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Abstract

‘We study the ruin probability where the claim sizes are modeled by a stationary
ergodic symmetric a-stable process. We exploit the flow representation of such
processes, and we consider the processes generated by conservative flows. We
focus on two classes of conservative a-stable processes (one discrete-time, and
one continuous-time), and give results for the order of magnitude of the ruin
probability as the initial capital goes to infinity. We also prove a solidarity
property for null-recurrent Markov chains as an auxiliary result, which might

be of independent interest.
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1. Introduction

One of the popular problems of applied probability involves analyzing the exceedance

probability of a threshold u given by

00 = P (sup(S(0) - (1) > u). (1)

teT
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where 8 = {S(t), t € T} is a random walk with index set T, and p = {u(t), t €
T} is a non-random drift term. This quantity has various interpretations in several
different fields. In the context of risk theory and insurance, S can be considered as the
cumulative claim size process, whereas p can be viewed as cumulative premium income
on the insurance policy. In this case, one can view the exceedance probability as the
ruin probability with initial capital u, or as the ruin probability, for short. (See [6].)

In this study we adhere to the language of insurance, however casually, although the
results can be easily interpreted in other fields, including (but not limited to) queueing,
and storage/dam models.

The research on ruin probabilities, in the sense of modern actuarial science, was
mainly initiated in Sweden in the first half of the 20" century. The foundations of
the theory was laid down by Filip Lundberg in his Uppsala thesis (see [11]), while
first mathematically substantial results appeared in a series of papers by Lundberg
and Harald Cramér. The basic model coming out of these first contributions is widely
referred to as the Cramér-Lundberg model (for details see, for instance, [6]). Since
then there has been numerous extensions of the classical Cramér-Lundberg model with
independent, identically distributed, light tailed claim sizes. More recently however,
work in this area has turned to the more realistic setting of dependent claims. Moreover,
empirical evidence in fields including insurance and financial markets, and the effort by
banks, insurance companies, and governmental institutions to control risk associated
with extreme events resulting in “large claims” has led to the theoretical interest in
modeling “heavy tailed” phenomena.

In addition, from a theoretical point, the case of heavy-tailed, dependent claims is
also interesting as it raises the question of the possibility of relating the dependence
structure of the heavy-tailed stationary processes underlying the claims to the asymp-
totic behavior of the ruin probability. This becomes particularly challenging when the
second moment of the claim sizes is infinite, so that it is not possible to use covariances
to quantify the strength and the range of dependence.

In this study we focus on claim sizes modeled by stationary ergodic symmetric a-
stable (SaS) processes, an important class of heavy tailed processes. We choose to work
with o € (1, 2), for which the claim process has a finite first moment but infinite second

moment, and the ruin probability with a linear premium process is non-trivial. This,
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together with the fact that the probabilistic structure of these processes is relatively
well understood, allows us to focus on the underlying dependence structure in the
presence of heavy-tails.

The setup of SaS claims with T = Z,, deterministic claim arrival processes, and
constant premium rates has been addressed in [12], which is the origin of our current
work. Based on the results of [8], the authors have observed that the order of magnitude
of t(u) for this model is u=(*~1) in the case of iid claim sizes. Therefore, this is the
“fastest” rate one can expect the ruin probability to decay in such a model. It is also
shown dbid that for certain claim processes ¥ (u) decays as fast as u~(@=1) even when
the claim sizes are dependent. In the tradition of Mikosch and Samorodnitsky, we
think of claim processes in this class as short-range dependent. They also show that
for certain classes of SaS claims, 1(u) may decay slower than u= (@~ We think of
these processes as long-range dependent.

In this study, we also investigate the case of T = R utilizing recent results of [4].

Let now our claim process, X = {X (¢), t € T}, be a measurable stationary ergodic

SasS process with a € (1,2) given in the form

X(t):/Eft(x)M(dx), teT, (1.2)

where M is a SaS random measure on a measurable space (E,£) with a o—finite
control measure m on &, (i.e. M is an independently scattered random measure on &
such that

Eexp{iAM(A)} = exp{—|A\|*m(A)}, I eR,

for every A € £ with m(A4) < oo,) and {fi}her C L*(E,E,m). (See Section 3.3 of
[19].)

Since we consider stationary SaS processes we can choose f; to be in a particularly
descriptive form given by

dm o ¢y
dm

fi(x) = as(z) { (w)} fogu(z), x€E, teT, (1.3)

where {¢; }+er is a non-singular flow, (recall that a flow is a family of measurable maps

from E onto E such that ¢, 4+, = ¢+, 0 ¢r, for all £1,t2 € T, and ¢g is the identity
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function on E), {a;}er is a cocycle for this flow (i.e. for every t1,t2 € T, ay, 44, (z) =
at, (z)ay, o ¢, (x) for m—a.a. x € E) taking values in {—1,1}, and f € L*(E, &, m).
(See [16].)

This representation is particularly important as it brings up the possibility of relating
the properties of a stationary SaS process to those of a flow and a single kernel. For
instance, Hopf decomposition (see, e.g. [10],) of the flow {¢;}1cr immediately implies
that a stationary SaS process, X, can be written (in distribution) as a sum of two

independent stationary SaS processes
X =XP +X€, (1.4)

where XP is given by representations (1.2) and (1.3) with a dissipative flow, and X©

is given by representations (1.2) and (1.3) with a conservative flow.

In this paper we investigate the asymptotic behavior of the ruin probability when
the claims constitute a stationary SaS process generated purely by conservative flows,

i.e. processes of the form X given in (1.4).

The case of stationary SaS claims of the form XP is analyzed in a separate study

and the results are presented in [2].

