
PREDICTION OF OUTSTANDING PAYMENTS IN APOISSON CLUSTER MODELANDERS HEDEGAARD JESSEN, THOMAS MIKOSCH,AND GENNADY SAMORODNITSKYAbstra
t. We 
onsider a simple Poisson 
luster model for the paymentnumbers and the 
orresponding total payments for insuran
e 
laims ar-riving in a given year. Due to the Poisson stru
ture one 
an give rea-sonably expli
it expressions for the predi
tion of the payment numbersand total payments in future periods given the past observations of thepayment numbers. One 
an also derive reasonably expli
it expressionsfor the 
orresponding predi
tion errors. In the (a, b)-
lass of Panjer's
laim size distributions, these expressions 
an be evaluated by simplere
ursive algorithms. We study the 
onditions under whi
h the predi
-tions are asymptoti
ally linear as the number of past payments be
omeslarge. We also demonstrate that, in other regimes, the predi
tion may befar from linear. For example, a stair
ase-like pattern may arise as well.We illustrate how the theory works on real-life data, also in 
omparisonwith the 
hain ladder method.1. Introdu
tionLet Nk be the number of payments for 
laims arriving in an insuran
eportfolio in the year 0 and being exe
uted in the year k ∈ {0, 1, . . .}. More-over, let Sk be the 
orresponding total amount of the payments exe
uted inyear k. If one has observed the 
ounts Nk, k = 0, . . . , j, for some j ≥ 0, a ma-jor problem for an insuran
e 
ompany is to determine a reserve for the years
j + 1, j + 2, . . .. This amounts to predi
ting the pairs (Nj+ℓ+1, Sj+ℓ+1) for
ℓ = 0, 1, . . .. In this 
ontext natural estimators are given by the 
onditionalexpe
tations given the past values N0, . . . ,Nj , i.e.,

N̂j+ℓ+1 = E(Nj+ℓ+1 | Fj) and Ŝj+ℓ+1 = E(Sj+ℓ+1 | Fj) ,(1.1)
ℓ = 0, 1, . . ., where Fj = σ(N0, . . . ,Nj), j = 0, 1, . . .. Assuming var(Sj+ℓ+1)<

∞, S = Ŝj+ℓ+1 is the a.s. unique minimizer of the mean square error
E((Sj+ℓ+1 −S)2) in the 
lass of square integrable random variables S whi
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tions of N0, . . . ,Nj , and a similar remark applies to
N̂j+ℓ+1. Moreover, s = Ŝj+ℓ+1 minimizes the 
onditional mean square error
E((Sj+ℓ+1 − s)2 | Fj).One of the popular pro
edures in this 
ontext was suggested by Ma
k;see Ma
k [2, 3, 4℄ and Ma
k et al. [6℄. In its simplest version, Ma
k'spro
edure de
lares the predi
tors Ŝj+ℓ+1 and N̂j+ℓ+1 to be linear fun
tionsof S0 + · · · + Sj or Nj = N0 + · · · + Nj , respe
tively. For example,

N̂j+1 = (fj − 1) (N0 + · · · + Nj) , j = 0, 1, . . . ,(1.2)for 
onstants fj ≥ 1.Assume that one observes the run-o� triangle
(Ni,i+k, Si,i+k) , i = 1, . . . , n , k = 0, . . . , n − i ,(1.3)where ((Ni,i+k, Si,i+k))k=0,...,j−i are the payment numbers and total pay-ments for 
laims arriving in year i and being exe
uted in year i + k; one as-sumes that ((Ni,i+k, Si,i+k))k=0,1,... are iid 
opies of ((Nk, Sk))k=0,1,.... Here

n is the last year for whi
h payments were observed. Ma
k's assumptions(1.2) give raise to 
onstru
ting natural estimators f̂j of fj whi
h are referredto as 
hain ladder estimators. Then, repla
ing the unknown parameters fjon the right-hand side of (1.2) by their estimators f̂j, one obtains a predi
-tor of Nj+1. In Se
tion 5 we we will introdu
e the 
hain ladder estimatorsand 
ompare the performan
e of the 
orresponding predi
tors with thoseproposed in this paper.Ma
k's pro
edure (1.2) does not determine the dynami
s of a parti
ularsto
hasti
 pro
ess. For example, one 
annot simulate a pro
ess (Nj)j=0,1,...from (1.2). Moreover, the linearity of the estimator (1.2) is a simpli�
a-tion whi
h is hard to re
on
ile with natural sto
hasti
 models for the 
ountpro
ess.In this paper, we 
onsider a simple sto
hasti
 pro
ess model for the 
ounts
Nj, j = 0, 1, . . . , and the 
orresponding payments Sj, j = 0, 1, . . .. The modelis given by the following 
onditions whi
h we assume throughout this paper.The model. Let M be the number of 
laims arriving in a given year withdistribution

qm = P (M = m) , m = 0, 1, . . . .The mth 
laim 
auses a stream of Km payments from the insurer to theinsured through the next years. We assume that the kth of these payments isexe
uted in the year Ymk. We further assume that (Km) is an iid sequen
e of
Poisson(µ) distributed random variables and that (Ymk)m,k=1,2,... 
onstitutesan iid family with 
ommon distribution(1.4) pj = P (Y11 = j) , j = 0, 1, . . . .



PREDICTION OF OUTSTANDING PAYMENTS 3Finally, assume that M , (Km) and (Ymk) are independent. Write
Nj =

M∑

m=1

Km∑

k=1

I{Ymk=j} , j = 0, 1, . . . ,i.e., Nj is the number of payments for 
laims arriving in a given year andbeing exe
uted in year j. Assume further that (Xmk)m,k=1,2,... is an iid familyof non-negative random variables independent of M , (Km) and (Ymk). Weinterpret Xmk as the kth payment for the mth 
laim. Then
Sj =

M∑

m=1

Km∑

k=1

Xmk I{Ymk=j} , j = 0, 1, . . . ,are the total payments for the 
laims arriving in year 0 and being exe
utedin year j.Both pro
esses (Nj) and (Sj) 
an easily be simulated. It is our aim toshow that the predi
tors (1.1) and their errors 
an be 
al
ulated expli
itlyand are easily derived by numeri
al methods for 
ertain spe
ial 
ases of thedistribution of M . The expressions for the predi
tor of Nj+1 are highlynon-linear fun
tions of N0 + · · ·+ Nj , in 
ontrast to Ma
k's pro
edure (1.2).However, under some 
ondition on the distribution of M these predi
torsare asymptoti
ally linear fun
tions of N0 + · · · + Nj if the latter quantityin
reases to in�nity. In other situations, the predi
tors stay non-linear evenin the limit.The paper is organized as follows. We start in Se
tion 2 by giving therelevant formulas for the predi
tors of Sj+ℓ+1, ℓ = 0, 1, . . .. Sin
e Sj = Nj if
Xmi = 1 for all m, i, the predi
tion of Nj+ℓ+1, ℓ = 0, 1, . . ., is a spe
ial 
ase.We also determine the predi
tion errors. The predi
tors and 
onditionalpredi
tion errors involve 
ertain derivatives of the Lapla
e-Stieltjes trans-form of M . In general, these derivatives are di�
ult to obtain. However,in the (a, b)-
lass of Panjer distributions, in
luding the Poisson, binomialand negative binomial distributions, there exist simple re
ursive algorithmsfor 
al
ulating these derivatives; see Se
tion 3. In Se
tion 4 we study theasymptoti
 behavior of the predi
tors as the number of the previously ob-served payments grows. In parti
ular, we give 
onditions under whi
h thepredi
tors Ŝj+ℓ+1 are asymptoti
ally linear fun
tions of N0 + · · · + Nj. Wealso 
onsider other situations, where di�erent asymptoti
 patterns of thebehavior of the predi
tors arise. An interesting feature is the stair
ase-likepattern dis
ussed in that se
tion. In Se
tion 5 we apply our predi
tors to anon-life insuran
e data set. We 
ompare the performan
e of these predi
torswith the 
orresponding ones based on 
hain ladder estimation.2. The predi
tion problemWe intend to predi
t the future numbers of payments Nj+ℓ+1 and the 
or-responding total 
laim amounts Sj+ℓ+1, ℓ = 0, 1, . . . , given the past paymentnumbers N0, . . . , Nj . This means we will 
al
ulate the predi
tors Ŝj+ℓ+1 and
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N̂j+ℓ+1 in (1.1) provided these quantities are well-de�ned. Sin
e we alwaysassume the 
onditions of the model introdu
ed in Se
tion 1, the indepen-den
e of (Xmi) and the rest of the random ingredients in the model impliesthat

