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Abstract

In this paper we introduce a new method of mitigating the |enwbof long wait times for low
priority customers in a two-class queueing system. To thds e allow class 1 customers
to beupgradedto class 2 after they have been in queue for some time. We asthere are

¢; servers at stationy : = 1,2. The servers at station 1 are flexible in the sense that they ca
work at either station while the servers at station 2 arecddedd. Holding costs at rate are
accrued per customer per unit time at statiph= 1, 2. This study yields several surprising
results. First, we show that stability analysis requiregddtion on the order of the service
rates. This is unexpected since no such condition is redjuvieen the system does not have
upgrades. This condition continues to play a role when obmdrconsidered. We provide
structural results which include a;crule when an inequality holds and a threshold policy
when the inequality is reversed. A numerical study verifles the optimal control policy
significantly reduces holding costs over the policy thaigmssthe flexible server to station
1. At the same time, in most cases the optimal control pokduces waiting times dfoth
customer classes.



1 Introduction

In service systems (such as call centers), it may be the basénto types of customers must
be served: the first, a high revenue (or high holding cosgastrand the second with corre-
spondingly lower revenues or costs. If servers are capabie€d) to serve both demand types,
then the problem becomes one of assigning (static or dynamarities to arriving customers.
Another means to indirectly enforce priorities is to havaubset of the servers dedicated to
the higher revenue arrivals. The remainiibgxible servers are capable of working on both
types of customers. This has a benefit of reducing the nunflskilts required by servers -
the dedicated servers require only one, which means a ieductoverhead if acquiring skills
comes with a cost. It also means that only the flexible servees to be controlled. This leads
itself to analysis via the already classic “N-Network” (E£5]). In the N-network any time the
flexible servers spend on the high priority customers is messense at the expense of the low
priority customers; a quality of service concern. Thusrghremains the somewhat secondary
concern of the waiting times of the lower priority customers

In this paper we propose (and analyze) an extension of theMiik that has the potential
to address both the allocation question above, while gieomgsideration to the waiting times
of the lower class customers. After having waited for sometin the low priority queue, we
upgradethe low priority customers to the high priority queue tregtthem as high priority
customers thereafter. Rather than keeping track of thewguwaiting time of each customer
in queue, and upgrading based on the queue lengths, we asisaintiee time spent in queue
before upgrades is random and exponential. The decisidemstill must allocate flexible
servers based on the number of customers currently in eaalegthe holding costs at each
station, and the arrival, service, and upgrade paramef¢nge onodel.

We view the analysis that follows to be interesting from batimanagerial and theoretical
standpoint. Suppose there is at most one server at eactnsaatil no upgrades. When there
are no dedicated servers and several parallel statiorswell-known that a flexible server
should be allocated using theucrule (cf. [8]). In the two station case, when there is a
dedicated server at one queue and a flexible server at thequtbee (the N-network), the -
rule is optimal (in the asymptotic sense) when an inequhblys [6]. There exists a monotone
optimal policy when the inequality is reversed. Generdlire of these results can be found
in[11, 12, 14, 17]. All of these latter results consider heavy traffic asyntipg

The upgrade mechanism we consider has as a goal to take agearitidle periods of
the dedicated servers, with minimal impact on the high fgiarrivals. This effect appears
to be lost in a heavy traffic setting, as there is asymptdyicad idling. We also note that in
neither case (with or without the dedicated server) doesdlaionship between the service



rates between the two queues appear to play an importanisel@resent stability conditions
for the system with upgrades and show that in fact when uggrack allowed the relationship
between the service rates plays a key role. This is somewlnaitising given the previously
mentioned results and serves as a warning that if this faghisred, an unstable design can
result.

From these results it is clear that the ordering of the semates cannot be ignored in the
control. We show that a g-rule holds in one direction and a monotone optimal policysexi
in the other direction when there are no upgrades (even Im trgffic). When upgrades are
added, this result continues to hold, but only under therapsion that the service rates are
ordered in a specific way. We also include a numerical studtysihows that the optimal policy
in the system with upgrades performs well both in terms oflimg) costs and waiting times
when compared to the policy that always prioritizes statiom many cases the waiting times
are improved foboth customer classes. In summary, the main contributions opdper are
as follows:

e We introduceupgradesas a way to balance the load between customer classes and alle
viate excessive wait times of low class customers.

e We derive stability conditions for the resulting system.

e We show that under certain conditions there exist optimatigs with structure similar
to that of a model without upgrades.

e We show that the aforementioned structure of the optimatyaoes not necessarily
hold when the conditions are violated. In fact, stabilityynat even hold.

e We discuss the effect of upgrades on optimal cost and watitimes.

We do not attempt a complete review of the related literatline interested reader should
view the excellent literature surveys of Aksin et &} &nd Gans et al.1[3]. In this paper we
consider an extension of the N-network so we restrict atiarib this model and its variants.
With minor modifications, the N-network can be describedthi@ current study by setting
the upgrade rate to zero and the inter-arrival and servieilolitions to be exponential. The
exponential assumption allows the formulation of the deniscenarios as a Markov decision
process and significantly simplifies the fluid analysis. Toknowledge, the N-network was
first introduced (from a research standpoint) by Harristh}.[ The asymptotic optimality of
threshold policies in the N-network was shown by Bell andlifihs [6].

Other related studies on the N-network include that of Ahalefl], where the authors
show that the optimal policy in a system without arrivals l@dng system) exhibits either
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monotone switching curve structure or is exhaustive in onth® queues. Also, there has
been some work ohilingual call centers. These call centers are somewhat new to thedUnit
States, but they have been prevalent in other countriesuite gome time (cf. Stanford and
Grassman]9]). Although upgrades present different challenges, threyraelated to systems
with reneging. In 20, 21] Ward and Glynn show that the queue length processes ofrsgste
with exponential inter-arrival, service times and renagees with reneging and balking and
G /G /1 systems with reneging and balking (under heavy traffic) caafproximated with a
regulated Ornstein-Uhlenbeck process. Other posséslfor reducing congestion and dealing
with reneging are to announce a delay estimate to arrivistpooers as described in Armony
et al. [5] or to provide callers with a call-back option as describedrmony and Maglaras
[3, 4]. Of course these estimation schemes do not work when thersaltocation is adjusted
dynamically as in the current model.

The rest of the paper is organized as follows. Secioantains a description of the model.
In order to simplify the analysis, we show that there existeptimal non-idling policy under
the finite horizon discounted cost, the infinite horizon distted cost and the average cost
cases in Sectiof. In Section4 we provide the stability analysis. We uniformize in Section
This allows us to define a discrete-time Markov decision ess@and prove the existence of an
optimal policy that follows a g+ rule in one direction, but not the other. A detailed numdrica
study is provided in Sectiof. The paper is concluded in Sectidn

2 Model Description

Consider a two station parallel queueing system whereostdti(2) is equipped witla; (c2)
servers. Both stations are assumed to have infinite buflezespCustomers arrive to station
1 (2) in accordance with a Poisson process of paté\,) and service times at station 1 (2)
by those servers originally assigned there are assumed éxgmnential with rate:; (u»).
Servers at station 1 are flexible in the sense that they aestabVork at either station. When
a flexible server works at station 2, the service time is stijonential, but the rate is denoted
us. Furthermore, if there are more thancustomers at station 1 then those customers above
¢, areupgradedto station 2 after an exponential amount of time with paramet The rate of
upgrades is bounded ky3, where initially L is assumed to be finite. That is to say that when
the queue length at station Lijcustomers are being upgraded at (dte-c;)* A L) 5. We note
that from a modeling perspective it does not matter whicliauer is chosen to be upgraded,
however, from an implementation standpoint, it seems tpgtading from the middle of the
gueue is most reasonable. Holding costs are accrued dt rate) for customers at statiom,

n = 1,2. See Figurel.
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Figure 1: N-network with upgradeg(is the number of servers assigned to station 2).

