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Abstract

We consider congestion control in a non-stationary queueing systemmisss that the arrival and service
rates are bounded, periodic functions of time, a Markov decision dqd#d3P) formulation is developed.
We show under the infinite horizon discounted and average reward optiroilésia, for each fixed time,
optimal pricing and admission control strategies are non-decreasing imihigen of customers in the sys-
tem. This extends stationary results to the non-stationary setting. Despitestiiisttee problem still seems
intractable. We propose an easily implementadaintwise stationary approximatidf®SA) to approximate
the optimal policies, suggest a heuristic to improve the implementation of the PS/Aegfydits usefulness

via a numerical study.
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1 Introduction

Advances in telecommunications technology have sparked recent iritereat-time revenue management
for multi-class queueing systems. When the system capacity is finite, a deciakar must dynamically
allocate resources while maintaining revenue maximization considerationsidBgrge this is achieved by
two congestion control mechanisms; pricing control and admission contioind?control is used when a
customer’s priority or class cannot be discerned upon arrival. Asyters becomes more congested, the
price for admittance can be raised so that the number of arriving custémexduced. By contrast, when
a customer’s class is revealed upon arrival, the revenue maximizatioroagdstion control dilemmas can
be alleviated via admission control. As in the pricing problem, lower priority enste are more likely to
be admitted when the system is not operating close to capacity. The diffaretiee two scenarios, while
subtle, is distinct in that the amount of information available to the decision-naakkthe reward received
is quite different. The pricing controller sets a price without knowing thesatdi@n arriving customer and
may only receive that price while the admission controller receives thd exaard offered by admitted
customers.

The vast majority of the literature on congestion control assumes that tixa amd service processes
are stationary; independent of the current time. Under this assumpti@gtisiah-maker making pricing
or admission control decisions needs only know the current numberstdroers in the system. With the
added complication of non-stationary arrival and/or service prosgsagen a customer arrives, the decision-
maker needs to know the current number of customers in the systdihe current time. This makes the
problem of finding the optimal decision intractable. The main theoretical cotitibof this paper is that,
under reasonable assumptions, many of the structural results of the atatiaise can be extended to the
non-stationary problem. In particular, when the arrival and servies naary in a known periodic fashion,
an intuitive result continues to hold; as the congestion increases in thegppimblem the optimal price
increases and in the admission control problem, the admittance requiremeosdoeore strict.

This (unfortunately) does not complete the picture. In contrast to the infiarizon stationary problem,

the optimal decisions in either scenario are not static for each congestain Tews, while the structural
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results suggest for each fixed time, we can restrict attention to monotonégplisis restriction does
not make the search for optimal policies simple. To exploit the connection betiie stationary and
non-stationary cases, we suggegiantwise stationary approximatiofPSA) scheme that allows for the
decisions to be monotone in the congestion level, but dynamic in time. Since wesises from the

stationary problem to implement the approximation, the procedure is intuitiveasity implementable.
We then compare several refinements of the PSA to the average rewardastapolicies that are used in
practice.

With the growth of Internet service providers and mobile network servioggers, the study of conges-
tion control in queueing systems with non-stationary arrivals have cehéeoeind the telecommunication
industries. The focus of most of the work on non-stationary queueisigis}s has been on obtaining in-
sights for fixed polices. For example, Massey and Whitt [13] obtain the mearber of busy servers and
the time lag between the maximum arrival time and the actual peak congestion timeystem without
control. The same authors discuss stationary approximations to non-statwonhtems in [12]. Green
and Kolesar [3, 4] use a pointwise stationary approximation for the ctingds a non-stationary system.
Although, in the present study we use the same term, “PSA’, to relate to anitycantrol scheme rather
than the estimation of congestion levels, the concept is quite similar.

Monotone policies in admission control were originally discussed by Yadi\&or [18], Heyman [6],
Lippman and Ross [9] and Miller [15]. Monotone policies in pricing contrakveonsidered by Low [11]
and more recently by Paschalidis and Tsitsiklis [16], Feng and Xiao [1JFandMarkus, and Wang [2].
None of the models deal with the periodic non-stationary extension presemntydered.

The remainder of the paper is organized as follows. In Section 2 we forerthia problems as Markov
decision processes (MDPs) and introduce the optimality criteria of intelissblinted and average reward).
We prove the existence of monotone optimal policies under each optimality aniiar®®ection 3. In Sec-
tion 4 we compare the average reward pricing and admission control mageésically and introduce the

pointwise stationary approximation heuristic. The concluding remarks foll@eation 5.
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2 Model Formulation

Consider a single commodity queueing system with finite capagityver an infinite planning horizon.
Customers arrive according to a non-homogeneous Poisson proitbsste A(t) > 0 for all t. Each
customer belongs to one of several clasges {1,...,¢}. Classj customers have a reservation price

p; < oo, and the probability that an arrival at times a class;j customer isg;(t) € (0,1), such that

Zf:l g;(t) = 1 for eacht. In the pricing scenario (from now on called thecing control problen), if an
arriving customer sees a price lower than the reservation price, theippeé and the customer enters the
system. Otherwise the customer is lost forever. Inattimission control problepupon arrival the customer
reveals the reservation price and is either accepted or rejected; rejestedners are lost forever. Let the
setA = {po,p1,...,pe} be the set of possible reservation prices \ill be used to model a full system),
and without loss of generality, assume that> p1 - - - > p, > 0. It should be clear that the decision-maker
in the pricing control problem would never set a price outside of th& sshce it would only result in lost
revenue.

Let the arrival rate of classcustomers be denotetf(t) = ¢;(¢t)A(t), j € {1,...,¢}. When pricea is

set, the customers that actually enter the buffer form a Poisson proitesate), () = Z?”:(‘{) B;(t), where

w(p;) = j. The service process is assumed to be exponential withufatewhen there aré customers

in the system at time. We assume thai(t) = 0, pi(t) > 0 andy;(t) is non-decreasing and concave

in 7. Sincep;(t) is not assumed to be strictly non-decreasing, ibuffer space can be modelled by setting
pit1(t) = pi(t) for all i > 4’ for somei’. Assume that the function$(t), ¢;(t) andy;(t) are measurable,
bounded, periodic functions with peridad for all j € {1,2,...,¢} andi € {0,1,...,m}. Define the
maximal transition rat& = sup,¢jo 1 {A(t) + um(t)}. We applyuniformization(see Lippman [8]) with
uniformization constan¥, so that we may consider discrete-time problems instead of the continuous-time
problems described in Sectidn This has the effect of scaling the actual rewards by a constant, but ha
no effect on the optimal policies (in either case). In addition to arrivaldemhrture times, we embed the

times corresponding to the beginning of a new perind;, 27, etc. Thus, if{o;,t = 0,1, ...} represents
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the sequence of decision epocbs,; — oy is the minimum of an exponential with rafie and the residual
time left in the current period.