Ŝj+ℓ+1 = EX11 E(Nj+ℓ+1 | Fj) = EX11 N̂j+ℓ+1 ,(2.1)
ℓ = 0, 1, . . .. Therefore the predi
tion problem for Sj+ℓ+1 redu
es to theone for Nj+ℓ+1. Conversely, if Xmi = 1 a.s. for all m, i then Nj = Sj,
j = 0, 1, . . .. Therefore it su�
es to study the predi
tion of Sj+ℓ+1 given
N0, . . . , Nj .We will derive expressions for the predi
tors (2.1) and determine theirerrors. We start with the one-step ahead predi
tion problem, i.e., ℓ = 0.2.1. One-step ahead predi
tion. We introdu
e some notation to be usedthroughout the paper. We will need the Lapla
e-Stieltjes transform of M ,i.e.,

L(γ) = Ee−γM =
∞∑

m=0

qm e−γ m , γ ≥ 0 ,and its derivatives
L(ℓ)(γ) = (−1)ℓE(M ℓe−γ M ) , γ > 0 , ℓ = 0, 1, . . . ,with the 
onvention that L(0) = L. Moreover, de�ne

Rℓ(γ) = −
L(ℓ+1)(γ)

L(ℓ)(γ)
=

E(M ℓ+1e−γ M )

E(M ℓe−γ M )
, γ > 0 , ℓ = 0, 1, . . . .Finally, write

θj = µ

j∑

d=0

pd , j = 0, 1, . . . ;re
all that µ is the Poisson rate of the number of payments per 
laim, and
(pk) are the displa
ement probabilities in (1.4).Next we formulate our main result on the predi
tion of Sj+1. Re
all thatthe 
orresponding result for Nj+1 follows by setting Xmi = 1 a.s. for all m, i.Theorem 2.1. Assume that EM < ∞ and EX11 < ∞.(1) The predi
tor Ŝj+1 of Sj+1 given N0, . . . ,Nj has the form(2.2) E(Sj+1 | N0 = n0, . . . ,Nj = nj) = µ pj+1 EX11 Rn0+···+nj(θj) ,

n0, . . . , nj = 0, 1, . . ., j = 0, 1, . . ..(2) Assume, in addition, that var(M) < ∞ and var(X11) < ∞. Then theun
onditional predi
tion error for Sj+1, j = 0, 1, . . ., is given by
E
(
(Sj+1 − Ŝj+1)

2
)

= E(X2
11)µ pj+1 EM(2.3)

+ (EX11µ pj+1)
2 E(M2) − E(Ŝ2

j+1) .



PREDICTION OF OUTSTANDING PAYMENTS 5.(3) Assume, in addition, that var(M) < ∞ and var(X11) < ∞. Then the
onditional predi
tion error for Sj+1 given the past observations N0, . . . ,Nj ,
j = 0, 1, . . ., is(2.4) var(Sj+1 | N0 = n0, . . . ,Nj = nj) = E(X2

11)µ pj+1 Rn0+···+nj(θj)

+(EX11 µ pj+1)
2 Rn0+···+nj(θj)

[
Rn0+···+nj+1(θj) − Rn0+···+nj(θj)

]
.Remark 2.2. Writing ℓj = n0 + · · ·+ nj , j = 0, 1, . . ., we observe by virtueof (2.2) that

E(Sj+1 | N0 = n0, . . . ,Nj = nj)

= E(Sj+1 | N0 = ℓ0,N0 + N1 = ℓ1, . . . ,N0 + · · · + Nj = ℓj)

= E(Sj+1 | N0 + · · · + Nj = ℓj) ,or, alternatively,
E(S0 + · · · + Sj+1 | N0 + · · · + Nj = ℓj)

= EX11 ℓj + E(Sj+1 | N0 + · · · + Nj = ℓj) .(2.5)By virtue of (2.2), the 
onditional expe
tation (2.5) is in general not a linearfun
tion of ℓj, in disagreement with Ma
k's pro
edure (1.2). In Se
tion 4 wewill give 
onditions on the distribution of M ensuring that (2.5) is asymp-toti
ally linear as ℓj → ∞.Remark 2.3. In Se
tion 3 we will give a re
ursive algorithm for evaluatingthe quantities L(ℓ) when the distribution of M belongs to the (a, b)-
lass usedfor Panjer re
ursion.Proof. (1) By the splitting property of the Poisson pro
ess, (Nj) 
onstitutes,
onditionally on M , a sequen
e of independent Poisson random variables.Therefore
E(Nj+1 | N0, . . . , Nj ,M) = M µ pj+1 , j = 0, 1, . . . ,and

Ŝj+1 = EX11 µ pj+1 E(M | Fj) , j = 0, 1, . . . .(2.6)Even more pre
isely, let Zjl denote the number of payments in the lth pay-ment stream, l = 1, 2, . . ., whi
h are exe
uted in year j = 0, 1, . . .. Then
(Zjl) 
onstitutes a double array of independent random variables with Zjl ∼
Poisson(µpj). Therefore for any m, j = 0, 1, . . . and n0, . . . , nj = 0, 1, . . .,

P (N0 = n0, . . . ,Nj = nj,M = m)

= qm P

(
m∑

l=1

Z0l = n0

)
· · ·P

(
m∑

l=1

Zjl = nj

)

= qm

j∏

d=0

e−m µ pd
(m µ pd)

nd

nd!
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= qm e−m θj m

Pj
d=0 nd

j∏

d=0

(µ pd)
nd

nd!
.(2.7)We 
on
lude that for j ≥ 0,

P (M = m | N0 = n0, . . . ,Nj = nj) =
qme−m θj m

Pj
d=0 nd

∑∞
r=0 qre−r θj r

Pj
d=0 nd

,

m, n0, . . . , nj = 0, 1, . . . .(2.8)In parti
ular,
E(M | N0 = n0, . . . , Nj = nj) =

∑∞
m=0 qme−m θj m

Pj
d=0 nd+1

∑∞
r=0 qre−r θj r

Pj
d=0 nd

= Rn0+···+nj (θj) .(2.9)We 
on
lude, using (2.6), that (2.2) holds.(2) & (3) We start by 
al
ulating the predi
tion error of Sj+1 given thevalues N0, . . . , Nj . First observe that
var(Sj+1 | N0, . . . ,Nj ,M) = M E(X2