A few notes regarding the modeling assumptions are in orBest, we have chosen to
place an upper bound on the upgrade rate to provide a panatoetntrol the worst case rate
at which customers are being upgraded. Of course, this afgaies the analysis. Second,
again due to the fact that upgrades are a manager’s choideawveeassumed that a customer
that is being served (or could be served) is not upgradedXl=et{ (i, j)| (i, j) € Z* x Z*} be
the state space, whele represents the non-negative integers afg represent the number
of customers at station 1 (2) (including those in servicede&ision-maker must decide how
to dynamically allocate the flexible servers based on thebmuof customers currently in each
gueue. Note that the decision-maker is relieved of the wuadedeciding when to upgrade
customers.

There are other possibilities for the upgrade mechanisme @ssibility is to make the
upgrade times deterministic. Another is to enforce dynapnigrities by increasing the pri-
orities of both arrivals based on their time in queue andgiliese priorities to schedule the
flexible servers. While both have their appeal from a modglBtandpoint, their analysis is
quite difficult. Our goal here is to show that a simple upgradehanism can yield significant
performance gains. We would expect the other mechanisrmgégssribed to have similar (if
not better) performance gains.

Consider the cost functiofi((i, j), a) = ihy + jhe, Where the action denotes the number
of flexible servers currently placed at station 2. We seekligypthat prescribes the action to
choose for each set of queue lengths for all time. The tosaldinted expected cost of a policy



7 up to timet is

t
i) = By [ e (mQT() + 1a@5(9)ds

whereQ7 (s) is the queue length (including those in service) at tinae station: = 1, 2 under
policy . Along with the finite horizon discounted expected cost,dtieer criteria considered
in this paper are the following

E0d) = i o,G0) =Bl [ e (m@E () + haQ5(9) s,

Ug,t(iv ])

p" (i, 7) = limsup

t—o00

wherev’ (i, j) represents the infinite horizen—discounted cost under starting in(7, j) (the
interchange of limit and expectation is justified by the mone convergence theorem) and
p"(i,7) represents the long-run average expected cost per unit thoge that in the finite
horizon casex € [0, 00) while in the infinite horizon case € (0,00). Under any of the
optimality criteria, a policyr* is called optimal ify™ (i,7) = infreny™(i, ), wherell is
the set of all (measurable, non-anticipating) policies and v, ., v,, Or p depending on the
optimality criterion.

3 Non-idling Policies

In this section we show that a decision-maker need not cengidlicies that idle flexible
servers when they could be working at station 2. We begin byiging the following mono-
tonicity result.

Proposition 3.1 Lety = v, or v, depending on the optimality criterion. For all statgs;)
the following inequalities hold.

1.oy(i,7+1) > y(i,j)
2. y(i+1,75) > y(3,7),

for eacha, where in the finite horizon case the result holds fortall

Proof. We prove the assertions in the infinite horizon case via a Eapgth argument. The
finite horizon case is directly analogous. Consider the ffigstilt. Suppose we start two pro-
cesses on the same probability space so that they see thesamaks, (potential) services and
(potential) upgrades. Process 1 starts in statg+ 1) and uses the optimal policy, say.

5



Process 2 uses the same allocation at station 1 as Procesghbiigh it started iifi, j + 1))
whenever possible, but allows idling at station 2 if it canmatch the service rate of Process
1. For example, suppoge+ 1 = ¢; + ¢, and7* assigns all servers to station 2. The service
rate isc; s + capu0. Since Process 1 has assigned zero servers to station &sBi@ddoes the
same. However, since Process 2 has enly ¢, — 1 customers at station 2, it assigns only
that number of servers there and idles the other server. Adlgsas follows as above if = ¢,
andi = ¢; — 1. If Process 1 assigns — 1 servers to station 1 and one to station 2, Process 2
matches the number of servers at station 1, but idles thedager. Finally, note that if = 0
then Process 1 may still be serving at station 2, while Peo2esannot. In each case, since
Process 1 has more customers at station 2 than Process sttiergossibility that it will see
an extra service (in fact eventually this will occur).

Define the event!d as the event that there is a service seen by Process 1 thatsserm
by Process 2. If this extra service is seen, the relativeipasif the two processes is now the
same; they couple (using the same policy thereafter) andivethe same cost streams. Let
be the time that evert occurs. Note that before timg Process 1 is accruing cost at rate
higher than that of Process 1. Thus

valis J) = vais j +1) < 02(0, §) = valisj + 1) = —hQ/ LU= NPy € (5,54 d5)) <0,
0
wherey denotes the (potentially) sub-optimal policy followed hyp&ess 2.

To prove the second result, again define two processes orathe space. This time let
Process 1 start iti + 1, ) and Process 2 start {, j). Process 2 uses the same allocation at
station 2 as Process 1 (as though it started in 1, j)) whenever possible, but allows idling
at station 1 if it cannot match the service rate of Process 4inAhe proof of the previous
assertion, there is the possibility that there is an extraseseen by Process 1, not seen by
Process 2. There is also the possibility of an extra upgrade by Process 1. Ld? be the
event that the prior case occurs before the latter. In thgs,c@n argument similar to the proof
of the first assertion leads to the two processes couplingth®mromplement of this event,
Process 1 moves to a state, $dy;’ + 1) while Process 2 is i/, j'). Let T represent the time

that either the processes couple or an extra upgrade is gdenotess 1. We have
Vali,5) = vali +1,§) < v2(i, §) — vali +1,5)

1 —QT

~(1—e™")|B|P(B)

+ E[e ™ (0a(X,,Y,) — va (X5, Ve + 1))| B P(B°) < 0,

= I E|

where) denotes the (potentially) sub-optimal policy used by Psec2 (X,,Y,) represents
the state of the system in Process 2 immediately after tiared the second inequality follows
using the first result of the proposition. .



Consider a left-continuous poligyand letd/ (w) € {0,1, ..., ¢} denote the number of the
¢, servers allocated to station 2 at timeaunder this policy. Note thdt{k(w) = Lik<cer—df (w)}
represents the indicator that th& (flexible) server is available for service at station 1. Let
b;k(w) = lyx<as(w)y b€ the indicator that the" (flexible) server is available at station 2. Note
that if we allowk to range over the natural numbers tbﬁ,g(w) =0,7=12fork > ¢.
Define A;(s) to be the Poisson arrival process (rai¢ to queuei, i = 1,2. Similarly, let
Yk” be a Poisson process with ragesfor i = 1,2,3 andk; = 1,2,...,¢c1, ke = 1,2,..., ¢
andks = 1,2,...,¢. These represent the (potential) services of each senesrcht station.
Denote bkai for ks = 1,2,..., L the Poisson processes of ratéhat model the (potential)
upgrades from queue 1 to queue 2. The queue length processbs written

