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Abstract

Consider a single commodity inventory system in which the demand is modelled by a sequence of
i.i.d. random variables that can take negative values. Such problems have been studied in the literature
under the nameash managemeiaind relate to the variations of the on-hand cash balances of financial
institutions. The possibility of a negative demand also models product returns in inventory systems.
This paper studies a model in which, in addition to standard ordering and scrapping decisions seen in
the cash management models, the decision maker can borrow and store some inventory for one period
of time. For problems with backorders, zero setup costs, and linear ordering, scrapping, borrowing, and
storage costs, we show that an optimal policy has a simple four-threshold structure. These thresholds, in
a nondecreasing order, are: order-up-to, borrow-up-to, store-down-to, and scrap-down-to levels. That s,
if the inventory position is too low, an optimal policy is to order up to a certain level and then borrow
up to a higher level. Analogously, if the inventory position is too high, the optimal decision is to reduce
the inventory to a certain point after which one should store some of the inventory down to a lower
threshold. This structure holds for the finite and infinite horizon discounted expected cost criteria and
for the average cost per unit time criterion. We also provide sufficient conditions when the borrowing
and storage options should not be used. In order to prove our results for average costs per unit time, we
establish sufficient conditions when the optimality equations hold for a Markov decision process with an
uncountable state space, noncompact action sets, and unbounded costs.

1 Introduction

Consider a single commodity inventory system for which we do not assume that the demand is nonnegative.
Such problems have been studied in the literature under the nastemanagemenand relate to the
variations of the on-hand cash flows of financial institutions. For the cash management problem without

fixed ordering costs, an optimal policy is defined by two thresholds; if the inventory level is above the higher



threshold it should be reduced to this threshold and, similarly, if the inventory level is below the lower
threshold, it should be increased up to this threshold (see Eppen and Fama [16] or Section 8.4 in Heyman
and Sobel [27]). This is an extension $fpolicies (also called “order-up-to” or “basestock” policies) for
models with nonnegative demand.

In cash management problems, ordering and scrapping the inventory is associated with financial trans-
actions. In reality, a number of financial instruments are available to a company. In particular, a firm may be
able to borrow money for a short period of time. A natural question to investigate is how should short and
long term transactions be linked. A similar dilemma also takes place for production/inventory operations;
is it better to buy or lease even when leasing is more expensive per unit time? In fact, in inventory systems
with product returns, a company can benefit from temporary increases to its inventory (leasing) for a fixed
period of time since, in view of possible returns, after this period ordering may not be needed. In this paper
we model short-term transactions by one-step borrowing and storage decisions.

We consider the problem when the manager can borrow or store the inventory at any period of time.
The borrowed inventory should be returned at the beginning of the next period and the stored inventory
is automatically added to the main inventory in the beginning of the next period. We consider the model
with back orders. For example, it is possible that the borrowing option is executed but the inventory level
becomes negative in the beginning of the next period. In this case, the borrowed amount is returned anyway
and the backorder increases. The manager, though, has an option to borrow again. In the model considered
in this paper, the purchasing, scrapping, borrowing, and storing costs are linear. There are no fixed costs
associated with ordering for any of these operations. All capacities are unconstrained and all lead times are
zero.

We show that when the option to borrow or store for one period is available to the decision-maker, an
optimal policy is defined by four thresholds. If the inventory position is too high, the optimal decision is to
reduce the inventory via scrapping, but only to a certain point, after which one should also store some of the
commodity to meet future demand. Analogously, if the inventory position is too low, the decision-maker
should order up to a certain level and then borrow from the secondary source to meet potential demand. We
also provide sufficient conditions when optimal policies do not use the borrowing and storage options. That
is, the production threshold is equal to the borrowing threshold and the similar equality holds for scrapping
and storage. In particular, we show that this holds if borrowing is more expensive than backordering in
problems with linear holding and backordering costs or if the demand is nonnegative and borrowing is not
cheaper than ordering.

The study of inventory control dates back at least to the work of Arrow, Harris and Marshcak [2] and
some would say (in the deterministic case) to the work of Harris [23]. With this in mind, we will not attempt

a complete review here except to point the reader to the excellent survey article of Porteus [32] that touches



many of the high points in the area until 1990. Cash management has also received a considerable amount of
attention although much less in the operations research literature than the inventory models with nonnegative
demand. Eppen and Fama [16] considered a model with i.i.d. discrete demands with finite support and
showed the existence of order-up-to and down-to levels in the finite horizon case for models without setup
costs. Girgis [21] and Neave [30] considered both fixed and variable costs for each transaction. The former
shows that when there are fixed costs for increasing or decreasing demand (but not both) an optimal policy
analogous tds, S)-policies in inventory control results. One important difference is that between the order-
up-to level ) and the lower limit §) where no action is usually taken, the optimal policy in the cash
management model may order. Furthermore, it is not immediately obvious what the ordering decision in
this case might be. The latter paper shows that when both transactions have fixed costs, this analogy need not
hold in both directions and provide conditions under which it does hold. All of these results were collected
and simplified in [15]. Other generalizations of the cash management problem appeared in [12, 28]. Other
models of product returns were studied in [26, 41, 20]. The most recent results on the cash management
problem with fixed costs can be found in Chen and Simchi-Levi [9].

Early models that allow for demand to be met by emergency orders, possibly at the expense of higher
costs, include those of Daniel [13], Neuts [31] and Barankin [4]. Aneji and Noori [1] discuss a prob-
lem in which unmet demand may be met by a secondary source and show that the ordering policy is an
(s,.S)-policy. Tagaras and Vlachos [40] discuss a periodic review system with the possibility of emergency
replenishments with various lead times. Recently, Huggins and Olsen [29] show that when overtime pro-
duction is available, afs, S)-policy is still optimal for regular production and various policies are optimal
for overtime. Other related models include those of Chiang and Gutierrez [10, 11] and Arslan, Ayhan and
Olsen [3].

Section 2 of this paper provides a formal description of the problem and the optimality criteria consid-
ered. Section 3 discusses optimal order-up-to and down-to policies in the finite horizon case and provides
conditions under which we need not consider the borrowing or storage options. This is continued in Sec-
tions 4 and 5 for the infinite horizon discounted and average cost cases, respectively. Section 6 proves the
existence of a solution to theverage cost optimality equatio(8COE) for our problem. Since our search
of the literature did not yield sufficient conditions for the validity of the ACOE for our problem, we provide
sufficient conditions for a more general Markov decision process (MDP) and show that they hold in our
case. We conclude by discussing avenues of future research in Section 7. For the remainder of this section,
we explain what sufficient conditions are available in the literature and what is required for our problem.

