LARGE DEVIATIONS FOR POINT PROCESSES BASED ON
STATIONARY SEQUENCES WITH HEAVY TAILS

HENRIK HULT AND GENNADY SAMORODNITSKY'

ABSTRACT. In this paper we propose a framework that enables the study of
large deviations for point processes based on stationary sequences with regu-
larly varying tails. This framework allows us to keep track not of the magnitude
of the extreme values of a process, but also of the order in which these extreme
values appear. Particular emphasis is put on (infinite) linear processes with
random coefficients. The proposed framework provide a rather complete de-
scription of the joint asymptotic behavior of the large values of the stationary
sequence. We apply the general result on large deviations for point processes
to derive the asymptotic decay of partial sum processes as well as ruin proba-
bilities.

1. INTRODUCTION

In some applications, including network traffic and finance, time series are en-
countered where the marginal distributions are heavy-tailed and clustering of ex-
treme values is observed. More precisely, the marginal distributions have a power-
like decay and large values tend to occur at nearby points in time, forming clusters.
When studying the probability of rare events it is usually important not only to
determine the size and frequency of clusters of extreme values but also to capture
the internal structure of the clusters. Unfortunately, in many “standard” limiting
theorems dealing with heavy tailed processes the fine structure of a cluster is lost in
the limit, including the ordering of the points in a cluster. This point is discussed
in some detail in Section 3 below. To overcome this problem, we propose a new
framework for investigating large deviations for stochastic processes with heavy
tails. Specifically, large deviations are studied at the level of point processes associ-
ated to the underlying stochastic process. In this way it is possible to preserve the
fine structure of the clusters of large values for a fairly general class of multivariate
time series.

The processes studied here is the class of random coefficient linear processes. It
consists of d-dimensional time series (X)gez with the stochastic representation

Xp =Y AxjZij- (1.1)
JEZ
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2 H. HULT AND G. SAMORODNITSKY

The sequence (Z;);ez consists of independent and identically distributed random
vectors with values in RP. A generic element of this sequence is denoted by Z.
Each A ; is a random (d x p) matrix. It is assumed that the sequence (Ag)rez
is stationary and each Ay is itself a sequence of matrices, Ay = (Ag j)jez. It is
assumed that the sequence (A)iez is independent of the sequence (Zj)rez.

The probability of large values of the process (Xj) depends, of course, on the
distributional assumptions on Z and Ay ;. In this paper the heavy-tailed case
is considered; the distribution of Z is assumed to be regularly varying. Certain
moment conditions will also be imposed on the random matrices Ay ; (see Section
2).

Probability distributions with regularly varying tails have become important
building blocks in a wide variety of stochastic models. Evidence for power-tail dis-
tributions is well documented in a large number of applications including computer
networks, telecommunications, finance, insurance, hydrology, atmospheric sciences,
geology, ecology etc. For the multi-dimensional version of (1.1) the notion of mul-
tivariate regular variation will be used.

A d-dimensional random vector Z has a regularly varying distribution if there
exists a non-null Radon measure 1 on R?\ {0} such that

PutZe-
e ) (1.2
in Mg(R%). Here My(R?) denotes the space of Radon measures on R¢ whose
restriction to {|x| > r} is finite for each r > 0, with |-| denoting the Euclidean norm.
Convergence m,, — m in My(R?) is defined as the convergence m,,(f) — m(f) for
each bounded continuous function f vanishing on some neighborhood of the origin.
See Hult and Lindskog (2006) for more details on the space Mo (R?).

The limiting measure p necessarily obeys a homogeneity property: there is an
a > 0such that u(uB) = u~*u(B) for all Borel sets B C R4\ {0}. This follows from
standard regular variation arguments (see e.g. Hult and Lindskog (2006), Theorem
3.1). The notation Z € RV(y, ) will be used for a random vector satisfying (1.2).
See Basrak (2000), Resnick (1987, 2006), and Hult and Lindskog (2006) for more
on multivariate regular variation.

The class of stochastic models with representation (1.1) is quite flexible and
contains a wide range of useful time series. Here are some examples.

Example 1.1 (Linear process). Let (A4;) be a sequence of deterministic real-valued
dxp-matrices. Then, assuming convergence, X = ZjEZ A;Zy_; is alinear process.
It is, clearly, stationary. The (d-dimensional) marginal distribution of this process
has the representation (1.1).

Example 1.2 (SRE). An important particular case of the random coefficient linear
process is the stationary solution of a stochastic recurrence equation (SRE).

Assume that p = d, and let (Y, Zk)rez be a sequence of independent and
identically distributed pairs of d x d-matrices and d-dimensional random vectors.
Put

Hnm:

)

Yoo Y, n<m,
1d, n>m,
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where Id is the d x d identity matrix. Under certain assumptions assuring existence
of a stationary solution of a stochastic recurrence equation (SRE)

X =Y Xpe 1+ 72, keZ, (13)

this stationary solution can be represented by a random coefficient linear process
with Ag; = Mg_j11%, § > 0, and Ag; = 0, j < 0; (e.g Kesten, 1973). Then the
marginal distribution of the stationary solution to the SRE is of the form (1.1).

Example 1.3 (Stochastic volatility). Let (Xj) be the solution of the SRE in the
previous example where we assume Xj € (0,00)? a.s. Let (Vi) be a sequence of
independent and identically distributed random diagonal matrices independent of
(Xk). Then Uy = Vi X\ has representation

U, = Zzzlk,jzkﬂn

JEZ

where fl;w- = Vi Ay ; and Ag ; as in the previous example. The sequence Uy can be
intepreted as a stochastic volatility model where X}, is the volatility.

2. CONVERGENCE AND TAIL BEHAVIOR

Consider a time series (X}) with stochastic representation (1.1). Throughout
this paper it is assumed that
Z € RV(u,«) and } 2.1)
if a > 1, we assume additionally that £FZ = 0. '
To begin the study of extreme values for the time series (1.1) a first requirement is
to establish conditions under which the infinite series converge a.s. and determine
the tail behavior of the distribution of X;. Under certain conditions results on the
tail behavior were obtained recently by Hult and Samorodnitsky (2008), under a
“predictability” assumption on the matrices (A ;). Here we summarize the results
and remind the reader that in the current paper it is assumed that (A ;) and (Z;)
are independent. Theorem 2.1 below describes the marginal tails; for simplicity we
drop the time subscript k from both X and Ay ;.
Throughout the paper the notation || A|| is used for the operator norm of a matrix
A. The summation index will be omitted when it is clear what it is.

Theorem 2.1. Suppose that (2.1) holds and there is 0 < € < « such that

S B4 <00 and Y B4 < oo, ae(0,1)U(L2),  (2.2)

a+te

B (3 14,0°7¢) " <00, ae {12}, (2.3)
ate
E (Z HAJ»||2) <o, a€(20). (2.4)
Then the series (1.1) converges a.s. and
P(UilX S ) -1
WHE[ZMOAJ, (.)], (2.5)

m MO (Rd) .
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The right hand side of (2.5) is interpreted as
E{ZMOAgl(B)} = E[Z,u{z tAjz € B}},

for any Borel set B C R%. When both Z and Ay ; are univariate (d = p = 1), the
limiting measure p of Z has the representation

p(dz) = (waz"*'I{z >0+ (1 —w)a(—2)"* "I{z < 0})dz (2.6)

for some w € [0, 1]. Then (2.5) becomes

P(X > ux) N .
P> ~ 2 B[l @A, > 0} + (1 - w)i{A; <op]a,

for each x > 0, with a similar expression for the negative tail.