Q) = QO+ 4 = 3 [ (Liggiumyon i )V @)

k1=1

N Z/ {Qf >cl+k3})dyki< )

k3=1

and

Q4(5) = Q40) + 406 = 3 [ (10 AV )

ko=1
Cc1 L S
f B
ko=1 ks=1

Consider

c1
hl EQf( ) = hlEQl( ) + )\1h18 — hl,ul Z / {Q{(w—)Zlﬂ}b{Jﬁ (w))dw

k1=1

_h1BZ/ {Qf(w >01+k3}>dw

k3=1

and

haEQJ(s) = ha EQ{(0 )+>\2h23—h2ﬂ22/ ELliof woysh })d

ko=1
S DY -1 (PR T >>dw+wz [ CT—"
ko=1

where the fact that we can replace the Poisson processetheiitihates follows by for example



Brémaud 7] (see the “Partial result” on page 24 af]. AssumingL > max{c;, c»} let

L s
¢f($) = Z/O (ﬁ(hg — hl) E 1{Q{(w—)201+k’} — ,ulhl E 1{Qf(w—)2k}b{,k(w)
k=1

c2 s
— 1502 E (110 ey Vo)) ) o = ks S /0 (P TR CE
k=1

We thus have the following alternative form for the total egfed discounted cost

e+ )]

e—at

VT (i, 5) = (il + jho) ( 1)(1 — ™) + Ay + Aoha) [(éf —

a
+ /Ot e " (s)ds.

This leads to the first major result which will consideralinglify the Markov decision pro-
cess formulation to follow.

(%

Proposition 3.2 There exists an optimal policy that does not allow for unéoraling.

Proof. The result is proved via a sample path argument. Suppose/stens is initially in
state(i, 7). Consider an arbitrary policy and a fixed timew. Suppos&lT(w—) < ¢ and
Q% (w—) > co. Thus, immediately prior taw (at timew—) there are more customers at station
2 than can be handled by thededicated servers, while not enough work for all serversto b
busy at station 1. This implies that the first term of the indeg in 3.1) is zero. Similarly,
for any & such that)](w—) < k < ¢; corresponding to a potentially idle server the second
term of the integrand is also zero. Suppasélles serverk while another policy, say’,
follows precisely the same actions of but at timew— allows thek™ server to work until
either one customer service is completedraeases to idle servér(whichever occurs first).
Let the time of this event be + S,. There are several cases to considern - S; > t or
w + S; does not represent a time of a service completion byktheerver, then the queue
length processes underandn’ remain the same ofw,w + S;). Since the third term of
(3.1) is non-positive, an optimal policy is minimized whé, (w) is maximized; when extra
servers are assigned to station 2. After this time, if thecpes coincide, then by3(1) we
havev?,(i,j) > vT,(i,j). If, on the other hana + S; corresponds to a service completion
by the k™ server then the process undémoves to some state’, ;' — 1) while the process
underr remains in stat¢:’, j/). Assuming the processes follow the same policy from then on
yieldsv? (i, j) > o7, (i, ) sinCevy (16, (1J") 2 00 (uis (@ 5" — 1) (@lmost surely) by
Proposition3.1. Thus, a policy that does not allow unforced idling is optimsdesired. =

We conclude this section by noting that the results of Pritppos 3.1and3.2do not require
thatL < oo.



4  Stability

In this section we consider the stability of the system. Imtipalar we are interested in
determining conditions under which the system admits acpdhat has finite average cost
(which implies existence of a stationary distribution).tKe; ;(¢),t > 0} denote the Pois-

son processes consisting of i.i.d. processing times faeseof typej at queue, for (i, j) €
{(1,1),(2,1),(2,2)}. LetU(t) be the number of customers that have been upgradgdtn

and suppos#; ;(t) is the total time all servers of typehave worked at queuen [0, ¢|. For ex-
ampleT’ ;(t) is bounded by:;¢. We can now rewrite the queue length processes (suppressing
the dependence on the poli¢gy

Q1(t) = Ai(t) = U(t) = Sia(Tha(t)) (4.1)
Qa(t) = As(t) + U(t) — So2(To2(t)) — So1(To1(t)). (4.2)

Of courseT; ;(t) depends on the policy chosen. Rather than providingt) in complete
detail, we describe them sufficiently to provide stabilionditions. To do this, we will use the
standard technique of fluid model analysis (see BRi Buppos€z,,,n > 0} is a sequence of

non-negative real numbers such that, .., x,, = co. Define a fluid limit(Q(t), T'(t)) where

Q(t) = (Q1(t), Q2(t)), T(t) = (Ty1(t), To(t), Toa(t)) and

Qu(t) = lim 2,7 Qx(xnt)
T,y(t) = Tim ' T, j(wnt).
From Theorem 4.1 ofl[0], we have that

Ai(t) = lim o, Aj(w,t) = it

n— o0

lim ;'S (T j(znt)) = T 5(t).

n— o0

Scaling ¢.1)-(4.2) yields
1t - U(t) - ,ulfm(t) (43)

2t + U(t) - M2T272(t) - ,U3T2,1(t)7 (44)

wherelU (t) = lim,, o 2, U (2,).

We first examine the stability of queue one. We will later oectrthis result to the stability
of the entire system for the underlying queueing network ehod he arrival rate is\; and
the maximum departure rateds:; + L3, due to the combined effects of service completions
and upgrades. Intuitively, one would expect that if thevafrrate is less than the maximum
departure rate, then queue 1 can be stabilized. The foltp¥@mma makes this precise in
terms of fluid limits. We postpone the connection to the ulytley queueing model.
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Proposition 4.1 Consider the following two cases

1. Suppose; < cipug + L. If either

@ M < Lpor
(b) A1 > LB and for some > 0, 47} ;(t) > (A — LB + €)/p1 wheneve): (t) > 0,

then there exists, < co such that), (t) = 0 for all t > ¢,.

2. If Xy > cipy + LB, thenQ, () — oo ast — oo.

Proof. Suppose),(t) > 0. As U(t) is bounded above by a renewal process of iate we
haveU (t) — U(s) < LB(t — s). Combining this with the fact thaf, ;(t) — T1.1(s) < ¢i(t — s)
yields thatQ (¢) is continuous. So, there exists an> 0 such thatminep ;. Q1(s) =
¢ > 0. Now, from Theroem 4.1 of][(], there exists a subsequenge,, ,n, > 0} such that
{2, 1Q1(xn, s), i > 0} converges uniformly t@),(s) for s in [¢, ¢ + h]. This implies that for
large enoughu,, we haver, ' Q:(x,,s) > ¢/2 and thus the samér,, } can be chosen such
that@,(u) > L foru € [z, t,x,, (t + h)]. AsQ1(u) remains abovéd in a neighborhood of
zn,t, Wwe have thatt U (t) = L3 and thus from4.3)

%Ql(t) =M —LB— Ml%fl,l(t)-
Under the conditions in statement 1, we see that we Haye(t) < 0 and the result follows
with t; < 29 under (a) (asi T} 1 (t) > 0) andt, < @ (0)/= under (b). Statement 2 follows

A—LB 7T _
upon noting thatflitTLl(t) < ¢y and thus ifA; > ¢y + LS, %Ql(t) > 0 for all ¢. n

We now turn our attention to the entire system. As we haveadirexamined station 1, it
remains to consider station 2 under the assumption of gtabflstation 1. However system
stability is a little more subtle than that of station 1.

If hy = hs it seems intuitive that ifi3 > (<) uy the flexible servers should prefer to serve
customers at station 2 (1) since it can serve them fastee.tifepolicy, sayr*, satisfying the
following properties exhibits preference for serving atisin 2 while maintaining the stability
of station 1:

1. If Q.(t) > 0, all flexible servers work at station 1.

2. If Q,(t) = 0, each flexible server works at station 1 a proportion of tiqaag to
max((A; — LB)/(c1p), 0).
Proposition 4.2 Supposer® is used. Assumg, < ciu; + L.
1. If A < LB and\; + Ay < cipg + coptp thenQso(t) — 0 ast — oo.

