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ABSTRACT. We consider a simple Poisson cluster model for the payment
numbers and the corresponding total payments for insurance claims ar-
riving in a given year. Due to the Poisson structure one can give rea-
sonably explicit expressions for the prediction of the payment numbers
and total payments in future periods given the past observations of the
payment numbers. One can also derive reasonably explicit expressions
for the corresponding prediction errors. In the (a,b)-class of Panjer’s
claim size distributions, these expressions can be evaluated by simple
recursive algorithms. We study the conditions under which the predic-
tions are asymptotically linear as the number of past payments becomes
large. We also demonstrate that, in other regimes, the prediction may be
far from linear. For example, a staircase-like pattern may arise as well.
We illustrate how the theory works on real-life data, also in comparison
with the chain ladder method.

1. INTRODUCTION

Let Ni be the number of payments for claims arriving in an insurance
portfolio in the year 0 and being executed in the year k € {0,1,...}. More-
over, let S, be the corresponding total amount of the payments executed in
year k. If one has observed the counts Ny, £k =0, ..., 7, for some 5 > 0, a ma-
jor problem for an insurance company is to determine a reserve for the years
Jj+ 1,5+ 2,.... This amounts to predicting the pairs (Nji¢i1,Sjre41) for
£=0,1,.... In this context natural estimators are given by the conditional
expectations given the past values Ny, ..., N;, i.e.,

(1.1) Njtes1 =E(Njiea | F5) and Sjper = E(Sjpe1 | Fj)
¢=0,1,..., where F; = 0(No,...,N;),j =0,1,.... Assuming var(Sj;¢41)<

o0, S = §j+g+1 is the a.s. unique minimizer of the mean square error
E((Sj1e+1 —S)?) in the class of square integrable random variables S which
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are measurable functions of Np,...,N;, and a similar remark applies to

~

Njyo41. Moreover, s = S;4¢41 minimizes the conditional mean square error
E((Sj+e41 — 8)* | F5)-

One of the popular procedures in this context was suggested by Mack;
see Mack |2, 3, 4] and Mack et al. [6]. In its simplest version, Mack’s
procedure declares the predictors §j+g+1 and NNH to be linear functions
of So+---4+ 8 or Nj = Ny+---+ Nj, respectively. For example,

for constants f; > 1.
Assume that one observes the run-off triangle

(1.3) (Ni,i+k7Si,i+k)7 z':l,...,n, k:O,...,n—z’,

where ((Njitk, Siitk))k=o0,..j—i are the payment numbers and total pay-
ments for claims arriving in year ¢ and being executed in year ¢ + k; one as-
sumes that ((Njitk, Sii+k))k=01,.. are iid copies of ((Ny, Sk))k=0.1,.. Here
n is the last year for which payments were observed. Mack’s assumptions
(1.2) give raise to constructing natural estimators f] of f; which are referred
to as chain ladder estimators. Then, replacing the unknown parameters f;
on the right-hand side of (1.2) by their estimators fj, one obtains a predic-
tor of Nji1. In Section 5 we we will introduce the chain ladder estimators
and compare the performance of the corresponding predictors with those
proposed in this paper.

Mack’s procedure (1.2) does not determine the dynamics of a particular
stochastic process. For example, one cannot simulate a process (V) =o,1,...
from (1.2). Moreover, the linearity of the estimator (1.2) is a simplifica-
tion which is hard to reconcile with natural stochastic models for the count
process.

In this paper, we consider a simple stochastic process model for the counts
N;,j=0,1,..., and the corresponding payments S;, j = 0,1,.... The model
is given by the following conditions which we assume throughout this paper.

The model. Let M be the number of claims arriving in a given year with
distribution

Qm:P(M:m), m=20,1,....

The mth claim causes a stream of K, payments from the insurer to the
insured through the next years. We assume that the kth of these payments is
executed in the year Y. We further assume that (K,) is an iid sequence of
Poisson(y) distributed random variables and that (Y,,5)m, k=1,2,... constitutes
an iid family with common distribution

(14) pJ:P(Yilzj), jZO,l,
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Finally, assume that M, (K,,) and (Y;,;) are independent. Write
M Kmn

Ni=> Y Iyeiy, 3=0.1,...,
m=1 k=1

i.e., N; is the number of payments for claims arriving in a given year and
being executed in year j. Assume further that (X,,x)m k=12, is an iid family
of non-negative random variables independent of M, (K,,) and (Y,x). We
interpret X,,; as the kth payment for the mth claim. Then

M Kn

Si= Y3 Xewlpyejy, §=0,1,...,

m=1 k=1
are the total payments for the claims arriving in year 0 and being executed
in year j.

Both processes (N;) and (S;) can easily be simulated. It is our aim to
show that the predictors (1.1) and their errors can be calculated explicitly
and are easily derived by numerical methods for certain special cases of the
distribution of M. The expressions for the predictor of Nj;y; are highly
non-linear functions of Ny + ---+ Nj, in contrast to Mack’s procedure (1.2).
However, under some condition on the distribution of M these predictors
are asymptotically linear functions of Ng + --- + N; if the latter quantity
increases to infinity. In other situations, the predictors stay non-linear even
in the limit.

The paper is organized as follows. We start in Section 2 by giving the
relevant formulas for the predictors of Sj 441, £ =0,1,.... Since S; = Nj if
Xmi = 1 for all m, 1, the prediction of N; o1, £=0,1,...,is a special case.
We also determine the prediction errors. The predictors and conditional
prediction errors involve certain derivatives of the Laplace-Stieltjes trans-
form of M. In general, these derivatives are difficult to obtain. However,
in the (a,b)-class of Panjer distributions, including the Poisson, binomial
and negative binomial distributions, there exist simple recursive algorithms
for calculating these derivatives; see Section 3. In Section 4 we study the
asymptotic behavior of the predictors as the number of the previously ob-
served payments grows. In particular, we give conditions under which the
predictors Sj1¢41 are asymptotically linear functions of No + --- + N;. We
also consider other situations, where different asymptotic patterns of the
behavior of the predictors arise. An interesting feature is the staircase-like
pattern discussed in that section. In Section 5 we apply our predictors to a
non-life insurance data set. We compare the performance of these predictors
with the corresponding ones based on chain ladder estimation.