Example 2.1 (Linear process). If (Xj) is a linear process (Ag,; = A; deterministic)
and d = p =1, then
P(X > uzx)

N

P2 oy~ 2 [l > 0} + (1= w4, <0}z

Example 2.2 (SRE). Suppose (X}) is the solution to the stochastic recurrence
equation in Example 1.2 with Y satisfying F||Y||“t¢ < 1 for some ¢ > 0. Then, in
the case d=p =1,

P(X > ux) . wl—EYH)Y)+(1—-w)EY)* _,

P(Z[>w) A= EY) P+ (EY )R
see Hult and Samorodnitsky (2008), Example 3.3. Here, and throughout, z+ =
max{z,0} denotes the positive part of z, and = = max{—=z,0} its negative part.
In particular, if Y is nonnegative then w =1, EY ™ = 0, and the expression in the
last display reduces to

P(X > ux)

Sror—— — (1= EY®) a7,
Pz >u) e

Example 2.3 (Stochastic volatility). Let (Xj) be as in the previous example where
d=p=1andY and Z are nonnegative. Let (V) be a sequence of independent and
identically distributed random variables, independent of (X}). Suppose EVTe <
oo for some € > 0. Then U, = V;, X, satisfies

P(U > uzx) EVe
— X 5
P(Z>u) 1-EY©

Remark 2.1. The following two observations will be useful for later reference. It
follows from Remark 4.1 in Hult and Samorodnitsky (2008) that for any increasing
truncation n(z) T oo one has

P12 15 n(2) 4iZi] > )

li =0. 2.
i P(Z] > ) 0 (2.7)

Further, only values of Z; comparable to the level x matter in the sense that

. P(13 2 A1 Z;1{|Z;| < t2)}] > )
fim Tim sup P(Z[ > 2) =0 (28)
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3. WHY ARE THE LARGE DEVIATIONS OF POINT PROCESSES NEEDED?

In this section we discuss, somewhat informally, the joint asymptotic behavior
of large values of the sequence (Xj) in (1.1). The goal is to set up the necessary
background and intuition for the general result in Section 4. We consider two
special cases, that of sequences of independent and identically distributed random
variables as well as of moving average processes.

3.1. Independent and identically distributed random variables. Consider
a sequence (Zy) of independent and identically distributed real-valued random vari-
ables with Z € RV(a, p) and p as in (2.6). As mentioned before, for a > 1 it is
assumed that EZ; = 0. It is well known that for each n > 1 the vector (Z1,...,2Z,)
is regularly varying with limit measure u(™) concentrated on the coordinate axes;
n
N (dz, .. dzy,) = Z,u(dzi) H do(dz;) ,
i=1 j#i
where d,, is a unit mass at . The interpretation is that, asymptotically, only one of
the variables Z1,..., Z, will have large absolute value and each variable is equally
likely of being large.

The same intuition holds true when considering variables Zy,...,Z, in a time
window of length n and letting n — oo, if the threshold increases with n at an
appropriate rate. Let 7, be a sequence with 7, — oo and such that nP(|Z| >
Yn) — 0 as n — oo. Then, the probability to see two different Z’s of size of the
order -, among the variables Z1, ..., Z,, is small compared to seeing just one Z of
size of the order ~,. Indeed, for any € > 0,

P( there exist 1 <17 < j < n such that |Z;| > v,e and |Z;| > y,¢ )
P(|Z;| > 7y, for some 1 <i<n)
 (a(n = 1/2)P(Z] > 30)?

— 0.
nP(|Z] > )
Here a,, ~ b, is shorthand for lim, o a, /b, = 1.
A convenient description of the large values for the sequence Z1, Zs,... can be

obtained by considering the convergence of the point measures

n
N, = Za(k/nﬁ;lzw n=12,...,
k=1

on the state space [0, 1] x (R%\ {0}). The assumption nP(|Z| > 7,) — 0 asn — oo
implies that v,, — oo too fast for a non-trivial weak convergence of N,, (described,
for example, by Proposition 3.21 in Resnick (1987)). When ~,, grows so fast, the
second coordinates of all points of the point measure N,, will tend to zero with
probability 1. Since points with the zero second coordinate are defined to be not in
the state space on which the point measures live (see, once again, Resnick (1987)),
it turns out that the point measure N,, converges almost surely to the null measure,
denoted &p. Intuitively, this is exactly the situation where large deviations in the
space of point measures might help: the hope is to find a sequence r, — oo such
that r, P(N, € -) converges to some limiting measure m on the space of point
measures.

The above discussion makes it reasonable to expect that this limiting measure,
m, is concentrated on point measures with one point, corresponding, for each n =
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1,2,..., to a single large (at the scale v, = n) value of Zy«, k* =1,...,n. In fact,
the limiting measure is expected to be

m(B) = (Leb xu){(t,2) : d+,-) € B}, B a measurable set of measures.

The “uniform” coordinate ¢ is interpreted as the rescaled within the set {1,...,n}
time k* of the large Zy«-value. Since all Z;’s have equal probability of being large,
t is “uniformly distributed” on [0,1]. The corresponding value z is governed by
the limiting measure p which describes the large values of the Z-variables. The
suggested convergence can be rigorously established, as is done (in a significantly
more general setting) in Theorem 4.1 below.

It is possible to look at this convergence as the partial sum convergence of the
underlying sequence (5( P Zk)) in the space of point measures. This is similar
to Sanov’s theorem in the light-tailed case (see e.g. Dembo and Zeitouni (1998),
Section 6.2).

3.2. A finite moving average. Suppose that, in (1.1), p=d =1, and Ay ; = A,
are deterministic coefficients with A; = 0if j < 0 or j > g. Then (X}) is a sequence
with the representation

Xp=A0Zk+A1Zp 1+ + Ay Zi—y.

Consider a time-window of length n where, for now, n is fixed. That is, we consider
the vector (Xi,...,X,). Then, (X1,...,X,)T = A(Z1_4,...,Z,)T where A’ is
the n x (n + 1 4 ¢)-matrix

Ay Ay Ay O B

A 0 A, Ag-1 ... Ao 0 ... 0

0o ... 0 Ay Agr ... ... A
Since the Z variables are independent the vector (Z1_, ..., Z,)T is regularly vary-
ing with limit measure concentrated on the coordinate axes, just as in the previous
example. That is, asymptotically, only one variable among Z_g,...,Z, will be

large on the large deviations scale, and they all have equal probability of being
large. Suppose Z« is large for some 1 — g < k* < n. Then, since all the other
Zy’s are small in comparison to Zp+ we expect that Xj is small for k < k* and
k > k* + q whereas for k* < k < k* 4+ q we have

Xk =~ Ak—k*Zk*-

If we study the convergence of the sequence of measures (rnP(Nn € )), where

Nn = Z(S(k/n,'ygl){ky n = 172...7
k=1

is defined on the state space [0,1] x (R \ {0}), we would expect that the limiting
measure is concentrated on point measures with ¢ + 1 points of the form (¢,x;),
with the same time coordinate ¢ and space coordinates of the form x; = A;z for
some z. In other words, we expect the limiting measure to be

q
m(B) = (Leb xp){(¢, 2) : Z‘S(Mﬂ) € B}, B a measurable set of measures.
i=0
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The clustering of extreme values is captured in the limiting measure as there are
q+1 points corresponding to large values of the X.’s. However, in the limit all these
points have the same time-coordinate ¢, which means that the limiting measure does
not keep track of the order in which the large values arrived. That is, the complete
internal structure of the cluster of extreme values is not captured. The order at
which the large values arrive is, however, of crucial importance when studying, for
instance, the ruin probabilities, or the long strange segments corresponding to the
process (Xj); see e.g. Asmussen (2000), Dembo and Zeitouni (1998), Mikosch and
Samorodnitsky (2000), Hult et al. (2005). Therefore, information is lost in the
limit.