In each problem, when the system is in a statine decision-maker chooses from a set of available
actions; a set of admission prices in the pricing control problem and eitkheptor reject in the admission
control problem. A decision rule is a functiafh,from the state space to the action space that describes what
action will be taken for each state of the system at a particular time. A pslisya sequence of decision
rules, i.e.;m = {dy, dy,...} € Il wherell is the set of all non-anticipating policies. Each policy generates
a sequence of random variablgsX,, d,(X;)) : t = 0,1,...} whereX, denotes the state of the system
andd,(X;) denotes the action chosen by decision jlén stateX; at decision epoch Letr(z,a) be the
expected reward when the system is in stated actioru is chosen. The—stage—discounted expected

reward of the policyr given that the initial state is is given by

n—1

Via(@) =E7 | Y e (X, dy(X0)) |
t=0

whereE” denotes expectation with respect to the probability measure determined bytidiesiatex and
the policyr, {oy,t = 0,1,...} represents the sequence of event times @nd R™. Without loss of
generality, assume that+ ¥ = 1. Note that although policies are defined for the infinite horiqf, (=)

is only defined for a finite number of steps. In this case, only that portiagheopolicy that corresponds
to the appropriate time horizon is used. Since the rewards we considepamnedal and non-negative
the above expectation is guaranteed to exist. Definexvthdiscounted expected reward to bg (z) =
limy, . V;7, (7). Similarly, whena = 0 define the long-run average expected rewardgn) to be
G™(x) = liminf,, o V,7(z)/n. Consider the value functions and criterion given in Table 1.

A policy whose expected reward achieves the supremum in one of thessedffor all states) is called
optimal under that criterion. Moreover, although we view the finite horizon casimtaresting, we are
actually most interested in the infinite horizon discounted and averaged@aaes. For the remainder
of the paper we differentiate quantities identified with the pricing control Ilprolfrom those with the

admission control problem by using superscriBtandC', respectively.
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Value Function Criterion
Via(T) = supgen Vo () [Finite Horizon]
Va(z) = sup,cn VI (x) | [Infinite Horizon Discounted]
G(z) =sup,en G™ (2) [Long-run Average]

Table 1: QPTIMALITY CRITERION CONSIDERED.

2.1 The Pricing Control Problem

Since the arrival and service rates are periodic functions of time, frendéeision-maker’s perspective
under the infinite horizon discounted and average reward criteria thal getiod within which events
occur is not of importance. This fact is easily seen fromgtiaciple of optimalitysince a decision-maker
that seeg customerss time units into the current period is faced with precisely the same dilemma if there
areid customers in the systemtime units into the next period. In the pricing control problem this means
that only the current time since the last period, the number of customeentyrin the system, and the
type of event that has just occurred (departure, arrival, or dummgitian due to uniformization) need to
be included in the state space. Dt = {(i, 4, 2)|i € {0,1,...,m},j € {-1,0,1},andz € [0,T)} be

the state space, where at relative tim@he current time modulo T),represents the number of customers
in the system;j = 1 denotes a customer’s arrivagl= —1 a departure, ang = 0 a “dummy” transition due

to uniformization. Note that one may conjecture that the second element dathespace is superfluous.
However, recall that the model we propose only requires pricing desidie made at arrival times. This
is facilitated by inclusion of the “transaction typg.” The set of available actions in stdte1, z) € X7,

denotedA?, is

N R if i = m.

Qau(t) = Z;“:(‘i) gj(t) = Xa(t)/A(t) is the probability that given an arrival has just occurred at time

and priceqa is set, the arrival has a class higher thafrecall class 1 is the highest class). For a functfon
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on the state space, define the mapif{g

T
WENG2 = [ IMOSG10) + 01700, 1.)

+ (U = A(t) = pa(t) f(3,0,8)]e U2 dt + e~ T2 £(4,0,0).

Intuitively, (UL £)(4, z) represents the total expected reward as measurgatayting from the next decision

epoch, given that there are currentlgustomers in the system atime units into the period. Lef; , =

and consider the following systems of equations(foy, z) € X*,

max,e 47 {Qa(2)(a + (Ug vy 1 4) (i +1,2))

UP (Z ] Z) = +(1 - Qa(z))(Ugvgfl,a)(iaz)} lf O S 1< m, ] = ]-1 (21)
e (U5v5—17a>(i_17z) If0<z§m, ]:—1,
(UFvf1.2)(2) otherwise,

maxaeAfa{Qa(z)(a + (UFRP) (i + 1, 2))

B P1P\/- . < S 1.
Uy h")(i—1,z) ifo<i<m, j=-1;
(UERE) (i, 2) otherwise,

The first system, (2.1), are tHimite horizon optimality equationdHOE) and (2.2) thaverage opti-

mality equationgAOE). If we replacev), andv? | , with vZ in (2.1) we have theliscount optimality

n—1,«
equationgDOE). If there exists a solution to the FHOE thefi, (z) = V;”,(z). Similarly, for the DOE

(whena > 0) vf(z) = V.F(z). The existence in either case is guaranteed since the rewards areeound
and the action space is finite (cf. Theorem 11.3.2 of [17]). A solution to E & a little more subtle since
the recurrent class structure must be considered. However, fordhiem we consider a solutiqg”, h!)

impliesg” = G (z) (for all ) while R is unique up to an additive constant and is calledlative value

function
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2.2 The Admission Control Problem

In an analogous manner to the previous section, since we are interestedrifirtite horizon problems, the

decision-maker is indifferent to which period decisions are being madesflite and action spaces for the

admission control problem are

X ={(i,4,2)|i € {0,1,...,m},j € {—1,0,1,...¢},andz € [0,T)}

c _ J{accept, rejedt if i <mandj > 0;
| {reject if i =mandj > 0.

wherei < m, j < 0andz € [0,T) are as in the pricing control model ajid> 0 denotes an arrival of class

4. Define the mappin@¢’ for a function, f, on the state space to be
(U 1), 2) / Zﬁy (i, 5,t) + i (8) (i, —1,8) + (¥ — A(E) — ps(£) £ (43,0, 8)] et
+e T2 £(i,0,0).