2. IfXAy > LBand )Xy + LS < cius + copig — ﬁ(& — LB), thenQ,(t) — 0 ast — oc.
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Proof. To prove statement 1 note that since< LS, n° calls for the flexible servers to not
work at station 1 ifQ,(¢) = 0 (work at station 1 is handled by the upgrades on the fluid cale
Moreover, by Propositiod.1, we have for some; thatQ,(¢) = 0 for all t > ¢,. Combining
these two facts, from4(3), 2U(t) = X, for ¢t > ¢;. AssumeQ(t') > 0 for somet’ > ¢;.
Since the flexible servers work at station 2 we h%\@,l(sﬂs:t/ =0 and%Tm(s)\s:t/ = 9.
Substituting into4.4), £ Qs (s)|s=y = Ao+ —c1p3—capi2, and the result follows immediately.

Consider now statement 2. Fot, if Q1 (¢) > 0, 7} ;(t) = ¢;. Thus since\; < ¢;p1+ L3

by Proposition4.1 part 1(b), we have for some and allt > ¢, Q,(¢) = 0. Now, fort > ¢,

from (4.3) and the second property of, <U(t) = L3. AssumeQs(t') > 0 for somet’ > ¢;.

We have%TQQ(S”s:t/ = Co and %TQJ(S”S:t/ = Cl(l — ()\1 — Lﬂ)/(clul)) SUbStitUting in
(4.9,

d -
£Q2(3)\s=t' =X+ LB — capip — crpiz(1 — (A — LB)/(c1p))
and the result follows immediately. .

Consider the following sets of conditions.

Conditions(Al): \; < c;uq + LS and either

1. A\ < LB and\; + Ay < c1pug + copig, OF

2. \1 > Lpand\s + LS < ci1us + copig — %()\1 — LB).
Conditions(B1): Any of the following hold

1. A\ > + LB, or

2. A\ < L and\; + Ay > ¢z + capio, OF

3. A1 > Lpand\s + LB > cijug + copig — ﬁ()q — Lp).

Note that(Al) and(B1) are not exactly complementary (they are missingdfaalscases).
The next theorem provides necessary and sufficient condifwith the caveat of the missing
equalscases) for the cost function to be finite and is immediate fitoeprevious results.

Theorem 4.3 The following hold.

1. If (A1) holds, then there exists a server assignment palisych thaty™ (i, j) = p < oo
for all initial states(z, j).

2. Assumeus > 4. If (B1) holds, then for any policy, p™ (i, j) = oo for all initial states
(i, ).
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Proof. To prove statement 1, let each flexible server wse From the proof of Proposi-
tion 4.2, we haveQ, (t), Q,(t) — 0 ast — oo. The result then follows from Theorem 4.1 of
[10].

To show the second statement consider the workload funétiof) = Q;ft) + migfg,)ug}.
We show that in all 3 cases @1), W (t) — oo and apply Theorem 2.5.1 o®] If statement
1 of (B1) holds, by Lemmat.1, we haveQ,(t) — oo and thusiV () — oo. If statement 2 of

(B1) holds, we consider two cases. Firstuif < j.,

() = (ﬁ 4 ﬁ) £+ (1) (i - i) ~ (Tia(0) + T2 () + Taa (1)

M1 3 25 I 1G]
A A 1 1
> (—1+—2)t+>\1t (———) — et — P2est
M1 M3 M3 M1 3
A A
> (—1 n —2) t—et — P2t
M3 3 K3

where the second inequality follows from the facts tiét) < At (recall g > 1), T11(t) +
Toa(t) < it andTyo(t) < cot. If py < s, the result follows in a similar manner. We thus
conclude that¥ () — oo. Under statement 3 dB1), we repeat the steps for statement 2
of (B1), where now/ (¢) is bounded above by j3t. For all three statements {B1) we have

W (t) — oo and the result follows from Theorem 2.5.1 6f.[ .

In the case that; > 1, Theorem4.3 provides necessary and sufficient conditions for
stability. It remains to consider the case when> u3. We cannot expect that® has finite
average cost since it prioritizes station 2. As whgn> 1, we first analyze station 1 if the
flexible server gives priority to customers there.

Under the policy that serves at station 1 except to avoidgglihne number of customers at
station 1 (including the one in service) is a birth-deathcpss with birth rate\; everywhere
and death rates; when there are. < ¢; customers in the systemy;; + (n — ¢;) when
there are:; + 1 < n < L + ¢, customers in the system ang; + L3 whenn > L + ¢; + 1.

If \y < i1 + LB, then the steady state probability that thereraceistomers at station 4,,,

exists. In the usual manner we have

o, I<n<aq,

SIPE,

Pn = G H?ﬁll(mw)po’ atlsnslLie,
clpgt (01u1+L5)”7L>\716171 [1/2, (crpa+iB)

Po, N 2 L + C1 + 1.
Solving forpy:

L+c n L+c1+1
A A A

c1 n -1
Do = 1 + ln + c n—c + c :
< nz:; nlpy n;.l alpf THo (p +kB) - (cipn + LB — Ay)er HéLzl(Cllul + fﬁ))
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Consider the following sets of conditions.

Conditions(A2): A\ < c¢11 + L5 and

Lifl /\{z+01+1
A2 + (n —1)Bpn + LBpo < capiz + pocipis.
et 1 (c1pr + LB — Mi)enu§ T, (caipn + £8)

(4.5)
Conditions(B2): Either
1. \y > cpu + LG or

2. 1 < cip1 + Lﬁ and

Ltc \Ltertl
A2 + (n —1)Bpn + LBpo ! - > Colo + PoC1 3.
n;—l (cipn + LB — A)er!pf Hle(cl,ul +053)

Theorem 4.4 The following hold.
1. If (A2) holds, then there exists a server assignment palisych thaty™ (i, j) = p < oo
for all initial states(z, j).

2. Assume:; > pus. If (B2) holds then for any policy, p™ (i, j) = oc for all initial states

(i, 7)-

Proof. Let the flexible servers give priority to station 1 and coesistatement 1. By Propo-
sition4.1, \; < u1 + LB implies that there exists such that), () = 0 for all ¢ > ¢,. Using a
renewal-reward argument, we have fo¥ ¢,

. . L+1 )\f+01+1
Ui)=U(ty) =(t—t —1)Bpn + L ’
(t) (t1) = ( 1) (;(n )Bpn + LBpo (cipn + LB — Ap)ed!pf? Hszl(Cllul + fﬁ))

and
Tia(t) — Tia(ty) = e (t — ta)(1 — po).