Our suggestion for resolving this loss of information is via considering point
measures similar to the measures N,, above, but enlarging the dimension of the
state space so that each point of the point measure describes more than one value
of the process (Xx). It is intuitive that for a finite moving average of the above
example it is enough to keep track of ¢+ 1 consecutive observations of the stationary
process, and this tells us how large the state space of the point measures should be.
Specifically, we will consider the point measures

Z 8k fmr (X Xnrr Xy W= 120

n
k=1
The above discussion should make it intuitive that, for such point processes, the
limiting measure in a large deviations procedure should be concentrated on point

measures with 2¢ + 1 points of the form
(t,(A0z,0,...,0)),(t, (412, A02,0,...,0)),...,(t,(0,...,0,442)).

Notice that the information about the order in which the extreme values arrived
can be obtained because the space coordinates are simply shifts of each other.

In general, the complete information on the extreme values of the process will
only be completely preserved if one keeps track of infinite (or increasing with n)
number of observations of the process (X). This is possible to do, but we have cho-
sen not pursue this last possibility because it complicates significantly the technical
details of the construction of the point measures and working with these measures.
Instead, we have chosen to to construct point measures based on finitely many con-
secutive observations of the stationary process, as if it were a finite moving average.
In applications we are considering, this turns out to be sufficient via an application
of a truncation argument.

4. LARGE DEVIATIONS FOR POINT PROCESSES: THE MAIN RESULT

We start with specifying the precise assumptions on the normalizing sequence
(Yn)n>1 that are needed to obtain a large deviation scaling. We assume that

(Zy+--+Zn)/vyn — 0, in probability and
Yn/VnlTe — oo, for some e > 0 if a = 2, (4.1)

Yn/Vnlogn — oo, if a > 2.

Note that these conditions are exactly the same as those that were used in Theorem
2.1 in (Hult et al., 2005) to obtain a functional level large deviation result for the
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partial sums of independent and identically distributed random vectors. If we set
1
Tn = ’
nP(|Z] > )

then r,, — o0 as n — oo and it turns out that normalizing the probability measures
of the point processes by () is the correct normalization to obtain a large deviation
result.

For ¢ > 0 define a point measure N9 on the space E¢ = [0,1] x (R4t \ {0})
by

NE=D 8k mms X X Xaa)* (4.2)
k=1

We will show that the sequence of measures on the space of point measures,
ml()=r,P(Nl€-), n>1,

converges in the appropriate sense and compute the limiting measure, called m9,
for any ¢ > 0. The limiting measure will give us a partial description of the
extremal behavior of the sequence (Xj). This description will become more and
more detailed as the number ¢ is taken larger and larger.

A technical framework suitable for studying this problem is provided in the
Appendix, and we are using the notation introduced there. Let N7 = N, (E?) be the
space of point measures on E? equipped with the vague topology. The convergence
md — m9 takes place in the space Mo(Ng), the space of Radon measures on N7
that are finite on sets of the form {& : d(§,&) > r}, for each r > 0 (see the
Appendix). Here §y denotes the null measure and d(-,-) the metric on N given by
(A.1). With this metric, (N, d) is a complete separable metric space.

For a sequence of d x p-matrices A = (A, ;);kez and (¢, 2) € [0,1] x RP \ {0})
we write

TA,q(t7 Z) = Z 5(t7Aj,]-z,Aj,1,j71z,...,Aj,q,j,qz) .
JEZ
Under certain conditions on the matrices in Ay j, Ty 4 will be a map from [0, 1] x
RP\ {0}) into the space NZ.
We are now ready to state the main result of this paper.

Theorem 4.1. Suppose that (2.1), (2.2)-(2.4), and (4.1) hold. Then, for any
q > 0, the stationary process (Xi)rez in (1.1) satisfies

mi()=r,P(N?€-)— E[(Lebxpu)o T&;()} =:mi() (4.3)

in Mo(N%). In particular, Ty 4 is, with probability 1, a map from [0,1] x R?\ {0})
into the space N.

Remark 4.1. For any a > 0 the measure m? on N defined in (4.3) satisfies
mq{f : €(10,1] x {(z0,...,2q) : |zi| =a, someic€{0,...,q}}) > 0}

= E{,u{z : Z5(Ajy_7.z7.__714j_q‘j_qz)((xm . Tq)t|as|=a, somei € {0,...,q}) >0}]
jez

< ZE,u{z |Aj 2l =a} =0
JEZ
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by the scaling property of the measure p. This fact is useful for establishing conti-
nuity almost everywhere with respect to the measure m? of various mappings.

Example 4.1 (Independent and identically distributed random vectors). For a
sequence of independent and identically distributed random vectors we have Ay ; =
AKj = 0}, where A is a fixed d x p-matrix, and, hence, for ¢ = 0, the limiting
measure m® is given by m°(-) = (Leb x ) o T;,; (-) where Tj;q4 is the mapping

Tiia(t, z) = 5(t,z)~
Example 4.2 (Linear process). For a linear process the matrices Ay, ; = A;, j € Z

are deterministic. The limiting measure m? is given by m9(-) = (Leb xpu) o TIZ’}](-),
with the mapping T’ 4 simplifying to

TAq t Z ZatA 2, A _12,.,A5_qz)"
Jjez
Proof of Theorem 4.1. By Theorem A.2 we need to prove that the measure m?
in (4.3) belongs to Mo(N{), and that
mn(F91792,€17€2) - mq(Fglqg2,€1,€2) (44)

for all Lipschitz functions g;,g2 € Cf(E?) and e1,e2 > 0, where the functions
Fy, gae1,e0 are given in (A.2) in the Appendix. For the first statement, it is enough
to prove that for each § > 0,

ESs=: E| Y H|A;]| > 6} | <.
JEZ
This is an easy consequence of conditions (2.2)—(2.4). For example, if 0 < o < 2,
then for 0 < € < «,

ESs <679 B[ A;]|*° < o0,
JEZ
and the case o > 2 is similar.
We now prove (4.4). Note that

mn<Fgl,g2,€1,52) = (45)

(1o { - [ 2 B ] )
(1o (- [ 2 K] )

The first step is to truncate the infinite sum in the definition of X, replacing Xy
by > 1ji<. Ak,jZi;, as follows. Let (J,,) be a sequence of positive numbers such
that J,, — oo and

rnF

J—o() if0<a<l,
Jn = o(min(n, v, /l(7n))) if o =1, (4.6)
J—o(mlnnvn) ifa>1,
where for z > 0, I(z) = E(|Z|I{|Z] < z}).
growth of J,, will be used below.