For MDPs with Borel state spaces and bounded rewards, the ACOE was introduced by Ross [35] and
studied by Gubenko and Statland [22], Dynkin and Yushkevich [14], anddRdez-Gaucherand [18]. For

problems with unbounded rewards, according to&b¢B7], Proposition 1.3, a stationary policy that, sat-



isfies the average cost optimalityequalities is optimal. Of course, if the optimality equations hold, a
stationary policy that satisfies them is optimal as well. &¢87] described two groups of conditions, (W)
and (S), and proved that each of these conditions imply the validity of the optimality inequalities. Condi-
tions (W) require weak continuity of transition probabilities. Conditions (S) require setwise continuity of
transition probabilities; discussed further below. We remark that if the action sets are finite, as was assumed
in Ross [35] and Ritt and Sennott [34], then the setwise convergence conditions (S) frahj3g¢hold
and no specific continuity assumption is needed on transition probabilities.

An important feature of many inventory control models considered in the literature is that the control
sets may not be compact and are, in fact, assumed to be unbounded. Howegkf3Echssumed that
the action sets are compact. This assumption prevents direct applications of the results from [37] to classic
problems with unlimited ordering/scrapping capacities.

We remark that for inventory control problems, conditions (W) are natural while conditions (S) are too

strong. Consider a typical inventory control equation

$n+1:$n+CLn—Dn+17 n2071727"'7 (11)

wherez,, is the inventory at the end of period a,, is the decision how much should be ordered, and
D,, is the demand during period. Let ¢(dy|x,a) be the transition probability for the control problem

(1.1). Thatisg(B|z,a) represents the probability that a subsebf the state space is visited at the next
step, given that action is chosen in state. Weak continuity ofg in Schal's [37] condition (W) means

that B o f(2n+1) = Egp,a, f(zng1) for any sequencé(z®, ak), k > 0} of state-action pairs such that

ns Oy
(zk ak) — (z,,a,) for each bounded, continuous functignThis is true in light of (1.1) and Lebesgue’s
dominated convergence theorem. On the other hand, recall that setwise continuitg@lia 8t condition
(S) means thaj(B|z,, a*) — q(B|zn, a,) asa® — a, for any Borel subseB of the state space. Suppose
the demand is deterministid), = 1, andaf = a, + 1, 2¥ = z,,. Thenq(B|zp,a,) = 1 for B =
(—o00, p + a, — 1] andq(B|z,,af) = 0forallk = 1,2,... .

As discussed above, Silj37] established the optimality inequalities under both weak and setwise con-
tinuity conditions but assumed the compactness of action setsahtden-Lerma and Lasserre [25], Chapter
5, and Ferandez-Gaucherand, Arapostathis and Marcus [19] presented results for non-compact action sets
but assumed setwise convergence. Moreover, Section 5.7 irahtdgn-Lerma and Lasserre [25] provides
conditions for the existence of stationary optimal policies for an MDP with weakly continuous transition
probabilities but the derivation is done directly; without deriving the optimality equations or inequalities.
In this paper, we need not only the existence of optimal policies but also the validity of the ACOE. Hartley
[24] established the validity of the ACOE for the class of problems whose dynamics are described by equa-

tions that include (1.1). However, he assumed that the demand is a uniformly bounded random variable,
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i.e. |D,| < C for a finite constanC. Thus, though several sufficient conditions for the validity of the
ACOE have been described in the literature, none of them covers our problem. In Section 6 we provide the

sufficient conditions that do this.

2 Problem Description

Recall that we consider a single commodity system with positive or negative demand. Assume that items
that are returned are immediately available for resale. All lead times are assumed to be zero, the produc-
tion/scrapping and borrowing/storage costs, are assumed to be linear and the unmet demand is backlogged.
The cost of inventory held or backlogged (negative inventory) is modelled as a convex function. The se-
guence of events is as follows. At the beginning of the period, a decision-maker decides how much of the
product to order or to scrap (at a loss) to meet demand. In addition, the decision-maker simultaneously
decides how much inventory to borrow from or store to a (potentially external) secondary source. During
the period, demand is realized and holding costs are accrued on the surplus or backlogged inventory. At
the end of the period, borrowed or stored material is returned and the process continues. Note that since
borrowed or stored inventory is returned the next period, holding costs are accrued but the inventory level
the next period is not affected. The objective is to minimize the total expected discounted cost over a finite

horizon or the discounted or average cost over an infinite horizon. Let
e (3 € (0, 1] be the discount factor,
e positive numbers, andc_ be the per unit ordering and scrapping costs, respectively,
e positive numbers, ande_ be the per unit borrowing and storage costs, respectively,

¢ h(-) denote the holding/backordering cost per period; convex, nonnegative function with finite values,

andh(x) — oo as|z| — oo,

e {D,,n >0} be a sequence of i.i.d. random variables wheferepresents demand in th& period.
We assume thd h(y — D) < oo forall y € R = (—o0, 00), whereD is a random variable with the
same distribution a®,,. We notice, that this assumption and the assumed properties of the function

h imply thatE | D| < oc.

Fora € R leta™ anda™ be the positive negative parts @fa™ = max{a,0} anda™ = max{—a,0}. Let
X, be the inventory position at periodand let the ordered paif,, Z,,) be the amount ordered/scrapped

and the amount borrowed/stored in this period. Denote the one-step cost functitin iy, b)),

C(z,(a,b)) =cra™ +c_a” +eb +e b +Eh(xr+a+b— D). (2.2)



We model the decision scenario as a Markov decision process (see e.g. Bertsekas [6, 5], Dynkin and Yushke-
vich [14], Feinberg and Shwartz [17], Puterman [33], or Ross [36]). A general policy can be randomized
and depend on the history of the inventory levels and decisions. A policy is called stationary if decisions
are non-randomized and depend only on the current inventory level. That is, a stationary policy is defined
by a measurable function that maps the inventory position (the state $aoghe set of potential actions

(the action space). A Markov policy is defined as a sequépcé,, ... whered, (x) is the decision that

should be selected if the inventory levekist stepn. In our model, if an actiorta, b) is chosen in state,

the costC(z, (a, b)) is accrued, the system moves to stat¢ « — D and this process continues. As was
alluded to earlier, since the amount that is borrowed or stored is returned the next period, it has no effect on

the subsequent inventory position. For a policgnd for an initial inventory levet, we define

N-1

1)]7{[’5(.%') = Eg Z [ﬂnC(Xm dn(Xn))]7 (22)
n=0

v = A}im vy g(T), (2.3)

w™(x) = li]{[njélop %v}{“(l‘) (2.4)

The equations (2.2), (2.3), (2.4) define tNe-stage expected discounted cost, the infinite horizon expected
discounted cost, and the long-run average expected cost, respectively. In the finite horizon problem only the

portion of the policy required for the time horizon is used. In each case we define the optimal values

ung(z) = 71r611fT U}{;ﬁ(x), (2.5)
vp(e) = inf vf(z), (2.6)
w(z) = inf w”(z), (2.7)

wherell is the set of all policies. A policy) is calledoptimal for the respective criterion if its value
v%ﬂ(m), vg(x), orw?(x) corresponds to the value on the right hand side of (2.5), (2.6), or (2.7), respectively
forall z € X.