11)µ pj+1 .Taking into a

ount this relation and (2.1), we see that the 
onditional pre-di
tion error 
an be written as(2.10) var(Sj+1 | Fj) = E(X2
11)E(Nj+1 | Fj)

+(EX11µ pj+1)
2 var(M | Fj) .Using (2.8), we 
an repla
e the 
onditional moments of M by the 
orre-sponding derivatives of L, leading to (2.4). Taking expe
tations in (2.10),we obtain the predi
tion error

E
(
(Sj+1 − Ŝj+1)

2
)

= E [var(Sj+1 | Fj)]

= E(X2
11)ENj+1 + (EX11µ pj+1)

2
[
E(M2) − E[(E(M | Fj))

2]
]

= E(X2
11)µ pj+1 EM + (EX11µ pj+1)

2 E(M2) − E(Ŝ2
j+1) .This �nishes the proof. �Remark 2.4. A simple upper bound of the un
onditional predi
tion error(2.3) is given by

E[(Sj+1 − Ŝj+1)
2] ≤ E(X2

11)µ pj+1 EM + (EX11µ pj+1)
2 E(M2) .Evaluation of E(Ŝ2

l+1) in (2.3) is 
ompli
ated. Following the lines of theproof above, one 
an derive a more expli
it expression for this term:
E(Ŝ2

j+1) = (EX11 µ pj+1)
2 E
[
(E(M | Fj))

2
]

= (EX11µ pj+1)
2 E
[
(RN0+···+Nj(θj))

2
]
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= (EX11µ pj+1)

2
∞∑

k=0

∞∑

m=0

P (N0 + · · · + Nj = k ,M = m) (Rk(θj))
2 .Applying (2.7), the right-hand double sum turns into

∞∑

k=0

[
∞∑

m=0

qm e−m θj mk

]
∑

n0+···+nj=k

j∏

d=0

(µ pd)
nd

nd!
(Rk(θj))

2

= e θj

∞∑

k=0

(−1)k
(
L(k+1) (θj)

)2

L(k) (θj)
P (Θj = k)

= e θj E

(
(−1)Θj

(
L(Θj+1) (θj)

)2

L(Θj) (θj)

)
,where Θj is Poisson(θj) distributed.2.2. Multi-step ahead predi
tion. In this subse
tion we 
onsider the pre-di
tion problem for ℓ + 1 periods ahead. This means we are interested inthe quantities Ŝj+ℓ+1, ℓ = 0, 1, . . ., de�ned in (1.1), and the 
orrespondingpredi
tion errors.Theorem 2.5. Assume that EM < ∞ and EX11 < ∞.(1) The predi
tor Ŝj+ℓ+1 of Sj+ℓ+1 given N0, . . . ,Nj has the form

E(Sj+ℓ+1 | N0 = n0, . . . ,Nj = nj) = EX11 µ pj+ℓ+1 Rn0+···+nj (θj) ,

j, ℓ = 0, 1, . . . .(2) Assume, in addition, that var(M) < ∞ and var(X11) < ∞. Then theun
onditional predi
tion error for Sj+ℓ+1, j, ℓ = 0, 1, . . ., is given by
E
[
(Sj+ℓ+1 − Ŝj+ℓ+1)

2
]

= E(X2
11)µ pj+ℓ+1 EM

+(EX11µ pj+ℓ+1)
2 E(M2) − E(Ŝ2

j+ℓ+1) .(3) Assume, in addition, that var(M) < ∞ and var(X11) < ∞. Then the
onditional predi
tion error for Sj+ℓ+1, j, ℓ = 0, 1, . . ., is given by
var(Sj+ℓ+1 | N0 = n0, . . . , Nj = nj)

= E(X2
11)µ pj+ℓ+1 Rn0+···+nj (θj)

+(EX11µpj+ℓ+1)
2 Rn0+···+nj(θj)

[
Rn0+···+nj+1(θj) − Rn0+···+nj (θj))

]
.Proof. (1) We start by observing that for ℓ ≥ 0,

Ŝj+ℓ+1 = E [E(Sj+ℓ+1 | Fj+ℓ) | Fj] .Hen
e, using (2.6), we obtain
Ŝj+ℓ+1 = EX11 µ pj+ℓ+1E [E(M | Fj+ℓ) | Fj]
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= EX11 µ pj+ℓ+1E(M | Fj) .Now use relation (2.9).(2) & (3) For the 
onditional predi
tion error for Sj+ℓ+1, we observe thatby (2.10)

var(Sj+ℓ+1 | Fj)

= E(var(Sj+ℓ+1 | Fj+ℓ) | Fj) + var(E(Sj+ℓ+1 | Fj+ℓ) | Fj)

= E(X2
11) N̂j+ℓ+1 + (EX11µ pj+ℓ+1)

2 E(var(M | Fj+ℓ) | Fj)

+(EX11µ pj+ℓ+1)
2 var(E(M | Fj+ℓ) | Fj)

= E(X2
11) N̂j+ℓ+1 + (EX11µ pj+ℓ+1)

2 var(M | Fj) .The 
onditional moments of M 
an, on
e again, be expressed using (2.8).Taking expe
tations, we obtain the un
onditional predi
tion error
E
[
(Sj+ℓ+1 − Ŝj+ℓ+1)

2
]

= E [var(Sj+ℓ+1 | Fj)]

= E(X2
11)µ pj+ℓ+1 EM + (EX11µ pj+ℓ+1)

2
[
E(M2) − E

(
(E(M | Fj))

2
)]

= E(X2
11)µ pj+ℓ+1 EM + (EX11µ pj+ℓ+1)

2 E(M2) − E(Ŝ2
j+ℓ+1) .

�Remark 2.6. Noti
e that
Ŝj+ℓ+1 =

pj+ℓ+1

pj+1
Ŝj+1 , ℓ = 0, 1, . . . ,provided pj+1 > 0. Moreover, if pj+ℓ+1 = 0 then Ŝj+ℓ+1 = 0.2.3. Conditionally independent payments. In this subse
tion we 
on-sider a slightly more general model. As before, we assume that the se-quen
es (Xmk)k=1,2,..., m = 1, 2, . . ., are iid and independent of the rest ofrandom variables de�ning the model. We further assume that ea
h sequen
e

(Xmk)k=1,2,... 
onsists of 
onditionally iid random variables or, equivalently,that (Xmk)k=1,2,... is ex
hangeable. This situation is similar to models in
redibility theory, where the 
laim sizes o

urring in an individual poli
y areassumed 
onditionally iid; see Mikos
h [7℄, Chapters 5 and 6.Sin
e the random variables (Xmk)m,k=1,2,... and (Ymk)m,k=1,2,... are inde-pendent the form of the one-step ahead predi
tor is again given by (2.1) butthe predi
tion error 
hanges.Proposition 2.7. Assume var(M) < ∞ and var(X11) < ∞. Then theun
onditional predi
tion error for Sj+1 is given by
E((Sj+1 − Ŝj+1)

2) = EM
[
E(X2

11)µ pj+1 + cov(X11,X12) (µ pj+1)
2
]

+(EX11µ pj+1)
2E(M2) − E(Ŝ2

j+1) , j = 0, 1, . . . .
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onditional predi
tion error of Sj+1 given N0, . . . ,Nj , j = 0, 1, . . ., hasthe form
var(Sj+1 | N0 = n0, . . . , Nj = nj)

=
[
E(X2

11)µ pj+1 + cov(X11,X12) (µ pj+1)
2
]

Rn0+···+nj (θj)

+(EX11µ pj+1)
2Rn0+···+nj(θj)