Intuitively, one expects the range of dependence of a stationary SaS process gen-
erated by a conservative flow to be longer than that of a stationary SaS process
generated by a dissipative flow. Although a complete theory of risk processes with
claims associated with conservative flows is lacking at the time of this study, and
in general construction of processes generated by conservative flows is not effortless,
factual support for such an intuition is provided by an example investigated in [12]. In
their paper authors observe a class of conservative SaS processes constructed through a
null-recurrent Markov chain (see [17] for details), and examine the asymptotic behavior
of the ruin probability in a setting where the claims are modeled as a special case of
this class and the premium process is a deterministic linear drift. Their results show

that the ruin probability ¥ (u) in this case may decay much slower than v~ (=1

even
when the kernel in the integral representation (1.2) is “nice”, i.e. in the context of
ruin probabilities, at least the class of processes associated with conservative flows

investigated in their example may be long-range dependent regardless of the kernel.
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This is indeed a significant observation as the results given [2] suggest that in the
risk theory context, for claims generated by dissipative flows, kernel in the integral
representation of the claim process is the key factor in determining the range of

dependence for the process.

In section 2 of this paper we focus on a related, but more general class of SaS
processes constructed in [17], and studied in [12]. Our main result, which shows that
the order of magnitude of the ruin probability ¢(u) in the setting we describe below is
u~ 7@V L (u), where L(-) is a slowly varying function and v € (0, 1), is a generalization
of the result given in [12]. We also prove a solidarity property for null-recurrent Markov

chains as a subsidiary result, which might be of independent interest.

In section 3, we study the ruin probability in continuous time. In particular, we
concentrate on a class of stationary SaS processes associated with conservative flows
constructed using a fractional Brownian motion in [18]. We use a Brownian motion to
construct our claim process and we show that in this setting the order of magnitude
of the ruin probability () is given by u~(®~1/2, We also conjecture that for a claim
process associated with a fractional Brownian motion with self-similarity exponent

H € (0,1), the order of magnitude is v~ (@1,

2. A discrete time claim process associated with a conservative flow

2.1. Setup and assumptions

Consider an irreducible, null-recurrent Markov chain, Y = {Y},, n > 1}, on Z with
law Pg(-) on
E={y=(y0,91,¥2,.-.): ¥; €Z,i=0,1,2,...}

corresponding to the initial state yg = s € Z.

Let m = {ms, s € Z} be the o—finite invariant measure corresponding to the family
{Ps, s € Z} satisfying mp = 1, and define a o —finite measure on the cylindrical oc—field

of E by

oo

m()= Y mP(). (2.1)

i=—00
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Note that this measure is invariant under the shift operator 6 : £ — E;

G(Y):(yhyQa"')a y:(y07y17y25"')€E'

We will model the claim size process, X = {X,,, n > 1}, with a SaS process defined
by
X, = / fanly) M(dy), y€E, n=1,2,3,..., (2.2)
E

where M is a SaS random measure on E with control measure m given in (2.1), kernels

fn are given by

fn(y)zzasl[yn:s]a n2>1, y:(y07y15y27"')€E7
s€A

A C Z is a finite set, and {as, s € A} are positive reals. To avoid triviality assume
A # 0.

It follows from [17] that the process X given by the stochastic integral representation
(2.2) is a stationary mixing process, and in particular is ergodic, and furthermore X is
associated with a conservative flow.

For a given y € E and s € Z, define the number of steps until the chain returns to

state s for the first time as
Ts =Ts(y) :=inf{n >1: y, = s}.

Note that by the null-recurrence of the Markov chain E7, = oo, for any s € Z. We
will further assume that there is a constant v € (0,1) and a slowly varying function L
such that

Py(10 > n) =n""L(n). (2.3)

For an integer s and a given y € E, define the number of visits to state s in n steps

to be

n

N = NP5) = 3 Ty @),

and define
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Also for y € E, 59,81 € Z, and m > 1, define the time spent in state s; between the

(m — 1)t and m?" visits to state sg as

-1 1 (m—1)
Wéfo“sl) _ WSO’Sl)(Y) — Zj:_rs((r)nfl) lyj=s1]> Tso < 00
0 7m =
) S0 )

(here, for s € Z, Ts(m) is the time of mt" visit to state s with TS(O) = 0). Note that since

we are considering a recurrent Markov chain, for any m > 1,
Py, (Ts(f)n_l) = OO) =0,
and under P;, {W7(,f°’sl), m > 1} are iid. Further notice
E, Wi —x Iy om > 1,

(see for instance Proposition 2.12.2 in [14]).

Finally, for a constant premium rate p > 0, let the cumulative premium process be
given by

H:{Mn:nﬂanzl}v

and define the accumulated claim process S = {S,,, n > 1} by
So=0; Sp=) Xp n=123.. .
i=1

Then the ruin probability given in (1.1) can be written as

Y(u) =P (sup(Sn — fin) > u> , u>0. (2.4)
n>0
2.2. A solidarity theorem for null recurrent Markov chains and the asymp-

totic analysis of the ruin probability

We start by giving a solidarity theorem regarding the tails of the return times to a
state for a Markov chain with property (2.3). This result will be utilized throughout

the remainder of this section, and it will be particularly important in determining
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the asymptotic behavior of the moments of the number of visits to a state given the
initial state. Related solidarity theorems regarding the first moment of the number
of visits to a state given the initial state has been given in [20]. However, Teugels’s
results on the first moments give the order of magnitude without calculating the exact
multiplicative constant in the asymptotic form. Furthermore, his results regarding
the transition probabilities assume that the slowly varying function given in (2.3) is
monotone increasing. In this study we do not require this. Additionally, in our result
below, we establish the exact asymptotic equivalence by specifying the multiplicative

constant.

Theorem 2.1. If (2.8) holds then for any s € Z,

msPs(7s > n) ~ Py(19 > n) as n — oc.

Proof. For s = 0 the result holds trivially as myp = 1. Now fix s € Z \ {0}, and for

any state s € Z let

N 41
), and Rn,§::7'§( W4)

be the time of the last visit to state § before (or at) time n, and the time of the first
visit to state s after n, respectively.
Note that
N© NO 41

S < Np), <N <N, = S W
m=1 m=1

In particular,

PN
o) | - 0,8)| _ . y—1 (s
0 Wy, =n"""L(n)Np
n  m=1
< (2.5)
N +1

< LENE] =0 | g D W
n m=1
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Next observe, for any two states sg,s1 € Z it follows from Kolmogorov’s strong law of

large numbers that Ps -a.s.