The analogous systems to (2.1) and (2.2) foIIm@a( =0)

max{p] (U vn 1a)(i+1’z)’

vC (i, j, 2) = (Ua v1,.0)(0: 2)} if0<i<m, j>1 03
" (US v 1,0)(i = 1,2) if0<i<m,j=-1;
(USE 1 ), 2) otherwise,

max{p; + (USHC)(i + 1, 2),

$h (i if0<i > 1;
g +h%(,4,2) = 0(50’? )G 2)} ! O—Z,<m’3,— ' (2.4)
(UGh")(i—1, %) ifo<i<m, j=-1;
(UFRC) (4, 2) otherwise.

Again replacmgvga andv? o With v¢ yields the DOE. The first element in each maximum refers to

accepting the arriving customer and the second corresponds to rejection
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3 Monotone Optimal Policies

In this section we show the existence of non-decreasing optimal pricinggigra and optimal control levels.
To this end, we show that the result holds in the finite horizon case and xtemdedo the infinite horizon
models. To ease notation, let the set of non-increasing, concave fusftie domain will be clear from the

context) be denoted bipC'. We find the following results from Lippman and Stidham [10] useful.
Lemma 3.1 (Lippman and Stidham (1977)) The following hold.
1L WHG) = pif(i — 1)+ (@ — w;) f(7), wheref (i) € DC and i = max;{u;}, thenH (i) € DC.
2. Letr > 0 be fixed and leg(i) = max{r + f(i + 1), f(¢)}. Then g is concave f is concave.

We note that it is simple to show thatcan be replaced with any upper boundiofFor a functionf define
the first and second differenceSf(i) = f(i + 1) — f(i) andA2f(i) = Af(i + 1) — Af(i), respectively.
Although these mappings will be applied to functions of more than one varthblewill always correspond

to the differences of the first element.

Lemma 3.2 In the discounted finite horizon probledi/, (i, j, z), (UL v} ,) (i, z) € DC as afunction of

a “n,a

forall n > 0, for each fixed, z anda.

Proof. Sincev), = V,l,, it suffices to show the result holds for solutions to the FHOE. By inducfon.

n,a

n = 0 the results hold trivially. Suppose they hold for- 1. We first show tha(U,fv,ffLa)(z', z) € DC

impIieSUia(z',j, z) € DC. It should be clear that this holds for= —1, 0 since

0o (3,0,2) = (UL0) ) 4)(i, 2) vl

n—1,a n,a(ia —1,2) = (U(f’l)?];_l?a)(i —1,2).

Consider the case with = 1, suppresg andz (since they are fixed) and recalf (i) represents the
optimal price when in staté, 1, z). Suppose the decision-maker uses the potentially sub-optimal action

dP (i + 1) in state(i, 1, z). Then

g oty 1,2) = Qup iy (US 01 )i+ 1,2) + (1= Que 1)) (UL vl 1 0) (i, 2), (3.1)
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while

Urjzj,a(i +1,1,2) = Qdf(i+1)(U§U'5—1,a)(i +2,2)+(1— Qd;’f(i+1))(U5U7ILD—1,a)(i +1,2), (3.2)
Subtracting (3.1) from (3.2) yields

AUTILD,a(i? 1,2) < Qdﬁ(i+1)(AU§UTILD—1,a)(i +1,2)+ (1 - Qdf(i+1))A(U£UTILD—La)(i7 z) (3.3)

Thus, sinceA(ULvE_, ,)(i, z) < 0 for i andz arbitrary,v? , is non-increasing i for all n as desired.

a “n—1,«a

On the other hand, to get the concavity suppdfsg) is employed in(i + 1, 1, z). The FHOE yields

A’Uia(i, 1, Z) > Qdﬁ(i)A(U(fvT]LD—l,a)(i + 1, Z) + (1 - Qdﬁ(i))A(Uo]jUg—l,a)(i? Z) (34)
Combining (3.3) (for(i + 1,1, z)) and (3.4)
A%l (1,1, 2) < Qur(iray A* (UL 0] 1 )i+ 1,2) + (1 = Qe ) A* (UL v) 1 ) (i,2).  (3.5)

Thus,A%v), < 0and we have! , € DC.

It remains to show that!’, € DC implies (U vl ,)(i — 1,2) € DC. Recall

a Yn,a

T
UEE)02) = [ (MO0 + )0l ~1.0)

(U — A(t) — pi(8)vl o (0,0, 8) e 72t + e~ T2l (3,0,0).

The result now follows from the linearity of the difference operator aad p of Lemma 3.1. n
The next result asserts the existence of monotone optimal policies in the brizemcase.

Theorem 3.3 Under the finite horizon optimality criterion, for each fixed times [0,7), the optimal

price at stagen when there aré customers in the system, denot&d) (since;j and z are fixed), is non-

decreasing in.
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Proof. Fix z € [0,7) anda > 0. Clearlyd? (m) > df'(m — 1) sinced” (m) = po. Thus, we must show
dP(i+1) > dP (i), 0 < i < m — 2. Letd? (i) be the optimal price when in staté 1, z). Suppose the

decision-maker uses the potentially sub-optimal actiti + 1) in state(s, 1, z). Then

Vnal(is1,2) 2 Qap(in (2)(dy (i + 1) + (Ugvi_1 o) (i + 1, 2))

(3.6)
+ (1 - Qdf(i—‘rl) (z))(U(fvr];fl,a)(iv Z)v
while
vpa(i+1,1,2) = Qap (2)(dy (i + 1) + (Usvh1 ) (i +2,2))
(3.7)
+(1— Qdﬁ(i—&-l)(z))(U(fvr};fl,a)(i +1,2),
Subtracting (3.6) from (3.7) yields
Avyois1,2) < Qup(iny () AUL vR_10) (i + 1, 2)
(3.8)
+ (1= Qur 41y () AUL v _1,4)(i, 2)
Similarly, if we use actionl? (i) in state(i + 1, 1, z). The FHOE imply
Avrlzp,a(i’ 1,z) > Qdf;( (= )A(Ua Un—1 a)(i +1,2)
(3.9)

+ (1= Qar(i) () AUL v —1,0) (i 2)
(7,1, z). Combining (3.8) and (3.9) we obtain

(de i+1) ( ) de(z ( ))AZ(UQ Up— la)(i’z) > 0.