We remark that our assumptions also imply thatz) < oo for all z € R. Indeed, the assumptions
on the holding cost imply that there is a point* such thath(z*) = minger h(z) > 0. Without loss of
generality, we assume that = 0 andi(0) = 0. Consider a policy that never borrows/stores and always

orders/scraps in a way that the inventory level before the demand is known is 0. Then

vg(z) < Ug(az) =ca+cix” +ER(-D)+B(c, ED Y +c_ ED™ +Eh(-D))/(1—f) < co. (2.8)



3 Finite Horizon Discounted Cost Optimal Policies

In this section we study the finite horizon problem. Since it is fixed throughout the section, we suppress
whenever possible. It is well-known that if a solution to the following finite horizon optimality equations
(FHOE) exists, that solution is equal 19 (componentwise) as defined in (2.5). kgt= 0 and forn =
1,2,...

vp(y) = inf {c+a+ +c_a +g(y+a,b) +6Evn,1(y+a—D)}, (3.2)

—oco<a<oo, —oco<b<oo

where
g(y,b) =e b +e b +Eh(y +b— D). (3.2)

We observe that an equivalent system is

vn(y) = 700215@0 {eyat+c_a” +g"(y+a)+BEv,—1(y+a—D)}, (3.3)
where
gy = igbf< {e;bt +e_b"+Eh(y+b—D)}. (3.4)

This observation leads to an algorithm for solving the proposed problem. First, solve (3;4) itging this
function, find the optimal ordering/scrapping policy by solving (3.3). Finally, ugingvaluated ay + a

find the optimal borrowing/storage decisibnThe following lemma provides preliminary results gnand

*

qg .

Lemma 3.1 (i) The functions;*(y) and v, (y) are convex iny for all n. > 0. (ii) ¢*(y) — oo andwv,(y) —

oo asly| — oo for all n > 1. (iii) The inf can be replaced witmin in (3.3)and(3.4).

Proof. For any convex functiot(y) and random variabl& such thatE |k(y — X)| < oo, Ek(y — X)
is also convex iry (cf. Bertsekas [6, Lemma 4.2.1]). Sinkéas convex, the function inside the infimum in
(3.4) is jointly convex iny andb. Thus, applying Proposition B-4 of Heyman and Sobel [27] we have that
g*(y) is convex iny. The fact thay*(y) — oo as|y| — oo follows from the assumption thaty) — oo as
ly| — oo.

We prove the remaining parts of (i) and (ii) by induction. By assumptigis convex. Assume that
convexity holds forn — 1. Since we have just shown that is convex, the function inside the infimum
in (3.3) is jointly convex iny anda. Again applying Proposition B-4 of Heyman and Sobel [27] yields that
vn(y) is convex iny. Moreover, note that,, (y) — oo as|y| — oo is implied by the fact thag*(y) — oo as

ly] — oo and the result is proven.



To verify (iii), we observe that for eacthe function ofb on the right-hand side of (3.4) is convex in
b € R and therefore continuous. In addition, this function tendsotas|b| — oo. This is also true for (3.3)

with the variablez instead ofb. "

For a functionf(y), letd~ f(y)/dy denote the left hand derivative ¢gf This derivative exists iff is
convex. In light of the results of Lemma 3.1, the infimums in (3.3) and (3.4) may be replaced by minimums.
The minimum may be computed by finding the place at which the left hand derivative changes sign. We,

thus, may define the following quantities for=1, 2, . ..

LP = sup {z e R|cy + d_f;(z) +pE ”"‘dlz(z —Dll 0} , (3.5)
I” = sup {z €R|ey + df;(z) LB ”"‘dlz(z —D)l o} , (3.6)
U” = inf {z ER| —c_+ d_f;(z) LB ””‘dlz(z —Dil 0} , (3.7)
UP = inf {z ER| —c_ + df;(z) + ﬁd[E””‘dlz(z —D)l o} , (3.8)
Lb:sup{zeRye++‘W<o}, (3.9)
Lbzsup{zER|e++dwEhc(;_D)] go}, (3.10)
Ub:inf{zeR| —e_+‘W>o}. (3.11)
Ub:inf{zeR| _e+dﬁEhC(lfz—D)]20}7 (3.12)

where the supremum (infimum) of the empty set is taken te-be (oc). Although the values defined in
(3.5)-(3.8) depend oA, to keep the notation simple, we continue to suppress this dependence in the current

section. For example, the full notation fof is Lﬁ,ﬁ'
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We remark that equations (8-58a) and (8-58b) of Heyman and Sobel [27] are similar to our (3.5)-(3.12)

but only one point where the appropriate convex functions achieve their minimums was considered in [27].
Here we consider the intervals of all possible solutions. Obviougly< ffl. Ur < Uﬁ, L < fb, and

Ub < Ub, where equalities are possible in each case. We say.thistalower actual inventory thresholid

Ly < Lh <Ty, (3.13)
UY is anupper actual inventory thresholé
Uh <Ub<U,, (3.14)

LY is alower total (actual plus borrowed) inventory threshald

L'<r’<r’, (3.15)
andU" is anupper total inventory thresholif
Ut <ut <0 (3.16)

The following lemma clarifies these definitions.

Lemma 3.2 For anyn = 1,2,... consider four threshold levels,,, U?, Lb, and U’ satisfying(3.13)—

(3.16) Define the following decisions: order up/scrap down to the level

LY ify < LY,
th=1qy ifLh <y<UE, (3.17)
Ub it UE <y,

wherey is the current inventory level, and borrow up/store down to the level

LY iftl < LY,
Zn =t ifLb <t <UP, (3.18)
Ut ifut <t

Then the actions,,(y) = t;, — y andb,(y) = z/, — a,(y) minimize the right-hand sides of the optimality
equationg3.3)and(3.4), respectively. Therefore, forady = 1,2,. .., the policyp = {dn,dn—1,...,d1}
is optimal for theN-step problem, wheré, (z) = (a,(x),by(z)),n=1,...,N,and—oo < z < 0.