Now, if Q,(t) > 0, we see that

d _ L+1 )\L-‘rcl—i-l
—Q2(t) = X2+ ) (n—1)Bp, + LBpo - . — Cafla — C1Pof43,
dt ; (crpi + LB = M)erp§ Ty (v + £8)

and the result follows directly from Theorem 2.5.1 8f.[

To see (2), the policy that has the flexible servers give jyido station 1 trivially mini-
mizesQ(t)/u1 + Q2(t)/ps (it minimizes the combined idle time of the servers that caly o
work at queue 2). Combined with the proof of (1), this then iedfately yields (2). n
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5 The Structure of Optimal Polices

In this section, we discuss optimal policy structure. Siweehave assumed that < oo, we

can applyuniformizatiorwith uniformization constant = 1 > \j+X\o+(c1+¢o) max{py, po, ps}+
L{ in the spirit of Lippman 16] so that instead of considering the continuous time proklem
described above, we consider the discrete time equivaldiiat is, optimal policies remain
unchanged while values coincide up to a multiplicative tamis Since we have uniformized
we restrict attention to the infinite horizon discountedtcsd the average cost cases. We
model the decision scenario as a Markov decision processa policyr = {d;,d», ...} and

for initial queue lengths = (¢, j), define

N-1
Vi) =BT ) 10"C(Xn, dn(Xn))], (5.1)
n=0
vy 1= A}im vy (), (5.2)
1
w™(x) = limsup —vj (), (5.3)
N—oo N ’

where{X,,,n > 0} denotes the stochastic process representing the queubdeariglecision
epochn. The equations(.1), (5.2), and 6.3) define thelV—stage expected discounted cost, the
infinite horizon expected discounted cost, and the longam@mage expected cost, respectively.
In the finite horizon problem only the portion of the policyguered for the time horizon is
used. Moreover, this has the interpretation of consideaimipfinite horizon problem with only
a finite number of decision epochs possible. Again, in eask vz define the optimal values
y(i,7) == infren y™ (i, j), wherey = vy 9, v9, Or w depending on the optimality criterion.

One might note that as described we have defined policieslyoimeiude those that are
Markovian. However, our assumptions imply that this setcisially sufficient for finding an
optimal policy among all non-anticipating policies in trense that when searching over either

set the optimal values coincide.
To ease notation, lef(i) := ((i — ¢1)™ A L)B. It is well-known that for eaclhn > 0 the
valuev, ¢ satisfies thdinite horizon optimality equation&HOE)

Un+1(i7j)

=1ihy + jhe + 9<A1vn(i +1,7) + Mvn(i,5 + 1) + g(i)v, (i — 1,7 + 1) + min{j, ca bpov, (i, 7 — 1)

. i ek L4 kL i1
ke{or,nll,.I.l.,cl}{mm{Z’cl v (i = 1, 5) + Kl cy>pypavn (i, j — 1)

+[1 = (A + A2+ g(i) +min{i, e; — k}pg + min{j, ea o + kl{j—CQZR}/’L3)]vn(i7j)})'
(5.4)
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Similarly, if we replacev,, andv,,; with v we have thaliscounted cost optimality equations
(DCOE) and the optimal valuey, = v. In either case, a policy that achieves the minimum is
optimal under the respective criterion. We note that ar@alsgesults hold in the average cost
case but the stability of the system must be considered. i@amiheaverage cost optimality
equationdACOE),

w + u(i, §) (5.5)
= thy + jho + Mu(i 4+ 1,7) + Aeu(i,j + 1) + g(0)u(i — 1,5 + 1) + min{j, co + k}pou(i, j — 1)

i in{i,c1 — k}pu(i —1,5) + klg_ L — 1
pegnin  min{i; er = Khnu(i =1, ) + Kljjcozppsu(i g — 1)

+ [1 = (A1 + A2+ g(i) +min{i, e1 — k}pn + min{j, cobpo + klgj_c,>kyp3)|u(i, j)}. (5.6)

It should be clear that under any non-idling policy all stsatemmunicate. It is well-known
(at least when all states communicate) that if a solutjanu), to the ACOE existsy is the
optimal average cost (independent of the initial stgtendu, called a relative value function,
is unique up to an additive constant. The next propositias ube results of Sectiofh to
provide conditions for convergence of the values and pedio the infinite horizon discounted
cost case to those in the average case.

Proposition 5.1 Suppose eithgfAl) or (A2) hold. The following hold

1. The optimal average cost may be computed by limg; (1 — 0)v,(7, j) forany (i, j) €
X.

2. There exists a subsequengg,n > 0} such thatd,, T 1 anduy, (i,7) := vy, (i,7) —
vp, (0,0) — wu(i,j), wherew is a relative value function such thét, ) satisfy the
ACOE.

Proof. Note that for anyU > 0, the set{(i, j)|ih; + jhe < U} is finite. Moreover, under
the hypotheses of the proposition we have the existenceaf@/pvith constant finite average
cost. This implies the assumptions in Corollary 7.5.101& hold. The results now follow
from Theorems 7.2.3 and 7.5.6 dfg. .

The next result states that all of the flexible servers shbaldllocated to the station that is

of higher priority while staying within the class of non-ial policies.

Theorem 5.2 In the finite or infinite horizon discounted cost cases anchi dverage cost
case under the hypotheses of Propositiofy there exists an optimal policy that satisfies the
following properties.
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1. Servers are not allocated to station 2 unless there aressxcustomers in the buffer of
station 2 § > ¢,).

2. If there is enough excess capacity at station 1 to servefalie customers at station 2
(j — ca < (e1 —4)T), assign all excess capacity to station R.=€ ¢; — i)

3. If there are more customers at station 2 than can be servédtiae excess capacity at
station 1 (j — ¢2)™ > ¢; — i) there are but two possibilities.

(a) Prioritize station 1. Assign as many servers as possddation 1 with the caveat
that unforced idling should be avoided: £ max{0, ¢, —i})

(b) Prioritize station 2. Assign as many servers as possd#tation 2 with the caveat
that unforced idling should be avoided: € min{c;,j — ¢ })

Proof. We show the results in the finite horizon case. The other daflews similarly. The
first result follows trivially from the fact that unforcedlidg is not optimal. This implies that
for j < ¢, (there is no extra work for flexible servers to do) the optireue fork is O.

Assume now thaf > ¢, and note that the no unforced idling assumption also rulegheu
possibility of an optimak in (5.4) such that < ¢; —iandk < j—co (K < min{c; —i, j—co});
otherwise servers would idle at station 1 while there is wottke buffer at station 2. Similarly
fork > ¢ —iandk > j — ¢ (k > max{c; —i,j — ¢»}) we would idle servers at station
2 while there is work to do at station 1. This leaves two caeesonsider. In the first case
c1 — 1> ] — co. Thatis, there is more excess capacity at station 1 thae thevork at station
2. Consider the following set

B(i,j) ={0<k<c|j—c<k<e—i}

Fori < ¢; with & € B(7, j) the minimum in 6.4) is independent ok. Moreover, this is the
same value we would obtainif= ¢; — i. Thus, an optimal action is to skt= ¢; — i and the
second result is proven. Of course whehr ¢y, this case cannot occur (whegr> ¢,;). Now
consider the case whete—i < j — cy. That s, there are more customers at station 2 than can
be served by the excess flexible servers at station 1. De#nfelibwing set

A, 7) ={0<k<c|a—i<k<j—c}
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Thus,

Unt1(i,7) = thy + jho + M (vp (i + 1,7) — vn(i,7)) + A2(ve (3,7 + 1) — v,(4, )
+ g(Z)[’Un(Z -1,7+ 1) - Un(27])] + k&l(gj){_kﬂl[vn(z - 17]) - Un(zvj)]

+ kps(on (i, j — 1) = vn(i,4))} + crpa (on(i = 1,5) — vn(i, )
+ CZNZ(Un(ihi - 1) - Un(z7])) + Un(z7])
Since the quantities in the minimum are linearkithe optimal action is found at one of the extreme

points. That is to say, the optimal action is at one of theofelhg points: & = min{c;,j — co} Or
k = max{0,c; — i}. This proves the last case and the result is proven. n

The previous theorem implies that when the queue lengthiaye enough so that no servers are
forced to idle the prioritization of customer classes defiwbere all of the servers should be placed; the
servers are not split between stations. In this case, onletrfigk of the servers as a single server with
ratesfi, = cipuy Of iz = c1pu3 andfiy, = copa, respectively. With this observation it seems intuitivatth
the allocation decision can be translated to solving théogonas system with a single server at each
station.