N(0) N0 41

1
lim 80) Z W(90,91 = lim Z W (s0,81) _ Esowl(so,sl) _

Ts1
n—oo N n—oo NT(lSD) ’

™
m=1 so

(2.6)

Let (Z1—~) be a (1—y)-stable subordinator, i.e. a positive increasing strictly (1—+)-

stable Lévy motion with

Eexp{iAZ;_,(1)} = exp {—0117|A|1_7 (1 —itan M) } , AER,

and C;_, is the usual constant associated with a-stable variables with o =1 —~. In
other words, Z;_~(1) ~ S1_-(00,1,0), where a5~ = T'(y) cos (7(1 —~)/2). In [12] it
is shown that under P,

0\ = Z]7(1).

Thus it follows from (2.5), (2.6), and Slutsky’s theorem that

RO Z]73(1) (2.7)

S

under Fy.

We next show that (2.7) holds under P; as well. Fix 2 > 0. Note that for sufficiently
large n

Py (09 > 2,7 > n) < Py (77 L(n) > 2) =0,

and hence it follows from the strong Markov property, that for n large,

Py (77,(15) > x) =5 (77,(;9) >, Ty < n)

i=1 (2.8)
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Therefore, we see that

lim Py (nfﬁ > x) < liminf P, (ng) > x) . (2.9)

n—oo n—o0

Now let GY be the number of visits to state s before the first visit to 0. (Observe that
GY has a geometric distribution under Ps.) Then for z > 0,
P (n,(f) > :E) =P, (nﬁf) >z, T > n) + Py (nff) >z, 7y < n)
< P, (10 > n) (2.10)
+ P {n”’lL(n)Gg +n""1L(n) (Nr(f) - Gg) > 2,7 < n} .
Pick 6 € (0,1 — ). Notice that as n — oo

n’ Y L(n) GO 2.

Then as n tends to infinity

P, [nv—lL(n)G‘; + 0" L(n) (fo) - GS) > 1,70 < n}
< Py (0" L(n)GY > n™)

(2.11)

+ Py {n“s +n7" L(n) (N,(zs) - Gg) >z, < n}

=P, [nfé +nY"1L(n) (N,(f) — Gg) >z, < n] +o(1).
But by strong Markov property and Slutsky’s theorem we have
P, [7175 + 0 L(n) (NT(LS) - Gg) > x,7 < n]

n—1
- —6 - (s) _ -
i:Zl P, [n +n7" L(n) (Nn Gg) > %, 7o z}

n—1
= Z Py (nf‘s + rﬂ*lL(n)Nv(f?i > x) Ps(m0 = 1) (2.12)
i=1 ’

<P (nﬂs +n " L(n)N > x) Py(m9 <n)
<P (nié + 777(18) > x)

~ P (n,(f) > :v) .
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Combining (2.10)-(2.12) we have
Py (77,({9) > x) <P (77,(;9) > x) + o(1). (2.13)

It follows from (2.9) and (2.13) that (2.7) also holds under Ps.

Now define @y, := inf {k : k' "YL7!(k) > n}. Then for y > 0,

P, (Tén) < y) =P (NG} 2 n)

=t () (i) ) =)
By the slow variation of L,
i | (=) (F) (s | =

Therefore, it follows from (2.7) holding under Ps, Slutsky’s theorem, and the self-

similarity of the stable subordinator that as n goes to infinity, for y > 0,

(n)
P, ( < y> ~P(ZZN) 2y ) = P2, () <y), (215)

an

ie. a 1T§") = Z1-~(1) under P,. Consequently, (see, for instance Theorem 1.8.1, p.50

of [19]),
Py(1s > x) = 27 L(z), (2.16)

for a slowly varying function L, and moreover

1

Py(7s > ay) ~ =, n— oco. (2.17)
n
Thus,
N 1
a) ' L(ay) ~ =, n — o0. (2.18)
n

Furthermore, defining a,, := inf {k CKYYLTN(E) > n}, we immediately see that

1
a) 'L{a,) ~ =, n— oo. (2.19)
n
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In addition,
lim &% = 7T (2.20)

Consequently, it follows from (2.18)-(2.20), and the fact that L is slowly varying that,
as n tends to infinity

L(an) ~ f’(dn) ~my  Lan), (2.21)

and so R .
L(n) Llapr o) _ (2.22)

lim — = lim ———< =7
n—oo L(n)  n—oo L(api-11-1(n))

which gives the desired result.

Define

Co b ()% Ca —hy(x))
o(u) = -5 /ng% m dzr + - /ngpo ((u_i_(;))): dr, u>0, (2.23)

o) -1
Co = </ x” %sinx dz) . (2.24)
0

The following two results can be established via Theorem 2.1 and an argument

where

parallel to that in [12].

Proposition 2.1. Given (2.3) the following relation holds:

Y(u) ~Po(u), as u— oo. (2.25)
Lemma 2.1. For s € 7Z,
m(1s = k) =msPs(1s > k), k=1,2,..., (2.26)
and
m(rs <n) ~y *n'L(n) as n — occ. (2.27)

Next theorem establishes the main result of this section by showing that the ruin
probability ¢ (u) may decay very slowly as the initial capital u increases in the setting

described above. Note that, unlike Theorem 3.2 of [12], this result is only stated for
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€ (0,1), as the solidarity property proved in Theorem 2.1 was shown only for these
values of v. However, we expect the solidarity property to hold for v = 1 as well, which

in turn should make the following result extendable to this case.
Theorem 2.2. Under the assumption (2.3) the following relation holds:
«
(u) ~ (Z as7rs> Ag gt D=ay =@ == ) asu — oo, (2.28)
sEA

where

CoaB(y,7(a — 1)) ( t—1 )a(lw
Aa = E ’
i 2 ot Z1(t)

and B(-,-) is the beta function.