Proof. In light of Lemma 3.1, the problem of finding optimal policies via (3.3) and (3.4) is simply the
single period cash balance models discussed in [15] and [27, Section 8-4]. Thus, similar to [27, Section 8-
4], we have optimal order up-to and down-to levels defined by the minimums of the convex functions defined
in (3.3) and (3.4) when the changes of variables i +a andz = y +b are applied. For ang}, € [L?, L”]

an optimal action is to order up to leve}, if the current inventoryy < L%. If the inventory level is above

any levelU}, € [UP,TU"], an optimal action is to reduce the inventory leveli®. If the inventory level is
betweenL? andU", an optimal action is not to use the ordering/scrapping option. Similarly, the optimal
decision obtained from (3.4) is to increagéo L® € [LY, I"] if y < L* and to decreasgto U® ¢ [Qb,Ub]

if y > U®. No borrowing/storage action is requiredif < y < U®. .

The following lemma simplifies the structure of the optimal policy in the sense that it displays that we

need not produce (scrap) and store (borrow) in the same period.
Lemma3.3T" <U'andL’ <UP,n=1,2,....

Proof. We prove the first inequality. The proof of the second inequality is similar. Supffpsegb and
setlh = L' andU® = U®. Forn = 1 andy < L%, (3.1) and Lemma 3.2 imply that far= L} —y > 0
andb=L" - L} <0

vi1(y) = min {c;a™ +c_a” +eb"+e b +Eh(y+a+b— D)}

—00<a<00,—0co<b<oo

=ciat+e b +Eh(y+at —b" — D) (3.19)

>ci(at —b7)+Eh(y+ (@ —b") - D),

where the last expression corresponds to the policy that ofdérs b~) units and borrows nothing. This
violation of the optimality equation implies the contradiction. Thus, the easel is proven.

Forn > 2 the inequalityL!, > U? is not possible by similar arguments, but we must consider two-step
decisions. Again, suppose this inequality holds. According to Lemma 3.2, when the initiaj state),
there is an optimal policy that prescribes to order up to the levé] (a = L% — y) and then to store down
to the levelU® (b = U® — L}, < 0). Consider now a policy’ (when the initial state ig) that prescribes to
order up to the levell® at the first step and borrow nothing. At the second step it orders/scraps the amount
that the policy would order/scrap at the second step if the inventory level iiére- D, plus it orders
—b = L — U to make up the difference. It also borrows the same amount as the goticyen that
their actual inventory levels are the same. At the following steps, the policies coincide so that the inventory

position seen by coincides withg; the processes couple.
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Denote bye(y, d1(y)) the ordering/scrapping costs for poligyat the second step. The total ordering

costs at the first two steps plus the borrowing/storage cost at stage 2 for paliey
COy) =crat +e b +h(y+at —b" — D)+ Be(y+a™ — Dy,di(y +a™ — Dy)). (3.20)
Similarly for the policy, we have
C¥(y) < cra™ +h(y+at —b" — D)+ Be(y +at — Dy,di(y +aT — D)). (3.21)

All other costs for these two policies coincide. Sir€&(y) < C?(y) (almost surely), we havdf(y) <

v}f(y). Thus,¢ is not an optimal policy. This contradiction completes the proof. .

For L%, UF, L, andU® satisfying (3.13) — (3.16), define

L) = max{LP, L’} (3.22)
and

U = min{UP, U"}. (3.23)
Lemma 3.3 implies

P <L <Ub<uP (3.24)

Combining Lemmas 3.2, 3.3, and (3.24) we arrive at the major result of this section.

Theorem 3.4 Consider four threshold levels,, U7, Lb, andU? satisfying(3.13)—(3.16)and consider.? ,
andU? defined in(3.22)and(3.23) Moreover, for the current inventory level y, Ktbe the order up/scrap

down to action defined i(8.17)and z/, be the borrow up/store down to action defined by

LY ify < Lb,
Z, =t ifLb <y <U?, (3.25)
Ub iftub <.

Then(3.24) holds and the actions, (y) = ¢, — y and b,(y) = z, — a,(y) minimize the right-hand
sides of the optimality equatiorf8.3) and (3.4), respectively. Therefore, for any = 1,2, ..., the policy
¢ ={dn,dn_1,...,d1} is optimal for theN-step problem, wheré, (z) = (a,(z),b,(x)),n=1,..., N,

and—oo < ¢ < o0.

Theorem 3.4 implies the existence of an optimal policy that in each period either produces (scraps) up
(down) to the levell}, (U}) and then potentially borrows (scraps) up (down) to the lé/e{U®). These

ideas are illustrated in the following example.
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Example 3.5 Consider a finite horizon discounted cost problem with the following parameters:

N =10 B=.7
cy =.015 c_ =.010
e+ = .028 e_ =.025

The holding cost is assumed quadratic and when0 units are held in inventory the holding cost(§2z2
and whenz < 0 the backordering cost i808z2. The probability mass functiop(-) of demand per period

is

5/12 forz = 3,
p(x) =¢1/12 forz =4,
1/4 forxz = —5and forx = —7.

After a finite state approximation, the optimal policy may be defined by (3.17), where

Optimal Production/Scrapping Levels
El BN ERERRNEAEY
Pl - |—-c0|—-6|—-6|—-6| —6
U | o oo | oo | 12| 8 7

andL? =0,U2 =2foralln =1,2,...in (3.25).

Aside from the observation that there exists several order-up-to or down-to levels, one should also note that
the borrowing and storage options are used as secondary options to meet demand. Thus, the borrow-up-to
level is higher than the order-up-to level and the store-down-to level is lower than the scrap-down-to level.
Example 3.5 indicates that it is possible that an optimal policy uses all four options: producing, scrap-
ping, borrowing, and storing. The following two propositions give sufficient conditions when only order-
ing/scrapping options should be used and managers should not borrow or store. Proposition 3.6 states that
borrowing and storage should not be used when they are relatively expensive. Proposition 3.7 indicates that

borrowing and storage should not be used when the demand is either nonnegative or nonpositive.

Proposition 3.6 Suppose the holding and backordering costs are linear,

hyx forxz > 0,
h(z) = (3.26)
h_x forz < 0.

If e > h_, then the optimal policy presented in Theorem 3.4 does not borrow. Similakly, 4 e_, this

optimal policy does not store. In addition,df. = h_, thenL? = —oco and the optimal policy defined in

12



Theorem 3.4 witl.? = —oo does not borrow. Similarly, - = h., thenT’ = oo and the optimal policy

defined in Theorem 3.4 wifti®* = co does not store.

The case when, = h_ (e_ = h4) has the potential that ore®uld borrow (store) and still be optimal, but
that this option need not be exercised. This is a consequence of the possibility of multiple optimal borrowing
(storage) levels.

