(X = Q1)+ Q2(t) + K(t)
and consider the scaled process
T t — 1 x t
Q@) = WQ (lzlt),
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where the superscript denotes the dependence on the initiakstat& (0). Letting |x| — oo, any limit
pointQ(t) is called &fluid limit of the queue length process. We will show that every fluid limit is a solution
to a set of equations known as tt&id model The fluid model is said to b&tableif there exists a fixed time
to such tha)(t) = 0 for all t > to. That is, the fluid model is stable if all queues eventually drain and once
drained stay empty.

Let the customer inter-arrival times §én), n = 1,2, ..., and the service requirements at stagbe
nm(n), n=1,2,...;m = 1,2. Recall that we have assumed tljaand,, are i.i.d. exponential random

variables with means/\ and1/,, respectively. Let

E(t) = max{n>0:£{(1)+&2)+ ---+&n—1)<t}, t>0,

Sm(t) = max{n >0: (1) +nm2)+ -+ nn(n—-1) <t}, t>0,

where the maximum of an empty set is zefd(t) is the total number of arrivals by time S,,(t) repre-
sents the total number of service completions from statiagiven¢ units of work. We make the following

assumptions o regarding capacity increases.

Al. (i) = does not reject any arriving workers up to capadity(ii) Workers are never idle while cus-

tomers are present.

UnderAl, it is easy to see that the number of workers available follows a birth-deatiess with death
ratesk~y and birth ratesx(k), £ = 0,1,...,¢. Such a process has steady-state probabilitiegiven in

Proposition 2.2. Hence, the average number of workers available irysttdd is

¢

z= Z(kpk) (8.1)

k=1

Let Y;*(t) be the cumulative time there are exadtifired workers available if0, ¢) given the initial
statex. SupposéV?, (t) is the cumulative amount of work done Ibyon stagem customers during the
times there are exactly workers available. ThusSm(Ef;:U Wz, (t)) is the number of completions from
stagem by t. Let I}(¢) be the cumulative amount of idle time while exadtlyvorkers are available so that
T (t) = Y5 (t) — 17(t) is the amount of time there are customers to serVe,it) when there are exactly

k workers available. These processes are all defined on the ddfai) and are assumed to be right
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continuous with left limits. The definitions above imply the followisgstem equations

Q7 (t) = QT(0) + E*(t) — Sf (Z Wi (t) ) (8.2)
l
Q3(t) = Q5(0) + 7 (Z Wf”k(t)> - S%(Z W%k<t>>, (8.3)
k=0 k=0
Q*(t) >0, (8.4)
l

PR HOESS (8.5)
k=0

Ti(t) + IE(t) = YiE(t), k=0,1,...,¢, (8.6)
Wi(t) + Wi (t) = KT (t), k=0,1,...,¢, (8.7)
YiE(t), Ty (t), IF (t), Wi (t), andW3,.(t) are nondecreasing and start from 0, (8.8)

/OOO(QI( +Q5(t) (Z ) (8.9)

Note that (8.9) is the non-idling constraint and guarantees that the idle tineag®s only if the total queue
length is zero.
The next proposition, a variant of Theorem 4.1 in Dai [11], presergdithd model and establishes

convergence of the scaled processes. This convergenogasm on compact sets (u.0.c.)

Proposition 8.2 Consider any Markovian HL policy undéxl. The following holds with probability one.
For any sequence of initial statds:;} € X with |z;| — oo, there exists a subsequengs; }, {i} C {j},

with |x;| — oo such that

(Q™(0), K*(0)) — (Q(0),0), (8.10)
(Q¥i(t), T (t), W*¥i(t)) — (Q(t),T(t),W(t)) u.o.c, (8.11)
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where(Q, T, W) satisfies the following set of equations:

¢
Q1(t) = Q1(0) + A\t — (Z Wlk(t)> ; (8.12)
k=0
l ¢
Q2(t) = Q2(0) + <Z Wlk(t)> — 2 <Z WQk(t)> : (8.13)
k=0 k=0
Q(t) >0, (8.14)
l
Z e =1, (8.15)
k=0
Th(t) + Ix(t) = pit, k=0,1,...,¢, (8.16)
Wik (t) + Wor(t) = kTi(t), k=0,1,...,4, (8.17)