Lemma 3.2 impIiesAQ(Uof’uf_La)(i, z) < 0. There are two possibilities to consider. First, suppose that

A2(UPvE o)(i,2) = 0. Note that the FHOE foj = 1 may be rewritten,

vrlzj,oa(i717z) (U(f Up— 104)(1 Z)—I— max {Qa( )(a—l—A(U(f Up— 1a)<i7z))}

a€A(x)
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Our assumption ol\*(UZ v} | ) (i, z) = 0 implies

n

max (Qu(2)(a-+ AULY12)(0.2)) = max (Qu(:)(a + AUL10)(0 +1.2))}

and there exists an optimal policy such tHa(i) = df’ (i + 1).
Suppose now thal*(UL v} | ,)(i,2) < 0. Then,Qur(1)(2) — Qur;(2) < 0. SinceQq(z) is

(strictly) decreasing i, this implies that? (i 4+ 1) > dZ (i) for each fixed time. .

Lemma 3.4 In the discounted finite horizon admission control problbjﬁa(i,j, 2), (USvS )i, 2) € DC

as a function of for all n, for each fixed;, z anda.

Proof. By induction. The case for = 0 is trivial. Assume that the results hold fer— 1. The fact

that (USvS_, ,)(i,2) € DC impliesvf (i, 4,z) € DC follows in the same manner as Lemma 3.2 for

aUn—1 ,Q
j = —1,0. Whenj > 0 using the optimal admission control decision for sfdte- 1, j, z) in state(s, j, )
implies

(3.10)

A (i j.2) AUSWE i+ 1,2) if dS(i+1,j,2) = accept,
7/ ] . .
J AUSC | Niz)  ifdCGi+ 1,7, 2) = reject.

Thus,vga(z‘, J, z) Is non-increasing. Part 2 of Lemma 3.1 implies the concavity. To ﬁﬁ;y(/i, j,z) € DC

implies (USC )(i, z) € DC, apply the same argument as Lemma 3.2. .

e TLC!

Theorem 3.5 For each fixed time: € [0,7"), the optimal admission control policy when there areus-
tomers in the system at stagedenotediC (i, j, z), is non-decreasing inunder the finite horizon optimality

criterion. That is, there exists control limits, (7, z) such that

dC (i, . 2) = accept(0) ifi <n,(J,2); (3.11)
e reject(1)  if i > n,(j, 2). '

Furthermorem, (j, z) is non-increasing iry for each fixed time.
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Proof. Note that it is optimal to accept (reject) at stagié p; + A(USvS ) (5, 2) > (<) 0. Leti’ be the

n—1,«

smallesti such thap; + A(USWS , ,)(i,2) < 0 (lettingi’ = m if none exists). Since Lemma 3.4 implies

a “n—1,«a
AUSWE 1 )1, 2) = AUSHE 4 )@ + 1,2) we havep; + AUSWS , ,)(i,2) < 0forall i > i’ and

reject is optimal for each suah Hence, if we set, (i, z) = i’ the proof is complete.

The last claim follows from the fact that the acceptance (rejection) cnitevizen in statdi, j, z) for

«

j>0isp; + A(USWE, ,)(i,z) > (<) 0 and the assumption that > py > - > py. .

3.1 Infinite Horizon Monotone Optimal Policies

The main theoretical result of the paper is stated in the following theorem.

Theorem 3.6 For each fixed time;, under both the infinite horizon discounted and average reward opti-

mality criteria the following hold

1. Inthe pricing control problem there exists an optimal policy such thaathmeission price, when there

are customers in the system, is non-decreasing in

2. In the admission control problem there exists an optimal policy suchfdhaach clasg there are
control limits n(j, z) such that the decision-maker accepts (rejects) classistomers ifi < (>

) n(4, z). Furthermorey (4, z) is non-increasing iry.

The results of the previous sections suggest that to prove Theoremsifiices to show that the value
functions for each infinite horizon model are concave.inTo this end, we note that the concavity in
the infinite horizon discounted case is achieved virtually immediately by letting theohdength go to

infinity in Lemmas 3.2 and 3.4. The concavity of the relative value functions iratkeage reward case
requires several technical assertions. We then let the horizon lendgthimgfinity in the undiscounted (and

normalized) finite horizon problem to get the result. This is detailed in the megbpition.

Proposition 3.7 For the pricing and admission control modelg;(z) = V,¥(z) — V& 4(z) — ¢* and

hi(x) = ViEo(z) — ViFo(y) — hF(x), Vo e XF, wherey is an arbitrary (fixed state inX*, (¢, h¥)

n,
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satisfies the AOE, ankl = P, C for the pricing and admission control models, respectively. Furthermore

this convergence is uniform on compact subseb&‘of

Proof. See Appendix .

The following lemma is an immediate consequence of Lemmas 3.2, 3.4, Propositemd3he obser-

vation thatAV,” (i, z) = Ah[ (i, z). It completes the proof of Theorem 3.6.

Lemma 3.8 In the pricing and admission control models, the value functions for the infioitzon dis-

counted reward problem and the relative value function for the averagardeproblem are non-increasing

and concave in. Similarly for (U¥v%)(i, z) and (U¥h*) (4, 2), wherek = P, C.

4 Pointwise Stationary Approximations

The results of the previous section imply a close relationship between thetationary and stationary
versions of congestion control problems. In fact, for each fixed timehave shown that the intuition for
the optimal policy is precisely the same; the more congested the network be¢bme®ore strict should
be the admission structure. This intuition does not carry over in all non-séagiomodels as an example in
Lewis, Ayhan, and Foley [7] exhibits. Furthermore, this observatiors ot stand to make the solution of
the non-stationary problems simple since the problems remain uncountablgatz#edDPs. In fact, even
approximating these problems with a discretization of the time horizon quicklynbex@omputationally
intensive for problems of reasonable size.

With this in mind, we present a pointwise stationary approximation to the non-statipnoblem and
verify that it achieves an average reward that is quite close to optimal. @uenical study shows that
it can be a considerable improvement over the stationary policy that is afeghin practice. Note that
although in this section we only consider the average reward case, a sinzlgsia could be performed for
the discounted case. A brief description of the PSA follows.

Choose a set of points, sayS = {71, m,...,7y}, wherer; = 0 andr, = T in the period[0, T’]

and consider a sequence of stationary problems. For'thgroblem,n € {1,2,...,7}, A(t) = A(7,),
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wi(t) = pi(m,) fori = 0,1,...,m, andg;(t) = g;(m,) for j € {1,2,...,¢} for all t. That is to say, we
solve thestationarypricing (or admission) problem with the parameters for each fixed tiyrend obtain

the optimal (stationary) policy denotdg* (i),i =0,1,...,m} fork = P,C.