[
Rn0+···+nj+1(θj) − Rn0+···+nj(θj)

]
.A 
omparison of this result with Theorem 2.1 shows that the predi
tionerror in
reases by the additional term with the fa
tor cov(X11,X12). It isnon-negative as an appli
ation of the 
onditional Jensen inequality shows.Proof. We start by 
al
ulating

var(Sj+1 | N0, . . . ,Nj ,M) = M var
( K1∑

k=1

X1k I{Y1k=j+1}

∣∣∣Fj

)

= M E
(( K1∑

k=1

X1k I{Y1k=j+1}

)2∣∣∣Fj

)
− M (EX11 µ pj+1)

2 .We observe that
E
(( K1∑

k=1

X1k I{Y1k=j+1}

)2∣∣∣Fj

)
= E

( K1∑

k=1

X2
1k I{Y1k=j+1}

∣∣∣Fj

)

+E
( K1∑

k=1

K1∑

l=1,l 6=k

X1k X1l I{Y1k=j+1}I{Y1l=j+1}

∣∣∣Fj

)

= [E(X2
11) − E(X11X12)]µ pj+1 + E(X11X12)E

(( K1∑

k=1

I{Y1k=j+1}

)2∣∣∣Fj

)

= E(X2
11)µ pj+1 + E(X11X12) (µ pj+1)

2 .Here we used the fa
t that, by the ex
hangeability, E(X11X12) = E(X1kX1l)for k 6= l. Overall, we obtain
var(Sj+1 | N0, . . . , Nj ,M) = M

[
E(X2

11)µ pj+1 + cov(X11,X12) (µ pj+1)
2
]

.Therefore,
var(Sj+1 | Fj) = E(M | Fj)

(
E(X2

11)µ pj+1 + cov(X11,X12) (µ pj+1)
2
)

+(EX11µ pj+1)
2var(M | Fj) .For the un
onditional predi
tion error we have

E[(Sj+1 − Ŝj+1)
2] = EM

[
E(X2

11)µ pj+1 + cov(X11,X12) (µ pj+1)
2
]

+E(M2) (EX11µ pj+1)
2 − (EX11µ pj+1)

2E[(E(M | Fj))
2]

= EM
[
E(X2

11)µ pj+1 + cov(X11,X12) (µ pj+1)
2
]
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+E(M2) (EX11µ pj+1)

2 − E(Ŝ2
j+1) .

�3. Predi
tion in the (a, b)-
lassIn the previous se
tions we have learned that, for predi
ting the values
Nj+ℓ+1 and Sj+ℓ+1, ℓ ≥ 0, given N0, . . . ,Nj , it is 
ru
ial to be able toevaluate the derivatives (−1)lL(l)(γ) = E(M le−γ M ). In this se
tion weassume that the distribution of M belongs to the (a, b)-
lass whi
h is usedin the Panjer re
ursive algorithm; see Mikos
h [7℄, Se
tion 3.3. This 
lass isgiven by the re
ursive relation

q0 > 0 , qm = (a + b/m) qm−1 , m = 1, 2, . . . , a, b ∈ R .(3.1)This 
lass 
ontains exa
tly three non-degenerate distributions.(1) The Poisson(b) distribution with a = 0, b > 0.(2) The Bin(n, p) distribution with a < 0, a = −p/(1−p), b = −a(n+1)and p ∈ (0, 1), n ≥ 1.(3) The negative binomial distribution with parameter (p, v):
qm =

(
v + m − 1

m

)
pv(1 − p)m , m = 0, 1, . . . , p ∈ (0, 1) , v > 0 .where 0 < a = 1 − p, b = (1 − p)(v − 1).We will derive a re
ursion for the expressions (−1)lL(l)(γ) = E(M le−γ M ).Using the (a, b)-stru
ture and the binomial formula, we have for l ≥ 1,

(−1)lL(l)(γ) =
∞∑

m=1

e−γ mml (a + b/m)qm−1

= a e−γ
∞∑

m=0

e−γ m (m + 1)l qm + b e−γ
∞∑

m=0

e−γ m (m + 1)l−1 qm

= a e−γ
∞∑

m=0

e−γ m
l∑

r=0

(
l

r

)
mr qm + b e−γ

∞∑

m=0

e−γ m
l−1∑

r=0

(
l − 1

r

)
mr qm

= a e−γ(−1)lL(l)(γ) + e−γ
l−1∑

r=0

[
a

(
l

r

)
+ b

(
l − 1

r

)]
(−1)rL(r)(γ) .Hen
e(3.2) (−1)lL(l)(γ) =

e−γ

1 − a e−γ

l−1∑

r=0

[
a

(
l

r

)
+ b

(
l − 1

r

)]
(−1)rL(r)(γ) .Noti
e that these formulas are meaningful be
ause a is always smaller than1. Now we 
onsider the three di�erent 
lasses of (a, b)-distributions.



PREDICTION OF OUTSTANDING PAYMENTS 11Proposition 3.1. Assume that the distribution of M is in the (a, b)-
lass.(1) In the Poisson(b) 
ase, a = 0, b > 0, we have
L(γ) = e−b (1−e −γ) , γ ≥ 0 ,

(−1)lL(l)(γ) = e−γ b

l−1∑

r=0

(
l − 1

r

)
(−1)rL(r)(γ) , l ≥ 1 .(2) In the Bin(n, p) 
ase, a = −p/(1− p), b = p(n + 1)/(1 − p), n = 1, 2, . . .and p ∈ (0, 1), we have for l ≥ 1,

L(γ) = (1 − p(1 − e−γ))n , γ ≥ 0 ,

(−1)lL(l)(γ) =
p e−γ

1 − p(1 − e−γ)

l−1∑

r=0

(
l

r

)[
(n + 1)

l − r

l
− 1

]
(−1)rL(r)(γ) .(3) In the negative binomial 
ase, a = 1 − p, b = (1 − p)(v − 1), p ∈ (0, 1)and v > 0, we have for l ≥ 1,

L(γ) =

(
p

1 − (1 − p)e−γ

)v

, γ ≥ 0 ,

(−1)lL(l)(γ) =
(1 − p)e−γ

1 − (1 − p) e−γ

l−1∑

r=0

(
l

r

)[
(v − 1)

l − r

l
+ 1

]
(−1)rL(r)(γ) .Remark 3.2. In the Poisson 
ase, one 
an also get a di�erent re
ursion for

L(k). Introdu
e the polynomial Hn of degree n by the re
ursion
H0(x) = 1 , Hn(x) = −x [H ′

n−1(x) + Hn−1(x)] , n ≥ 1 , x > 0 .Then 
al
ulation yields
L(k)(γ) = Hk(be

−γ)L(γ) , k ≥ 0 , γ > 0 .In parti
ular, Rk(γ) is a rational fun
tion of be−γ for ea
h k ≥ 0:
Rk(γ) = −

Hk+1(be
−γ)

Hk(be−γ)
= be−γ

(
1 +

H ′
k(be

−γ)

Hk(be−γ)

)
.Remark 3.3. Extensions of the (a, b)-
lass were 
onsidered in Hess et al.[1℄. They introdu
ed distributions (qm)m=0,1,... satisfying the (a, b)-
ondition(3.1) with q0, . . . , qk = 0 for some k ≥ 0 and qk+1 > 0. The 
al
ulationsleading to the re
ursion (3.2) for L(l) remain valid in this 
ase as well.Remark 3.4. The quantities (−1)lL(l)(γ) grow rapidly as a fun
tion of l andtherefore standard software delivers the value ∞ even for moderately largevalues l. This numeri
al problem 
an be avoided by writing (3.2) in termsof the ratios Rr(γ) whi
h are relevant for the predi
tion formulae 
onsideredin the previous se
tions:

Rl(γ) =
e−γ

1 − a e−γ

l∑

r=0

[
a

(
l + 1

r

)
+ b

(
l

r

)]
(Rr(γ) · · ·Rl−1(γ))−1 .