Proof. In the light of Proposition 2.1 it is enough to show the result for 1g(u). Start
by fixing sg € A:

Lemma 2.2. The following relation holds:

E cA aSN7(lS) ’
u) := Fy, |sup [ ===2——
g(u) 0 nzl?)< i
2.29
« t _ 1 a(lf'Y) ( )
~ Z asms | E <sup ) u YL %(u),
= 121 Z1-+(t)
as u — o0.
Proof. Tt is easy to see by (2.6), and the argument given in (2.5) that
SN(S) sits
lim a4 G = Z = Py, — as. (2.30)
naooéeA Nn scA Tso
Also note that as shown previously
L (s0) y-1
— 0, = Z{_,(1) under Pj,. (2.31)

S0

Therefore, now Slutsky’s theorem gives

Za ') = plso) [Z N(SO) ] (Z as7rs> Z7~ N o (1) under P, (2.32)

seA SEA seA
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Moreover, by Theorem 2.1 and an argument similar to that of Proposition 3.4 of [13]

(s)

one can show that all power moments of 7’ converge under Ps. In particular, this

a+d
together with continuous mapping theorem imply, for any § > 0, { (n,(f )) } are

n>1
uniformly integrable under Py. Thus, it follows from Theorem 6.5.1 of [15] that

sup [(m@)QH] < 0.

n>1

ity,

a+d a+d
sup E, {(77559)) + ] — sup E,, {(nvlL(n))a-&-& E,, {(NT(LS)) +
n>1

Next, for any s # sg, observe that by strong Markov property, and Holder’s inequal-
n>1
— s B, {(m_lL(n))a+5 B, [(1 £ } }

a+d
< 2a+5—1sup{(n'y—1L(n))a+5 +E, [<ny 1L ats (NT(LS TS) + ]}

n>1
a+d
< gato—l {1 + sup F, [(17@) } } < 00.
n>1

So the “crystal ball condition” (see for example p.184 of [15]) is satisfied and hence
we conclude that {(777({q )) } are uniformly integrable under Ps,. This, together
n>1

with the fact that {(n,(LSO)) } are uniformly integrable under Ps, implies that
n>1

{(Zse A asm(f)) } ., are uniformly integrable under P;, as
(Z asn$f>> <A Y ag (n))
s€A sEA
Then recalling (2.32), and using continuous mapping theorem we see that
lim E;, (Z asn,(f)> (Z a57r5> EZ) (= 1)( 1).
e s€A s€A
In particular, we have

Eso (Z astf)> (Z asm> a=np=emypz (1), (2.34)

s€eA s€A
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as n — OQ.

Now for any K > 0 consider

(s)\ &
Z eA aSN’n
u) = F, su ===t ;
gr (u) 0 0<n<IlK< wtn

(286AasNr€‘“’>“]
sup | ————— .
n>ukK u+n

An argument argument similar to that given in Lemma 3.4 of [12] yields

and

QK(U) = Es,

lim lim sup u®Y L (u)g" (u) = 0. (2.35)

X yu—o0

We will next bound gx (u). First, notice it is shown in [12] that as u tends to infinity,

7L (u) NS t—1 \'7"
sup w =  sup () , under Pj.
o<n<uk  (u+tn) 1<t<k+1 \ Z1—+(1)

One can use the same argument and Theorem 2.1 to easily see that

Y L(u) N t—1 \'""
sup WY L(u)Nn™ = sup () ; under P, (2.36)
0<n<uK Tsg (u + n) Ist<K+1 Zl_’y (t)

Next observe that for m > 1,

WL(u) Y agNY
seA

sup
0<n<uk (u+n)

< 7”21 U’YL(U) ZSEA aSN”(LS) + sup U’YL(U) ZseA aSN'r(LS)
T = (u+n) m<n<uk (u+n)
(2.37)

7 L(u) N N
< m? Zasuv_lL(u) + sup L) Z a4 o)
sEA msnSuk (u+n) ea Vo
¥ a.N

k YL(u) NSO
<m? Zasu’y—lL(u) + | sup EAT [ u(u)] )
o m<n Ny o<n<ur  (u+tn)



16 U. T. Alparslan, G. Samorodnitsky

Furthermore, for € € (0,1) define

N(S)
TE::inf{kZL Y s 1-9)) asﬁs,nZk}.
T

(s0)
sea Nn seA %0

It follows from (2.30) that T. is finite Ps,-a.s. Then,

uVL(u) Y e asNr(f) uVL(u)N,(f“) asNr(Ls)
su _—
e (u+mn) T To<n<ux | (utn) = N
i o (s0)
> (1—¢) Q5T sup uYL(u) Ny
4 Mo |Tesn<ux (utn) (238
: 2.38
ATy u”L(u)Ny(LSU) u’YL(u)Nr(lSO)
>(1—¢) — | sup ——F——— SsSUp ———
4 Tso |0<n<uk (u+n) o<n<T. (u+mn)
sls [ "L (s0)
>(1—¢) il sup wEw)Ne ' L(u) T,
sca Tso |0<n<uK (u+n)

Notice as u goes to infinity

Ps
u’ L(u)T. =2 0.