Definition 4.1 The pointwise stationary approximation for the $gis defined to be the non-stationary
policy d”(i,t) = fF (i) for pricing control andd® (i, j,t) = fC (i, ;) for admission control, fort €
[Tn, Tne1) @ndn = 1,2, ...,y — 1.

In essence the PSA is the piecewise linear policy that uses the optimal polibg &tationary problem at
several points during the period in hopes that the optimal non-stationkcy pan be closely approximated
in this manner. This exploits the fact that the structure of the optimal policy isithe for the stationary and
non-stationary problems and is a quite intuitive way of congestion controbictipe. Equally important is
the observation that the stationary problem may be solved via solution of tineadipy equations from one
of the well-known solution techniques for MDPs, for example policy iteratiovedue iteration.

One might notice that we have made no mention of how th& sethosen. An obvious implementation
would be to choose the number of points one would like to includg and space them equally on the
interval. This has the drawback that it ignores the observation that sbog€not time) is the driving force
behind changes in the optimal policy. As an alternative, we propose a RAttempts to track times of

peak congestion and adjust the policy accordingly. Definéngtantaneous congestion

fort € [0,7). For the remainder of the section, we assume Hfaf is continuous and differentiable
forall t € [0,7). We contend that this is not much of a restriction since we can replace tivatoer
condition contained in the third step of the algorithm below with a similar conditionfoh&ad derivatives,
while discontinuous functions can be approximated by continuous funciigasiext define the “distance”
between two stationary policies af, andr,, for each problem considered. In the pricing control problem

let

DP(FE L fP )= max Jw(fE () - w(fE ().

T 0<i<m—1



Pricing and Admission Control in Non-Stationary Queues 15

This represents the largest change in the action chosen (in each stali#fefent policies in the stationary
problem. Similarly, in the admission control problem, assume]fﬁnqtandfg? are stationary policies that

are of the form of the optimal policy (i.e. have control limits) and let

C(¢C C N\ — ; ;
D (froy fry) = o 00y 7)) = 107 7o)

Note that this represents the maximum difference in the admission control limitsefgtationary policies
fTCn1 andfTCTLQ.

Theinstantaneous congestion based R82PSA) is described for the pricing control problem by the

following algorithm (the admission control problem would be approximatetbgnasly):
1. Setn = 1.

2. Computeff; from the stationary problem (recaill = 0).
3. Letr* = inf{t > 7,|p'(t) = 0}, where the infimum of the empty set if taken to’Be

4. ComputefL. from the stationary problem and sét=n + 1 + DT (fZ | f£). If 7* = T use the left

Tn

hand limits ofA,(¢) andy;(t) for eacha and: ast approache§’.

5. Choos€ 7,41, .., 1} equally spaced betweepn andr* and computg‘f; form, € {mny1,.. ., Tw—1}-

6. Letn = n'. If ,, = T. Stop. Otherwise return to step 2.

Steps 3, 4, and 5 make up the crux of the ICPSA algorithm. The constructhudés all times that the
derivative of the instantaneous congestion is zero as well as the begemihend of the period. Between
these times, the number of points used is set equal to the largest changeiicitig action. This policy
has the desirable property that more time points are placed between times whaptithal stationary
approximation makes a significant change in the policy. When the algorithnmiplete, the se{fj_i} is

defined and thus, so is the corresponding ICPSA policy.
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In order to compare the equally spaced PSA and the ICPSA to what isittyrdene in practice we

define the nominal arrival and service rates

5 _ Jo Bt

3, . Jy mi(tat

and
T Hi T

forj =1,2,..4andi = 0,1, ...,m. Define theaverage stationary approximatiqiASA) policy to be the
policy that maximizes the reward of the stationary (pricing or admission comptraihlem when the vectors
[ andj are used as constant arrival and service rate vectors, respeclives, when estimating the arrival
and service rate vectors the decision-maker simply uses the averagdhoataover the period.

We discretize the time horizon and approximate the gains of the optimal policy anldetlristics
(equally spaced PSA, ICPSA, and ASA) that have been discussgahoSeiwe divide the period into
equally spaced time segments. Denote the time elapsed between adjacent dgmmisios byAt so that
At = T/n. At each decision epoch, the decision-maker chooses the “optimal” aioce transitions
follow a Poisson process with rafe, an event occurs at everyt with probability 1 — Te~YA* whereas
nothing occurs (a dummy transition) during time peristiwith probability We~ YA, Recall that the crucial

quantity in defining the AOE, (2.2), wd#/{” f)(i, z) for a functionf on the state space. Let

(UF )i, 2) = (1 — e VA Wm, 1,24 At) + Wm, —1,z 4+ At)
(4.1)
+ (1 . A(Z $ At) B MZ(Z\_IIF At))f(i,o,z + At) + eilpAtf(Z',O,Z + At),
forz =0, At, ..., T — 2At. Similarly,
(UL G, T — At) = (1 — e T4 %f@, 1,0) + @f@, —1,0)
(4.2)
+ (1 - % — ul\(pT))f(i,O,O) +e YA £(1,0,0),

where the rate functions are replaced with their left hand limits in the caseis¢@ntinuity at timel’. The

“discretized” AOE is the analogue of (2.2) usiﬁfg’ instead oﬁ]é:'. The result produces an estimate of the
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Price vs. Time (d*(1,t)) Price vs. Time (d*(1,t))
12 12
10
g 1° 8
2 8 = 8 -
o 6 = Optimal % 6 = Optimal
g ——ICPSA £ —PSA
s 4 s 4
2 o
OD- 2 o -
0
0 T T

Time

Time

Figure 1: THE COMPARISON OF OPTIMAL PRICES FOH = 7.

relative value function and the optimal gain for the pricing control problemasalogous system is used in
the admission control problem.

We present an example that captures two important observations; thie firat the ASA can perform
quite poorly while the second highlights the importance of knowing the resenvarice to the decision-

maker in the admission control model.