2. THE PREDICTION PROBLEM

We intend to predict the future numbers of payments N;,¢41 and the cor-
responding total claim amounts Sj4¢41, £ = 0,1,..., given the past payment

numbers Ny, ..., N;. This means we will calculate the predictors §j+g+1 and
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~

Njte41 in (1.1) provided these quantities are well-defined. Since we always
assume the conditions of the model introduced in Section 1, the indepen-
dence of (X,,;) and the rest of the random ingredients in the model implies
that

(2.1) Sjtes1 = EX1 E(Njioq1 | ) = EX1i Njyeqa

¢ = 0,1,.... Therefore the prediction problem for Sj; .41 reduces to the
one for Njietq. Conversely, if X,,; = 1 a.s. for all m,i then N; = S,
Jj = 0,1,.... Therefore it suffices to study the prediction of S, ¢41 given
No, ..., N;j.

We will derive expressions for the predictors (2.1) and determine their
errors. We start with the one-step ahead prediction problem, i.e., £ = 0.

2.1. One-step ahead prediction. We introduce some notation to be used
throughout the paper. We will need the Laplace-Stieltjes transform of M,
ie.,

o
L(y)=Ee ™ =>"gue ™™, ~4>0,
m=0

and its derivatives
LOCR) = (-D)'EMeM), v>0, £=0,1,...,
with the convention that L(®) = L. Moreover, define
L(Z-i—l)(,y) E(M“'le —y M)

R(('Y):— L(Z)(’y) = E(MZG_VM) 5 'Y>0, EZO,L

Finally, write

J
ejzluzpdv J=0,1,...;
d=0

recall that p is the Poisson rate of the number of payments per claim, and
(pi) are the displacement probabilities in (1.4).

Next we formulate our main result on the prediction of S;y;. Recall that
the corresponding result for N; ;1 follows by setting X,,,; = 1 a.s. for all m, 1.

Theorem 2.1. As/gume that EM < oo and EXq1 < 00.
(1) The predictor Sjy1 of Sj11 given Ny, ..., N; has the form

(2.2)  E(Sjt1 | No=no,...,Nj =nj) = upj+1 EX11 Rpgyeopn; (05)

no, ..., Ny :0,1,...,j:0,1,....
(2) Assume, in addition, that var(M) < oo and var(Xi1) < oco. Then the
unconditional prediction error for Sjy1, j =0,1,..., is given by

(2.3) E<(5j+1—§j+1)2) = E(X}) ppj EM

+ (EXyuppj)? E(M?) — E(§32'+1) :
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(3) Assume, in addition, that var(M) < oo and var(X11) < oco. Then the
conditional prediction error for Sjy1 given the past observations Ny, ..., Nj,
7=0,1,...,14s

(24)  var(Sjy1 | No=n0,...,Nj =n;) = B(X{1) 1j1 Rngtin, (0;)

+H(EX11 1pj1)” Rugtotn; (05) [Rng sty +1(05) = Rugooin; (605)] -
Remark 2.2. Writing {; =ng+---+nj, j =0,1,..., we observe by virtue
of (2.2) that
E(Sjt+1| No=ng,...,Nj =n;)

= E(Sj41| No=4lo,No+ N1 =41,...,No+---+N; ={;)

= E(Sjz1|No+---+N; =1¢5),
or, alternatively,

E(So+---+8Sjt1 | No+---+ N; =4)

(2.5) =EXul; + E(Sjp1 | No+ -+ N; = ¢;).
By virtue of (2.2), the conditional expectation (2.5) is in general not a linear
function of ¢;, in disagreement with Mack’s procedure (1.2). In Section 4 we

will give conditions on the distribution of M ensuring that (2.5) is asymp-
totically linear as £; — oo.

Remark 2.3. In Section 3 we will give a recursive algorithm for evaluating
the quantities L() when the distribution of M belongs to the (a, b)-class used
for Panjer recursion.

Proof. (1) By the splitting property of the Poisson process, (IN;) constitutes,
conditionally on M, a sequence of independent Poisson random variables.
Therefore

E(Nj—‘,-l|N07"'aNj7M):Mlupj+17 j:0717"'a

and

(2.6) Sj+1 :EXll /ij_,_lE(M ‘ fj), j :0,1,... .

Even more precisely, let Z;; denote the number of payments in the /th pay-
ment stream, [ = 1,2,..., which are executed in year 7 = 0,1,.... Then

(Zj1) constitutes a double array of independent random variables with Z;; ~

Poisson(up;). Therefore for any m,j =0,1,... and ng,...,n; =0,1,...,
P(NO :no,...,Nj :nj,M:m)

= qu (ZZOI :Tl0> .- P (szl :le>
=1 =1

J
= g [ o e RO

ng!
d=0 d



6 A. JESSEN, T. MIKOSCH, AND G. SAMORODNITSKY

J

. ng
27 _ —m6; Zfi:o ng (di) )
(2.7) gme "% m goind!
We conclude that for j > 0,
—m0; Zi:o"d
P(M:m|N0:TL(),...,Nj:’I’Lj) = n® mn v 5
T g gre 0 o

(2.8) m,nog,...,n; =0,1,....

In particular,

522 o dme ~™ % = Mt
g gre 7Y e

(29) - Rn0+.,.+nj (0]) .

We conclude, using (2.6), that (2.2) holds.

(2) & (3) We start by calculating the prediction error of S;yq given the
values Ng, ..., N;. First observe that

V&I‘(Sj_H ‘ No,. .. ,Nj,M) = ME(X%l)upj+1 .

