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Abstract

This paper focuses on bias optimality in unichain, �nite state and action space Markov Decision Processes.
Using relative value functions, we present new methods for evaluating optimal bias. This leads to a proba-
bilistic analysis which transforms the original reward problem into a minimum average cost problem. The
result is an explanation of how and why bias implicitly discounts future rewards.



1 Introduction

Bias optimality has previously been regarded as a theoretical concept in Markov Decision Process

(MDP) theory. It was viewed as one of many optimality criteria that is more sensitive than long-run

average optimality, but its usefulness in application had not been considered. We show through

probabilistic arguments that bias can be used to make decisions rather easily. Furthermore, we �nd

numerous similarities between �nding bias optimal policies and �nding average optimal policies.

This relates bias optimality to the vast literature on average optimality.

Recently, Haviv and Puterman [3] and Lewis, et. al [5] studied the usefulness of bias optimality

to distinguish between multiple gain optimal policies in controlled queueing systems. Lewis and

Puterman [6] then showed that in the Haviv-Puterman model, when rewards are received impacts

the bias. In particular, given two gain optimal control levels, when rewards are received at arrival

the larger control level is bias optimal, while when rewards are received upon departure the reverse

holds. This suggests that bias may implicitly discount rewards received later.

Discount and average optimality have been considered extensively in the literature, cf. Puter-

man [11]. In contrast, bias optimality has received little direct attention. In fact, to our knowledge,

in addition to the previously mentioned papers ([3], [5], [6]), the use of bias to distinguish between

gain optimal policies has only appeared in a short section of an expository chapter by Veinott [14].

Methods of computing optimal bias were considered for the �nite state and action space case by

Denardo [1] and on countable state and compact action spaces by Mann [9].

Let v�� represent the total discounted reward of a policy �. A policy �� is 0�discount optimal

if lim�"1(v
��

� � v��) � 0 for all policies �. Veinott [13] (see Theorem 10.1.6 of Puterman [11])

asserts that in the �nite state and action space case bias optimality is equivalent to 0�discount

optimality. Furthermore, for general state space models, Hernandez-Lerma and Lasserre [4] (see

Chapter 10) discuss the equivalence of bias optimality with opportunity cost optimality, weakly

overtaking optimality, and optimality according to Dutta's criterion under some light conditions.

There is also a vast literature on sensitive optimality that indirectly addresses bias optimality (cf.

Veinott [13]). However, these works do not give an intuitive explanation for what the bias-based

decision-maker prefers and why. This paper addresses these points.

2 Model Formulation

Our notation and formulation follows Puterman [11]. Consider an in�nite horizon, discrete time,

Markov decision process (MDP) with �nite state space S. Let As be the �nite set of actions

available to a decision-maker when in state s. If the decision-maker chooses action a 2 As when in
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state s, an immediate (expected) reward of r(s; a) is received and the system enters state j with

probability P (jjs; a). Let A = �s2SAs be the action space. A deterministic, Markovian decision

rule d maps S into A and speci�es which action the decision-maker will take when the system

is in state s. We will often use rd to denote the vector of expected rewards when using decision

rule d and either rd(s) or r(s; d(s)) to denote an element of that vector. A sequence of decision

rules � = fd1; d2; : : :g is called a deterministic, Markovian policy and speci�es the decision-maker's

actions for each state, for all time. We say that a policy is stationary if it uses the same decision

rule at each decision epoch. It should cause no confusion that we also use d to denote such a policy

which always uses decision rule d. The set of such policies is denoted D1. Each policy generates

a sequence of random variables f(Xn; Yn);n = 1; 2; : : : g where Xn denotes the state of the system

and Yn denotes the action chosen by policy � at decision epoch n given Xn. Unless otherwise

noted, we assume the Markov decision process is unichain. That is, all stationary policies generate

Markov chains that consist of a single ergodic class and possibly some transient states. We now

formalize the de�nitions of gain and bias.