12 A. JESSEN, T. MIKOSCH, AND G. SAMORODNITSKYThe latter re
ursion for Rl avoids the dire
t 
al
ulation of the large quantities
|L(l)(γ)|. 4. The asymptoti
 behavior of the predi
tion4.1. The behavior of Rk(γ) as k → ∞. In this subse
tion we study theasymptoti
 behavior of the predi
tors E(Sj+1 | N0 = n0, . . . ,Nj = nj),
j = 0, 1, . . ., when the number of payments N0 + · · ·+ Nj = n0 + · · · + nj =
k → ∞. The same dis
ussion will apply equally to the multi-step predi
tors
E(Sj+ℓ+1 | N0 = n0, . . . , Nj = nj), j, ℓ = 0, 1, . . .. In view of the results inTheorem 2.1 one needs to study the asymptoti
 behavior of the ratios Rk(γ)as k → ∞.The interest in the asymptoti
 behavior of Rk(γ) as k → ∞ is triggered,in parti
ular, by a 
omparison with Ma
k's pro
edure (1.2). The latterde
lares the predi
tor of Nj+ℓ+1 given N0, . . . ,Nj to be a linear fun
tionof k = N0 + · · · + Nj. In our setting, this predi
tor is a multiple of Rk(γ)whi
h has no reason to be linear. However, this observation does not ex
ludethe 
ase that the limit k−1Rk(γ) exists, is �nite and positive. In su
h 
ases
Rk(γ) would be approximately linear for large k, as in Ma
k's pro
edure.The following result yields a su�
ient 
ondition for asymptoti
 linearityof Rk(γ).Lemma 4.1. Assume that qm > 0 for m ≥ m0 and the limit

lim
m→∞

qm

qm−1
= e−τ ∈ (0, 1](4.1)exists. Then

lim
k→∞

Rk(γ)

k
=

1

γ + τ
.(4.2)Proof. Let ǫ ∈ (0, 1). We de
ompose (−1)kL(k)(γ) for �xed γ:

(−1)kL(k)(γ) =
( ∑

m<
k (1−ǫ)

γ+τ

+
∑

m∈
h

k (1−ǫ)
γ+τ

, k (1+ǫ)
γ+τ

i

+
∑

m>
k (1+ǫ)

γ+τ

)
mk qm e−γ m

= I1(ǫ) + I2(ǫ) + I3(ǫ) .We start by studying I3(ǫ). For m > k(1 + ǫ)/(γ + τ),
(m + 1)k e−(m+1)γ

mk e−m γ
= e−γ

(
1 + m−1

)k

≤ e−γ
((

1 + m−1
)m)γ+τ

1+ǫ ≤ e−γ+(γ+τ)/(1+ǫ) .Choose δ ∈ (0, ǫ/(1 + ǫ)). For k large enough, whi
h implies that m >
k(1 + ǫ)/(γ + τ) is large enough, we have in view of (4.1),

qm+1

qm
≤ e−τ (1−δ) .



PREDICTION OF OUTSTANDING PAYMENTS 13Combining these two bounds, we obtain
qm+1 (m + 1)k e−(m+1) γ

qm mk e−m γ
≤ e−γ+(γ+τ)/(1+ǫ)e−τ (1−δ) =: f(ǫ, δ) < 1 ,where we used the fa
t that δ ∈ (0, ǫ/(1 + ǫ)). Therefore for large k,(4.3) I3(ǫ) ≤

1

1 − f(ǫ, δ)
q⌈k(1+ǫ)/(γ+τ)⌉

⌈k(1 + ǫ)

γ + τ

⌉k
e
−

⌈
k(1+ǫ)/(γ+τ)

⌉
γ
.Further, for large k the index set in I2(ǫ) 
ontains the point [k/(γ + τ)].Therefore we obtain a lower bound, valid for large k:

I2(ǫ) ≥ q[k/(γ+τ)]

[ k

γ + τ

]k
e−γ [k/(γ+τ)] .(4.4)A 
ombination of (4.3) aud (4.4) yields

I3(ǫ)

I2(ǫ)
≤

1

1 − f(ǫ, δ)

q⌈k(1+ǫ)/(γ+τ)⌉

q[k/(γ+τ)]

(⌈k(1 + ǫ)/(γ + τ)⌉

[k/(γ + τ)]

)k

e−[⌈k(1+ǫ)/(γ+τ)⌉−[k/(γ+τ)]] γ .By virtue of (4.1), for small α ∈ (0, 1) and large k,
q⌈k(1+ǫ)/(γ+τ)⌉

q[k/(γ+τ)]
≤ e−τ(1−α) (⌈k(1+ǫ)/(γ+τ)⌉−[k/(γ+τ)])

≤ e−
(
τ/(γ+τ)

)
k (1−α) ǫ .Furthermore, for large k and some positive 
onstant c1,

(⌈k(1 + ǫ)/(γ + τ)⌉

[k/(γ + τ)]

)k
≤
(k(1 + ǫ)/(γ + τ) + 1

k/(γ + τ) − 1

)k

= (1 + ǫ)k
(
1 +

1

k(1 + ǫ)/(γ + τ)

)k(
1 −

1

k/(γ + τ)

)−k

≤ c1 (1 + ǫ)k .Finally,
e−[⌈k(1+ǫ)/(γ+τ)⌉−[k/(γ+τ)]] γ ≤ e−γ k ǫ/(γ+τ) .Colle
ting the above bounds and 
hoosing α su
h that

e ǫ(τ(1−α)+γ)/(γ+τ) > (1 + α)(1 + ǫ),we obtain, for some positive 
onstant c2,
I3(ǫ)

I2(ǫ)
≤ c2(1 + ǫ)k e−k ǫ (τ(1−α)+γ)/(γ+τ) ≤ c2

(
1

1 + α

)k

.Hen
e I3(ǫ) = o(I2(ǫ)) as k → ∞.



14 A. JESSEN, T. MIKOSCH, AND G. SAMORODNITSKYNext we turn to the estimation of I1(ǫ). On
e again, let δ ∈ (0, 1) be smalland 
hoose m0 so large that
qm+1

qm
≥ e−τ (1+δ)

(
1 +

1

m

)m

≥ e 1−δ , m ≥ m0 .(4.5)We further de
ompose I1(ǫ):
I1(ǫ) =

( ∑

m<m0

+
∑

m∈
h

m0,k 1−ǫ
γ+τ

”

)
mk qm e−γ m = I11(ǫ) + I12(ǫ) .Trivially, I11(ǫ) = o(I2(ǫ)) as k → ∞. For m ∈ [k, k(1− ǫ)/(γ + τ)) we haveby (4.5)

(
1 + m−1

)k
≥ e (k/m)(1−δ) ≥ e (γ+τ)(1−δ)/(1−ǫ) ,and, therefore,

qm+1 (m + 1)k e−(m+1) γ

qm mk e−m γ
≥ e−γ e−τ(1+δ) e−(γ+τ) (1−δ)/(1−ǫ) = g(ǫ, δ) > 1 ,if we 
hoose δ ∈ (0, 1) so small that (1 − δ)/(1 − ǫ) < 1 + δ. Therefore for klarge,