Taking into account this relation and (2.1), we see that the conditional pre-
diction error can be written as

(2.10) var(Sy41 | ) = E(XR) E(Nj1 | )
+H(EX11pupjy1)? var(M | F;).
Using (2.8), we can replace the conditional moments of M by the corre-

sponding derivatives of L, leading to (2.4). Taking expectations in (2.10),
we obtain the prediction error

E ((Sj+1 = 8341)?) = B [var(Sj 11 | 5)
= B(X})ENj4 + (EXupps)? [B(M?) - B(E(M | 7))

E(M|N0:’I’Lo,...,Nj:TLj) =

= E(X)ppj EM + (EXuppj)® B(M?) — E(S.,) .

This finishes the proof. O

Remark 2.4. A simple upper bound of the unconditional prediction error
(2.3) is given by

E[(Sj11— Sj1)% < B(X]) ppj1 EM + (EX11ppjia)* B(M?).

Evaluation of E(§l2+1) in (2.3) is complicated. Following the lines of the
proof above, one can derive a more explicit expression for this term:

B(S}1) = (BX1 ppia)* E |(B(M | )]

= (EX1ppj)® E [(Rngrtn,(05))°]
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= (EXuppjn)? Z Z P(No+ -+ Nj =k, M =m) (Ru(6)))*.
k=0m=0

Applying (2.7), the right-hand double sum turns into

nq

SIS et T ey

k=0 no+-+n;j=k d=0
0 (k+1) 2
0 e (LETD16))
= e J P(@ == k:)
,;0 L) (0;) !
©;+1) (9.))?
= "B (-1 il )R
L) (;)

where ©; is Poisson(6;) distributed.

2.2. Multi-step ahead prediction. In this subsection we consider the pre-
diction problem for ¢ + 1 periods ahead. This means we are interested in
the quantities §j+g+1, ¢ =0,1,..., defined in (1.1), and the corresponding
prediction errors.

Theorem 2.5. A5ﬁume that EM < oo and EXq1 < 00.
(1) The predictor Sjyp41 of Sjtes1 given Ny, ..., N; has the form

E(Sjieq1 | No=no,...,Nj =n5) = EX11pupjrer1 Rugytn;(05),

5 0=0,1,....
(2) Assume, in addition, that var(M) < oo and var(Xi1) < oco. Then the
unconditional prediction error for Sjiei1, j,€ =0,1,..., is given by
E | (Sjter —5j+1z+1)2] = B(X{) ppjyen EM

+H(EX11ppjtrer1)? BE(M?) — E(§j2+é+1) -

(3) Assume, in addition, that var(M) < oo and var(X;1) < oco. Then the
conditional prediction error for Sj i1, j,€ =0,1,..., is given by

var(Sjiet1 | No = no,...,N;j =nj)
= E(X121)ij+z+1 Rn0+...+nj(0j)

+H(EX111pj1041)% Rugttn; (05) Rty +1(05) — Rugioin; (67))] -
Proof. (1) We start by observing that for £ > 0,

Sjvert = EIE(Sien | Fiue) | Fi]
Hence, using (2.6), we obtain

Siter1 = EXiippjpenE[E(M | Fi) | Fil
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= EXuppjren E(M [ Fj).
Now use relation (2.9).

(2) & (3) For the conditional prediction error for S s11, we observe that
by (2.10)

var(Sje41 | Fj)
= E(var(Sjier1 | Fjve) | Fj) +var(E(Sjtes1 | Five) | Fj)
= B(X{y) Njser + (EXuppjren)® Bvar(M | Fiie) | Fj)
+(EX11ppjiesr) var(B(M | Fiie) | Fj)

= B(X}) Njter1 + (EX1ippjpecr)?var(M | F;).

The conditional moments of M can, once again, be expressed using (2.8).
Taking expectations, we obtain the unconditional prediction error

E|(Sjre41 — Sjrer1)?| = E[var(Sjyeqn | F5)]
= E(X}) ppjrer EM + (EX11ppjye1)” [E(M?) — E ((E(M | 75))?)]

= E(X7)) upjier EM + (EX11ppjien)? E(M?) - E(§J2'+g+1) .

Remark 2.6. Notice that

a5 Pj+e+1 5
Sj+f+1 - ﬁsj-f-lu 620717 )
J+

provided p;;1 > 0. Moreover, if p; 1 = 0 then §j+5+1 =0.

2.3. Conditionally independent payments. In this subsection we con-
sider a slightly more general model. As before, we assume that the se-
quences (Xy5)k=12,.., m = 1,2,..., are iid and independent of the rest of
random variables defining the model. We further assume that each sequence
(Xomk)k=1,2,... consists of conditionally iid random variables or, equivalently,
that (X, )k=12,. is exchangeable. This situation is similar to models in
credibility theory, where the claim sizes occurring in an individual policy are
assumed conditionally iid; see Mikosch [7], Chapters 5 and 6.

Since the random variables (X )m k=12,.. and (Yok)m k=12, are inde-
pendent the form of the one-step ahead predictor is again given by (2.1) but
the prediction error changes.

Proposition 2.7. Assume var(M) < oo and var(X;;) < oo. Then the
unconditional prediction error for S;11 is given by

E((Sjs1—Six1)?) = EM [E(X})ppjs + cov(Xn, Xi2) (npjs)?]

+HEX1uppin) E(M?) - E(S%,,), j=0,1,....
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The conditional prediction error of Sji1 given No,...,N;, j =0,1,..., has
the form

var(Sj+1 | NO =Nng,... ,Nj = ’I’Lj)
= [B(XT) ppjr1 + cov(Xit, Xi2) (19+1)%] Rugtoin, (07)

+(EX11/ij+1)2RnO+,,,+nj (0]) [Rno—i-m—i-nj—i-l(ej) - Rn0+"'+nj (ej)] .

A comparison of this result with Theorem 2.1 shows that the prediction
error increases by the additional term with the factor cov(Xi1, Xy2). It is
non-negative as an application of the conditional Jensen inequality shows.