5.1 TheSingle Server Case

Case 3 of Theorerh.2 still begs the question, “When should one prioritize statloor 2?” Suppose
¢ = ¢ = 1. To ease notation defing,(—1,j) = v,(0, ) andv,(i,—1) = v,(i,0). Note that the
optimality equations in the finite horizon case reduce to

in 4 (1—k)prvn(i — 1,5) + kpsoa(i,j — 1
+kg{%{11}{( v (i = 1,7) + kpgvn (i, j — 1)

(1= O+ Ao+ 906) + (L= K)ur + kg + 2o (0,) } )
=ihy + jhs + H(Alvn(i +1,7) + A (i, § + 1) + g(i) Bun (i — 1,5 + 1)
+ pavn (i = 1,7) + pova (i, § — 1) + [T — (A + A2 + g(7) + p1 + p2)]vn (i, )

+ min {atslon(ij = 1) = vali. )] = kpnlon(i = 1,5) = valis )1} ). (5.7)

From (5.7) note that it is optimal to serve at station 1 (2) wheftv, (7,5 — 1) — v,(¢, 7)) >
(<) pr(vn(i — 1,5) — va(i,5)). The next lemma follows in precisely the same manner as
Proposition3.1. The proof is omitted for brevity.

Lemmab5.3 Lety = v,, vy or u depending on the optimality criterion. For all states;) the
following inequalities hold.

1oy(i, 7+ 1) > y(i,j)
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2. y(i+1,75) 2 y(i,7),
for eachd, where in the finite horizon case the result holds forall

For any functionf on the state space I&t; f (i, j) := f(i+1,j) — f(i,j) andAs f (7, j) =
fli,74+1)— f(i,7). Also, recall thatuy . 1bp1 — arby = (ags1 — ar)brr1 + ar(brsq — by) =
agr1(bgr1 — bg) + (axs1 — ag)bg. The next result states that when = p3 there exists an
optimal policy that is monotone in the number of customersation 2. This implies that for
each fixed;, there exists a (possibly infinite) control limit () such that it is optimal for the
flexible server to work at station 1 fgr< L. (i) and at station 2 fo§ > Lo(i).

Theorem 5.4 Suppose:; = u3 and lety = v,,, v or u depending on the optimality criterion.
The following hold

1. Assumeu, > . Foralld,j > 1 we havey(i,j — 1) —y(i — 1,5) — [y(i, ) — y(i —
Lj+1)] =2y —1,5) — Agy(i, j — 1) > 0.
2. Suppose = 0.
A (ADy(i, 5) = A?y(i, 5) > 0 (convexity ini).
That is to say, from 1 ang(c) above we have under each of the optimality criteria
3. assumingi, > 4, if itis optimal to allocate the flexible server to stationrstate(i, j)

it is optimal to allocate it to station 2 fofi, j + 1) (monotone iry)

4. wheng = 0, if it is optimal to allocate the flexible server to stationrlstate(, j) it is
optimal to allocate it to station 1 fofi + 1, j) (monotone in)

Proof. We show the results far,. The others will follow by taking limits. Trivially all of
the results hold forn, = 0. Suppose the results hold farand consider. + 1. A little algebra
yields

Unt1(4, ) = ihy + jhe + 9<)\1Un(i +1,7) + Ava(i, j + 1) + g(D)vai = 1,5 + 1)

o min (Ke (5. = 1) =i = L)}). (5.8)
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Let k£ be the optimal allocation (0 or 1) at time+ 1 in state(i — 1,j + 1) and letk’ be the
optimal allocation in statéi, j — 1). Using the same allocation in statgs- 1, j) and (%, j),
respectively we have far> 1, j > 2 (suppressing the discount factgr

Aovpiq (1 —1,7) — Agvpiq (3,5 — 1)
> Mi[Aov (1, 7) = Aovn (i + 1, = D] + Aao[Agvn (i — 1, j + 1) — Agun(i, )]
+ p1[Agv, (i — 2, ) — Agu, (i — 1,5 — 1)]
F o[ Agvn (i — 1,5 — 1) — Agup (i, j — 2)]
+ kpn[Agv, (i — 1,5 — 1) — Agup (i — 2, 5)]
K [Agon(i — 1,5 — 1) — Agwn (i, j — 2)]
+ (i = D[Agun(i = 2,5 + 1) = Dgu (i — 1, )]
1= (A1 + Ao+ g1+ piz + g(@D)][Agvn(i — 1,7) — Apwn(i, j — 1)],

where the inductive hypothesis applies in each case exoefhd term with coefficienk. In
this case, ift = 1, the term cancels with the first term with coefficient This is the case for
example wheri = 1. At j = 1, ¥/ = 0, butk = 0 or 1 while we must allocate the server to
station 1 in state§ — 1, 1) and(4, 1). The changes in the terms with coefficientand ., (not
including the uniformization terms which remain the sanre) a

,ulAg_kUn(i — 2, 1) + (,ug - Ml)AQ’Un(’i — 1, 0) Z 0,

where the inequality follows by Propositidhl and the assumption that > . This com-
pletes the proof of statement 1.

Consider statement 2(a). Using.§ and ignoring the terms associated withi) (since
B = 0) yields,

Alvp (i, j) = 9<)\1A%Un(i +1,7) + AeAtva (0,5 + 1) + [1 = (M + X+ + p2)| Afon(i, )
+ AT, (i = 1, §) + peATv, (4,5 — 1)
+ ,u1<min{vn(z' 25— 1) — (i +1,7),0} — minfoa(i + 1,7 — 1) — o4, ), 0}
—min{v,(i + 1,5 — 1) — va(4, 5),0} + min{v, (i, j — 1) — va(i — 1, ), 0})).

It should be clear that the terms associated with\,, 1o and uniformization all are non-
negative by the inductive hypothesis. Consider the terntis eaefficienty;. Let k; (0 or 1)
be the optimal allocation in staté+ 2, j) andk] be the optimal allocation in state, ;). Note
that the inductive hypothesis from statement 2(c) implieg the optimal policy is monotone
in ¢ so thatk] = 0 impliesk; = 0. Assuming that we usk in the second minimum anv in
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the third we get a lower bound on the terms in question of
A(Z7]) = /LlA%UTL(Z - 17]) + :ul(kl [Alvn(Z + 17] - 1) - Alvn(zvj)]
— K [Aon(i,j — 1) — Ayu (i — 1, 5)]). (5.9)

There are three cases to considerklf= k| = 1, A(i,7) = u1A2v,(i,j — 1). If ki = K} = 0, then
A(i,7) = mA?v,(i — 1, 7). In either case, the inductive hypothesis yields 2(a); I 0 andk} = 1,
a little algebra yields