Now recalling (2.36) and Slutsky’s theorem, then letting « go to infinity in (2.37) and
(2.38), and finally letting m in (2.37) go to infinity and e in (2.38) go to 0, we conclude
that under P,

L SN t—1\'"
sup WL Yead = ( g CLST('S) sup < > . (2.39)
s€A

0<n<uk (u+n) 1<t<K+1 \ Z1—~(t)

Moreover, notice that for any fixed K > 0,

(S) « «
7L AA s
( sup WL(u)Y seq0 ) < (constant) ( E asn[(u}q> , (2.40)

0<n<uk (u+n) =

and the variables on the right hand side are uniformly integrable under Ps, implying

that N
{ (uvL(U) ZSEA GSNT(LS) ) }
sup
0<n<uk u+n >0

are uniformly integrable under Ps,. Thus, in particular, applying continuous mapping
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theorem we have

lim u*"L(u)gk (u) = lim E,

(s)\ @
7L sNn
s <u ()X e a0 )]

U— 00 U— 00 0<n<uK u + n
o L \e0 (2.41)
= Z asms | E ( sup ) .
= 1<t<K+1 Z1—(t)

In addition, it is shown in [12] that for any p > 0

FE <su ,5_1)1’ < 00
12 Z1o(t) ’

and hence letting K increase to infinity and recalling (2.35) we have

¢ a(l=y)
-1
lim w*L%(u)g(u) = (E as7r3> E (sup Zt (t)) < 00. (2.42)
U— 00 1_7

seA t21

To proceed with the proof of the theorem notice that

210 () _ (Zn:1 Te(y)$ + (= Zn:1 Te(¥))g
6, = [ R R A iay)
o N (2.43)
_ ZSEA aSN7(L )
7i;mﬂiEi ili%< u+np ) 1

For A = {0}, the desired result easily follows from strong Markov property, Lemma

2.1, Theorem 2.1, Lemma 2.2, and the proof of Theorem 3.2 of [12].

For A # {so} write

Z%Nr(f) = Z as (Giol[fsgfsomz] A N7(18)>

s€A s€A\{so}
(2.44)
TN T 0 (61 AN
s€A s€A\{so}

where for any states s1,s502 € Z, and y € F,

Tso (Y)

Gif = sz(y) = Z 1[y,i:81]7
=1
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i.e. G2 is the number of visits to state s before the first visit to state so. (Note that

G2 has a geometric distribution under P, .)
Now we collect some intermediate results, which will be combined at the last stage.

Observe that

[eS) ZSEA\{SO} Qg (Ggol[‘rsﬁ‘rso/\n] AN Nés))
Z m E; | sup
i=—00 n20 U+ np
(o) i «
a Gzol TsSTs n
< > mE S sup <S[$0M> (2.45)
1=—00 s€A\{so} n20 u+ np

oo G50
=2 mB| 2 ;i;u

i=—00 L \s€A\{so}

then it follows from Holder’s inequality and Fubini’s theorem that

oo S0
E, asGS
Z Z U+ Tglh
i=—oo s€A\{s0} (2.46)

vt ¥ e [(2)]

s€A\{so} i=—00

and by the strong Markov property,
oo SGSO (0%
>y me ()
SEAN{s0} i=—oc0 ut Tk
> oa Y Swn| (-2 ]-

scA\{so}  i=—o0k=1

= k} Pi(ts =k)  (2.47)

= Z (G +1 Zu—«—/m *“m(rs = k).
s€A\{so} k=1
So by Lemma 2.1, as u — o0,
0o 50
Z mi B Z _asG < (constant)(u + p)~(@=1)
. U+ Topt
i=—00 s€A\{so} (248)

—0 (ufwafl)r(afl)(u)) .
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Additionally, by the strong Markov property, Lemma 2.1, Theorem 2.1, Lemma 2.2,
and Lemma 3.6 of [12],

e} N(S) s @
a n aSGSO
E miE; | sup (ZSEA i ZSEA\{SO} >

n>7o, U+ np
(s)\ ¢
sup ZSGA AsiVn
n>0 \ U+ (n+E)u (2.49)

=p=" Y Po(ro = k)g(k +u/p)
k=1

1=—00

= im(Tso = k;)ESo
k=1

2 sTs aAa
(ZSEAZ’TF ) Y u’y(a—l)—au—'y(oz—l)L—(a—l)
a

~

(u) as u — oo.

Furthermore, notice that G3° = Gl <, | < G3°(u + T5,p)/(u + Tsp). Conse-

quently by (2.48) we have

o > aGYP “
Z mE; seMMsl =o (u_'Y(O‘_l)L_(‘X_l)(u)) as u— o0o. (2.50)
t=—00 u+ Tsot

Now for any M > 0,

a—1
< > ast‘)) (Z as N — > aSG§°>

> s€A\{s0} s€A s€A\{s0}
Z mFE; | sup
RN (w ey
< > asto) 1 -
as 7,,5 Qs .‘ZO
s SGA\{SO} |:5%:A N <(M+1)SEAZ\:{SO} “ :| (2'51)

11—«
= "o ( > astzs)) (u+ nu)e
sEA

> asN{ — > asGE

s€A seA\{s0}
+ — m B | su
2 b o u+np
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and it follows from (2.49) and (2.50) that as u — oo,

a—1
= ( X aSG?)(Z%NrS‘” > G)

seA\{so} s€EA s€A\{so}
Z mE; | sup =
. n>Tsg (’LL + nu)

o > aGP “
T A 252)
i=—o00 solt

1
+ ;Po(m > k)g(k +u/p)

~M1 2 (ZSGA a’sﬂ-s) Aa,'y u’y(a—l)—au—fy(a—l)L—(a—l) (’IL)
Ca

But, since M > 0 is arbitrary we conclude that

3 (ZSGA\{So} %Ggo) (ZSEA asNe = Ysea a0} asGi(’)a_l

Z mFE; | sup

’ILZTSO (U +nﬂ)a

) (u*V(afl)L*(’kl)(u)) as u — 00.

(2.53)
Lastly, observe that
n< Ty, = Z asNT(LS) — Z ag (Ggol[rsgnom] A N,(LS)) =0,
s€EA s€A\{s0} (2.54)

n>71, = GPlp<r g AN =G,

and notice by the convexity of the function ¢(x) = z® for > 0, for any zg,yo > 0, we

have ( )
Zo + Yo Y —ag a— a— a—
S0 <z +y0)* T <alef T 5
Yo (2.55)

= (zo+y0)* <zf + aasg_lyo + ayg.

So it follows from (2.43), (2.44), (2.54) and (2.55) that
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C U+ np

n>Tsg

[e%e) (8) s «
as Ny’ — asG3o
21/10(u)§ E ™y | sup (ZSGA ZSEA\{SO} )
1e% .