De�nition 1 The long-run average reward or gain of a policy � given that the system starts in

state s 2 S denoted g�(s) is given by

g�(s) = lim
N!1

E
�
s

 
1

N

N�1X
n=0

r(Xn; Yn)

!
:

where the expectation is conditioned on the state at time zero and taken with respect to the probability

measure generated by �. Furthermore, a policy, ��, is called gain optimal if g��(s) � g�(s) for

all s 2 S, for all �.

De�nition 2 The bias of a stationary policy d, given that the system started in state s, denoted

hd(s), is de�ned to be

hd(s) =
1X
n=0

E
d
s [r(Xn; d(Xn))� gd(Xn)]: (1)

We say that a policy, d� is bias optimal if it is gain optimal, and hd�(s) � hd(s) for all s 2 S,

for all gain optimal d.

If the Markov chain generated by d is aperiodic this sum is convergent, otherwise; replace the above

sum with sums in the Cesaro sense. It is well-known that in �nite state and action space MDP's

stationary gain and bias optimal policies exist.

For a stationary policy, d we call rd(s)�gd(s) the excess reward of d. If one de�nes a new system

in which the excess reward replaces the reward function, then the bias is the expected (�nite) total
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reward in the modi�ed system. Alternatively, the bias represents the expected di�erence in total

reward under policy d between two di�erent initial conditions; when the process begins in state

s and when the process begins with the state selected according to the probability distribution

de�ned by the sth row of the limiting matrix P �d = limn!1
1
n

Pn�1
i=0 P

i
d. Since we assume that

the process under d is unichain, this initial distribution is the stationary distribution of the chain.

When the process is multichain, the distributions speci�ed by the rows of P �d may vary with the

initial state. For other interpretations of the bias (see Puterman [11] Chapter 8).

3 Computing the Gain and Bias

We begin with some well-known results. Any results not speci�cally referenced may be found in

Puterman [11]. Since Pd is unichain,

1. gd is a constant, which we express as gd1 where 1 is a vector of 1's of dimension jSj.

2. If (g; h) satis�es

h = rd � g1 + Pdh; (2)

g = gd and h is unique up to a constant. We refer to (2) as the average evaluation equation

(AEE)

3. (gd; hd) is the unique solution of equation (2) and the additional condition P �d h = 0.

4. Let the �rst passage time to a recurrent state � be denoted ��, that is, �� = minn>0fXn = �g.

Then gd satis�es

gd = (P �d rd)(s) =
E
d
�

P���1
n=0 r(Xn; d(Yn))

E
d
� ��

(3)

for any s 2 S.

With these observations in mind, we have the following de�nition.

De�nition 3 Let d 2 D1 be a �xed stationary policy. For each solution to the average evalua-

tion equation (gd; h), the constant di�erence between h and the bias of d, cd(h) is called the bias

constant associated with h.

This allows for a probabilistic interpretation of the bias. Let

hd�(s) = E
d
s

 
���1X
n=0

[r(Xn; Yn)� gd]

!
: (4)
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Note that

hd�(s) = r(s; d(s))� gd + E
d

 
���1X
n=1

[r(Xn; Yn)� gd]

�����X0 = s

!
= r(s; d(s))� gd + (Pdh

d
�)(s):

Hence, (gd; h
d
�) satis�es (2) for d and represents the total excess reward earned until the process

enters state � given that the process started in state s and uses policy d. Also note, by (3) that

hd�(�) = 0.

We call the unique function hrvd which satis�es (2) together with hrvd (s) = 0 the relative value

function of d with reference state s. Thus, there is a relative value function associated with each

state s. By the previous argument, for each recurrent state � we have hd� is the relative value

function associated with �. The fact that (gd; h
d
�) satis�es the AEE was �rst shown in Derman and

Veinott [2].