A(Z7]) = IU[AI’UH(Z?]) - Alvn(imj - 1)] > 07

where the inequality holds by the inductive assumption.2(b)
To show that 2(b) holds consider only the termsfofv,,+1(i,5) — Ajv,41(4,5 — 1) that have
coefficienty; (the other terms are analogous to the previous part),
#I[AIUTL(Z. - 17]) - Alvn(i - 17] - 1)]

g (minfon (i + 1,5 = 1) = 0a(0,5),0} = minfun (5,5 — 1) = vai — 1,),0}

— [min{on (i + 1,5 = 2) = va(i,j = 1),0} = minfon(i,j — 2) = vali = 1,j — 1), 0}]).
Supposek, andk) represent the optimal allocations in statés- 1, j) and (i, j — 1), respectively. If
we mimic the allocations in the other two minimums we havefdlewing lower bound

B(Zvj) = IUI[AI’UH(Z. - 17]) - Alvn(i - 17] - 1)]
+ k2ﬂ1[A1Un(i>j - 1) - Alvn(i - 1>j)] - kéﬂl[Alvn(i>j - 2) - Alvn(i -1,7- 1)]

If ko = kb =1, B(i,j) = p1[Ayv, (4,5 — 1) — Ay, (i, j — 2)] > 0, where the inequality follows from
the inductive hypothesis at statement 2(b)kdf= k), = 0, B(i,j) = p1[Arvn(i — 1,7) — Ao (i —
1,7 — 1)] > 0, again by the inductive hypothesis. Consider now the caswh= 1 andk}, = 0. In
this caseB(i, j) = p1[A3v,(i—1,7—1)] > 0. To complete the proof of statement 2(b), suppose- 0
andk}, = 1. In this case we havB(i, j) = pu1[A1v,(i — 1, j) — Aqvp (i, j — )] 4+ p[Arop (4,5 — 1) —
Aqv,(i,7 — 2)] > 0, by the inductive hypothesis.

Consider now part 2(c). Again we note that only the terms watéfficienty; present a challenge.
These terms are

p1[Arvn(i = 2,7) = Ao (i = 1,7 = D] + p[Arvp(i = 1,5 — 1) = Ayon(i, j — 2)]
+ M1<H11D{’Un(l,j - 1) - Un(Z - 17])70} - mln{vn(Z - 17] - 1) - Un(Z - 27])70}
- mln{’l)n(l + 17,7 - 2) - vn(iaj - 1)70} + mln{vn(zaj - 2) - Un(l - 17,7 - 1)70}) .
Let k5 and k4 represent the optimal allocation in statés- 1,5) and(i + 1,5 — 1), respectively. An
upper bound on the terms with coefficigntis
C(i,7) == p[Arvon(i — 2,5) — Aron(i — 1,5 = D] + kspa [Arvn (i — 1,5 — 1) — Aqo, (i — 2, )]
— kéul[Alvn(i,j — 2) — Al’l)n(i — 1,j — 1)]
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If ks =k = 1,C(i, ) = p[Arvn(i— 1,5 —1) — Ayva (i, § — 2)] < 0, where the inequality holds from
the inductive hypothesis in statement 2(c) whien 2 and 2(a) whery = 1. Similarly, if k5 = k% = 0,
C(i,7) = m[Arvn(i —2,75) — Ayop (i — 1,5 — 1)] <0, where again the inductive hypothesis yields the
inequality wheni > 2 and Lemméb.3admits that it holds wheh= 1. If k3 = 0 andkf; = 1, then

C(i,5) = m[Arvn(i —2,7) = Ayvp(i — 1,7 — D]+ [Aqon (i = 1,5 = 1) = Aqu(i, j = 2)] <0,
where again the inductive hypothesis yields the inequdlitis = 1 andk; = 0, C(4, j) = 0 (this case
does not occur whep= 1). "
Theorem 5.5 Supposegi1hi > ushs and lety = v, v or v depending on the optimality criterion. If

1. 8 =0 (no upgrades) or
2. > ps,
then for alli, 7 > 0 we have
—p3loy(i, 5 — 1) = paly(i, 5 — 1) —y(i,5)] = ply(i — 1,5) — y(i,5)] = = Ary(i — 1,5).

Thatis, 1 Avy(i — 1,5) > usAay(i,j — 1). Thus, under each of the optimality criteria, there exists a
optimal policy that always serves at station 1, except tacauaforced idling.

Proof. Consider the finite horizon case. The result holds triviédlyn = 0. Suppose it holds for.
This implies that it is optimal to place the flexible servessttion 1 except to avoid unforced idling.
Considem + 1 and supposé> 1,5 > 1

Arvpga(i = 1,7) = by + 0| A Ao (i, ) + AeAqvp(i — 1,5 + 1)

+ 1A (i = 2,5) + peldqv,(i — 1,5 — 1)
+[1 = (A1 + A2 + g+ p2)| Ao (i — 1, 7)
= gi)on (i) + g(i = Doni = 1,5)].
Similarly,
Aopi1(2,7 — 1) = ho + 0| M Aovp (i + 1,5 — 1) + XaAguy (i, 7)

+ M1A2vn(i - 17] - 1) + N2A2’Un(i7j - 2) + g(Z)A2vn(Z - 17])
(1= O+ D+ a1+ g+ g(0))Agua (i — 1)].

Consider nowu Aqv,+1(i — 1, j) — pgAgv,41(i, j — 1). Supposey(i) = 0 for all i. Note that the
differences in the terms involving;, Ao, 11, o and that due to uniformization are non-negative by the

21



inductive hypothesis in each case. That is to say, the rhsids for = 0 as desired. Suppose now
thatg(:) > 0 for somei. Combining the remaining terms yields

(1= O+ A+ g+ iz + (D)) i A1 i = 1,5) = s Aavaisj — 1)]
+ g(i) 1 Arvp (i — 2,5 4+ 1) — pgDAovy (i — 1, )]
+ Arg(i = Dpa(on (i = 2,5 +1) —on(i = 1,5))
= (1= O\ A+ i+ g1z + 9(0) [paAuvai = 1,9) = pgBgvn (i j — 1))
+9(i = D[ Arvn(i — 2,5 + 1) — p3lovp (i — 1, 7))
+ Arg(i — 1) (1 — p3)(Agvn(i — 1, 7).

The second result now holds for> 2 by the inductive hypothesis, the assumption that> u3 and
Lemmab.3. It remains to consider the case witk- 1. In this case, the optimal policy ifi — 1, ) is to
assign both servers to station 2 (or not at all whea 1). Thus,

A10n11(0,5) = by + 0 M Arva(1, ) + AeA10a (0,5 + 1)
+ p2810n(0,5 — 1) + [1 = (A + A2 + p1 + p12)]A1vn (0, )
+ s Baun (0, — 1)].

Again the terms ofi1 A1v,4+1(0,5) — pusAsv,11(1, 7 — 1) associated with\;, Ay, and uniformization
(recallg(1) = 0) are non-negative via the inductive hypothesis. Simil&otyuo[u A0, (0,5 — 1) —
u3Aovy (1,7 —2)] > 0. The last term\,v,,(0, 7 — 1) cancels and the proof is complete for:all Taking
limits asn — oo yields the analogous result in the infinite horizon case. didlye average case, define
a subsequencfd,,,n > 0} as in Propositiorb.1 part 2. Taking limits and applying the ACOE vyields
the results in the average case. "

6 Numerical Study and Examples

In this section we provide several examples and a detaileterival study. Unless otherwise stated, in
each of the examples the state space was truncat@tlfat each station to make the MDP tractable.
Given the results of Theorem5, one might wonder if the condition that > w3 plays a significant
role in determining the optimal policy. The next examplewgtthat indeed it does.