Proof. Note that

d~[Eh(z — D)]

¥ =hyP(D<z)—h_P(D>2z)>—h_.
z

Thus, (3.9) implies that” = —oo and yields the first result. Now note t ﬂEZ(ZZ_D)] < h4 so that the

second result follows by assumption sirice < e_ impliesU® = co. The cases, = h_ andh; = e_

follow from similar considerations. "

Theorem 3.4 implies that

el (L’ —y) +Eh(L® — D) fory < LY,
9" (y) = {Eh(y — D) for Lb < y < U?, (3.27)
e (y— U +EnU® - D) forU®<y.

Similarly, forn > 1

e (Ih —y) 1 g*(I8) + BEv (I — D) fory < LI,
vn(y) =< g*(y) + BEv,_1(y — D) for IE < y < UZ, (3.28)
c_(y—UL) + g*(U)) + BEv,—1(UY — D) for U} < y.

For standard inventory problems with nonnegative demands and zero set-up costs, s§-palleids (also

called “order-up-to” or “basestock” policies) are optimal: always order up to the fewdlen the inventory

level is smaller tharS. For finite-horizon problems these order up to levels may depend on the stage
number. The following statement demonstrates that for inventory problems with nonnegative demands,
borrowing should not be used unless borrowing costs per unit are less expensive than ordering costs. Unlike
Proposition 3.6, we do not assume that the holding costs are linear.

Proposition 3.7 Suppose:; < e, and P(D > 0) = 1. ThenL’ < LP and by selecting.? = L in
Theorem 3.4 we have that the optimal policy define@hi/7)and (3.25)never borrows.
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Proof. If L’ < LP andL’ = L’ thenL? = L% and the policy defined by (3.17) and (3.25) never borrows.

So, we need only prove thaf < L. According to (3.5), this inequality is equivalent to

d—g*(2) d~[Ev,(z — D)]

o+ 2 > <0 (3.29)
forall z < L’. We fix z < L°. Note that from (3.27)
d—a*
9°(2) _ e, <0,
dz

and (3.29) holds fon = 0 as a non-strict inequality. We consider any= 1,2, ... and make the induction
assumption that the left hand side of (3.29) is nonpositivexfer 1. Differentiating (3.28) yields (recall

Lb<Lb <Up)

- — for z < LY,
d~ v, (2) { Ct z (3.30)

dz _e+_~_ﬁd_Ev”d;Zl(ZfD) forL%SZSUfL”

Addingc + “Ffliz(z) = ¢4 — ey to both sides of (3.30) and applying the inductive hypothesis (sihce0

almost surely) yields that (3.29) holds and the result is proven. .

Since the cases when the demand is nonnegative and nonpositive are symmetric, Proposition 3.7 implies

the following corollary.

Corollary 3.8 Suppose:. < e_ and P(D < 0) = 1. ThenT® > U? and by selectind’® = 7" in
Theorem 3.4 we have the optimal policy defined3¥7)and by(3.25)never stores.

Finally, we remark that the assumption thigt= 0 is simply for convenience; the results of this section

hold whenv is an arbitrary nonnegative convex function.

4 Infinite Horizon Discounted Cost Optimal Policies

In order to obtain results analogous to Theorem 3.4 for the infinite horizon discounted problem, it is sufficient
to justify taking limits as» approaches infinity on each side of the finite horizon optimality equations (3.3).
This result is alluded to for the cash balance problem in [21] and [27], but apparently not shown.

Assumef < 1. Unlike the previous section, we do not suppréssSince the optimality equations
hold for problems with nonnegative costs (see e.g. Theorem 8.2 in [39]), we may write the discounted cost

optimality equations (DCOE),

vs(y) = inf {cra™+ca” +gly+ab)+ BEvsg(y+a—D)}, (4.1)

—oo<a<oo, —oco<b<oo

14



whereg(y, b) is defined in (3.2). The system (4.1) is equivalent to

va(y)= inf {cyat+c_a +g"(y+a)+BEvg(y+a—D)}, (4.2)

—oo<a<oo

whereg* is as defined in (3.4).
The model satisfies the following two conditions: all costs are non-negative and fonadl R and all
n=1,2...the sets
By(y,\) ={a € Rl cya” +coa” +g"(y +a) + BEvnp5(y +a— D) < A} (4.3)

are compact. Therefore, in view of [5, Proposition 1.7, p. 148] or [7, Proposition Q1 4],T vz as
n — oo. Thus,vg is a convex function and Lemma 3.1 holds for the objective functipand for each
of the optimality equations (4.1) and (4.2). Similar to the finite horizon case, we can rewrite the optimality

equation (4.2) in the form

vs(y) = min_{cpa® +ca” +g"(y+a)+ BEvs(y +a— D)} (4.4)

—oo<a<oo

We define the numbe@%, . Qg, andUZ defined by formulas (3.5) — (3.8) with,,_; replaced by
vg. As in the finite horizon case, noL% < fg anng < Ug and define lower and upper actual inventory

thresholdsL; and L7 satisfying the inequalities

Lj < Lf < Lp, (4.5)
Ul < U4 <Up. (4.6)

The following lemma is similar to Lemma 3.2 and has a virtually identical proof with the only difference
being that (4.2) should be considered instead of (3.3).

Lemma 4.1 Consider four threshold Ievelég, Ug, L, and U" satisfying(4.5), (4.6), (3.15) and (3.16)

respectively. The stationary policy that orders up/scraps down to the level

Ly ify < LY,
t'=qy fLL<y<US, 4.7)
Ug if Ug <y,

wherey is the current inventory level, and borrows up/stores down to the level

Lb ift < Lb,
Z =S¢ fLb<t <UY, (4.8)
Ut ifut <,

is optimal.
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Similar to Lemma 3.3 we have that

' <uv. (4.10)

The proofs of these inequalities coincide with the proof of Lemma 3.3:for 2. We also definelt, =

max{L};, L’} andU}} = min{U%, U*}. Thus, similar to Theorem 3.4 we have the main result for infinite

horizon discounted cost problems.

Theorem 4.2 Consider four threshold Ievelsg, Ug, LY, andU? satisfying(4.5), (4.6), (3.15), and(3.16)

respectively. The stationary policy defined by the ordering/scrapping de¢#idyfor a current inventory

levely and by the borrowing/storage decision to borrow up/store down to the level

Ly ify<Lb,
d=qt LY <y<U}, (4.11)
U itU) <y,

is optimal.

Example 4.3 Consider the infinite horizon analogue of Example 3.5. An optimal policy is defined by
Lg = —0, i% =0, f]g = 2, and Ug = 7. This is simply the four-threshold policy from Example 3.5 for

n > 6.