Proof. We start by calculating

K
Var(Sj+1 | No, ce ,Nj,M) = MV&r(ZXlk I{Ylkzj—i-l}‘fj)
k=1
Ky 9
= ME((ZXm Iiyy=j+1y) ‘ﬂ) — M (EX11 ppj)°.
k=1

We observe that

K Ky
E(( > Xu I{Y1k=j+1})2‘fj) = E(Z Xy I{Ylk=j+1}‘fj)

P k=1
K K
+E(Z Z X X1y [{Y1k=j+1}[{yll:j+1}‘}—j)
k=11=1,1#k
K 9
- [E(X121) — E(X1uXi2)| ppjs + E(XUXH)E((Z I{Ylk:j+1}) ‘fj)
k=1

= B(X{) ppj+1 + E(X11X12) (upj41)*.

Here we used the fact that, by the exchangeability, F(X11X12) = E(X1xX1;)
for k # [. Overall, we obtain

var(Sj+1 | No, N ,Nj, M) =M [E(X%l) HPj+1 + COV(XH, X12) (ij+1)2] .
Therefore,
var(Sjy1 | Fj) = E(M | Fy) (E(X?)) ppjer + cov(Xi1, X12) (npji1)?)
HEX11ppj)var (M | F).
For the unconditional prediction error we have
E[(Sj41 — Sj1)*] = EM [E(X}) ppjar + cov(Xi1, X1a) (npj41)?]
+E(M?) (EX11ppj)’ — (EXuppj)*E[(E(M | Fj))?]

= EM [E(X)) ppj1 + cov(Xu, X12) (1pj1)?]
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+E(M?) (EX11ppj41)* — E(S\?H) .

3. PREDICTION IN THE (a,b)-CLASS

In the previous sections we have learned that, for predicting the values
Njioy1 and Sjiepq, £ > 0, given Np,...,Nj, it is crucial to be able to
evaluate the derivatives (—1)'L®)(y) = E(M'e="M). In this section we
assume that the distribution of M belongs to the (a,b)-class which is used
in the Panjer recursive algorithm; see Mikosch [7], Section 3.3. This class is
given by the recursive relation

(3.1) ¢>0, gn=(a+b/m)gm-1, m=1,2,..., abeR.

This class contains exactly three non-degenerate distributions.

(1) The Poisson(b) distribution with a =0, b > 0.

(2) The Bin(n,p) distribution with a < 0, a = —p/(1—p), b = —a(n+1)
and p € (0,1), n > 1.

(3) The negative binomial distribution with parameter (p,v):

—1
qm:<v+:; >p”(1—p)m, m=0,1,..., pe(0,1), v>0.
where 0 <a=1—-p, b= (1—-p)(v—1).

We will derive a recursion for the expressions (—1)'L(")(vy) = E(M'e =7 M),
Using the (a, b)-structure and the binomial formula, we have for [ > 1,

(=D'LW(5) = Z e "™m (a +b/m)gm—_1
m=1

o o0
= ae” " Ze_vm(m—i-l)lqm—i-be_y Ze‘ym(m—i-l)l_lqm

m=0 m=0
= ae_Vmi:éOe_Vm ;ZO <i>m’"qm +be‘”ni:oe‘”m g <l ; 1>mTQm
= ae_'y(—l)lL(l)('y)—i-e_“’lii [a(i) +b<l;1>} (=1)"LM(5).
r=0
Hence
52 000 = e S o) +o( )] oo,

r=0

Notice that these formulas are meaningful because a is always smaller than
1. Now we consider the three different classes of (a,b)-distributions.
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Proposition 3.1. Assume that the distribution of M is in the (a,b)-class.
(1) In the Poisson(b) case, a =0, b > 0, we have

Liy) = e P07 y>o0,

-1
0200 = ey (T e, iz
r=0
(2) In the Bin(n,p) case, a = —p/(1 —p), b=p(n+1)/(1—p), n=1,2,...
and p € (0,1), we have forl > 1,
L(y) = (I=pd—-e))", 720,

. -1 .

(0200 = RS () e 0 1 iy,

1-p(1—e=7) —\r

(3) In the negative binomial case, a =1 —p, b= (1 —p)(v—1), p € (0,1)
and v > 0, we have forl > 1,

(]

L(v) = <1_(1pﬁ> , v =0,
_ -1
(-1’2 = < El(l_f);) (:_,Y ; (i) [(v _! - T 1] (—1)" L7 ().

Remark 3.2. In the Poisson case, one can also get a different recursion for
L®) Introduce the polynomial H, of degree n by the recursion

Ho(z) =1, Hy(z)=—x[H,_(z)+H,—1(z)], n>1, z>0.
Then calculation yields
L®W(y) = Hy(be ") L(y), k>0, ~>0.
In particular, Ri(y) is a rational function of be =7 for each k > 0:

Hiy1(be ™) B H (be™7)
mio) =~ = (14 )

Remark 3.3. Extensions of the (a,b)-class were considered in Hess et al.
[1]. They introduced distributions (g, )m=0,1,... satisfying the (a, b)-condition
(3.1) with qg,...,qx = 0 for some k£ > 0 and gxr1 > 0. The calculations
leading to the recursion (3.2) for L% remain valid in this case as well.

Remark 3.4. The quantities (—1)'L® () grow rapidly as a function of [ and
therefore standard software delivers the value oo even for moderately large
values [. This numerical problem can be avoided by writing (3.2) in terms
of the ratios R,(y) which are relevant for the prediction formulae considered
in the previous sections:

!

r0) = m 2 o) +0() ] ) mao
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The latter recursion for R; avoids the direct calculation of the large quantities

ILO ()]

4. THE ASYMPTOTIC BEHAVIOR OF THE PREDICTION

4.1. The behavior of Ry(vy) as k — oco. In this subsection we study the
asymptotic behavior of the predictors E(Sj+1 | No = no,...,N; = n;j),
j=0,1,..., when the number of payments No+---+ N; =ng+---+n; =
k — o00. The same discussion will apply equally to the multi-step predictors
E(Sjte41 | No = ng,...,Nj =n;j), j,£ =0,1,.... In view of the results in
Theorem 2.1 one needs to study the asymptotic behavior of the ratios Ry (%)
as k — oo.