The conditions on the asymptotic
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By Lemma 4.1 there is a sequence 3,, | 0 such that

Z A2k > Ba) =0

141> Jn

rnP( max —
1<k<n Yy,

as n — oo. Therefore, the expression in the right hand side of (4.5) is within o(1)
of

rnE[(l_exp{_[ggl( g ) D T

[71<Tn

Ry— q”+7 Z Ar—q,j %k~ ]>_ ]+}>

[71<Tn

x(l—exp{ [Zgg( Rkn+ Z Ag i Zk—j,. ..,

"< T

R q,n+ Y AvqiZig- J) - L})]

"< T
=1, E(0,),

where (Ry, ,,) are random variables satisfying | Ry | < 8, for all k,n.
To proceed we use the intuitive idea that only one of the Z’s is likely to be large.
Take 7 > 0. The above expression can be decomposed as

E©,H all |Z_;,_g+1l;--.,|Znt,| are less than 77, })
+ rp, E(0©, Kexactly one of |Z_;, _q41l,...,|Zny,| exceeds 7y, })
+ r, E(©,Hat least two of |Z_;, _q41l, .- Zn+4,| exceed 7y, })
n+Jp
- rnE(@n]{ N 1zl< T%}) (4.7)
t=—J,—q+1

n+Jy,

trap(0.] N 2>zl <)) @8)

t=—Jp—q+1 s=—Jn— q;l....,nwn

n+Jn,
trp(e.{ U 14> mm 2] >mal}). (49)
t=—J,—q+1 SZ*Jn*‘i‘;lt»»-wn‘FJn

We claim that the main contribution comes from (4.8) and that the contributions
from the other terms vanish as n — oo and then 7 — 0. Let us start with (4.7).
Recall that g; and go have compact supports in E¢ = [0,1] x (R4t \ {0}).
Hence, there is a § > 0 such that ([0,1] x {(zo,...,24) : max{|zol,...,|z4|} <
6}) N {support(g1) U support(g2)} = 0. On the set ﬂ?jﬂ}n7q+1{|2t| < Ty} we
have, for large n,

E(@nl{ﬂ?i;]}n_q+1\Zt| < T'yn})

grnE(G)nI{ O {\Rkn+— 5" ApyZimi | Zhs] < T} >6})

k=1—q |71<Tn
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P( 0 {|Rk,n+i > AkiZu g I{|Ze5) < Ti}| > 6})
=1

k —-q " ‘]ISJ”

<ran+0) P(| D2 Aoy Zi{1Z5] < ] > 16/2) =0,
[71<Tn

as n — oo and then 7 — 0, by appealing to (2.8) (the last inequality used the fact
that 3, | 0). For (4.9) we observe that for any 7 > 0

n+Jn

Ble.{ U U 14> mm1Z]>mnl})

t=—J,—q+1 S:*Jn*?:;élt ----- n+Jn

n+Jn

< rnP< U U {1Z¢| > mvn, | Zs| > T'yn}>

t=—J,—q+1 s=—JIn—a+1,...,n+Jp
s#t

<rp(n+qg+ 2Jn)2P(|Z| > 7'%1)2 —0

as n — oo by the definition of r,, and the fact that J,/n is bounded. Hence, as
claimed, the main contribution comes from (4.8). Since the union is disjoint we
may rewrite (4.8) as

n4Jn
Z rnEKl—eXp{ [Zgl( Rkn—i—f Z Ak jZk—js- -+ s
t=—Jn—q+1 T 3]SI
R AvcaiZiogms) =] })
k—q, + Z k—q,j “k—q—j N
"<
- k
x(lfexp{ — [ZQQ(E’Rk’"JF’y? Z Ak jZr—jy s
k=1 |]‘<Jn
Ry, q,n+ Z Ak—q.jLk—q- J) _52} })
Yn +
[71<Tn

XH{| Zt| > Ty, |Zs] < tym,all s = =Jp —q+1,...,n+ Jp, s # t}} (4.10)

As |Z| is large and |Z,| is small, s # ¢, we can practically ignore the contribution
from the |Z;|-terms. To be precise we claim that the above expression is asymp-
totically equal (written a,, ~ b,) to

n+Jn,
Z Kl exp{ [Zgl Rkn—&—— Z A i Zr—j{t=k—j},.
t=—Jp—q+1 "1< T
Ry_gn + 7 Z Ap—q,iZp—q-i{t=k—q—j}) *&LL})
" 151< T
- k
x(l—exp{—[z (= Ryt — N Ay Zi It =k—j},.
k=1 |J|<Jn

Ry qnt— ZAk i Zh—q_ilit=k—gq J})—glh})
"1<Tn
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x [{| Z¢| > T'yn}}
n+Jn
=: Z rn B[O K| Z:| > Tyn} . (4.11)
t=—Jn—q+1
For now we postpone the proof that (4.10) ~ (4.11) and proceed, instead, with
analyzing (4.11). We can rewrite (4.11) as

n+J, n
‘ k 1
E TnEKl—eXp {—[E 91 (= Ren+—Ap s Z |k —t| < T},
n Yn
t=—J,—q+1 k=1

1
Ricqnt o= Ak Zellb= gt < 7)) -a] })
~ ok 1
x(1-exp {-[ 3" g e T (L S N
k=1 "

1
kaq,n“‘,THAk*q,quftZtIHk_ q—t|< Jn}) _52} +})

x [{| Z¢| > T’Yn}}

In the sequel, as the subscripts change, we will write R,, instead of the proper Ry, ,,
corresponding to the appropriate subscripts. We will not impose any assumtions on
these random variables apart from the fact that |R,| < 3, for all n. With [ =k —¢
we can rewrite the above expression as

n+Jn, n—t tl 1
> B[ (1mexn{-[ X o1(= Rut—AvuZd QU<
n Tn
t=—J,—q+1 I=1—t

et -i=00) ] )

n—t

t+1 1
x (1o {-[ X2 025 Bt oo A Zi il < T

I=1—t
R+ %Am—q,z—qzt[{” —dl= ‘]”}}> _62} + })
xH|Z)| > 7}

By stationarity we may replace As4i—i; by Ai—i1, i =0,...,q, and conditioning on
Z; the above equals

~

n+Jy, n—

/ Z rnE[(l—eXp {—[ Z g1 (tT_H, R, +A i z{|l|<Jn}, ...,

2>T— g g1 I=1—t

Rt Argi-q2I{|l = ¢/ < J"}) 751] +})

-

n—

<(1-esp{-[ 3 gg(”l R+ AvgzI{l| < Ju}s ..

na
l=1-t

Rt Argi-q2I{|l — ¢ < J"}) 762] +})]
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—1
P(rYn Zt € dZ)

:/ 2)ronP(v, 1 Z € dz)

. /H 2) fin(d) ~ /Zlyfan(z)un(dz),

where
e — t+1
Rn(z) = Z E[(l—exp{— [ Zgl< CALZI{ < Tpdy e
t=—Jp+1 I=1—t
A g (L= | S J}}) - el} })
n—t

X (1 —exp{ — [ Z 92( AHZI{W < Jn},.

l t

gz Il - <01) =] })] 5

and we have used the uniform continuity of the functions g; and g and the fact
that |R,| < B, | 0. We claim that, as n — oo,

/| FC) ) = [ () utd), (4.12)

where

w(z) = /01 E{(l—exp {— [291 (t, Az, ... ,Az—q,z—qz) — 61} +})

leZ

X (1 — exp { — [Zgg (t, Az, ... 7Al,qyl,qz) - 52] +}>} dt.

leZ

Note, first of all, that u, — u in Mg(R?). Since the functions (%,) and x are
uniformly bounded, it is enough to prove the convergence in (4.12) when integrating
over the set {7 < |z| < M} for any finite M > 7. Using the fact J,/n — 0 one
needs to check that for any K