For infinite-horizon problems, Propositions 3.6 and 3.7 hold for the stationary policy defined in Theorem
4.2. The proofs are virtually unchanged. However, since Theorem 4.2 describes a stationary policy, a
stronger version of Proposition 3.7 holds.

Proposition 4.4 Suppose:; < ey and P(D > 0) = 1. ThenL’ < L% and by selecting.” = L’ in
Theorem 4.2, we have that th[%-policy that prescribes to order at each step up to the Ieﬂ@l never

borrows, never scraps, and never stores is optimal when the initial inventoryyegellg.

Similar to Corollary 3.8 we have the following statement.

Corollary 4.5 Suppose:. < e_ and P(D < 0) = 1. ThenT® > Ug and by selectind/® = 7" in
Theorem 4.2, we have that the policy that prescribes to scrap at each step down to thégl,emek/er

borrows, never orders, and never stores is optimal when the initial inventoryde)_adlfg.
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We remark that in addition to the convergence of the valygs T vs, the convergence of the optimal
policies takes place. Indeed,ﬁ;% and Ug are limit points of sequences of the optimal ordering/scrapping
thresholds for the objective functian, s, then for anyL’ andU? satisfying (3.15) and (3.16), we have that
the four-threshold policy witlffﬂ) = ﬁlﬁ’, Ug = Ug, LY, andU? defined in Theorem 4.2 is optimal for the

infinite horizon problem. This follows, for example, from the remark on p. 149 of [5].

5 Average Cost per Unit Time Optimal Policies
In this section we extend the previous results for the average cost case. We define the constant

w = liminf(1 — B)mg, 5.1
minf(1 = B)ms (5.1)

wheremg = inf ex vg(x).

As is shown in the next section, for our problem< oo and there exists a functiarn(z) with nonnega-
tive finite values such that

w+u(y) = min {era™ +ca” +g(y+a,b) +Eu(ly+a— D)}, (5.2)
—oco<a<oo, —co<b<oo

whereg(y, b) is as defined in (3.2). In addition, there exists a sequehcé 1 such thatlimg, 1;(1 —
Bn)mga, = w andu(z) = lim,—{vg, (x) —mg,} > 0forall z € X. Thus, the function: is nonnegative,
convex, andi(x) — oo as|z| — oo.

Analogous to the discounted case, an equivalent system is

w+u(y) = min {cya" +ca” +g*(y+a)+Euly+a— D)}, (5.3)

—oo<a<oo

whereg* is defined as in (3.4).
Similar to (3.5) — (3.8), define

LP = sup {z eR|ey + d;q;(z) + d”[E u;z —D)] < 0} ) (5.4)
I’ = sup {z eER|cy + df;(z) + d[E uc(iz —D)l < 0} ) (5.5)
UP = inf {z ER| —c_+ d_f;(z) + d_[E“éz —Dll 0} . (5.6)
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U’ =inflzeR| —c_ + 49" (z) + d"[Eu(z — D) >0y, (5.7)
dz dz
and conside., ', U?, andT" defined by (3.9), (3.10), (3.11), and (3.12), respectively. Consider
andU? satisfying (3.15) and (3.16) respectively. As analogues to (3.13) and (3.14), cohgided U”

satisfying the inequalities

P <1?<TI” (5.8)
Ur <ur<U”. (5.9)

Lemma 5.1 Consider four threshold levels?, UP, L, and U" satisfying(5.8), (5.9), (3.15) and (3.16)

respectively. The stationary policy that prescribes to order up/scrap down to

P ify < LP,
=<y ifLP <y<UP, (5.10)
UP if UP <y,

wherey is the current inventory level, and to borrow up/store down to the level

Lb ift < Lb,
Z=qt fLb<t <U, (5.11)
Ub ifub <,

defines the values= t' —y andb = 2’ —t’ that minimize the right-hand sides (8.3)and(3.4)respectively.
In addition, the infimum of the average costs per unit timé@y) defined in(2.7), equals the constant

defined in(5.1), and the thresholds and >’ define a stationary optimal policy.

Proof. Similar to Lemma 3.2, the convexity af and~ implies that the policy described minimizes the
right-hand sides of (5.3) and (3.4). We recall that a policy for an MDP is called stationary if it is defined
by a measurable mapping of the state space into an action space. The interpretation of this mapping is that,
if the system is at some state, the value of this mapping is the selected action (independent of time). For
our problem, a stationary poliay is a measurable mapping frafito R x R, where the first coordinate is

how much to order/scrap and the second coordinate is how much to borrow/store. We remark @)

in (5.10) andz’ = 2/(t') = 2/(t'(y)) in (5.11) for an inventory levey. We consider the mapping(y) =
(a(y),b(y)) = (t'(y), 2’ (¥'(y))). Since the functiong andz’ have simple threshold formg,is measurable.

Thus, we have

w4 u(y) = cy(a(y)) +c(a(y))” +my +a(y),by)) + Euly + aly) — D). (5.12)
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According to Schl [37, Proposition 1.3], if the left-hand side of (5.12) is greater than or equal to the right-
hand side, them?(y) = w(y) = w for all y € R. .

Lemma5.2 I < U’ and L’ < U?.

Proof. Let ¢ be the (stationary) policy defined by (5.10) and (5.11). Sifndefines actions that minimize
the right-hand sides of (5.3) and (3.4), the politys canonical; see Section 5.2 in [25]. That is, for any
n > 1, ¢ minimizes the criterion | (z) + E7 u(X,). The rest of the proof follows from the coupling

arguments in the proof of Lemma 3.3 for> 2. "

Corresponding to (3.22) and (3.23), define
L’ = max{LP, L}, (5.13)
U = min{U?,U"}. (5.14)

Lemma 5.2 impliest? < L' < U’ < UP which together with Lemma 5.1 imply our main result for

undiscounted costs.

Theorem 5.3 For four thresholds.?, UP, Lb, andU? satisfying(5.8), (5.9), (3.15) and(3.16)respectively,
consider the thresholds® and U° defined in(5.13)and (5.14) The stationary policy that prescribes for
a current inventory level to order up/scrap down to the levéldefined in(5.10)and to borrow up/store

down to the level

LY ify < LY,
Z =9t ifLb<y<UP and (5.15)
Ut ifUb <y,

where y is the current inventory level aid andU® have been defined {{%.13)and (5.14) is optimal.

Example 5.4 Suppose we use the same parameters as Example 3.5, but consider the average cost criterion.

An optimal policy is defined by.? = —5, L’ = 0, U? = 2, andU? = 5.

The following proposition is similar to Proposition 3.6. Its proof is identical to that of Proposition 3.6

with the major difference being that (5.3) should be considered instead of (3.3).