The interest in the asymptotic behavior of Ri(y) as k — oo is triggered,
in particular, by a comparison with Mack’s procedure (1.2). The latter
declares the predictor of N;i¢41 given Np,...,N; to be a linear function
of k = Ng+ ---+ Nj. In our setting, this predictor is a multiple of Ry(¥)
which has no reason to be linear. However, this observation does not exclude
the case that the limit k= Ry(v) exists, is finite and positive. In such cases
Ry () would be approximately linear for large k, as in Mack’s procedure.

The following result yields a sufficient condition for asymptotic linearity

of Ry(7).

Lemma 4.1. Assume that g, > 0 for m > mg and the limit

(4.1) lim " = =7 € (0,1]
m—00 @m—1
exists. Then
Ry (v) 1

4.2 li = .
(4.2) ook Y+T

Proof. Let € € (0,1). We decompose (—1)¥L%¥)(~) for fixed :

LB = (X 4 >+ Y JmbgaeT”

k(1—¢) k(1—€) k(14€) k(1+e)
M<STr me[ YT T >

= 11(6) + 12(6) + 13(6) .
We start by studying I3(€). For m > k(1 +¢€)/(y + 7),

(m + 1)k e —(m+)y

_ 1k
o p— =e 7 (1+m 1)

<e ™ ((1+ m—l)m)% < e TvHOAT)/(4e)
Choose § € (0,¢/(1 4+ €)). For k large enough, which implies that m >
k(1 +¢€)/(y+ ) is large enough, we have in view of (4.1),
dm+1 < o~ T(1-9)
dm
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Combining these two bounds, we obtain

Gmt1 (m + 1)k e—(m—l—l)«/
Im mk e—mvy

< e YHOHT)/(Ate) g -7 (1-0) _. f(e,0) <1,

where we used the fact that 6 € (0,¢/(1 + €)). Therefore for large k,

1 E(1+¢e) 1k - [k(1+e)/(v+f)1 g
. <— :
(4.3) I3(e) < = 7(e.9) qrk(1+¢)/(v+7)] { N T W e

Further, for large k the index set in Is(e) contains the point [k/(y + 7)].
Therefore we obtain a lower bound, valid for large k:

R LI
(4.4) 12(6) > qujyany [%LT} o~ [k/(r)]

A combination of (4.3) aud (4.4) yields

Lle) . 1 4kta/Gn)] (Uc(l +)/(y+7)] )’f
L(e) = 1= f(0)  qkjiyen) [k/(v +7)]

e —U[kA+e)/(v+7)1=[k/(v+)] v

By virtue of (4.1), for small @ € (0,1) and large k,
AMk(1+e)/(v+7)]
K/ (v+7)]

< o T1=a) ([k(A+e)/(v+n)]=[k/(v+7)])

< o= (T/Gn) k(1-a)e

Furthermore, for large k and some positive constant ¢,

<H<:(1 +e)/(’y+rﬂ)k < (k(l +eo)/(v+71)+ 1>k
[k/(v+ )] - kjf(y+7)—1

—k
= (1+6)k(1+ k(1+e)1/(’v+7))k<l_ m)

< a(l+ek.
Finally,
e ~[IkA+)/(rn=[k/ (DY < o —1ke/(r+7)
Collecting the above bounds and choosing « such that
e€(r(l=a)+7)/(v+7) (1+a)(1+e),

we obtain, for some positive constant cs,

Ig(e) < c (1+6)ke—ke(7(1—a)+’y)/(’\/+7') < 02 1 k
I(e) = 72 - 14+a/)

Hence I3(e) = o(I2(€)) as k — oo.
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Next we turn to the estimation of I;(e). Once again, let § € (0,1) be small
and choose mg so large that

1 m

(4.5) qZ”Ll > ¢ 7 (149) <1 + E) > el_‘s, m > mg.
m

We further decompose I (¢):

Ii(e) = ( Z + Z )mkqme_ﬁ’mzfn(e)-i-hz(e)-

m<mgo

me [mo kK }/I: )

Trivially, I11(e) = o(I2(€)) as k — oo. For m € [k, k(1 —€)/(y + 7)) we have
by (4.5)

(14 m ) > e B/mO-9) > o OFnN1-5)/1-0

9

and, therefore,

k o—(m+1
dm+1 (m +i) e~ (mtl)y > e—“/e—ﬂ'(l—i-é) e_(’H-T) (1-8)/(1—e) _ 9(57 (5) >1,
gmmPe=m7
if we choose d € (0,1) so small that (1 —0)/(1 —¢€) < 1+ . Therefore for k
large,
1 k(l - 6) ko k(1—
I < -+ ~ {7J Lk(1=6)/(r+7)]y
12(€) < 7 (96, 0)) 1 dka=a/G+n) [T | ©

and an argument similar to the one above implies that I12(e) = o(I2(€)) as
k — oo for every € € (0,1).

We conclude that for € € (0,1), as k — oo

Zme [k(;:) ’ k;lgr:)] mk+1 gme """

. [k:(l—e) k(l—l—e))] |

R ~ )

k —
Ponetg za) " ane

and, hence, relation (4.2) is immediate. This concludes the proof. O

In view of Lemma 4.1 and Theorem 2.1 we conclude that, under suitable
conditions on the distribution of M, the predictor for S; 4 given Ny,..., N;
is asymptotically linear.

Corollary 4.2. Assume that EX11 < oo and that the distribution of M
satisfies condition (4.1). Then, as ng + -+ +nj — 00,

EXy1ppjt

E(Sj1| No=no, ..., Nj =nj) ~ — =
J

(no+ -+ +ny).
In the rest of this subsection we study the behavior of Ry(7) for large k
for the distributions in the (a,b)-class introduced in Section 3.