I12(ǫ) ≤
1

1 − (g(ǫ, δ))−1
q⌊k(1−ǫ)/(γ+τ)⌋

⌊k(1 − ǫ)

γ + τ

⌋k
e−⌊k(1−ǫ)/(γ+τ)⌋γ ,and an argument similar to the one above implies that I12(ǫ) = o(I2(ǫ)) as

k → ∞ for every ǫ ∈ (0, 1).We 
on
lude that for ǫ ∈ (0, 1), as k → ∞

Rk(γ) ∼

∑
m∈

h

k(1−ǫ)
γ+τ

,
k(1+ǫ)

γ+τ

i mk+1 qme−γ m

∑
m∈

h

k(1−ǫ)
γ+τ

,
k(1+ǫ)

γ+τ

i mk qme−γ m
∈

[
k(1 − ǫ)

γ + τ
,
k(1 + ǫ))

γ + τ

]
,and, hen
e, relation (4.2) is immediate. This 
on
ludes the proof. �In view of Lemma 4.1 and Theorem 2.1 we 
on
lude that, under suitable
onditions on the distribution of M , the predi
tor for Sj+1 given N0, . . . ,Njis asymptoti
ally linear.Corollary 4.2. Assume that EX11 < ∞ and that the distribution of Msatis�es 
ondition (4.1). Then, as n0 + · · · + nj → ∞,

E(Sj+1 | N0 = n0, . . . , Nj = nj) ∼
EX11 µ pj+1

τ + θj
(n0 + · · · + nj) .In the rest of this subse
tion we study the behavior of Rk(γ) for large kfor the distributions in the (a, b)-
lass introdu
ed in Se
tion 3.4.1.1. The negative binomial distribution. The negative binomial distributionis the only member of the (a, b)-
lass satisfying the 
ondition (4.1) with

e−τ = 1−p. Hen
e Corollary 4.2 applies. The asymptoti
ally linear behaviorof Rk(γ) is ni
ely illustrated in the right graph of Figure 4.3.
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Figure 4.3. The ratio Rk(2) for Poisson(200) distributed M (left) and fornegative binomial M with parameters p = 0.1, v = 12.1 (right).4.1.2. The binomial distribution. In this 
ase, it is 
lear that, as k → ∞,

Rk(γ) =

∑n
m=1(m/n)k m e−γ m qm∑n

m=1(m/n)k e−γ m qm
→ n .The same result holds for any distribution (qm)m=0,...,n, n ≥ 1, with qn > 0.In this 
ase, if EX11 < ∞, then, as n0 + · · · + nj → ∞,

E(Sj+1 | N0 = n0, . . . ,Nj = nj) → n EX11 µ pj+1 .4.1.3. The Poisson distribution. If M is Poisson(b) distributed, then
E(Mke−γM ) = e−b (1−e−γ)

∞∑

m=1

mk(b/e γ)m
1

m!
e−be −γ

, k ≥ 1 .Hen
e, the ratio Rk(γ) is equal to the ratio of the moments E(M ′)k+1/E(M ′)kfor some Poisson random variable M ′ with a di�erent mean, say, λ. In thesequel we study, therefore, the asymptoti
 behavior, as k → ∞, of su
h ra-tios. For simpli
ity, we use the notation EMk+1/EMk instead of the proper
E(M ′)k+1/E(M ′)k.The proof of the following lemma is similar to the proof of Lemma 4.1.We sket
h the argument.Lemma 4.4. Let M be Poisson(λ) distributed. Then, as k → ∞,

EMk+1

EMk
∼

k

log k
.(4.6)Proof. For ǫ ∈ (0, 1) we de
ompose EMk as

EMk =
( ∑

m<
k (1−ǫ)
log k

+
∑

m∈
h

k (1−ǫ)
log k

,
k (1+ǫ)
log k

i

+
∑

m>
k (1+ǫ)
log k

)
mk e−λ λm

m!



16 A. JESSEN, T. MIKOSCH, AND G. SAMORODNITSKY
= I1(ǫ) + I2(ǫ) + I3(ǫ) .Beginning with I3(ǫ), it is straightforward to 
he
k, using Stirling's formula,that

sup
m> k (1+ǫ)

log k

(m + 1)k λm+1/(m + 1)!

mk λm/m!
≤

λ log k

1 + ǫ
k−ǫ/(1+ǫ) → 0as k → ∞. Hen
e, as k → ∞,

I3(ǫ) =
(
1 + o(1)

)
(m+,ǫ

∗ )k e−λ λm+,ǫ
∗

(m+,ǫ
∗ )!

,where
m∗ = ⌊k/ log k⌋, m+,ǫ

∗ = ⌈(1 + ǫ)m∗⌉ .It is 
lear that for large k,
I2(ǫ) ≥ mk

∗ e−λ λm∗

m∗!
.Therefore, as k → ∞,

I3(ǫ)

I2(ǫ)
= e k (log(1+ǫ)−ǫ+o(1)) .Sin
e log(1 + ǫ) < ǫ, we 
on
lude that for every ǫ > 0,

I3(ǫ)

I2(ǫ)
→ 0 as k → ∞.Similarly, as k → ∞,

I1(ǫ) =
(
1 + o(1)

)
(m−,ǫ

∗ )k e−λ λm−,ǫ
∗

(m−,ǫ
∗ )!

,where
m−,ǫ

∗ = ⌊(1 − ǫ)m∗⌋ ,from whi
h it is easy to 
he
k that , as k → ∞,
I1(ǫ)

I2(ǫ)
= e k (log(1−ǫ)+ǫ+o(1)) .Sin
e − log(1 − ǫ) > ǫ for 0 < ǫ < 1, we 
on
lude that for every ǫ > 0,

I1(ǫ)

I2(ǫ)
→ 0 as k → ∞.That is, for every ǫ > 0,

EMk =
(
1 + o(1)

) ∑

m∈
h

k (1−ǫ)
log k

,
k (1+ǫ)
log k

i

mk e−λ λm

m!
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e,
EMk+1

EMk
=

(
1 + o(1)

)
∑

m∈
h

k (1−ǫ)
log k

, k (1+ǫ)
log k

i mk+1 e−λ λm

m!

∑
m∈

h

k (1−ǫ)
log k

,
k (1+ǫ)
log k

i mk e−λ λm

m!

∈

[(
1 + o(1)

)k (1 − ǫ)

log k
,
(
1 + o(1)

)k (1 + ǫ)

log k

]
.Hen
e the statement of the lemma. �Taking into a

ount Lemma 4.4 and the remark pre
eeding it, we 
on
ludethat, if M is Poisson(b) distributed, then, as n0 + · · · + nj → ∞,