Example 4.2

Let/ = 3, m = 3, andAt = 1%0 and the set of reservation pricé$l, 6, 3. We consider the cases

in whichT = nn/4, n = 1,2,3, and4, so that the nonstationarity is captured by the whole sine wave

(bimodal) in one case and various portions of the sine function in otheesaifival rates and service rates

are
M (£) = 3 (10sin(2t) +11(277Y)) if j =1,2,3;
A otherwise,
() = $(30+10(i—1)) fori=1,2,3;
=30 otherwise,

respectively, wher@ = 104 andA(t) = Ay, (t).
Figure 1 shows how the heuristic policies compare to the (discretized) optotiey pvhen1 customer

is in the system an = « (other congestion levels are similar). The PSA with equally spaced time points is
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Optimal vs. ASA (d*(0,t)) Optimal vs. ICPSA  (d*(0,t))

12 12
g 10 g 10
E 8 —— Optimal § 8 —— Optimal
g 6 — ASA g — ICPSA
£, E,
Q. Q.
o 2 o 2

0 7 0 T

Time Time

Figure 2: THE COMPARISON OF OPTIMAL PRICES FOH' = 7/4.

denoted “PSA’. The number of time points were set equal to the numbeirgspsed in ICPSA. The ASA
policy for this example uses the static pricéor all ¢ when there is 1 customer in the system. One might
note that both the ICPSA and the PSA closely track the optimal policy, but W&C#SA overcompensates.
That is to say that there is a shift to the left in the ICPSA away from the optinielyp We believe this is
due to the fact that the pointwise stationary approximations do not take inboirgtcithe decision-maker’s
ability to anticipate an increase in congestion. The shift is particularly apperé&igure 2 and somewhat
justifies the performance of the ASA whé&h= 7 /4, 7 /2 (the compensation can have a negative effect).

In Table 2 forT' = 7, 37 /4 the equally spaced PSA and ICPSA outperform the ASA considerabdy (ov
8% savings in one case). When the non-stationarity is more file: (r /2, 7 /4) the ASA dominates the
PSA however not by a significant mount. Another notable phenomenontiththpercentage difference in
the average reward is shown to vary widely for the ASA (over 10%) whéeetijually spaced PSA and the
ICPSA are consistently within 4% of optimal.

One should also note that there is quite a large difference in the gain fai¢iveg@and admission control
models (over 28%). Since the arrival and service rates are the saemctomodel, this can be attributed to

the fact that the decision-maker has complete knowledge of the class stoarar upon arrival.

5 Conclusions

We have introduced non-stationary congestion control problems withdierates for both the arrival and

service processes. By embedding the current time (modulo the period) #tatieespace, we are able to
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\ Cases | Opt. Gain| % Diff. from g |
T =7 | Admission Control| Opt. Admission ¢©) || 1.75857 +36.06
Pricing Control Opt. Pricing g7) 1.29246 -
ASA (9% 54) 1.15075 -10.96
PSA (955.4) 1.26951 -1.78
ICPSA (g] - psa) 1.25754 -2.70
T = 3% | Admission Control| Opt. Admission ¢©) || 1.79780 +33.14
Pricing Control Opt. Pricing g7) 1.35028 -
ASA (g% 54) 1.21622 -9.92
PSA (954 4) 1.30139 -3.62
ICPSA (¢t psa) 1.30935 -3.03
T = 5 | Admission Control| Opt. Admission () | 1.81467 +29.02
Pricing Control Opt. Pricing ¢*) 1.40647 -
ASA (9% 5.4) 1.40475 -0.12
PSA (954 4) 1.38299 -1.67
ICPSA (g} - ps4) 1.38299 -1.67
T = 7% | Admission Control| Opt. Admission () | 1.26077 +29.23
Pricing Control Opt. Pricing ¢*) 0.97558 -
ASA (g% 4) 0.97436 -0.13
PSA (95g.4) 0.94429 -3.21
ICPSA (g} ps4) 0.94429 -3.21

Table 2: Comparison of the average optimal rewards for Example 4.2.

model each problem as a discrete-time stationary Markov decision prandssompare the average re-
wards of pricing and admission control models. We showed that undeisteutited and average reward
optimality criteria, the intuition that the control structure should become more atrittte number of cus-
tomers increases continues to hold under very light regularity conditiomortunately, since the state
space is uncountable, this does not stand to make the problems tractable. d@methhand, it does lead us
to the conclusion that we should be able to adapt some of the results forttbaataproblem, to the more
general case. This link is exploited by the use of a the pointwise stationprgxamation. The PSA uses
the knowledge of the arrival and service rates, coupled with the reselsmted in Theorem 3.6, to get an
easily implementable and intuitive approximation to the optimal policies.

There are several avenues for further study. Note that the equalbedpPSA and possibly non-
uniformly spaced ICPSA both performed quite well in Example 4.2. This mayueeathe fact that the

arrival rates are assumed to be a sinusoid. We conjecture that whemndsiaadt hold, the equally spaced
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PSA will not perform as well since as more elaborate congestion rates #resequally spaced PSA will
not adapt.

Furthermore, we have presented only two possibilities for the PSAs. Inttéfisrus that as we increase
the number of time points for the PSA the accuracy of the approximation shauthise. This was noticed
in the numerical examples, but not pursued to its fullest extent. For examplen@ht ask the question,
“How many time points is enough?” Since each added time point adds anottienata MDP to be solved,
continuing to add points ad infinitum is not desirable. Furthermore, since ieisdhgestion that drives
the decision-maker’s policy, placing more points on the time interval cannot aoarantee improved
performance. We intend to pursue the study of where these points steoaftimally placed.

Another consideration is exhibited by Figure 1. As has previously beededllto, both the equally
spaced PSA and the ICPSA “overestimate” the optimal policy. That is, itappleat a better approximation
could be achieved by shifting the points to the left. We conjecture that this idadthee fact that the
instantaneous congestion does not “anticipate” future congestion whileisiah-maker pricing optimally
would certainly do so. The idea that a PSA has this shift in the optimal policynsistent with the shift
in the estimation of congestion levels discussed in [4]. We believe that eatlesd observations offer

particularly interesting challenges and hope to explore them further irefutgearch.
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Appendix

This section is dedicated to the proof of Proposition 3.7. After some slightgelsato the assumptions
since we are maximizing and not minimizing this is a direct application of Theorerf &t@Hernandez-
Lerma and Lasserre [5]. In essence the first two results (Lemmas 52 4bélow) yield the existence of
a solution to the AOE (2.2) and (2.4). The third result (Lemma 5.6) then lead® tootivergence of the
normalized value iterates. Denote the state and action spaces of a genétibyWDand A, respectively.
When speaking of the pricing and admission models we continue to use thesygsP andC'.

We begin with several definitions. Recall, in the pricing control problem, thetfonw? (p;) = j for
j=0,1,...,£ Similarly in the admission control model, let” (accept(0)) = 0 andw® (reject(1)) = 1.
Define the graph of by Gr(A) = {(z,a)| v € X,a € A(z)}, whereA(z) is the set of available actions

when in stater.