4.1.1. The negative binomial distribution. The negative binomial distribution
is the only member of the (a,b)-class satisfying the condition (4.1) with
e "7 = 1—p. Hence Corollary 4.2 applies. The asymptotically linear behavior
of Ry (7) is nicely illustrated in the right graph of Figure 4.3.
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Poisson NegBinomial

300

R_k(gamma)
200

R_k(gamma)

100

Figure 4.3. The ratio Ry(2) for Poisson(200) distributed M (left) and for
negative binomial M with parameters p = 0.1, v = 12.1 (right).

4.1.2. The binomial distribution. In this case, it is clear that, as k — oo,

Somer(m/n)fme 7" gy,
Pomer(m/n)Fe1m gy,
The same result holds for any distribution (¢m)m=0,...n, » > 1, with g, > 0.

In this case, if £X17 < oo, then, as ng + -+ +n; — oo,

Ri(y) = —n.

E(Sj41 | No=no, ..., Nj =nj) = nEX1y ppjyr.
4.1.3. The Poisson distribution. If M is Poisson(b) distributed, then

e 1 -
E(Mke—“fM) — e b(—e™) ka(b/e’y)m%e—be ”/’ E>1.
m=1 ’

Hence, the ratio Ry (7) is equal to the ratio of the moments E(M')*+1/E(M')*
for some Poisson random variable M’ with a different mean, say, A. In the
sequel we study, therefore, the asymptotic behavior, as k — oo, of such ra-
tios. For simplicity, we use the notation EMkH/EMk instead of the proper
E(M’)k+1/E(M')k.

The proof of the following lemma is similar to the proof of Lemma 4.1.
We sketch the argument.
Lemma 4.4. Let M be Poisson(\) distributed. Then, as k — oo,
EMkHL k

EME " logk

Proof. For € € (0,1) we decompose EMPF as

EM* = ( Z + Z + Z )mke_)‘%

me[k(l*é) k(1+5)] m>k(1+e)

(4.6)

logk > logk log k
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= 11(6) -+ IQ(E) -+ 13(6) .

Beginning with I3(e), it is straightforward to check, using Stirling’s formula,
that

k ym+1 |
sup (m—|— 1) )\ /(m+ 1) < )\logk‘k_e/(l_,_g) R 0

k \m | -1
k(14e m m! + €
m> logk) /

as k — oo. Hence, as k — o0,

A )‘miﬁe

(m )

I3(e) = (1 + 0(1)) (mf)Fe

where
me = [/ log k], m< = [(1+m.].
It is clear that for large k,

Therefore, as kK — oo,

I3(€) _  k(og(1+e—eto(1))

I5(e)
Since log(1 + €) < €, we conclude that for every e > 0,

I5(e)
I>(e)

—0 as k — oo.

Similarly, as k — oo,

1(e) = (14 (1)) (my ) e = % ,

where
e = (1= m.]

from which it is easy to check that , as k — oo,

Li(€) _  k(og(1—e)+eto(1))

I5(e)
Since —log(1l —€) > e for 0 < € < 1, we conclude that for every € > 0,
1
1) — 0 as k — oo.
Iy(e)
That is, for every € > 0,
k k A AT
EM* = (1+o(1)) > mte ™ =
me [kl(;gil:) , kl(ongrI:)]




PREDICTION OF OUTSTANDING PAYMENTS 17

as k — oo and, hence,

k+l ,—A A™
EMFE+1 (1 N (1)) Zme[kﬁg}é)vkﬁgf)] mbrtle m!
— = o
EM*k ko—X AT
me[kl(olgike)vkl(:gt:)] mee m!
k(1—¢ k(14 ¢
e |(1 1))———=, (1 1)
(1 o) Mo (1 ofm)
Hence the statement of the lemma. O

Taking into account Lemma 4.4 and the remark preceeding it, we conclude
that, if M is Poisson(b) distributed, then, as ng +--- +n; — oo,

nog+---+ny
log(no + -+ +n;)

The asymptotic behavior of Ry(y) prescribed by (4.6) is nicely illustrated
in the left graph of Figure 4.3.

E(Sjt1| No=n0,...,N; =n;) ~ EX11 pipji1

4.2. The behavior of Ri(v) for large v. When evaluating the ratio Ry ()
numerically, one observes a rather unusual phenomenon for large values of
v: Ry(7) oscillates rather strongly for moderately large values of k, whereas
this effect gradually disappears when k becomes even larger. For small values
of v this behavior cannot be observed. A computer graph of Rp(v) which
exhibits this staircase-like behavior is illustrated in Figure 4.5. Below we
give a limit theorem explaining this phenomenon.

NegBinomial

10
|

R_k(gamma)

0 200 400 600 800 1000

k

Figure 4.5. The ratio Ri(100) for negative binomial M with parameters
p=0.1 and v =12.1.
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Assume that
(4.7) v—o00, k=k(y) and k/y—te€ (0,00).
For t > 0 we consider the strictly convex function
hi(s)=s—tlogs, s>0,

which reaches its minimum at s = ¢. Therefore the sequence (hy(m))m=12,...
reaches its minimum either at m = m_(¢t) = [t] if m_(¢) > 1 or at m =
m4(t) = [t], and it is possible that the values of hy at m_(t) and m4(t)
coincide. Let us assume that there exists a unique value m = m,(t) at which
h; is minimized. We have for k£ > 1,

E(M'e ™M) = g (ma) e ™0+ 3 mFeTmy,,,

By virtue of (4.7),

(4.8) G (1) (M ()P e 77O =g gy e 7 sy (me(0)

L e @)

The assumption that the minimum of h;(m) is unique for a given ¢ implies
that the minimum of h,(m) is also unique for u in a small neighborhood of
t and achieved at m,(t). Hence, for u sufficiently close to ¢,

m;nngl(t) hu(m) = min (hy(ma(t) — 1), hy(m.(t) + 1))

(4.9) — min (hy(ms — 1), he(my + 1)), u—t.
Therefore for v sufficiently large,
Z mke 1mg, = Z e~V hiyy(m) Gm
m#£ms (t) m#Em(t)