1=—00

00 s (s) s a-l
+ Z mF; | sup (ZSGA\{SO} aSGSO) (ZSEA asNn” — ZSEA\{So} aSGS())
, B (u+ np)®

0o [ S (s)
+a Z mE: | su ZSGA\{SO} o <G501[T5§750An} A Na )
o ano U+ np

1=—00

1=—00

(2.56)
Finally, the desired result follows from (2.47)- (2.49), (2.53), and (2.56).

3. A continuous time stationary SaS process associated with a

conservative flow

In this section we consider a class of continuous-time claim processes X generated
by a conservative flow. The construction of the class of such processes is due to [18]. In
his paper, Samorodnitsky constructs a SaS random measure M (-) using a standard H-
fractional Brownian motion, a centered, stationary increment Gaussian process, with
self-similarity exponent H € (0,1). (See [19] or [7] for details on this process.) He then
uses M to describe a SaS process X represented by a stochastic integral, and shows
that this process is generated by a conservative flow for a certain class of kernels in the

integral representation.

In this section we look at the Brownian motion case (H = 1/2), and we pick a fairly
simple kernel in this class to show that even then (at least in the context of risk theory)

the process is long-range dependent.

The continuous-time model in the insurance is of interest as an approximation in
the presence of high-frequency claims which are irregularly spaced. The model can also
be applied in the context of fluid queues and storage/dam processes. We continue to
use the insurance risk theory language, however informally, and we give further details

below:
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3.1. Setup and preliminaries:

Let B = {B(t),t € R} be a standard Brownian motion (BM). Pick £ = C(—o0, 00),

and let m be a o-finite cylindrical measure on E defined by
m(A) = / PBeA—-y)dy, A acylindrical set,
R

i.e. m is the (infinite) law of the BM shifted according to the Lebesgue measure on R.

Define
p(x) = (1~ |x|)1{(1—|m|)€[0,1]}a zeR.

Note that ¢ : R+ [0,00) is Holder continuous with exponent 1, even, non-increasing

on [0,00), and ¢ € L*(R, B, A). Clearly, the Holder function
— p(t
H(z) = sup M7 >0

r<s<t t—s

also belongs to L*(R, B, \). Further define
X(0) = [ pla)M(@x), teR x= (o, sER) (3.1)
E

where M is a SaS random measure on E with control measure m. It is shown in [18]
that the process X = {X(¢), t € R} is a well defined stationary Sa.S process, and is

generated by a conservative flow.

Now let the process S = {S(t), t > 0} be given by

S(t) = /OtX(s) ds, t>0. (3.2)

Notice that for any T € (0, 00),

/oT (/E cp(scs)am(dx))l/a ds <T (oigET/ESD(xS)am(dx))l/a

<7 ([ o w(mmm(dx))l/a.

0<s<T
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But, it is shown in [18] that

)= ([ sup so(xswm(dx))l/a

0<s<T

is finite. Thus it follows from Theorem 11.3.2 of [19] that

T
/ | X (s)] ds < o0 a.s.
0

In particular, the process {S(t), t € [0,T]} is well-defined for any T € (0,00), and
hence S is also well-defined.

Next let

me) = [ oo ds

It follows from Theorem 11.4.1 of [19] that
S(t) = / ho(x) M(dx) as., >0, (3.4)
E
Now, with T = R, the ruin probability given in (1.1) becomes

Y(u) =P (sup(S(t) —u(t)) > u> , u>0. (3.5)

t>0

Lastly, for u > 0, let

_ Ca hi(z) \* , Ca
o (u) = 5 /ﬂ{igg(u+t#> dx = 5 /RE

where p > 0 is the deterministic drift rate and C,, = ( fooo

. (fMB(s) ) d” "

>0 u+tp

(3.6)

r~%sinxdr)L.

3.2. Asymptotic behavior of the ruin probability

We first prove the asymptotic equivalence of the ruin probability, ¢ (u), and g (u)

as u goes to infinity:

Proposition 3.1. In the above setting

P(u) ~ Po(u) asu— oo. (3.7
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Proof. We start with the following lemmas:

Lemma 3.1. The following relation holds in the setting described above:

[he( )l Lo (2,6,m) = O (t(““)/%‘) .t — oo.

Proof. Let {l(x,t), x € R, t > 0} be a jointly continuous local time process of B
(see [7] for a brief definition or [3] for details.) As an immediate consequence of the
self-similarity of the Brownian motion, local time process has the following scaling

property: For any ¢ > 0,
{l (cl/Qx,ct) , xR, t> 0} 4 {cl/zl(aj,t), reR, t> 0}. (3.8)

Moreover, all moments of (z,t) are finite, and are uniformly bounded in all real z and
all real ¢ in a compact set. (See for instance [5] for details.)

Now by Hoélder’s inequality and Fubini’s theorem,
t (03
IO e = [ R miax) = [ ( | e+ ds) ] dy

:/RE {(/R@(x—i-y)l(x,t) da:)a} dy < /RE (/zim,t) dx)a] dy (3.9)
< 2"‘1/RE (/_1:; 1%(,t) dx) dy:2a/RE[l“(m7t)] dz,

and by (3.8) we have

/RE[ZO‘(:c,t)] dx:t"‘/Q/RE {la (a:/\/{t, 1)} dz

(3.10)

—c / B |1 (2/vi1)1 do
R { sup \B(s)\z|z/ﬁ|}
0<s<1

< ta/Q/R [E [12 (x/\/i, 1)“”2 [P <0i151121|3(5)| > | )] dz
HENTE ﬂ)r"

0<s<1

< (constant)t(>T1/2 /
R
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(The last inequality is due to the fact that the moments of the local time are uniformly

bounded.) Finally, the desired result follows by observing

I EREET) <o s

as the supremum of a bounded Gaussian process has Gaussian-like tails. (See, for

instance, [1].)