Since for a �xed policy d, the relative value functions and the bias satisfy the AEE, by our

previous observations, they must di�er by a constant. It is then simple to show there is a close

relationship between the two. For example one may use the results on Poisson's equation discussed

in Derman and Veinott [2] or more recently in Makowski and Shwartz [8] to obtain in the unichain

case, for a stationary policy d that the bias of d is given by

hd(s) = h
rv(�)
d (s)� (P �d h

rv(�)
d )(s) = h

rv(�)
d (s)�

E
d
�

P���1
n=0 h

rv(�)
d (Xn)

E
d
� ��

: (5)

Hence, in the same manner that we can compute the gain of a policy by (3), we can compute the

bias using a relative value function in place of the reward function. In the next two sections, we

show how this can be used to �nd bias optimal policies.

4 The Average Optimality Equation

Since the state and action space are �nite, computation of gain optimal policies reduces to solving

the average optimality equation (AOE)

h = max
d2D

frd � g1 + Pdhg (6)

for g and h. To begin our analysis of the average optimality equation, we consider a special case

of a result of Schweitzer and Federgruen [12]. In essence, the result states that solutions of the

AOE must di�er by a constant just as they do for the AEE. We include a simple proof for this

result to keep this paper self-contained. In addition to being useful for establishing several results

below, we use it to show that the average optimality equation does not determine the set of gain
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optimal solutions in unichain average reward models. Thus, the optimal gain and optimal policies

are determined by the AOE, but the solution of the AOE is not unique. Note that if all states are

recurrent under every policy, the gain and the bias of every optimal policy satis�es the AOE (cf.

Lewis et. al [5]).

Proposition 1 Suppose all stationary policies are unichain and let (g1; h1) and (g2; h2) be solutions

to the AOE. Then g1 = g2 and

h1 = h2 + c1 (7)

for some constant c. In particular, if h1 = h� is the optimal bias, then

h� = h2 + c(h2)1: (8)

Proof. Suppose (g1; h1) is a solution of (6). Let G(h1) denote the set of decision rules that attain

the maximum in (6) for g1 and h1. Then there exists a Æ 2 G(h1) for which

h1 = max
d2D

frd � g1 + Pdh1g = rÆ � g11 + PÆh1 (9)

Since PÆ is unichain, the second equality of (9) uniquely determines g1 and determines h1 up to

a constant. Since (g1; h
�) also satis�es (6), (8) follows. The case for a general solution of (6) is

analogous.

Note that this result does not require that S be �nite, only that the gain is constant.

De�nition 4 We refer to c(h2) as the optimal bias constant associated with h2.

The following example uses the above result to show that there are average optimal policies that

do not yield solutions to the AOE.

Example 1

Suppose S = f1; 2g, A1 = fa; bg and A2 = fcg, r(1; a) = 2, r(1; b) = 3 r(2; c) = 1 and p(2j1; a) =

p(2j1; b) = p(2j2; c) = 1. Let Æ be the decision rule which chooses action a in state 1 and let  be

the decision rule which chooses action b in state 1. Clearly this model is unichain and gÆ = g = 1,

hÆ(1) = 1, h(1) = 2, hÆ(2) = h(2) = 0. Since hÆ and h do not di�er by a constant, it follows

from Proposition 1, that (gÆ ; hÆ) and (g ; h) cannot both satisfy the optimality equation.

Since solutions to the AOE di�er by a constant, for all d; d0 2 G(h) we have h
rv(�)
d = h

rv(�)
d0 .

Hence, in the sequel we suppress the dependence on d.
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5 The Bias Optimality Equation

Suppose (g�; h) satis�es the AOE and in addition h satis�es

w = max
d2G

f�h+ Pdwg (10)

for some vector w, where G denotes the set of decision rules that attain the maximum in the

AOE (6) for g� and h, then h is the optimal bias. We refer to the combined set (10) and the AOE

as the bias optimality equations (BOE).