19



Proposition 5.5 Suppose the holding costs are linear, (226)holds. Ife, > h_, then the optimal policy
presented in Theorem 5.3 does not borrow. Similarly,,if< e_, this policy does not store. In addition, if

e, = h_, thenL’ = —oo and the optimal policy defined in Theorem 5.3 with= —co does not borrow.

Similarly, ife_ = h, thenT” = oo and the optimal policy defined in Theorem 5.3 wWith = oo does not

store.

Analogous to Proposition 4.4 and Corollary 4.5, we have the following two results.

Proposition 5.6 Suppose:; < e, and P(D > 0) = 1. ThenL? < L? and by selecting.? = L° in
Theorem 5.3, we have that thHé-policy that prescribes to order at each step up to the lev&l never

borrows, never scraps, and never stores, is optimal when the initial inventorylevel?.

Corollary 5.7 Suppose_ < e_andP(D <0) = 1. ThenD” > U” and by selecting’® = T in Theorem
5.3, we have that the policy that prescribes to scrap at each step down to th&fevedver borrows, never

orders, and never stores, is optimal when the initial inventory lgvelU?.

In the end of Section 4 we established that discounted cost finite-horizon optimal thresholds converge
to discounted cost infinite-horizon optimal thresholds. Similarly, discounted cost infinite-horizon optimal
thresholds converge in some sense to optimal thresholds for the average cost criterion. Indeed, for order-
ing and scrapping decisions, 1&¢ and U? be limit points of a sequence of optimal ordering/scrapping

thresholdsL’ﬁ’n and Ugn asn — oo, where the sequendgs,,n > 0} is chosen as discussed in the text

following (5.2). Appealing to the results in the the next section implies ffaand U? are respectively

optimal ordering and scrapping thresholds for the average cost per unit time criterion.

6 The Average Cost Optimality Equations

In this section we prove the existence of a solution to the ACOE; (5.2), (3.2). Instead of restricting attention
solely to the problem at hand, we provide sufficient conditions for the existence of a solution to the ACOE
for a more general MDP, and then show that these conditions are satisfied for our problem.

Consider an MDP with a standard Borel state spacBuppose is a metric orX such thap(z, y) < oo
for all z,y € X and (X, p) is complete and separable. Assume that the one-step «asts) are non-
negative and that the MDP satisfies the standard Borel measurability conditions; see e.g. [37]. The optimal
values in the infinite-horizon discounted cost casg;), are defined for discount factots< [0,1). Let
A(z) be the set of available actions at statandq be the transition probability. Consider the following set
of assumptions

Assumptions C:
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1. There exists a non-decreasing, continuous funefiom R, = [0, c0) such that)(r) < oo for all
r € RT,
lvg(@) — vs(y)| < n(p(z,y))

forall z,y € X, and

/ n(p(z, v))a(dylz, a) < oo (6.1)

forall z,y € X anda € A(x).

2. There exists a finite constamtsuch that

liminf(1 — 8)mg = w,
o (1= B)mg

wheremg = inf ex vg(x).

3. ForN € R there exists a compact subg€t; C X such thate(x) > N for all z € X\ Ky where

C(:L') = infaEA(ac) C(l’, a)'

Note thatC1 implies thatvs(x) is a continuous function i for any 3 € [0, 1). Sincevg(z) > c(x),
there existr 3 such thawg(zg) = mg. Let M(5) = {x € X|vg(z) = mg}. In particular,M (5) C Ky for

N > mg. The following lemma is similar to Lemma 4.6 in [37] and to Lemma 4 in [8].

Lemma 6.1 Let assumption€2andC3hold. Supposé¢s(n),n > 1} is a subsequence such thét) T 1

andw = limy, oo (1 — B(n))mg,). Then there exists a compact subketC X and a finite integer such

that M (3(n)) C K forn > £.

Proof. ConsiderN > w + 1. ThenN > lim,, (1 — 8(n))mg,) + 1 and there exists an integésuch

that forn > ¢
N 1

71 — ﬁ(n) > Ma(n) + 71 — ﬂ(n)
SetK = Ky as defined irC3. We prove by contradiction thdt is the set whose existence is postulated by
the lemma. Lef satisfy (6.2) and suppose that this is not the case. Then thereexistX \ K) N M (53).
That is,c(xz) > N andvg(z) = mg. LetT be the first hitting time of’; 7' = inf{n > 0|.X,, € K'}. Then

for any stationary policyr

(6.2)

o) T—-1
Vi) = Ef Y e(Xn,d(Xp)) > EF Y B"e(Xn, d(Xn)) + E 8T vs(Xr)
n=0 n=0



AT
>E7T b

where the strict inequality follows from (6.2) and the last inequality follows flom 1 whenz ¢ K. Since

N+ E;3"mg > E7[(1 - B8")(mg+ (1= B)~") + 8Tmg] = ms + 1,

w is arbitrary,ug(z) > mg and the inclusiorr € M () is not possible. .

We recall that a real-valued functioh defined on a metric space is calledinf-compactif the set
{y € Y| f(y) < A} is compact for any\ € R. Note that since compact sets are closed, inf-compactness
implies lower-semicontinuity. Consider the following two additional conditions:

Assumptions C:(continued)
4. For each fixed: € X the functionc(z, a) is inf-compact ina.

5. Transition probabilitieg(-|x, a) are weakly continuous ia for eachz € X.

Theorem 6.2 Suppose hold. Then

1. there exists a continuous nonnegative functian X such that for allz € X

wtu(e) = min {e(w.0) + [ ulpa(dyle,a)); (6.3)

acA(x)
2. there exists a sequengén) — 1 suchu(z) = lim, .. ugm)(z), Whereug(zr) = vg(z) — mg,
r €X;
3. ifX'is a linear space and the functiong are convex for al3 € [0, 1) thenu is convex;

4. for fixedz € X, let a* be a limit point of a sequencu,,n > 1} wherevg,(z) = c(z,an) +

n) [vsm)(¥)q(dylz, an) (the pointa® exists in view of Lemma 6.1). Then
wtue) = clz,a’) + [ ulwa(dyie,a’).
Proof. Consider thaliscount cost optimality equatiof®COE),

vg(x) = a611r41f {c(z,a) + ﬁ/ q(dy|x,a)}, forall z € X. (6.4)

In particular, the minimum is achieved in the right-hand side of (6.4) since the expression minimized is lower
semicontinuous (the sum of two lower semicontinuous functions). The first function is lower semicontinuous
because o€4 and the second function is lower semicontinuous becau€d ahdC5. The former implies

thatvg(z) is continuous. In additionyg(z) > 0.
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A little algebra in (6.4) reveals

ug(w) + (1 = B)mg = ag}‘i&){c(:c, a) + ﬂ/Uﬁ(y)Q(dy!wa a)}. (6.5)

Utilizing C2 there exists a sequengén) T 1 asn — oo such thallim,, .., 3(n)mg,) = w. Lemma

6.1 implies that we can select this sequence such\if{@i(n)) C K, whereK is a compact subset &. Let
diam(K') denote the maximal distance between two point&irthe diameter of{. SinceK is compact,

diam(K) exists and is finite. We fix any poiat € K. Then according t€1

ug(m) () < n(p(x,2)) < n(p(x, 20) + diam(K)), (6.6)

wherez € K is such thatg,)(z) = mg(y).