/ &5 (2) pn(dz) — k(z) p(dz) (4.13)
T<|z|<M T<|z|<M
with
n+K n—t +1
w0E = 3 B (1w (- [ S e Ay < 7).
t=—K+1 l=1—-t
Aiqig2T{l = al < Ta}) - alh})
n—t
t+l
X(l—exp{— |: Z gz —_— A“Z]{m <J, }
I=1—t

Acqieg? Il =] < 1))~ szL})] -
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Recall that the supports of g1 and g, does not intersect the set [0, 1] x {(zo, ..., z,) :

max{|zol, ..., |zq|} < &}, some § > 0. The assumptions (2.2)- (2.4) imply that
P(||Asl| > 6/M for some |I] > K) — 0 as K — oo. (4.14)

Since the limit in (4.13) does not depend on K, one may replace wD in it (but
still using the same notation) with

n+K

kIO (2) = Z E{(l—exp {— {Zgl(t :; l,A”Z, B V) 51]+}>
t=—K+1 1€Z
X (1 — exp { - [Zgg(#, Az, Al_gi—q2) — 52} +})} % .

leZ

However, K%K) — & uniformly (in z). Therefore, (4.13) follows, e.g. by Billingsley

(1968, Theorem 5.5). Having now established (4.12), we let 7 — 0 to obtain
[ A = (b 0 0 T (Fy )
zZ|>T

as required.
It remains only to prove the asymptotic equivalence (4.10) ~ (4.11). Denote
Cpn={-Jp—q+1,....,n+ J,}. Substracting (4.11) from (4.10) yields

n+Jn
Z Tn (E[@nlﬂZt\ > TYn, | Zs| < Tym, all s € Cp, s # t}]
t=—Jn,—q+1
— B0, H|Z| > 77a}))
n+Jn
= Y TaEl[On = O)H|Zi| > mym, | Zs| < Tym all s € Cr, s # )] (4.15)
t=—Jn—q+1
n+Jn
+ Y rEOLHZi] > i} (1~ K|Z| <ty all s € Cr, 5 # t})]).

t=—J,—q+1
(4.16)

Since ©, < 1, we can bound (4.16) by

n+Jy,

> mP(Z] > ) (1 - (1 _P(|Z] > mn)>n+q+zjn> e

t=—Jn—q+1

as n — oo by the choice of r,, and the fact that J,,/n — 0. To handle (4.15) we use
Lemma 4.2. This completes the proof. U

Lemma 4.1. For the stationary process (Xi)kez in (1.1) we have, under the as-
sumptions (2.2) - (2.4) and (4.6),

Z Ak.,jZ;g,j‘ > ’ynE) =0
171> T

lim rnP( max
n— 00 1<k<n

for any e > 0.
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Proof. By stationarity we have

T"P(lrgnka%{n Z A;w»Zk,j‘ >7n5> grnan Z Ak,jZk,j‘ >7n5).
71> Jn 51> Jn

Using Remark 2.1 and the definition of r,, we see that the above expression is
bounded from above by

oM)nr,P(|Z] > yne) — 0
as n — oo. [
Lemma 4.2. Let A, be the sum in (4.15). Then lim,_olimsup,,_, ., A, =0.

Proof. Note that by taking norms it is enough to consider the one dimensional case
d = p = 1. Furthermore, it is clearly enough to consider a single function g and
€ > 0 and prove that

lim limsupr, A, =0, (4.17)

=0 p—oco

where

AH:ZE

teCyp

exp{f {ig(%,}%k,n+i Z Ag i Zk—j,. ..,

k=1 Tn 151<Tn

1
Ry—qn+— Z Ak—q,jZk—q—j) - EL_}
" 141 n

—exp{ - [i:;;(%,}zk’n + % N AZuift=k—j},...,
k=1 [71<Tn
Rignt — S A g Zi g sHt=h—q— i) - eL}]

n o
[F1<Tn

XI{|Z¢| > Tn, | Zs| < Tyn all s € Oy, s # t}] ,

where, as above, C,, = {—J, —¢+1,...,n+ J,}. Let L be the Lipschitz constant
of g with respect to the metric on E? given by

d((s,zo,...,2q), (&, Y0, -, Yq)) = |s —t| + min{l, |xo — yo| + - - + |zg — yql} }-

Notice that, in the obvious notation,

n q
[An| < LE Y min {1’2 = D Ak Zii | Ziimg| < T}
k=1
} (4.18)

i=0 1" |j|<u,

> Ao Z K125 <t}
[71<Tn

1
< Ln(q+1)Emin [1, -

n

1
= Ln(qg+ 1)/ P(’ N Ao ZH|Zoj < m}| > :wn) dz .
|

0 1< T
Suppose first that 0 < o < 1. We have by (2.8), as 7 | 0,

Yn
”7’"” / P(I2] > 2)dz = o(1)nry P(1Z] > 1) — 0
n 0

A, < o(1)

by Karamata’s theorem, and (4.17) follows.
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Consider now the case o > 1. We abbreviate
n+Jn

An:=EDn)= Y  E(D.IB)),
t=—Jn—q+1
where
By = {th| > TV, | Zs| < Ty all s € Cy, s # t}.
Since g has a compact support, there is 6 > 0 such that g(s, zo,...,z,) = 0 for all

s € [0,1) and {(zo,...,2q) : |xo|+---+|zq| <6} Lett € {—Jp—q+1,...,n+J,}.
We have on the event B,

n
k 1
Dall{B} < | Y 9( R+ — Y AviZigs-os
k=1 1<

kaq,n + i Z Ak*qJZk*‘Z*j)

<
"k 1 ‘
—Zg(—,ka = > AwiZi L=k —j}...,
k=1 " i<
1 .
Rign+— Y ArqjZiq jKt=k—q— J}) ’f{Bt}
"< 0

Let Ky ={k:t—J, <k<t+q+ J,} and decompose the last expression into the
sum over K; and {1,...,n}\ K;. Then, on the event By, |A,| is bounded above by
q

: 1 ‘ .

L Z mln{l,z — Z Ak,iijk,Z-,jIﬂZk,i,j\ § T’yn}.[{] 7é k — 17— t}’}
keK; i=0 1<,
a
1

+llgloe D 1 Z(’Rkﬂ‘,n‘ + 7‘ > ApijZi—i i K| Zkioj] < T} ) >0

kgK, | =0 LTS

= Dn,l + Dn,g . (419)

We start with D,, 2. Recall that for all 4, |Ri_; | is bounded by 3, | 0. Using
in the sequel the letter C' for a finite positive constant that may change from time
to time, we see that for large n,

'fL+Jn
rn Y. E(Dp2l(By) < Cra(n+q+2J,)nP(|Z] > m,)
t=—Jn—q+1

q
x P(Z’ D Ak Zhmimi | Zimj] < 0}

=0 |j|<Jn
<cron(q+ VP(| Y AxsZigH1Zesl < 7)
[71<Tn

Using (2.8) shows that for small 7 > 0 this is further bounded by

> vn /2)

> 50t T)-

CnP(|Z]>v,) — 0 asn— o0
by the choice of 7,.
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It remains to consider the D,, ; term in (4.19). Note that in D,, 1, for each ¢, k
is restricted to at most 2J,, + ¢ + 1 possible values. We have

n+Jn

rn Y. E(Dnil(By))

t=—Jp—q+1
<Cro(n+q+2J,)P(|Z| > )
q

Jn Emin[LZ S

i=0 '™

Z ApijZi—iei K| Zk—i—j| < Tn} }
|71<Tn

Jn P(|1Z| > mvn)
<C 1—713‘ N Aoy 2K Z-4] <
<Cla+ )vn P(Z] > ) 1 = 054 R|Z=| < T}

. (4.20)

Suppose first that o = 1. For large n the last expression can be bounded by

1
cr D B(Z11Z) < rn ) E S 14
Tn ;
[31<Tn
Note that £}, ; [A4;] stays bounded by (2.2). Furthermore, the function I(z) =

E(|Z|K|Z| < x}) is slowly varying. Therefore, the above expression vanishes as
n — oo by (4.6).
Next consider the case o > 1. Let p, = E(ZI{|Z| < 77y,}). Note that

B| Y 452,17, <mn}| < B| Y Aj(ZHIZi] < mmd = o) [+l B| Y 4]
[71<Tn [71<Tn [71<Tn
=]+ 1I.