Upon substituting (8) into (10) where h2 is the relative value function with reference state �,

we have the following result,

Proposition 2 Suppose hrv(�) is a relative value function with reference state � such that (g�; hrv(�))

is a solution to the AOE. The BOE (10) can be rewritten

w = maxd2Gf�h
rv(�) � c(hrv(�))1 + Pdwg: (11)

Observe that (11) has exactly the same form as the AOE (6). That is to say, setting rd = �hrv(�)

and g = c(hrv)1 we have again the AOE. Thus, in a unichain model, (11) uniquely determines

c(hrv) and determines w up to a constant. Furthermore, all solution methods and theory for the

AOE apply directly in this case. In particular, (11) can be solved by value iteration or policy

iteration.

Alternatively, as in the case of the AEE, if (gd; h) satisfy the AOE and P �d h = 0 then h is the

optimal bias. Neglecting the trivial case rd(s) = 0 for all s 2 S and all d 2 D, it is interesting to

note that since P �d is positive on the recurrent class generated by d, the optimal bias must have

both positive and negative elements. We will show in the examples that follow that we can take

advantage of this fact.

Since hrv(�) is independent of d it follows from (5) that solving for the policy with maximum

bias reduces to �nding the policy that achieves the maximum bias constant, say c�. That is,

c�1 = max
d2G

f�P �d h
rv(�)g = �min

d2G
fP �d h

rv(�)g (12)

Thus, under the assumption that there exists a state � that is recurrent for all decision rules in G

we can compute the optimal bias by

c� = �min
d2G

 
E
d
�

P���1
n=0 hrv(�)(Xn)

E
d
� ��

!
(13)

Since we are minimizing, hrv(�) can be interpreted as a cost function. Thus, �nding a bias

optimal policy corresponds to solving a modi�ed minimum average cost problem. We

emphasize the importance of these observations in the following example.
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Figure 1: We would like to compare control limits L and L+ 1.

Example 2

Consider an admission controlled M=M=1=k queueing system with Poisson arrival rate � and ex-

ponential service rate �. Assume that a holding cost is accrued at rate f(s) while there are s

customers in the system. If admitted the job enters the queue and the decision-maker immediately

receives reward R. Rejected customers are lost. Assume that the cost is convex, increasing in s,

and f(0) = 0. Furthermore, assume that we discretize the model by applying the standard uni-

formization technique in Lippman [7]. Without loss of generality assume that the uniformization

constant is �+� = 1. Since rejecting all customers yields g = 0, we assume customers are accepted

in state zero. This example was previously considered in Haviv and Puterman [3] where it was

shown that bias distinguishes between gain optimal policies.

Consider the set of policies T1 that accept customers until the number of customers in the

system reaches some control limit L > 0 and rejects customers for all s � L. Let L denote the

stationary policy that uses control limit L. The following lemma asserts that it is better to start

with fewer customers in the system. The proof is similar to the analogous result in Lewis et. al [5]

and is omitted. We will use this result in the sample path arguments to follow.

Lemma 1 Suppose (g�; h) satisfy the average optimality equation. For s 2 S, h(s+ 1) < h(s).

Haviv and Puterman [3] show using alternative methods that if there are two gain optimal

control limits, they occur consecutively, and only the higher one is bias optimal. Let L and L+ 1

be gain optimal control limits. Let cL be the bias constant for control limit L. Similarly for cL+1.

Let � = L be the reference state. Clearly, L is recurrent for both policies. Suppose we start two
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processes on the same probability space in state L. Process 1 uses control limit L and process 2

uses control limit L + 1. It is easy to see if the �rst event is a departure, both processes move to

state L � 1. Since the policies are the same on all states below L, the costs accrued (measured

by hrv(�)) until the return to state L � 1 are the same. This is denoted by the lighter dashed

line of Figure 1. Further, if the �rst event is an arrival, Process 1 rejects arriving customers and

thus, immediately returns to L accruing cost hrv(�)(L) = 0 on the cycle. Process 2 accepts the

arriving customer, accrues cost hrv(�)(L), and moves to state L+1. The process then accrues cost

hrv(�)(L+1) a geometric number of times (with parameter �) for false arrivals in the uniformization

(recall �+ � = 1) before returning to state L. This is denoted by the bold line in Figure 1.