Lemma 3.2. There exists € € (0,1) such that the process Y = (Y (t), t > 0) defined

by

Y(t):=(t+1)"1S(t), t>0,
is a.s. bounded.
Proof. Tt follows from Proposition 7.4 of [4] and Lemma 3.1 that there exists g > 0

such that the process
(n+1)*7'S(n), n=0,1,2,...)

is a.s. bounded.

Further, note by the stationarity of X, for any € € (0,1),

sup [S(t) = S(n)|

n<t<n-+1
P su == > A
n:O,lI,)Z,W (TL + 1)175 -
<>op( w1560 - 500 2 2w+ 1)
n=0 \PstEnEl (3.12)

sup 1S()] = Aln + 1)1-5)

I

g

e
T~ N

n=0 0<t<1
oo

<> P ( suwp [X(s) = An+1)! )
_ 0<s<1

Also, it is shown in [18] that the process X is a.s. sample continuous. Consequently,

(X(s), s €10,1]) is a.s. bounded. Then it follows from Theorem 10.5.1 of [19] that

}:P(mle )| > An+1)'" )<c§: A+ 1) 77,

0<s<1
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for some positive constant C. Hence, we see that for any &€ < (1 —a™1),

sw |S¢) - S)
lim P neten _ >\| =o. 3.13
N T S e (3.13)

Consequently, for any such &, it follows from monotone convergence theorem that the

process

((n+1)5—1 sup |S(t)—S(n),n:0,1727...)

n<t<n+1

is a.s. bounded.

Desired result follows by picking & € (0, min{eg, (1 — a~!)}) and observing that

sup|§7(t)|§ sup (n—|—1)§71|5(n)|—|— sup (n—i—l)gi1 sup |S(t) — S(n)|.
t>0 n=0,1,2,... n=0,1,2,... n<t<n+1

To finish the proof of the proposition pick & > 0 such that Y is a.s. bounded and
define a process Y = (Y (t), t > 0) by

[log(tp 4 2)]**¢

Y(t) =
®) tn+2

S(t), t>0.

Note that for any € > 0,

log(tp +2)]'+=

— e—1 .
) =o((t+1)°") ast— oo

Then, since € > 0 is picked such that Y is as. bounded, we see for any € > 0, Y is

a.s. bounded. Now, the proposition follows from Theorem 4.1 and Remark 4.2 of [4].
What follows is the key step for the proof of the main theorem of this section:

Lemma 3.3. For any y € R, as u — oo, the following relationship holds:

- <f§ P(B(s) + y)%)“} o yefig [Sup <1(o,t)ﬂ e

t>0 u+t t>0 1+1¢

g(u’y) =F
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Proof. Fix y € R. For K > 0 start by defining

. ( Jy @ (B(s) + y)ds> ]
t>uK u+t ’

v [ Do eBs) +u)ds”
ogtgliK u+t )

Observe, by Hoélder’s inequality and Fubini’s theorem,

. (fg P (B(s) +y>ds>“]
j u+t

¢"(u,y)=F

and

gk (u,y) == E

uK2i-1<t<uK2i

oo
Ku,y) <) E
j=1

1 ! 2, Uz, uK27)dx “
K27 ’

oo uK?2’

o o P(B(s)+y)ds o, —a
Y = o= < 2% § E

(3.15)

and by (3.8) and Holder’s inequality,

[

)

1yl(qu21)d> Lo [VeER [ (1) de
=
J

- ZE< K2 E K92J
1 /2 /2 = ja/2 v T
<297y TYERK T 277¢ / E [l”’ <‘, 1)} dx.
Z —1—y VuK2)

i (3.16)

Then, it follows from the fact that the local time has moments of all orders finite and
uniformly bounded in all real z,

[1{1%11 lim sup u®/2g% (u, y) = 0. (3.17)

Next we will investigate gx (u,y). Start by noting that

t K
B(s)+y)d w

sup ViLJo @(Bls) ) ds < U_W/ @(B(s) +y) ds
0<t<uk u+t 0

(3.18)

1—y

uK
Su_l/g/o 1{B(s)e[—1—y,1_y1}d8ZU_”Q/1 Iz, uK) dz,
—1-y
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and it follows from Hoélder’s inequality that for any 6 > 0,

t a+6
B(s) +y)d gato-1 =y
< sup \/a’f[) QOFUI (5) y) S) S / la+6($,uK) der.

0<t<uK +1 ulato)/2 4,

Consequently, by Fubini’s theorem and (3.8) we have

o406
Vi [y ¢(B(s) +y) ds
sup F sup
u>0 0<t<uK U+t
2a+5—1 1—y 319
< a+d ( . )
=SUb et0)/2 E (/_1_yl (z, uk) dx)

1-y
— gati—1 sup/ E [la+5 (x,K>} dx.
u>0J—-1—y \/a
But local time I(z,t) has moments of all orders finite and uniformly bounded in all

real x and all ¢ in a compact set. Thus we conclude

VI3 (BG) ) ds|™T

sup F
0<t<ukK u+t

u>0

and it follows from the “crystal ball condition” (c.f. p.184 of [15]) that for any y € R,

o Vil eBs) ty)ds\”
ogtglq)m u—+t ws0

is uniformly integrable.

the family

Next observe that

(2 [ o) + s, 120) = 0.0 12 0), (320)
0

in C[0,00) as u — oo. (See, for instance, p.52 of [7] for details. )

Thus, for any continuity point z > 0 of the distribution of sup [[(0,v)/(1 + v)], as
0<v<K
u — 00,
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P( i uf [V o(Bp(s) +y) ds . )