(4.10) < e ymin(/y (M (8)=1) kg (Ma () +1))

It now follows from (4.8) (4.10) that
E(Mke _WM) ~ Qm.(t) (m*(t))k € —ma(t)y 5

provided g, (t) # 0, and, therefore, under assumption (4.7),
(4.11) Ri(v) — mu(t).
For j=1,2,..., let

1
logj —log(j — 1)
Then a; < aj41, and by relation (4.11) we obtain the following result.

a; =1inf{t > 0:m.(t) =j} =

Proposition 4.6. For j =1,2,... lett € (aj,aj+1) be such that ¢, (t) # 0.
If k and ~ grow according to (4.7), then

Ry(v) —J-
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That is, if k£ and X are large, and k/X € (aj,a;41) for j that is not very
large, then Ry(7) will be close to j. Once again, this staircase-like behavior
is neatly visible in Figure 4.5.

5. PREDICTION IN A NON-LIFE INSURANCE DATA SET

In this section we consider a non-life insurance data set which was kindly
provided to us by Alois Gisler. The business line is not known to us. Our aim
is to study the performance of our predictors on this data set, given suitable
assumptions on the distributions (g,,) and (p;) and the Poisson parameter
. Moreover, we will compare our predictors with those prescribed by the
chain ladder method under Mack’s conditions; see Section 1. We will focus
on the prediction of the numbers of payments.

Our data contains claims that arrive in one year (1985) and the individual
payment processes for each claim, including arrival date in 1985 and all dates
and amounts of executed payments. Overall, 7,302 claims were incurred
which triggered 24,606 payments through more than 10 years. Since we
want to compare our method with the chain ladder prediction in Mack’s
framework, one of the problems we are facing is as follows. The chain ladder
method requires a run-off triangle of data from different years; see (1.3).
These data are needed for the construction of the chain ladder estimators of
the factors f; in (1.2):

—j—1 —j+1
. — - 5
Z?:lj ! ‘7]”:0 Ni,i-‘,—r

where n is the number of years for which the run-off triangle is available.
But we have only one year of claim arrivals at our disposal.

We solve this problem by switching from years to months. Then we have
n = 12 months of claim arrivals and the corresponding individual payment
processes accounted for by months. Table 5.1 contains the monthly claim
arrival numbers M;, j = 1,...,12, showing a clear seasonality in the data.

[J [ 1] 2 3] 4] 5] 6] 7] 8] O] 10] 11] 12]
(M, | 414 | 391 | 493 | 552 | 641 | 765 | 748 | 762 | 741 | 635 | 628 | 532 |

Table 5.1. The monthly claim numbers M;

Table 5.2 contains the payment numbers in run-off triangle form. The ith
row contains the payment numbers Ny, ..., N; 12 for claims arriving in the ith
month and whose payments are executed in month i+k € {i,...,12}. These
numbers form the input to the chain ladder method under Mack’s procedure.
In this case, the data set contains also the actual “future” monthly payment
numbers N; 1214, K > 1. We will try to predict these using both our method
and the chain ladder method. We will construct both forecasts for each
month of a whole year after the month ¢, ¢ = 1,...,12. The constraint on
the prediction range is caused by the structure of the chain ladder method,
but not of our procedure. Clearly, we do not predict the “observed” numbers
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in Table 5.2. The actual “future” numbers NN; 13,..., N; ;411 are in our data
set, and they are presented in Table 5.3.

Month 1 2 3 4 5 6 7 8 9 10 11 12
1|40 147 141 120 99 84 67 63 42 44 47 35
2 40 144 132 100 85 71 53 63 52 50 25
3 39 179 159 125 118 80 85 85 85 48
4 36 209 169 158 117 91 103 98 54
5 60 217 224 159 136 125 110 86
6 75 280 229 18 191 145 121
7 70 234 192 184 157 131
8 63 242 250 197 142
9 62 246 227 195

10 64 200 175
11 59 197
12 28

Table 5.2. The run-off triangle with the number of payments arising from
12 months of claim arrivals. The ith row contains the observed payment
numbers Ny, ..., N;12.

Month 13 14 15 16 17 18 19 20 21 22 23

51 45 32

56 42

107 79 68 75 55

120 83 66 98 68 54

150 105 112 107 88 75 59

148 140 115 131 107 85 80 56

10 | 174 118 122 103 82 7 76 57 45

11 | 235 167 143 134 116 89 65 66 50 61

12 | 177 161 138 139 120 101 113 63 65 86 56

QOO U kR WN -
[=2)
o0
(S
w

Table 5.3. The actual “future” payment numbers corresponding to the ob-
servations in Table 5.2. The ith row contains the monthly payment numbers
Niazy -5 Nijg11-

In our prediction procedure, we assume that the monthly claim numbers
M;, j =1,...,12, are Poisson distributed. Since there is a clear seasonality
in the data we do not assume the M;’s identically distributed. Instead, we
simply take each Mj as the substitute of its expectation EM;. Recall that
this is the only parameter of the assumed Poisson distribution needed to
compute the functions R and, hence, to run our procedure; see Theorem
2.5. Clearly, the Poisson assumption on the distribution of M;’s is rather ad
hoc, but we have only one data set, which makes it impossible to estimate
the distributions of the M;’s. In general, such estimation has to be done on
historical data.

On the other hand, the other ingredients needed for our procedure, the
average Poisson number of payments per claim p and the “displacement
probabilities” p; in (1.4), can be easily estimated from our single data set.
The estimate of the former is p = 3.37, and the estimated the values of the
(pj) are given in Table 5.4. Recall that we only need the values of p; with
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7 <12, which is what is presented in Table 5.4. In particular, the entries in
the table do not add up to 1.

[ J 1] 2 ] 3] 4] 5] 6] 7] 8] 9] 10] 11] 12
[ 100 x p; [ 2.41 | 11.36 [ 10.37 | 7.95 | 6.49 [ 5.26 | 4.30 | 4.04 | 3.00 | 2.94 | 2.60 | 2.09 |

Table 5.4. The estimated probabilities p;, j = 1,...,12.