Hence, while the total cost is the same for each policy when a departure is the �rst event, when

an arrival occurs �rst, process 2 accrues hrv(�)(L + 1) for each extra decision epoch in the cycle.

From Lemma 1, hrv(�)(L+1) < hrv(�)(s) for all s � L. Thus, each extra decision epoch in process

2 can only stand to decrease the average cost. That is to say, cL+1 > cL, and the bias of control

limit L+ 1 is larger than that of L.

The previous example shows that by an astute choice of the reference state a simple sample

path argument can be used to show the usefulness of bias in distinguishing among gain optimal

policies. In the next section we discuss how bias implicitly discounts rewards received late in the

cycle using the relative value functions.

6 Bias and Implicit Discounting

Neither the interpretation of the bias as the total excess reward before reaching stationarity nor

as the average cost over a cycle give a complete picture. If either were so, one might conjecture

that in a similar manner to total or average reward models, a decision-maker using bias as the

optimality criterion would be indi�erent to when in the cycle rewards were received. Suppose

we consider Example 2 except that rewards are received upon service completion instead of upon

acceptance to the system. Using the bias optimality equation (10), [6] showed that if there are

two gain optimal control limits, the lower control limit is bias optimal. Thus, by changing when

rewards are received, we have changed which control limit is preferred.

Example 3

Consider the M=M=1=k queueing system of Example 2 except that the rewards are received upon

service completion instead of acceptance. Assume L and L+ 1 are gain optimal control limits and

again let L be the reference state. It is a simple task to show that hrv(s) < 0 when s < L while

hrv(s) � 0 for s � L. Recall, these inequalities are reversed in Example 2. Using the same argument
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as above establishes that the lower control limit is bias optimal. The bias-based decision-maker

prefers the negative relative values.

This analysis allows us to interpret why bias prefers control limit L or L + 1. In Example 2

rewards are received at arrivals and thus, the reward is received before the cost of having the

customer in the system is accrued. On the other hand, in Example 3 since rewards are received

at service completions the decision-maker must accrue the cost of having a customer in the system

before receiving the reward. Thus, the decision-maker only chooses to increase the amount of

waiting space if the reward is received before cost. Furthermore, since the optimal policies are not

the same for both problems, it is clear that the bias-based decision-maker di�erentiates between

receiving rewards on entrance or exit. The following result provides supporting evidence for this

assertion.

Theorem 1 Suppose that � is a positive recurrent state for a �xed policy d 2 D1. Further

suppose that h
rv(�)
d is the relative value function of d with h

rv(�)
d (�) = 0. Let cd be the bias constant

associated with h
rv(�)
d . Then

cd = �
E
d
�

P���1
n=0 (n+ 1)[r(Xn; Yn)� g]

E
d
� ��

(14)

Proof. From (5) it suÆces to show that P �d h
rv(�)
d (�) =

E
d
�

P���1

n=0
(n+1)[r(Xn;Yn)�g]

E
d
� ��

. Recall,

P �d h
rv(�)
d (�) =

E
d
�

P���1
t=0 h

rv(�)
d (Xt)

E
d
� ��

:

Consider the numerator,

E
d

�

���1X
t=0

h
rv(�)
d

(Xt) = E
d

�

 
���1X
t=0

E
d

Xt

���1X
n=0

[r(Xn; Yn)� g]

!
= E

d

�

 
���1X
t=0

E
d

 
���1X
n=t

[r(Xn; Yn)� g]

�����Xt

!!
;

where the second equality follows from the time-homogeneity of the process. Conditioning on the

�rst passage time, given that the initial state is � we get,

E
d
�

���1X
t=0

h
rv(�)
d (Xt) =

1X
k=1

E
d
�

 
k�1X
t=0

E
d

 
���1X
n=t

[r(Xn; Yn)� g]

�����Xt

!����� �� = k

!
P�(�� = k)

=

1X
k=1

k�1X
t=0

E
d
�

 
���1X
n=t

[r(Xn; Yn)� g]

����� �� = k

!
P�(�� = k)

= E
d
�

���1X
t=0

 
���1X
n=t

[r(Xn; Yn)� g]

!
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(a,1) (a,-1)
1

2

3

(b,-1) (b,1)

(ab,0)

ψ

δ

γ (ab,0)

Figure 2: A deterministic example with average reward 0. Quantities in parentheses denote actions

and reward, respectively.