Sincelug(z) —ug(y)| < e whenn(p(z,y)) < e, the family of functionsu,, is equicontinuous. By the
Ascoli theorem, [25], page 96, there exists a subsequéfiee;), k > 1} of the sequenc¢l(n),n > 1}
such thatug,,, ) converges pointwise to a continuous functiomnd this convergence is uniform on each

compact subset af. In particular, for eaclr € X

u(r) = liminf wuge,)(y). (6.7)

k—o00, y—x

Fix z € X. We first show that

wua) > min {efe.0)+ [ uladyle.o)) 68)

where the minimum in (6.8) is attained by the same reasons as in (6.3). Fg¥@agltonsidera(ny) such
that

(1 = B(nk))mp(n,) + upn,) (@) = c(z, a(ng)) + /uﬁ(nk)(y)Q(dy’wa a(nyg)). (6.9)
Without loss of generality, select the sequengasuch that(1— 8(nx.))mg(n,) +Ugm,) (T) —w—u(z)| < 1
for all ng. C4 implies that alla(n) belong to the compact séfy (x), whereN = w + u(x) + 1. Thus,

there exists:* € A(x) and a subsequenden,,} of {n;} such thata(my) — «*. The result obtained by

Serfozo’s [38] extension of Fatou’s lemma (see also Lemma 2.3 in [37]) implies that

/U(y)q(dy!w,a*) < Lilrggg/ug(mk)(y)q(dy!x,amk)- (6.10)
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Sincec is lower semicontinuous,

mj,—00

wtu(z) = lim_{c(z, a(my)) + / sy (0)a(dyl, a(mi))}
> e(z,a%) + / u(y)q(dy|z, a*)

> aglAi&){c(a;,a) +/U(y)Q(dy\m,a)}-

Thus, (6.8) is proved.
From (6.5) we have that for anye A(x)

(1= By + up(a) < c(wa)+ [ wsly)atdyle.a) (6.11)

Consider (6.11) fop = (n) defined above and apply sequentially the Ascoli theorem, [25], page 96,
and Lebesgue’s dominated convergence theorem. The latter is applicable in vi&waofl (6.6). Indeed
(6.6) yields

0 < ug(y) = va(y) — va(@) +ug(z) < nlp(z,y)) +n(p(z, 20) + diam(K)) (6.12)

and (6.1) implies that

/ (n(p(z,y))+1(plx, z0)+diam(K)))q(dyl, a) < / n(o(,y))a(dylz, a)+n(p(z, z0)+diam(K)) < oo,

(6.13)
We, thus, have for any € A(z)

w+ () < el a) + / u(y)aldyl. a),

which is equivalent to

wtua) < min {e(e.a) + [ ulyatdyle. )

The next result shows states the ACOE, (5.2) and (3.2), hold for the inventory problem considered. We
remark that Theorem 6.2 also implies the validity of the ACOE for problems without borrowing and storage
(letm(y) =Eh(y — D) in (5.2)).

Proposition 6.3 In the inventory problem considered, there exists a solution to the AGH,and (3.2),
(w,u(y)), such that the relative value functiar(y) is nonnegative, convex, and is equal to the limit of

functionsug,,) described in Theorem 6.2.
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Proof. We verify that Assumption€ hold so that Theorem 6.2 applies. First, in our cise A = R,
p(z,y) = |z —y|, andn(r) = r max{c;, c_}. Consider two inventory levelg andz. In statex suppose
the manager orders or scraps inventory to bring the level tiken implements an optimal policy thereafter.

Since this policy may not be optimak(z) < vg(z) + max{c,, c_}|z — z|. In other words,

vg(z) —vg(z) < max{cy,c_}|z — x|

SinceE h(z — D) < oo foranyz € R, h is convex anth(z) — oo asz — oo, we haveE |D| < oo andC1
is verified.

Fix x € X. Consider the policyy that always orders up to level. The renewal reward theorem

implies thatw?(z) = lim, o %vzl(az) < o0o. Thusliminfgy (1 — B)mg < liminfg; (1 — B)vg(z) <
liminfgyq (1 — ﬁ)vg(x) = w®(x) < oo andC2 holds.
To verify C3, we must prove that(xz) — oo as|z| — co. Letz — oo and letd = min{cy,c_, ey, e_}.

Note thatd > 0 and forz > E D

c(x) = infb {cia™+c_a” +erbt+e b +Eh(c+a+b—D)} > igf< {dly|+h(z+y—ED)}
—o00<a,b<oo —oo<y<oo
dlx —ED —ED
> min{ (z 5 ),h<m 5 >}—>oo as r — 00,

where the first inequality follows by setting= a + b and applying Jensen’s inequality. To verify the second
inequality, consider the two possibilities: (@)< —(z — ED)/2 and (b)y > —(z — E D)/2. The case
x — —oo is similar.

AssumptionC4 holds since for\ € R, {(a,b)|C(z, (a,b)) < A} is closed and bounded. The fact that
it is bounded follows from the fact th&t(z, (a,b)) — oo as either or b — oco. Itis closed since the cost
function is convex and therefore continuous. AssumpB8iis equivalentt® f(D+a,) — E f(D+a) as
an, — a, for any bounded, continuoys which follows from Lebesgue’s dominated convergence theorem.

7 Conclusions

We have studied an extension of the classic inventory control/cash management models to include one
period borrowing and storage. Instead of an optimal policy requiring two thresholds as has been shown for
the cash management problem, we have four thresholds. We expect that in the discounted models (both

finite and infinite horizon), a fixed cost could be added for either ordering or scrapping (but not both) and
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our results could be extended without difficulties to analogous results to those shown in [16, 21]. This
follows from the fact that the (convex) holding cost in each model would be replaced with the fugittion

On the other hand, we do not believe that allowing for fixed costs to be associated with borrowing/storage
and ordering/scrapping would lead to such simple policies. While the borrowing and storage policy would
most likely be analogous t(, S)-policies, it is not immediately clear that tiié—convexity would carry
through. This is left as a potential future research direction. Other potential research directions are to study
problems with lost sales, lead times and problems with the borrowing/storage time intervals longer than one

period.
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