In Table 5.5 we show the relative prediction error for our prediction pro-
cedure. The ith row in this table shows the relative error in our predic-
tion procedure of the values NV; 1245, K = 1,...,7 — 1, based on the values
Nii: A ,Ni712.

In the left column of Figure 5.7 we show the performance of our prediction
procedure in two different situations. In the top graph we are in the situation
of the 11th line of Tables 5.2 and 5.3. We predict the payments numbers for
claims arriving in the 11th month. Two payment numbers have already been
observed from which the payment numbers for months 13-22 get predicted
(solid lines). The dots indicate the observed payment numbers and the bands
around the predictions represent +1.96 times the square of the conditional
prediction error given in Theorem 2.5. In the bottom graph we are in the
situation of the 7th line in Tables 5.2 and 5.3. We predict the payment
numbers arising from claims arriving in the 7th month. Six payment numbers
have already been observed, and the payment numbers for months 13-18 are
predicted.

Our predictions are compared with those prescribed by the chain ladder
method under Mack’s procedure (1.2). The multi-step prediction version of
the latter is

Niio+k = (fie—ivk—1 — 1) fro—iqh—2- - fio—i (Nsg + -+ Nij12), k=1,2,...

and then one replaces the f-factors by their chain ladder f—estimators given
in (5.1).

In Table 5.6 we show the relative prediction error for the chain ladder
predictor under Mack’s procedure. Once again, the ith row in this table
shows the relative error in predicting the values Nj 1044, kK = 1,...,7 — 1,
based on the values Ny, ..., N;12. Note that a direct comparison of the
relative errors in Tables 5.5 or 5.6 is difficult.

Similarly, in the right column of Figure 5.7 we show the chain ladder
prediction for the same situations as with our predictor in the left column.
Again, a direct comparison seems difficult. The error bands for the chain
ladder method seem to be larger than for our method. Note that the bands
around the predictions in the right column indicate 1.96 times the square
of the conditional prediction error given at the bottom of p. 363 in Mack
[5]. These numbers are not model based and, consequently, their meaning is
unclear.

It should be noted that, in practice, our procedure is likely to be used
under far more favorable conditions than in the application presented in this
section. A larger historical data set will allow for better estimation of the
parameters required to run our forecasting procedure. Most importantly, in
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Month 13 14 15 16 17 18 19 20 21 22 23

1

2| —11.6

3 —0.8 0.7

4| —29.8 —=33.0 —48.9

5| —-329 -=56.1 -—33.6 —41.9

6 —2.4 -7.9 —14.38 5.9 =22

7 —-1.8 —-36.5 —33.5 7.7 —-73 —7.6

8 6.0 —15.6 —0.5 18.2 8.9 3.3 2.2

9 0.4 7.9 3.5 21.5 25.2 13.8 17.2 5.8

10 14.1 —6.1 10.3 85 —6.5 11.7 18.1 1.3 0.5

11 17.1 3.2 5.4 11.7 122 -6.1 -—-13.0 -1.9 -21.6 20.6
12 —4.0 —6.1 —2.7 14.7 13.6 11.6 26.7 —2.2 9.3 38.0 24.2

Table 5.5. Relative prediction error in % by our method of the values in
Table 5.8 using the observations given in Table 5.2.

Month 13 14 15 16 17 18 19 20 21 22 23

1

2 3.4

3 17.9 2.5

4 | —13.3 —6.5 —28.4

5| —13.8 —22.0 0.7 —18.7

6| —-11.2 —-17.0 -—17.1 11.8 —11.7

7 8.3 —21.7 -—21.1 35.9 15.3 —1.4

8 14.3 —10.5 —0.2 20.8 15.2 20.1 1.7

9 —6.9 7.3 —1.4 17.4 21.5 11.9 28.8 —2.9
10 14.3 —8.3 15.4 9.0 —-9.3 7.9 23.6 13.3 —-3.7
11 28.0 9.5 11.0 26.6 22.6 -1.6 —9.0 7.2 =07 30.4
12 67.5 68.0 73.3 106.5 117.1  104.4 139.1 68.9 10.21 227.0 129.2

Table 5.6. Relative prediction error in % by the chain ladder method of the
values in Table 5.3 using the observations given in Table 5.2.

the present situation we were unable to estimate the distribution of the num-
ber M of the arriving claims, and had to postulate the Poisson distribution.
Further, usage of months instead of years introduced seasonality in the data,
which our procedure does not take into account. Even under these unfa-
vorable conditions, the present study shows that our predictor performs no
worse than the chain ladder prediction as regards closeness to the the actual
payment numbers and magnitude (as well as reliability) of the conditional
prediction errors.

For the three distributions of the (a,b)-class our prediction method is
easily implemented by using standard software. When taking into account
Remark 3.4, one gets quick numerical answers to the prediction problem.
Notice that the distributions in the (a,b)-class are the most frequently used
ones in applications. Our model requires knowledge of the probabilities (g,),
(p;) and the Poisson parameter p. Once again, these quantities are easy to
estimate if historical data are available.

We conclude that our prediction approach, which is based on a well de-
fined stochastic model of claim arrivals and payment time distribution, works
reasonably well in a “difficult” situation. Our model can be easily simulated
from. Recall that the chain ladder estimator with Mack’s procedure is not
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Figure 5.7. Predictions (solid lines) of monthly payment numbers by us-
ing the theory in Section 2.2 (left graphs) and the chain ladder approach
(right graphs). The dots represent the payment numbers of the real-life data.
The bands around the predictions represent £1.96 times the square of the
conditional prediction errors. The top graphs correspond to the 11th row in
Tables 5.2 and 5.3, the bottom ones to the Tth row.

model-based. Therefore, we consider it to be promising to use the suggested
forecasting procedure under the dynamics in a non-life insurance portfolio.
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