A little algebra yields

E
d
�

���1X
t=0

h
rv(�)
d (Xt) = E

d
�

���1X
n=0

 
nX
t=0

[r(Xn; Yn)� g]

!
= E

d
�

���1X
n=0

(n+ 1)[r(Xn; Yn)� g] (15)

Substituting this into (5) yields the result.

Since we are maximizing this term, the bias-based decision-maker prefers to receive negative

excess rewards later and positive excess rewards earlier. Example 4 below illustrates this point.

The factor n+ 1 in the previous result was noted in Meyn [10], however, to our knowledge this is

the �rst time that it has been used to explain implicit discounting captured by the bias.

Example 4

Suppose S = f0; 1; 2; 3g, A0 = fa; b; abg, A1 = fag, A2 = fbg, and A3 = fabg, r(0; a) = r(2; b) = 1,

r(0; b) = r(1; a) = �1, r(0; ab) = r(3; ab) = 0 and p(1j0; a) = p(2j0; b) = p(3j1; a) = p(3j2; a) =

p(3j0; ab) = p(0j3; ab) = 1. Let Æ be the decision rule that chooses action a in state zero,  the

one that chooses ab, and  be that which chooses action b. Clearly, this model is unichain and

gÆ = g = g = 0. It is also easy to see that the bias constant, c , of  must be zero. Choose

f0g as the reference state (so hrv(0)(0) = 0). By examination of Figure 2 we have hrv(0)(1) = �1,

hrv(0)(2) = 1, and hrv(0)(3) = 0. The stationary distributions, ��d , are �
�
Æ = f1=3; 1=3; 0; 1=3g and

�� = f1=3; 0; 1=3; 1=3g. Thus, the bias constants are ���Æh
rv(0) = 1=3 and ��� h

rv(0) = �1=3. By

10



(5) Æ is bias optimal. Alternatively, we can use Theorem 1 to compute the constant

cÆ = �
f[r(0)� g] + [r(1)� g] + [r(3)� g]g + f[r(1) � g] + [r(3)� g]g + f[r(3) � g]g

3

= �
f[r(0)� g] + 2[r(1)� g] + 3[r(3) � g]g

3
= �(1 + 2 � (�1) + 3 � (0))=3 = 1=3:

Similarly, c = �(�1 + 2 � (1) + 3 � (0))=3 = �1=3.

Note that when the positive excess reward of 1 is received earlier it costs less than when it

is received later (�1 compared to �2), and conversely. If we compare Æ to  the decision-maker

chooses to receive the immediate reward and accrue the cost later. If we compare  to  the

decision-maker prefers not to accrue the immediate cost, despite the fact that there is a reward to

be received later.

Precisely the same logic can be applied to the prior queueing example. Since the reward received

later is discounted the decision-maker chooses not to accept the arriving customer. This makes

explicit the fact that the bias also captures the desirable properties of discounting.

7 Conclusions

We have presented a probabilistic approach to interpreting bias optimality. This leads to simple

sample path arguments for results that previously required detailed algebra and presented no in-

tuition for why the bias optimizing decision-maker would prefer a particular policy. Furthermore,

this probabilistic analysis leads to an explanation of implicit discounting in bias.

It is important to note that the discounting captured by bias is only valid for recurrent states.

In fact, it is easy to construct examples in which the bias-based decision-maker is indi�erent to

receiving reward earlier or later in transient states (see Veinott [14]). To capture this one must

turn to more sensitive optimality criterion.

Finally, we have restricted our attention to �nite state, �nite action space models. The authors

hope that this paper makes apparent the need to develop these ideas on more general spaces and

for multichain Markov decision processes.
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