E(Sj+1 | N0 = n0, . . . , Nj = nj) ∼ EX11 µ pj+1
n0 + · · · + nj

log
(
n0 + · · · + nj

) .The asymptoti
 behavior of Rk(γ) pres
ribed by (4.6) is ni
ely illustratedin the left graph of Figure 4.3.4.2. The behavior of Rk(γ) for large γ. When evaluating the ratio Rk(γ)numeri
ally, one observes a rather unusual phenomenon for large values of
γ: Rk(γ) os
illates rather strongly for moderately large values of k, whereasthis e�e
t gradually disappears when k be
omes even larger. For small valuesof γ this behavior 
annot be observed. A 
omputer graph of Rk(γ) whi
hexhibits this stair
ase-like behavior is illustrated in Figure 4.5. Below wegive a limit theorem explaining this phenomenon.
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Figure 4.5. The ratio Rk(100) for negative binomial M with parameters
p = 0.1 and v = 12.1.
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γ → ∞ , k = k(γ) and k/γ → t ∈ (0,∞) .(4.7)For t > 0 we 
onsider the stri
tly 
onvex fun
tion

ht(s) = s − t log s , s > 0 ,whi
h rea
hes its minimum at s = t. Therefore the sequen
e (ht(m))m=1,2,...rea
hes its minimum either at m = m−(t) = ⌊t⌋ if m−(t) ≥ 1 or at m =
m+(t) = ⌈t⌉, and it is possible that the values of ht at m−(t) and m+(t)
oin
ide. Let us assume that there exists a unique value m = m∗(t) at whi
h
ht is minimized. We have for k ≥ 1,

E(Mke−γ M ) = qm∗(t) (m∗(t))
k e−γ m∗(t) +

∑

m6=m∗(t)

mk e−γ m qm .By virtue of (4.7),
qm∗(t) (m∗(t))

k e−γ m∗(t) = qm∗(t) e−γ hk/γ(m∗(t))(4.8)
→ qm∗(t) e−γ ht(m∗(t)) .The assumption that the minimum of ht(m) is unique for a given t impliesthat the minimum of hu(m) is also unique for u in a small neighborhood of

t and a
hieved at m∗(t). Hen
e, for u su�
iently 
lose to t,
min

m6=m∗(t)
hu(m) = min

(
hu(m∗(t) − 1), hu(m∗(t) + 1)

)

→ min
(
ht(m∗ − 1), ht(m∗ + 1)

)
, u → t .(4.9)Therefore for γ su�
iently large,

∑

m6=m∗(t)

mk e−γ m qm =
∑

m6=m∗(t)

e−γ hk/γ(m) qm

≤ e−γ min(hk/γ(m∗(t)−1),hk/γ (m∗(t)+1)) .(4.10)It now follows from (4.8)�(4.10) that
E(Mke−γ M ) ∼ qm∗(t) (m∗(t))

k e−m∗(t) γ ,provided qm∗
(t) 6= 0, and, therefore, under assumption (4.7),

Rk(γ) → m∗(t) .(4.11)For j = 1, 2, . . ., let
aj = inf{t ≥ 0 : m∗(t) = j} =

1

log j − log(j − 1)
.Then aj < aj+1, and by relation (4.11) we obtain the following result.Proposition 4.6. For j = 1, 2, . . . let t ∈ (aj , aj+1) be su
h that qm∗

(t) 6= 0.If k and γ grow a

ording to (4.7), then
Rk(γ) → j .



PREDICTION OF OUTSTANDING PAYMENTS 19That is, if k and λ are large, and k/λ ∈ (aj , aj+1) for j that is not verylarge, then Rk(γ) will be 
lose to j. On
e again, this stair
ase-like behavioris neatly visible in Figure 4.5.5. Predi
tion in a non-life insuran
e data setIn this se
tion we 
onsider a non-life insuran
e data set whi
h was kindlyprovided to us by Alois Gisler. The business line is not known to us. Our aimis to study the performan
e of our predi
tors on this data set, given suitableassumptions on the distributions (qm) and (pj) and the Poisson parameter
µ. Moreover, we will 
ompare our predi
tors with those pres
ribed by the
hain ladder method under Ma
k's 
onditions; see Se
tion 1. We will fo
uson the predi
tion of the numbers of payments.Our data 
ontains 
laims that arrive in one year (1985) and the individualpayment pro
esses for ea
h 
laim, in
luding arrival date in 1985 and all datesand amounts of exe
uted payments. Overall, 7,302 
laims were in
urredwhi
h triggered 24,606 payments through more than 10 years. Sin
e wewant to 
ompare our method with the 
hain ladder predi
tion in Ma
k'sframework, one of the problems we are fa
ing is as follows. The 
hain laddermethod requires a run-o� triangle of data from di�erent years; see (1.3).These data are needed for the 
onstru
tion of the 
hain ladder estimators ofthe fa
tors fj in (1.2):

f̂j =

∑n−j−1
i=1

∑j+1
r=0 Ni,i+r∑n−j−1

i=1

∑j
r=0 Ni,i+r

,(5.1)where n is the number of years for whi
h the run-o� triangle is available.But we have only one year of 
laim arrivals at our disposal.We solve this problem by swit
hing from years to months. Then we have
n = 12 months of 
laim arrivals and the 
orresponding individual paymentpro
esses a

ounted for by months. Table 5.1 
ontains the monthly 
laimarrival numbers Mj , j = 1, . . . , 12, showing a 
lear seasonality in the data.

j 1 2 3 4 5 6 7 8 9 10 11 12
Mj 414 391 493 552 641 765 748 762 741 635 628 532Table 5.1. The monthly 
laim numbers MjTable 5.2 
ontains the payment numbers in run-o� triangle form. The ithrow 
ontains the payment numbers Nii, . . . ,Ni,12 for 
laims arriving in the ithmonth and whose payments are exe
uted in month i+k ∈ {i, . . . , 12}. Thesenumbers form the input to the 
hain ladder method under Ma
k's pro
edure.In this 
ase, the data set 
ontains also the a
tual �future� monthly paymentnumbers Ni,12+k, k ≥ 1. We will try to predi
t these using both our methodand the 
hain ladder method. We will 
onstru
t both fore
asts for ea
hmonth of a whole year after the month i, i = 1, . . . , 12. The 
onstraint onthe predi
tion range is 
aused by the stru
ture of the 
hain ladder method,but not of our pro
edure. Clearly, we do not predi
t the �observed� numbers
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tual �future� numbers Ni,13, . . . ,Ni,i+11 are in our dataset, and they are presented in Table 5.3.
Month 1 2 3 4 5 6 7 8 9 10 11 12

1 40 147 141 120 99 84 67 63 42 44 47 35

2 40 144 132 100 85 71 53 63 52 50 25

3 39 179 159 125 118 80 85 85 85 48

4 36 209 169 158 117 91 103 98 54

5 60 217 224 159 136 125 110 86

6 75 280 229 186 191 145 121

7 70 234 192 184 157 131

8 63 242 250 197 142

9 62 246 227 195

10 64 200 175

11 59 197

12 28Table 5.2. The run-o� triangle with the number of payments arising from
12 months of 
laim arrivals. The ith row 
ontains the observed paymentnumbers Nii, . . . , Ni,12.