0<t<uk u+t

=P <uH1/ ©(Br(s)+y)ds > (1 +v)z for some v < K)
0

(3.21)
~ P (I(0,v) > (14 v)z for some v < K)
1(0,v) )
=P| su >z
<0§1;£K 1+v —
Hence we conclude that as u — oo,
H [* o(B(s) +y)d 10,
sup Y fo P(Br(s) +y)ds = sup (©, ), (3.22)
0<t<ul u+t o<t<k 1+1
and therefore, by continuous mapping theorem,
H [ o(Br(s) +y)ds ) 10,6)\®
sup Y fo #(Br(s) +y)ds = ( sup ©, )) . (3.23)
0<t<uK u+t 0<t<K 1+t
Now, recalling the uniform integrability, Theorem 6.6.1 of [15] implies,
1(0,t)\“
lim vk (u,y) = E sup 0, , (3.24)
u—o0 o<t<k 1+t
and thus
1(0,£)\“
lim lim wf® ) =FE|(s ’ ) 3.25
A e ok () [(Ji%) 1+t) } (3:25)
Lastly, recalling (3.17) we have
. (0 t)>o‘]
lim u?%g(u,y) = E || su : . 3.26
im0 g(u) = 2 | (s 5 (3.26)

Now we state our theorem:

Theorem 3.1. The following relation holds:

C Z(Ot) * 1l a—1 _1 1(1_
~ S ) ’ - 5(a+1), 5(1—) _
v~ [2‘8(1“”5(2’ 2 )” e e

where ((-,-) is the Beta function.
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Proof. By Proposition 3.1 it is sufficient to show the result for ¢ (u).

For u > 0 write

24 (u) (JyeB(s) +y)ds\ "

&= E 3;”3(° r i de
s Jo(B(s) +y)ds )"
- (B

1
+/E
-1

(fot o(B(s) + ) ds)a] iy (3.27)

su
t>IO) u—+tu
t «
b B(s)+1vy)ds
[ (PO 0T,
1 >0 u -+t

=: I (u) + Iy(u) + I3(u).

Start by noting that by Holder’s inequality,

1
lim sup u%(afl)lg(u) = limsup uz(@~ Y / E

U—00 U—00 -1

t>0 u+tp

f_22 l(z,t)dx “
sup | ————
t>0 u+tu

fEQ 1%(x,t) dx]
sup ————— |,

Sup(way)uwt)dx)“] "

< 2limsup eV p

uU— 00

< 2201y sup wzle-Vp

u— 00

>0 (u+tp)”

(3.28)

and therefore by (3.8), and the fact that the supremum of the local time I(x,t), for all

real  and ¢ in a compact set, has moments of all orders finite, we have

lim sup u%(afl)lg(u) < 22~ im sup eV p sup

ter2 210 (x VA, 1)@;1

U— 00 U—00 t>0 (u + t/'L)a
. t\"
< (constant) lim sup uz =Y sup ( vt > (3.29)
uU— 00 t>0 \ U+ t,u

= (constant) lim sup u

U— 00

3(a-1) (Vu/'u>a =0.

2u
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Let 7[y] := inf{t > 0; B(t) = y} be the first passage time to a level y € R, and observe

| Jy o(B(s) +y)ds "
1 t47[—1—-y] «
©(B(s) +y)ds
“)Lr _§3§< OUH t+7[=1—yhu ) ] W (3.30)

B T[—1—

- -1 ‘ ft[Jrl[y vl o(B(s) +y)ds

= E |sup dy.
>0 u+t(t+7[-1—yu

Also recall that for v > 0 and y € R

P(rly] € dv) = 7|y| - e*y2/2”dv,

2mv

(c.f. p.80 [9].) Then it follows from the strong Markov property for Brownian motion
and Fubini’s theorem that

N aNs Jio(B(s) —1)ds\"
N Ei&%(“uﬂmm )

foﬂﬁ’ s)—1)ds : —l—y e—(—1-9)*/2 3.31
— Vaydy  (3-31)
[Tl (B8 | [ vy

= g(v+u/p, -1 2dy
ne 2w Jo

P(r]-1—y] €dv)dy

Similarly,

I3(u) = glv+u/p, Do~ 2dv 3.32
3(u) e ( /s 1) (3.32)

Now we will need the following Lemma:

Lemma 3.4. Fory € R, let

I(u,y) := / v 2g(u+ v, y) dv.
0



32 U. T. Alparslan, G. Samorodnitsky

Then as u — 0o

11— 100,1)\* 1 a-1
I ~yz-9p ’ e
o [§5§<1+t> }5(2’ 2 )

Proof. Pick K > 0. Define

e’} uK
I (u,y) ::/ v_1/2g(u+v,y) dv, and I(u,y) ::/ v_l/Qg(u—&-my) dv.
uK 0

Note by monotonicity of g,

o0
11(u7y)§/ v 2g(v,y) dv.
uK

Fix € > 0. Then it follows from Lemma 3.3 that for sufficiently large u,

O, ONT [ _(14a)2
Ii(u,y) < (1+¢)E |sup v dv,
>0 \1+1 uK

and hence

lim limsupu?©@ V1 (u,y) = 0. (3.33)

o0 u—o0

Also by Lemma 3.3 we have for any K > 0, as u — o

Lu,y) ~ E {Sup (zm,m)“} /OuK v Y2(u +0) "2 do

>0 \1+1

o K
_ p-ap {Sup (Z(O,t)> ] / :1:’1/2(1 +x)fa/2 da
0

>0 \ 1+

(3.34)

Desired result follows by letting K 1 oo, taking (3.33) into account, and observing that

*° 1 a-1
/ x1/2(1+x)a/2dm/6’(,a> .
. 2' " 2

Finally note that
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and hence recalling (3.29) and using Lemma 3.4 we have

21/}60,211’) = ua\l/% [I(U/ﬂ7 —1) + I(u/u’ 1)] +o (u%(lfa))

2 . Z(O,t) @ 1 ao—1 ;(1_00
N\/%M;(MDE{T;E(HJ B 27 2 v » uTee

Remark 3.1. All the results of this section prior to Theorem 3.1 are valid for general

(3.35)

H € (0,1). This fact together with the observation of parallels between the main
results of this section and the previous section lead us to believe that the result given
in Theorem 3.1 should still hold with 1/2 replaced by any H € (0,1). However our
proof requires the use of strong Markov property which is only valid in the case where

H=1/2.
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