Yi(t), Ti(t), I(t), Wik (t), and Wy (¢) are nondecreasing and start froon (8.18)

S l
/O (@u(t) + QQ(t))d<ZI_k(t)> =0. (8.19)

k=0

Proof. Notice that form =1, 2,

1 zj

1
;]

|z

forall j. Also,0 < K%i(0) < ¢. Therefore, there exists a subsequeage— oo such that (8.10) holds.

For any0 < t; < t5, and eachn andk, we have
0 < Wii(te) = Wi () < b(Tilte) = Tg(tr) ) < £lt2 — ).

That is, {T¢(t), || > 1} and{WZ,(t),|z| > 1} are uniformly Lipschitz, and hence equicontinuous.
Settingt; = 0 andt, = ¢ yields uniform bound® < T (¢t) < t and0 < W2, (t) < (t. Therefore, by
the Arzeh-Ascoli theorem, any subsequencéf@f(t) has a u.o.c. convergent subsequence. Similarly, for
WZ, (t). The families{I{(t),|z| > 1} and{Y*(¢),|z| > 1} can be shown to have a u.o.c. convergent

subsequence in the same manner. SiK€¢t) is ergodic, the (functional) Strong Law of Large Numbers
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(SLLN) (cf. Glynn and Whitt [18]) can be applied to get

E(t) = M,
Sim(t) = pmt.

Equations (8.12) and (8.13) then follow from (8.2) and (8.3) where thdam time change is valid by
Theorem 5.3 of Chen and Yao [9]. Equations (8.14) — (8.18) are aqoesice of (8.4) — (8.8) and (8.19)
follows from (8.9) and Lemma 4.4 of Dai [11]. "

The next proposition says that the desired stability results hold if on axvénegffered workload by the

arriving customers is less than the capacity of the hired workers.

Proposition 8.3 Suppose is defined as in Proposition 2.2.M1/u1 4+ 1/u2) < z, then for any Markovian
HL policy 7 satisfyingAl, the fluid model is stable and, thus, an invariant probabilitexists forX =
{X(t),t > 0}. Furthermore,

lim EF[Qm ()] = Ef[Qm(0)] < oo, m=1,2, (8.20)
andp™ < oco.

Proof. To show that the fluid model is stable, consider the immediate workload given by

L(t) Q1(t)/m1 + (Q1(t) + Q2(t)) /2

¢
= Q1(0)/pm + (Q1(0) + Q2(0)) /2 + M1/ + 1/ p2)t — > (KT(t)).

k=0
L(t) is nonnegative and equals zero if and onlyif(t) = Q2(t) = 0. Becausely(t) andW,,.(t) are

Lipschitz continuous, so a@,,(t) and L(t). Lipschitz continuity implies absolute continuity, $dt) is

differentiable almost everywhere. Whé@(t) + Q2(t)) > 0, (8.19) and (8.16) implyi,(¢) = 0 and

Tj(t) = pk, and thus

L(t) = M1/ +1/p2) — 2.
By Lemma 2.5 of Dai [11]L(t) = 0 for ¢ > (z — A(1/pu1 +1/p2))~". Therefore, the fluid model is stable.
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The results showing that stability of the fluid model implies stability of the originglesy are proven
in Dai [11] and Dai and Meyn [12]. Sinc& (¢) is uniformly bounded, it is easily incorporated into these
proofs. The existence of an invariant probability f&r follows from Theorem 4.2 of Dai [11]. From

Theorem 4.1 of Dai and Meyn [12], we have (8.20). Since the holdisg r@des are linear, this together

with a bounded worker cost imply™ < oc. "

Note that the above arguments can be carried over without much difficultynétveork of any finite

number of queues in tandem. Since this just amounts to more bookkeepingtdfie @re omitted.
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