Let us start with I1. Since EZ = 0, we see that, as n — oo,
tn] < E(1ZIK|Z] > Tm}) ~ C 7 P(1Z] > 7).

Furthermore, to deal with } ;_; A;, we use the assumptions (2.2) - (2.4). Sup-
pose, for example, that 1 < o < 2. Choose € small enough so that @ —¢ > 1, and
notice that

1/(a—¢)

Bl Y Al <culea g S ]a,0 <o Jile

[71<Tn [71<Tn

and so the corresponding term in (4.20) is bounded, for large n, by

O 71720 2= 0=97 P(1Z] > ).

Note that for ¢ small enough, 6 := 2 — (a —¢)”! < a. In that case the above

expression is o(J,/v,) — 0 as n — oo by (4.6). Similarly, in the case a > 2 this
term goes to zero as well.
For I, by the Burkholder-Davis-Gundy inequality,

SIS

E‘ N 42125 <7 1) < CEa [EZ( 3 A§(2j1{|zj|gmn}7un)z)

l71<Tn l7]<JTn

]
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We use, once again, the assumptions (2.2)—(2.4). Assuming again that 1 < o < 2,
and choosing ¢ as above, we see that the above expression is bounded by

_e\ I/ (a—e)
C BB S 141|202, < vy )]
[71<Tn

<C (E|ZI{|Z| < T} - un|a_5)l/(a7€)E( > |Aj|afs>1/(“*€) ’

|J‘SJ7L

which is bounded, and so the corresponding term term in (4.20) converges to zero
because J,, /v, — 0 as n — oo. The case o > 2 is entirely analogous (and simpler).
This completes the proof of the lemma in all cases. (I

5. FIRST APPLICATIONS

Theorem 4.1 provides a rather complete description of the asymptotics of the
probability of rare events for the sequence (Xj). In this section we provide some
immediate applications of this theorem. For the sake of simplicity and to avoid
complicated formulas we restrict attention to the case where both Ay, ; and Z; are
univariate and Ay ; > 0 a.s. Then Z has a univariate regularly varying distribution
and its limiting measure can be written as in (2.6).

5.1. Order statistics. The first application is to order statistics. Let X;.,, be the
ith order statistic of X1, ..., X, in descending order. That is,

Xl:n Z X2:n Z Z Xn:n-

Fix an integer ¢ > 1 and consider the g-dimensional vector (X1.p, ..., X4, ) consist-
ing of the ¢ largest values. We denote by A} the ith order statistic of the sequence
{A; ;,j € Z} in descending order; under the assumptions (2.2) — (2.4) this is a well
defined random variable. Note that for co > u; > ug > -+ > ug > 0, we can write

P(Xi1 > Y1, .- Xgin > Ynllg) = P(Ng € B(u,...,uq))
with
B = B(u,...,uq) =N {€:£([0,1] x (u;,00)) > i}.
Then we have the following implication of Theorem 4.1.

Corollary 5.1. Let d = p =1, and assume that Ay ; > 0 for all k, j, and that the
hypotheses of Theorem 4.1 hold. Then

PAXain > gty Xoin > Wna)) g i (Arart)”.
nP(Z] > 1) i (A

Proof. First note that
m®(B(ui, ..., uy)) = E[(Leb xp) o Ty H(B(uy, . . ., ug))]
= E[,u{z : Z(SAjvjz(ul,oo) >1,.. .,ZéAj,jZ(uq, o0) > qH
= Elu{z: ATz € (u1,00),..., Az € (uy,0)}]
=wFE mi (A*u_l)a.

i Ui
1=1,...,q

The claim, therefore, is a direct application of Theorem 4.1 once we show that the
set B(uq, ..., uq) is bounded away from the null measure and m(90B(u1, ..., uq)) =
0.
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The set B(uy,...,uq) is open. To see this, write B(uy,...,uq) = NI_, B; with
Bi = {¢: £([0,1] x (us,00)) > i}. Then, Bf = {¢ : £([0,1] x (us,00)) < i} and
for a sequence of measures (§,) C Bf with &, = £ we have, by the Portmanteau
theorem,

i > liminf &,([0, 1] x (us,00)) > £([0,1] x (u;, 00)).

n—oo

Hence, £ € By so By is closed. This shows that B; is open and, consequently,
B(uz,...,uq) is open. Similarly, the set C; = {£ : £([0,1] X [u;,00)) > i} is closed.
Since B; C C; and C; does not contain the null measure, we see that each B; is
bounded away from the null measure and, hence, so is B.

Further, it follows, by the above calculation, that

m(0B(uy, ..., uq)) = m(B(ui,...,uq)) — m(B(ui, ..., ug))
<m(N_,C;) — m(B(ux,-..,uq))

—a-1
frd w “ e w @
E[/O I %’oo)(z) I[A% ’m)(z)w oz dz}

A

(o)
—E[/O I(Z% ’OO)(Z)-~-I(%q;’oo)(z)waz_a_1dz} =0.
This proves the claim. O

5.2. Hitting times. Next we consider the large deviations of first hitting times.
Take a > 0 and consider the first hitting time of (ay,, 00);

T = inf{k : Xy > ayn}.

Corollary 5.2. Let d = p =1, and assume that A ; > 0 for all k, j, and that the
hypotheses of Theorem 4.1 hold. Then for any A > 0

P(1, < An)

nP(2] > AT

Proof. 1t is enough to prove the statement for A = 1; the proof for a general A > 0
will then follow via denoting m = [An] and redefining appropriately the sequence
(7n). We have

roP(1, <n)=r,P( sup Xp/vn > a)=r,P(X1.n, > na),
0<k<n

and the statement follows from Corollary 5.1. (]

6. LARGE DEVIATIONS OF THE PARTIAL SUMS

In this section large deviation results for the partial sums S, = X1 +--- + X,
n=1,2... are considered. The main idea is to start from Theorem 4.1 and derive
results for the partial sum by summing up the points in the point measure N,
while applying the continuous mapping argument.

It turns out that for success of this program additional assumptions are needed.
The first assumption is designed to control the contribution of “relatively small”
values of the X}’s. To this end we introduce the following condition: for each § > 0

- < _o .
lslighm:uprnPQ’;XkIﬂXﬂvns}‘>'yn5) 0 (6.1)
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The second assumption we need is

e, (6.2)

the sum Z Aj ; converges a.s. and E sup H Z Ajj
JCczZz "
jeJ

Theorem 6.1. Assume the hypotheses of Theorem 4.1 and, in addition, that (6.1)

and (6.2) hold. Then
PO Swe ) = EBlu(z: > Az e )] (6.3)
JEZ

m MQ (Rd) .