Example 6.1 Assume:; = co = 1 and suppose\; = 2; Ao = 3; 1 = 2, o = pu3 = 3; 5 = 1;
L=T, h1:15, h2:1

Sinceu1hy = pshe = 3 one might conjecture that theccrule implies that the optimal policy is to leave
the flexible server at station 1 except to avoid unforcedgdliHowever, it turns out that the optimal
policy is to have the flexible server serve work at station@exto avoid unforced idling. Upon further
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inspection, this is intuitive sincé; < LS so that on the fluid scale all of the work is pushed to station
2. On the other hand, if we replagg with 3, then as expected the optimal policy is to leave theklex
server at station 1 except to avoid unforced idling (as ebgoefrom the results of Theorem5). In
the prior case, the average cost is 7.8077 while in the latise the average cost is 6.0735 (a 22%
difference). Moreover, if we use the policy that places tbeille server at station 1, in the system with
u1 = 2, the average cost is 16.4862 (a 111% increase!).

The next example shows that there are cases that warrantca $eaanoptimal upgrade rate.

Example6.2 Suppose we have the following parameters: = 3; 0y = 141 = 3;u2 = us =
1.5;h1 = 1;he = 7; L = 50.

15

14

Average Cost

0.5 1 1.5 2
Upgrade Rate

Figure 2: Average Cost v. Upgrade Rate

Allowing j to range from zero to 2 yields the results shown in Figtirét should be clear that when
B = 0, the system is unstabl€)((¢) — oo). Moreover one should note that the curve is unimodal, but
not convex in5. Thus, given a fixed set of parameters, one might search taHendest upgrade rate.

An experiment was designed to see how changing the systénatitin and the holding costs affect
the usefulness of the optimal allocation of the flexible seim a system with upgrades. In each run, we
let the maximum buffer size of each queue be 35. We also fixalh@afing parametersi; = Ay = 1;

L =10; g = .05 and letuy = pug. Define

A1

T+ LB
Ao+ Lj

p2 = .
p2(2 — (A — LB) /)
We note that in neither case dogs< 1 for i = 1,2 guarantee stability of the system. However, each
in some sense gives a measure of the congestion at eac stét@allowp;, p2 € {.6,.8,.95} and

P1
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K
M2 P1
.6 .8 .95
.6 | 1.1667| 0.7500| 0.5526
1.5909| 1.8750| 2.2826
po | .8 | 1.1667| 0.7500| 0.5526
1.1932| 1.4063| 1.7120
.95 1.1667| 0.7500| 0.5526
1.0048| 1.1842| 1.4416
Table 1: Service rate inputs.
p1 hy
.6 .8 .95 5 1 3 7
.6 | 0.0659| 0.0579| 0.0205 .51 0.0845| 0.0310| 0.0053| 0.0029
po | .8 1 0.0995| 0.2242| 0.1125 he | 1] 0.1788| 0.0845| 0.0147| 0.0046
.95 0.1019| 0.3270| 0.3254 3 | 0.3833| 0.2548| 0.0845| 0.0237
7 | 0.5186| 0.4102| 0.2073| 0.0845
Table 2: (Average Percent Difference)/100 across utibmeaind holding costs
Wi
Wi
Wy hy
ik o 5 1 3 7
0 8 95 5 oi690 0.0643| -0.2044| -0.3264
.6 | -0.1707] -0.0931] -0.0478 e ' e e
.510.4476| 0.5606| 0.6652| 0.6764
0.1750| 0.2623| 0.2432
ho | 1]0.1992| 0.1645| -0.0132| -0.2486
p2 | .8 | -0.3884| -0.1083| -0.0317
0.2347 | 0.5901 | 0.5735 1| 0.3628| 0.4459| 0.6097 | 0.6711
o5 0'2293 0'7544 0'7907 3 10.0879| 0.1980| 0.1661 | 0.0248
' ' ' ' 3 10.1326| 0.3278| 0.4460| 0.5762
0.0502 | 0.8163| 0.9800
7 | 0.1057| 0.0945| 0.2001 | 0.1642
7 10.1279| 0.1323| 0.3514| 0.4446

Table 3: (Average Percent Decrease in Average Waiting Tith@8 across utilization and

holding costs
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hi,he € {.5,1,3,7}. The service rates implied by each combinatiopoéndp, are displayed in Table
1

The average costs of the optimal policy and the base polatyasigns the flexible server to station
1 except to avoid unforced idling were computed. For eachthenpercent difference (divided by 100)
is obtained. The average cost percent difference betwesarptimal and base policies across utilization
and holding costs combinations are displayed in T&€bl®ne immediately notices that as increases
the average cost difference increases. This stands taorsas® the higher the congestion in station 2,
the more important it becomes to spend time away from statiamlike the base policy). By the same
token, the optimal policy is not often different than the daslicy whenp, is small andp; is high (it
is optimal to serve at station 1). The point should also bearihdt the difference is significant when
po = .95; it is above 10% in each case and above 32% wheh .8.

We see similar results when we consider the average differaiith regard to holding costs. Of
course when the holding costs are the sameand o, Theorem5.5 implies that the base case is
optimal. This is only violated in one instance (see Tablso that the terms down the diagonal are the
same. As for the other terms, one should note thdthaacreases relative th; the difference in costs
becomes more pronounced. In the worst case, it is over 17%.

We also examined (via simulation) the differences in avenagiting times between the base case
and the optimal policy. To do so, we calculated the waitimges of customers of each class after
30,000 time units of burn in and 30,000 actual time units.sMms done for 30 replications over each
of the combinations of the previous study. The results ardatioed in Table3, wherelV; represents
the average waiting time of typecustomers and type 1 customers are called type 1 regardlesgsah
server actually serves them. The table on the left, whiclaffixed load averages over the 16 holding
cost cases, shows that for moderate loads, we get thewetoisult that the optimal policy has relatively
shorter waiting times for type 2 customers and longer waitimes for type 1 customers. However, at
high loads, there is a dramatic improvementlothtypes. This appears to be due to the fact that more
customers are upgraded than at lower loads, and the basg goks poorly with respect to these. On
the right hand side, we see that for almost all holding cossptnere is improvement for both types.

7 Conclusions

In this paper we have considered a new method of mitigatiegctincerns of waiting times for low-
priority customers while maintaining the prioritizatiom & system of two parallel stations and flexible
servers. This is obtained hypgradingcustomers to high priority if they have been waiting in queue
for some time. This is done using a simple mechanism thatakytcally tractable. From a managerial
standpoint, the effectiveness of such a simple mechaniggests that allowing limited upgrades can
effectively take advantage of unused capacity.
We also showed several results that at first glance may seamntecantuitive. In particular, we

showed that the allocation of flexible servers in this systemds to consider the relationship between
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u1 and pg directly (not justuihy and pshs). This occurs in both the stability calculations and the
calculation of optimal policies. Moreover we provide cdials under which the optimal policy mirrors
closely those that can be found in the literature.

We feel that this paper opens the door for several areas edirels. Since upgrades may be thought
of as reneging without the customer actually leaving theéesgsit would be interesting to know how
control would work in larger multi-class networks with rgmey and upgrades. As we have pointed out,
the questions of both stability and control are worthwhllgere is also the question of direct control of
upgrades and flexible servers simultaneously. This isquaatily interesting since one might consider
both upgrades and downgrades; it is unclear how much isdidiyneroviding immediate service in lieu
of delayed service of lower class customers. Since upgradeffect control the arrival process to the
high priority queue one can also ask the question if it woddrimre prudent to affect the arrival process
by alternative means; for example by pricing or even admissontrol.
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