Definition 5.1 For v = ((4, 4, 2),a), v' = ((¢',5',2'),d’) € Gr(A) let theEuclidean distancebetween the
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elements andv’ be

lo=vll= /G =) + (G =39 + (= ) + (wH(@) - wh(@))
wherek is P or C' when considering the pricing or admission control model, respectively.

Definition 5.2 LetQ(B|z, a) represent the probability of entering the set of staBeS X given that action

a is chosen in state € X (the transition kernal).

1. Q(:|z, a), is calledstrongly continuousif the functionF'(z, a) = [

Jex [ (v)Q(dy|z, a) is continuous

and bounded whenevgris measurable and bounded.

2. Afunctionf is said to beinf-compact if, for everyz € X andr € R, the set{a € A(z)| f(z,a) <

po — r} is compact.
Lemma 5.3 The following hold for the non-stationary pricing and admission control rigyde
1. The one-stage reward functiefiz, a) is nonnegative, upper-semicontinuousiand inf-compact.

2. The transition kernel Q is strongly continuous.

Proof. Since the set of available actiowﬂéC for k = P, C is finite, the first assertion holds trivially. We
show that the second assertion holds for the pricing control model. Thissidn control scenario is similar.
Fix e > 0 and letz = (4, j,2) andz’ = (¢, 5, 2). Without loss of generality, assume thak z'. Since

|Qa(z)] < 1forall z € [0,T) it suffices to show the strong continuity of

T
F(i,z) = / [A(t)f(z',l,w + () (i, —1,t) + (1 — A(t) —m(t)f(z',o,tﬂe‘“‘z)dt. (5.1)
To ease the notation, let

f/(i7t) = A(t>f(27 la t) + Ml(t)f(zv _lut) + (1 - A(t) - /Lz(t))f(la Out)
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for 0 < i < m. Assume thabd < 1 so that||z — 2'|| < ¢ impliesi =4, j = j/, anda = a’. Consider

T T
F(’i,Z)—F(i,Z')Iz/ f’(i,t)e_(t_z)dt—/ f’(i’t)e—(t—Z’)dt’

:/ F i, e Adt + (e= =2 — 1 /fzt_(tz)dt

Let M denote the bound of. Since|p + ¢|? < 2p® + 2¢°, we have

2! 2 T 2
F(i,2) - F(i,2)| < 2( / f’(i,t)e(”)dt> +2(<e<z'2>—1> / ff(z',we(tz'ut)

<2M(1—e 7).

Thus, if we choose’ — z = § so that2M (1 — e~ (¥ =2)) < ¢, the proof is complete. .

Recall that the discounted reward problems include a continuous didemtiat “°*. However, most of

the MDP theory is developed for the discrete-time discounted reward. TerttliForé € (0, 1) define

g (%)

Zst (X, d Xt))] .

t=0

to be then—stage, discrete-timg;-discounted reward of policy. MoreoverW (z) = lim inf,, oo W ()

is the infinite horizon, discrete-time discounted reward. The optimal n-sthgmrete-time —discounted

reward and the optimal discrete-tinfe;discounted reward are respectively defined

Wi.e(x) = sup Wf{g(x)
mell

We(x )—Tsrtelrp[Wg( z),

Lemma 5.4 For the nonstationary pricing and admission control models, the followind Wwih A = p ¥
andN =b(z) = p[1 + V(T + E?;7070) 70)], Wherery is the first time the queue length of a process started

in state(m, 0, 0) using the (discounted reward) optimal policy reaches zero;
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1. There exist a state € X and numberss € (0,1) andM > 0 such that(1 — £)We(s) < M for all

€ € |w,1).

2. Suppose we fix a distinguished state X. There existV > 0 and a nonnegative functidn-) on X

such that—N < he(z) < b(x) forall z € X and¢€ € [w, 1), wherehg (z) = We(x) — We(s).

3. Furthermore, the functioi(-) is measurable and such that, for everye X anda € A(x),

fyGX b(y)Q(dylx,a) < oco.

4. Lets € X be a fixed state. The sequer{de,)} is equicontinuous, whem,,)(z) = W) (z) —

Wg(n)(s), z € X.

Proof. The first assertion holds since the expected reward is boundéd byp,¥. To prove the second
assertion, note that the difference in the expected discrete-time discoantzd between starting in state
x = (i,7,2) and starting in state = (0,0, 0) is bounded. In doing so, l&fy = {(¢,74,2) € X|z = 0}
and letNy_, be a Poisson random variable of rdt€T" — z) representing the expected number of decision
epochs seen by a process starting in statg z) before reaching timé@'. Thus, a process starting in state
(1,7, 2) satisfiesXn, _41 € So. Supposegl;, t > 0} and{J;, t > 0} represent the number of customers
in the system and the type of event that just occurred at‘thgecision epoch. For any stationary policy

NT—z
WEG,5,2) =B, | 30 €r(Xe d(X0) | +E5, . WE (1, Ing.41,0)
t=0

< pVT +Ef ;o W (Ing .41, INp 41, 0). (5.2)

It remains to show that the expected difference in the discounted refvand$wo processes starting in
different states irb is also bounded. Suppose we start two processes on the same probphiigyesich
using the policyr. Process 1 starts in state j,0) and Process 2 in stat€, j’,0). Note that, if a decision
must be madej( = 1), the difference in the rewards is at mgst Consider the processes immediately

following this decision and without loss of generality assume that process B thigher queue length.
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Since each of the queue length processekijs-free the time that Process 1 first has queue length zero, say
79, bounds the coupling time of the two processes. Moreover, since theityagdfinite (and the service
rate is strictly positive unless the system is empty), the first passagediiménite almost surely with finite

expectation. Thus,

WE(i,,0) — WE(i',1/,0)| < pa[L + WEF, ;) 70] < oo. (5.3)

To complete the proof of the second assertion, combine (5.2) and (5. 3o ob
‘Wg(ivjv ) W{ (O 0, O)‘ <p VT + |IE (4,4,2) Wf (INT z+17JNT 2+1 )* Wg(ovovo)’

< pi[l + (T +Ef, 0,0) T0)] < 0. (5.4)

Sincer was arbitrary, the inequality holds for the optimal policy as well. Thus'ifs an optimal policy, the
second assertion holds wiffi = b(z) = p;[1 +\II(T+E?;707O) 70)]. The third assertion clearly holds: since
b(-) is constant. For the last assertion,det (i, j, z) andz’ = (¢, 7/, 2’) in X and assume > 0. Without
loss of generality, assume< 2'. We want to show thdti(,) () — he(ny(2')| < € whenevet|z — 2’| < §
for somed > 0 wheree is independent of(n), =, andz’.