Remark 6.1. Note that the large deviation result is uniform in the sense that the
normalization 7, is the same for all sets. In particular, the univariate result (p =
d = 1) can be stated as

(S > p'}/n 1«
nl_mo nP([Z] > pym) E J,J "’( w) ( E JJ)
for every p > 0, where the limiting measure associated with Z is given by (2.6).

Remark 6.2. In some cases, replacing conditions (6.1) and (6.2) by somewhat
stronger conditions, we can modify the proof of Theorem 6.1 to obtain large devi-
ations of the partial sum of the absolute values of the process. It is sufficient to

change condition (6.2) to
B3 44ll) " < oo. (6.4)

If0<a<1,ora>1andn/y, — 0, then it is sufficient to change condition (6.1)
to, for each § > 0,

im li < =0. .
lim lim sup rnP( ]; Xk X5] < e} > WS) 0 (6.5)
In this case one concludes that S2bs = 3"' | | X} satisfies
raP(; S5 € ) = Blu(z: Y 14552 € )] (6.6)
JEZ

in M()(Rd)
If, on the other hand, o > 1 and =, = n, then it is sufficient to change condition
(6.1) to, for each ¢ > 0,

n

lim lim sup rnP(|kZ:l(|Xk| — E|Xo|) I{| Xy < ne}| > n5> -0,  (6.7)
and then (52> — nE|Xo|) satisfies
raP(n~ 1 (S — nE|X,|) € ) —>E[,L( ;> 4,0 € )} (6.8)
JEZ
in Mo(Rd)

Proof. The idea is to divide .S, into three parts. One term containing the terms
where ¢ < |Xj| < 1/e for a small positive €, and the other two parts containing
terms with | Xj| < e and | Xj| > 1/e, respetively. The contribution from the latter
two parts turns out to be negligible.
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For 0 < £ < 1 let g. be a function [0,1] x R\ {0} — RY such that g.(t,z) =
ge(x) =xone < |z| < 1/¢g, g-(x) = 0 for all other values of z. First we consider the
convergence of r, P(N2(g.) € -) with N2 as in Theorem 4.1. Let m® be the limiting
measure in (4.3) with ¢ = 0. Note that g. is continuous except at the points |z| = ¢
and 1/e. By Remark 4.1

mo{f L €([0,1] x {|z] =2 or 1/e}) > o} —0.

Hence, the map & — £(g.) from N, to R? satisfies the continuity assumption in
the mapping theorem (Lemma A.2). Therefore, Theorem 4.1, with ¢ = 0, together
with the mapping theorem, imply that

raP(NS(ge) € ) = B|(Lebxpn) ((£.2) s 3 ge(t A52) €+ )| i=me() - (6.9)
JEZ

in Mo(Rd)

Put m,(-) = 1, P(v,; 1S, € -) and 7 as in the right-hand-side of (6.3). We need
to show mm,(f) — m(f) for any f € Co(R%); in fact, it is sufficient to consider
uniformly continuous f (see the Appendix). For any such f there is > 0 such
that « € support(f) implies |z| > n. For any § > 0

mn(f) = TnE[f('Y;lSn)]
= rnE[f('Y;lSn)I{h;lSn - Nv?(ge” > 6}]
+ T’nE[f(%ZISn)I{W;lSn - NS(QEN <4}
The first term is bounded above by

| flooTnP (175 Sn = Nyl(ge)| > 8) < \f|oornP(\ S XRI{IX| < W;}‘ > %‘5)
k=1

+ 1 floorn (| zn:XkI{|Xk| > 1—”}‘ > %5) . (6.10)
k=1

The assumption (6.1) guarantees that the first member in the right hands side of
(6.10) is asymptotically negligible. The second member in the right hands side of
(6.10) is, up to a constant, bounded above by

TnP(kzrllax | Xk| > ’yn/&?) < rpnP(|Xo| > vn/e) — 0
as first n — oo and then ¢ — 0.

Therefore, the statement of the theorem will follow once we show that
lim lim sup lim sup o B[] £ (3, 8n) = F(N (92D b " S = Na(g2)| < 33] =0,

|0 n— o0

(6.11)

and

lim i (f) = (). (6.12)

Indeed, in that case we could write for each ¢ > 0 and § > 0
170 (f) = ()] < B[ f (3 Sn) — F(NR (gD H{|70 S — Nip(g2)] < 6}
+ 1 Bf (v, Su) I ' Sn — Ny ()| > 3]
+ B[ (N2 (92)) {7 Sn = Ny (g2)| < 03] = ra E[f (N, (92))]]
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+raB[f (N (9:))] = me(f)]
+ [ (f) —m(f)]-

By (6.11), the argument in (6.10), (6.9), and (6.12), each term converges to 0 as

first n — oo, then € | 0, and finally 6§ | O .

It remains to prove (6.11) and (6.12). We start with (6.11). Choose § above
to be smaller than 7/2. The reason for this is that if either f(,,1S,) > 0 or
F(N2(ge)) > 0, then on {|v, 1S, — N2(ge)| < 6} we have |[N2(g)| > n/2. Since f
is uniformly continuous the expression in (6.11) is bounded above by

05 (1) r B[ I{IN2(9:)| > n/2} {1, S — No(g.)]| < 6}

< 05(1)rn P(IN;) (g2)| > 1/2).

Asn — oo and e | 0, (6.9) and (6.12) (still to be proved) show that this remains
bounded by const 05(1). As ¢ | 0 this converges to 0.
It remains to show (6.12). We have, as € | 0,

me()= [ [ S0 ata=) Pra
- /Q /R iy T (A2 (a2 ()

=m(f),
by dominated convergence. Indeed, »" g-(A4; ;z) — > Ajjz, px P-ae.ase | 0, f

is continuous, and
de 13| < 1 fleod {SUP‘ZA]JZ‘>7I}

which is p x P-integrable by the scaling property of the measure y and the assump-
tion (6.2). O

6.1. Checking the conditions of Theorem 6.1. To apply Theorem 6.1 one
needs to verify the extra assumptions imposed there. In this section we provide
conditions that are easier to check for some more specific models.

Proposition 6.1. Let (Xj) be the stationary process in (1.1) satisfying the con-
ditions of Theorem 4.1. If 0 < a < 1, then (6.5) holds and, hence, (6.1) holds as
well. If 0 < a < 1, then (6.4) holds and, hence, (6.2) holds as well.

Proof. Assume that 0 < o < 1. By Markov’s inequality, Karamata’s theorem, and,
finally, Theorem 2.1

<
tim limsup 7, P (Y Xl {1 Xk| < e} > 700)

n
< limli n *1E( X lH{| X5| < )
< €1%1 nnnsupr (n0) Z\ e I{| Xk| < yne}

= hfglhmsuprn n(1n0) " E|Xo|I{|Xo| < ne}

= lim lim sup 7,17(7,0) " C(7n6) P(| Xo| > Yne)
n

|0
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L eP(| Xo| > yne)
— lim1 L AR0L 7 InE)
B T (EE)
51704
—1limC =0,
el0 1)

and so (6.1) holds. If 0 < a < 1 then by (2.2) and Cauchy-Schwarz inequality

E(YI40)" <3 B4y

< (B)4,)17) 2 (B Ayt

/ /
< (ZBIa )" (S Bl ) " <,
and so (6.4) holds. O

If the sum (1.1) defining the process (X}) is finite, then modest additional as-
sumptions on the sequence (Ay)rez will guarantee applicability of Theorem 6.1.
We present one such situation.