Month 13 14 15 16 17 18 19 20 21 22 23

1

2 33

3 52 42

4 51 45 32

5 68 53 56 42

6 107 79 68 75 55

7 120 83 66 98 68 54

8 150 105 112 107 88 75 59

9 148 140 115 131 107 85 80 56

10 174 118 122 103 82 77 76 57 45

11 235 167 143 134 116 89 65 66 50 61

12 177 161 138 139 120 101 113 63 65 86 56Table 5.3. The a
tual �future� payment numbers 
orresponding to the ob-servations in Table 5.2. The ith row 
ontains the monthly payment numbers
Ni,13, . . . , Ni,i+11.In our predi
tion pro
edure, we assume that the monthly 
laim numbers
Mj, j = 1, . . . , 12, are Poisson distributed. Sin
e there is a 
lear seasonalityin the data we do not assume the Mj's identi
ally distributed. Instead, wesimply take ea
h Mj as the substitute of its expe
tation EMj . Re
all thatthis is the only parameter of the assumed Poisson distribution needed to
ompute the fun
tions R and, hen
e, to run our pro
edure; see Theorem2.5. Clearly, the Poisson assumption on the distribution of Mj 's is rather adho
, but we have only one data set, whi
h makes it impossible to estimatethe distributions of the Mj 's. In general, su
h estimation has to be done onhistori
al data.On the other hand, the other ingredients needed for our pro
edure, theaverage Poisson number of payments per 
laim µ and the �displa
ementprobabilities� pj in (1.4), 
an be easily estimated from our single data set.The estimate of the former is µ = 3.37, and the estimated the values of the
(pj) are given in Table 5.4. Re
all that we only need the values of pj with
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j ≤ 12, whi
h is what is presented in Table 5.4. In parti
ular, the entries inthe table do not add up to 1.

j 1 2 3 4 5 6 7 8 9 10 11 12
100 × pj 2.41 11.36 10.37 7.95 6.49 5.26 4.30 4.04 3.00 2.94 2.60 2.09Table 5.4. The estimated probabilities pj, j = 1, . . . , 12.In Table 5.5 we show the relative predi
tion error for our predi
tion pro-
edure. The ith row in this table shows the relative error in our predi
-tion pro
edure of the values Ni,12+k, k = 1, . . . , i − 1, based on the values

Nii, . . . , Ni,12.In the left 
olumn of Figure 5.7 we show the performan
e of our predi
tionpro
edure in two di�erent situations. In the top graph we are in the situationof the 11th line of Tables 5.2 and 5.3. We predi
t the payments numbers for
laims arriving in the 11th month. Two payment numbers have already beenobserved from whi
h the payment numbers for months 13-22 get predi
ted(solid lines). The dots indi
ate the observed payment numbers and the bandsaround the predi
tions represent ±1.96 times the square of the 
onditionalpredi
tion error given in Theorem 2.5. In the bottom graph we are in thesituation of the 7th line in Tables 5.2 and 5.3. We predi
t the paymentnumbers arising from 
laims arriving in the 7th month. Six payment numbershave already been observed, and the payment numbers for months 13-18 arepredi
ted.Our predi
tions are 
ompared with those pres
ribed by the 
hain laddermethod under Ma
k's pro
edure (1.2). The multi-step predi
tion version ofthe latter is
Ñi,12+k = (f12−i+k−1 − 1)f12−i+k−2 · · · f12−i (Nii + · · · + Ni,12) , k = 1, 2, . . . ,and then one repla
es the f -fa
tors by their 
hain ladder f̂ -estimators givenin (5.1).In Table 5.6 we show the relative predi
tion error for the 
hain ladderpredi
tor under Ma
k's pro
edure. On
e again, the ith row in this tableshows the relative error in predi
ting the values Ni,12+k, k = 1, . . . , i − 1,based on the values Nii, . . . ,Ni,12. Note that a dire
t 
omparison of therelative errors in Tables 5.5 or 5.6 is di�
ult.Similarly, in the right 
olumn of Figure 5.7 we show the 
hain ladderpredi
tion for the same situations as with our predi
tor in the left 
olumn.Again, a dire
t 
omparison seems di�
ult. The error bands for the 
hainladder method seem to be larger than for our method. Note that the bandsaround the predi
tions in the right 
olumn indi
ate ±1.96 times the squareof the 
onditional predi
tion error given at the bottom of p. 363 in Ma
k[5℄. These numbers are not model based and, 
onsequently, their meaning isun
lear.It should be noted that, in pra
ti
e, our pro
edure is likely to be usedunder far more favorable 
onditions than in the appli
ation presented in thisse
tion. A larger histori
al data set will allow for better estimation of theparameters required to run our fore
asting pro
edure. Most importantly, in
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Month 13 14 15 16 17 18 19 20 21 22 23

1

2 −11.6

3 −0.8 0.7

4 −29.8 −33.0 −48.9

5 −32.9 −56.1 −33.6 −41.9

6 −2.4 −7.9 −14.8 5.9 −2.2

7 −1.8 −36.5 −33.5 17.7 −7.3 −7.6

8 6.0 −15.6 −0.5 18.2 8.9 3.3 2.2

9 0.4 7.9 3.5 21.5 25.2 13.8 17.2 5.8

10 14.1 −6.1 10.3 8.5 −6.5 11.7 18.1 1.3 0.5

11 17.1 3.2 5.4 11.7 12.2 −6.1 −13.0 −1.9 −21.6 20.6

12 −4.0 −6.1 −2.7 14.7 13.6 11.6 26.7 −2.2 9.3 38.0 24.2Table 5.5. Relative predi
tion error in % by our method of the values inTable 5.3 using the observations given in Table 5.2.
Month 13 14 15 16 17 18 19 20 21 22 23

1

2 3.4

3 17.9 2.5

4 −13.3 −6.5 −28.4

5 −13.8 −22.0 0.7 −18.7

6 −11.2 −17.0 −17.1 11.8 −11.7

7 8.3 −21.7 −21.1 35.9 15.3 −1.4

8 14.3 −10.5 −0.2 20.8 15.2 20.1 1.7

9 −6.9 7.3 −1.4 17.4 21.5 11.9 28.8 −2.9

10 14.3 −8.3 15.4 9.0 −9.3 7.9 23.6 13.3 −3.7

11 28.0 9.5 11.0 26.6 22.6 −1.6 −9.0 7.2 −0.7 30.4

12 67.5 68.0 73.3 106.5 117.1 104.4 139.1 68.9 10.21 227.0 129.2Table 5.6. Relative predi
tion error in % by the 
hain ladder method of thevalues in Table 5.3 using the observations given in Table 5.2.the present situation we were unable to estimate the distribution of the num-ber M of the arriving 
laims, and had to postulate the Poisson distribution.Further, usage of months instead of years introdu
ed seasonality in the data,whi
h our pro
edure does not take into a

ount. Even under these unfa-vorable 
onditions, the present study shows that our predi
tor performs noworse than the 
hain ladder predi
tion as regards 
loseness to the the a
tualpayment numbers and magnitude (as well as reliability) of the 
onditionalpredi
tion errors.For the three distributions of the (a, b)-
lass our predi
tion method iseasily implemented by using standard software. When taking into a

ountRemark 3.4, one gets qui
k numeri
al answers to the predi
tion problem.Noti
e that the distributions in the (a, b)-
lass are the most frequently usedones in appli
ations. Our model requires knowledge of the probabilities (qm),
(pj) and the Poisson parameter µ. On
e again, these quantities are easy toestimate if histori
al data are available.We 
on
lude that our predi
tion approa
h, whi
h is based on a well de-�ned sto
hasti
 model of 
laim arrivals and payment time distribution, worksreasonably well in a �di�
ult� situation. Our model 
an be easily simulatedfrom. Re
all that the 
hain ladder estimator with Ma
k's pro
edure is not
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Figure 5.7. Predi
tions (solid lines) of monthly payment numbers by us-ing the theory in Se
tion 2.2 (left graphs) and the 
hain ladder approa
h(right graphs). The dots represent the payment numbers of the real-life data.The bands around the predi
tions represent ±1.96 times the square of the
onditional predi
tion errors. The top graphs 
orrespond to the 11th row inTables 5.2 and 5.3, the bottom ones to the 7th row.model-based. Therefore, we 
onsider it to be promising to use the suggestedfore
asting pro
edure under the dynami
s in a non-life insuran
e portfolio.Referen
es[1℄ Hess, K.T., Liewald, A. and S
hmidt, K.D. (2002) An extension
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