Consider two independent Markov chaids = { X;, t > 0} starting in(¢, j, 2) and X’ = { X}, ¢t > 0}
starting in(¢’, 5/, 2’) on the same probability space. Assume both chains use the discrete-timentiscou

reward optimal policyr* and that’ < 1 so thati =i’ andj = 7', i.e.,||x — 2’| = 2’ — 2. Consider

’Wg(n)(27.77 Z) - Wg(n)(i/7j/7 Z/)’ - ’Wg(n)(laja Z) - Wg(n)(zaja Z/)’
< Bl | 2 1 d(X0) = r(€,d(X)] |- (55)
t=0

Let Z = 5 72, |r(X, d(Xy)) — r(X}, d(X/))| and E be the event that no decision epochs occur between
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timesz andz’. Thus,

Bl g.20,00.5:20) (2] = Bl j 2 (1.5, [ BT PAEY + BG ) i, on [ 21 ETP{ES}
<pi[l+ (T +E], o m0))(1— e V&) (5.6)

where the inequality follows from the proof of the second assertion. ,‘Tdhasing such thav < 1 and

|2 — 2| < §impliespi[1+ W(T +Ef,, () 70)](1 — 77 72)) < e yields the result. .

Applying Theorem 5.5.4 of Hernandez-Lerma and Lasserre [5] thdtsedf Lemmas 5.3 and 5.4 yield
the existence of a solution to the AOE and an average optimal policy. It renmastow that the undis-
counted value functions may be normalized such that they approach a sdhlutibe AOE in the limit.

Recall that probability measurdg,,, n > 1} onX are said taconverge weaklyo a probability measure

W, Written g, — p, if [ fdun, — [ fdu asn — oo for every continuous and bounded functigron
X. Moreover, a Markov chain with transition kernglis called—irreducible if for allz € X, whenever
Y(B) > 0, there exists some > 0, possibly depending on botB andx, such that)”(B | z) > 0. The

following lemma appears as Proposition 10.1.2 part (ii) of Meyn and Tweédje [

Lemma 5.5 Suppose that X;, ¢ > 0} is ¢-irreducible. If 1 is any subinvariant measure with( B) < oo
for someB € BT (X), the set of Borel subsets Bfwith positivey» measure, thep - 1, i.e., the measure

1) is absolutely continuous with respectjio
Lemma 5.6 For the nonstationary pricing and admission control models, the followind;ho
1. The sequencgV, ¢} is equicontinuous.

2. There is a probability measuxg on X*, independent of the initial state € X*, such that for all

x € XF and each decision rulé, Q™ (-|z, d(x)) = ¢ asn — oo and$(G) > 0 for every open sef¥

andk = P, C.
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3. There is a functio : X* — R such that
/ D) Q™ Ay, (dn (@), dn1 (), - ds(2))) < L(z), forall & € X5, n > 1,
yeXk
whereb(-) is the function in Lemma 5.4 arid= P, C.

Proof. We prove the result for the pricing control problem. The admission coptadilem is analogous.
The proof of the first assertion follows in precisely the same manner aggbdtin part 4 of Lemma 5.4.
To prove that the second assertion holds, lettttal variation normof the difference of two probability

measures) (B | z,a) andQ(B | 2, a’) be defined

1Q(B | z,a) = Q(B|2',d)|lyy =2 sup |Q(B|z,a)-Q(B|a",d), (5.7)
BeB(X)

whereB(X) is the Borelo-algebra ofX. Remark 5.6.2 of Hernandez-Lerma and Lasserre [5] explains that

Q"(B|z,d) % ¢ asn — oc if for some0 < w < 1
1Q(B | z,a) — Q(B|2',d)| <2w for all (z,a), (2/,d’) € Gr(A). (5.8)
Note that (5.8) does not hold whenpzcx) |Q(B | 7,a) — Q(B | 2,a’)| = 1. Thus, we will show in
both models thad < Q(B | z,a) <1 —6for0 < 6 < 1, independent oB. Let
Bij(z1,22) = {(i,4,2)|z € (21,22), 0 < 21 <2 < T}

be an arbitrary open set &” for fixedi € {0,1,...,m}andj € {-1,0,1}. For0 <i < m

z2
0 < Q(Bit1,(21,22) | (i,5,2),a) < / AltyWe Mt < 1—e V7.

21

Applying similar algebra to the other cases we conclude@hatQ (B | z,a) < 1 — e~ Y7 for all open sets

B and hence for all Borel sets. Singe< e~7 < 1, substitutingd with e~¥7 leads to

0< sup [Q(B|x,a)-Q(B|a',d)[<1-0<1, (5.9)
BeB(X)
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which satisfies (5.8).

To complete the proof of the second assertion, it remains to show 6gt> 0 for any open sef:. Let
~ be the counting measure defined@h andx the Lebesgue measure Bi. For any set; C X*, G can
be written as a tripletG,, G2, G3) whereG;, i = 1,2, 3 represents a set of elements for each dimension of
the state space. Define the product meaguwoa X” asy(G) = v(G1) x 7(G2) x k(G3).

Since the first two elements of the state space are discrete, open setshenaerasure) correspond
to open sets if0, 7). Recall that class 1 customers are always allowed entry into the systemgaadadt
is not full. Next note that for3 ¢ X, such that)(B) > 0, Q*(B | z,a) > 0 for all (z,a) € Gr(A)
(we may require two steps since we embed at the end of the horizon). Tioasay, the Markov chain
generated by any deterministic, stationary policyyisrreducible. Given that is a limiting probability
measure, the following two facts are evident: (i) the probability measwe X is subinvariant (in fact,
invariant) sincep” = ¢ for alln € Z* and (i) #(B) < 1 since¢ is a probability measure. Therefore,
we can apply Lemma 5.5 and conclude that- . By the definition of absolute continuity(G) = 0
impliesy(G) = 0. Thus, the contrapositive of the definition leads to the conclusion thatedrof positive

1) measure has positivemeasure. In particular, this fact holds for any open(seThe last assertion holds

sinceb(-) = p1[1 + U(T + E,, ;o) 70)] is constant. .

Lemmas 5.3, 5.4 and 5.6 now imply that Theorem 5.6.3 of Hernandez-Lermiaaasdrre [5] can be

applied to prove Proposition 3.7 directly.