Proposition 6.2. Let (X) be the stationary process in (1.1) satisfying the con-
ditions of Theorem 4.1. Suppose, further, that the sequence (Ay)gez s i.i.d. such
that for some M = 0,1,2,..., Ay ; =0 a.s. for|j| > M. Then (6.1) holds and,
further, (6.5) and (6.7) (as appropriate) hold. Also, both (6.4) and (6.2) hold, and
so Theorem 6.1 applies.

When the i.i.d. assumption of the sequence (Ap)rez is dropped one can still
obtain sufficient conditions for (6.1). See Lemma 7.3.

Proof. For finite sums the condition (6.4) is a trivial consequence of (2.2) - (2.4).
We will show that (6.1) holds; the proof for (6.5) and (6.7) is similar. It is, clearly,
enough to consider the case d = 1. Notice, further, that

P(|3 X I{IXk] < ne}] > 700) (6.13)
k=1
< P(for some k=1,...,n, |Ag;Zr_;| > e for at least 2 different j)

+P(|ZXkI{|Ak,jZk,j| <ypMeforallk=1,...,nand |j| < M} > 'yné) .
k=1
The first term in the right hand side of (6.13) is bounded by

n E P(‘AOJ‘Z,Z“ > Y&, |A0}jZ,j‘ > ’ynE)
i j=—M,... .M
i#]

= o()nP(|Z] > vn) = o(1)(1/1n),
as in Lemma 3.4 in Hult and Samorodnitsky (2008). The second term in the right
hand side of (6.13) does not exceed

M n
> P(I> Ay ZesH1Ars 25 < mMe forall k=1,....n

j=—M k=1

and |j| < M} > v,6/(2M + 1)) .
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By the assumed independence, for every |j| < M,

n
lim lim sup rnp(|z A Zio i I Au i Zij] < yaMe forallk=1,....n
€ n

k=1

and |j] < M} > 7,6/(2M + 1)) =0,
see the argument in Lemma 2.1 in (Hult et al., 2005). Therefore, (6.1) follows. O

Finally, for certain symmetric stochastic recurrence equations as in Examples
1.2 and 2.2 we provide sufficient conditions for the applicability of Theorem 6.1.

Proposition 6.3. Suppose that the i.i.d. pairs (Yi, Zr)kez are symmetric (i.e.
(—Y%, —Zx) 4 (Yi, Zk)), Z € RV(u, @) for some 0 < a < 2 and E||Y|*t¢ <1 for
some € > 0. Then the random recursion (1.3) has a unique stationary solution,
and it satisfies Theorem 6.1.

Proof. Existence and uniqueness of a stationary solution follows from Corollary 2.3
in Hult and Samorodnitsky (2008), which also shows that this solution is of the form
(1.1) and satisfies the assumptions of Theorem 4.1. For 0 < a < 1 the statement
follows from Proposition 6.1. For a > 1 we have by convexity (see Lemma 3.3.1 in
Kwapien and Woyczyniski (1992))

E(XI40) = inﬁ[n

(e

. o . 1/« @
oo ] e} J
<o (SITm) <|3(eImr) | <=
§=01i=0 j=0 i=0
since E||Y||* < 1. Therefore, (6.4) holds. Further, the symmetry assumption in
the proposition guarantees that the stationary process (Xj) is symmetric in the

sense that (Xj) 4 (exXk), where (e;) is a sequence of i.i.d. Rademacher random
variables independent of (X}). We conclude as in the proof of Proposition 6.1

lim lim su TnP(‘ X I{| X1 < e ‘> n(5)
lim lim sup ;k{lﬂv}v

n 2
< 15%1 1im:Uan(7n5)_2E<‘k§_:l X I{| X| < 7n5}|>

— lim i . n5*2E( X2I{|X3| < m )
lim lim sup (79) ; {1 Xk < e}
= lifglimsup T (Yn0) 2PEXAT{| Xk| < Yne}
€ n
= liﬁ)l lim sup 7, 7(7,0) “2C(1n) 2 P(| X | > Yne)
€ n

e2P(|Xk| > Yne)
2P(|Z] > n)

= limlimsup C'
el n
2—a

LT
=lmC =5 =0,
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proving (6.1).

7. RUIN PROBABILITIES

In this section we consider the univariate (d = p = 1) ruin problem based on
the sequence (Xj) in (1.1). Throughout this section we assume that « > 1 (which
requires, according to our assumptions, that EZ = 0), and let ¢ > 0 be the “drift”.
We are interested in deriving the asymptotic decay of the so-called infinite horizon
ruin probability

Y(u) = P(s%p(Sn —cn) > u)

as u — oo. Here S, = X1 + ---+ X, is the partial sum process.

As in Section 6, we will need to assume extra technical conditions, mostly in
order to control the contributions of the small jumps to the ruin probability. We
start with some notation. For integer ¢ > —1 let

=Y Av;Zkj, keZ. (7.1)

l71>q

We assume that, for each ¢ > —1 and each § > 0,

n
va| _ v V9| < _
lelﬁ)lhmbup’r‘n (‘ ;(|Xk| EIXINI{|X}] < n&}‘ > n5) 0, (7.2)

and that for every ¢ > 0 and v > 0,

P (b [T XYY < 0d) > m)
520 moniP nP(|Z| > n)

=0. (7.3)

It is easy to check that condition (7.2) holds, for example, under the assumptions
of Proposition 6.2. Sufficient conditions for (7.3) are given in Lemma 7.3 below.

Theorem 7.1. Suppose that the conditions of Theorem 4.1 hold with o > 1. Sup-
pose, additionally, that (7.2), (7.3), and (6.4) hold. Then

Yw)
Pz > w) (7.4)

[ (bup Z Akk) +(1—-w (bup Z Akk) }ﬁ

]EZ jGZ

Example 7.1 (iid). In the iid case Ay ; = I{j = 0} and we get the classical result
(see e.g. Embrechts et al. (1997))

L) w

u=oo uP(|Z| >u) cla—1)
Example 7.2 (SRE). Consider a univariate SRE of the Examples 1.2 and 2.2.
Assume that the i.i.d. pairs (Y, Z;)rez are symmetric, and that (7.2) holds. Put

M+—SHP(ZY1 )+,

7>0
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J
M_ =sup (ZY1~~~Yk>
320 2o

Then
b
cla—1)"

. P(u)
A P2 > W)

This result is believed to be new.

= (wE[M$]+ (1 — w)E[M*]
( )

Proof. For ¢ > 0 we define a counterpart to (7.1) by
X{=> Av;jZij ke,
l71<q
and let
ST =XT4. ...+ X2 SI=XI4... X9 n=12....
Let R denote the right-hand-side of (7.4). The first step is to prove the upper
bound

limsup&
u—oco UP(|Z] > u)

For (a large) integer M = 1,2,..., ¢(u) is bounded above by

P<kgs}il?M(Sk —ck) > [u]) + P<k>sﬁ}])M(Sk —ck) > [u])

<R. (7.5)

= phy (w) + ply ().
By Lemma 7.1

Pl (w)
lim limsup —2M Y __ _
i N T R R

so the main contribution comes from ps\};) (u). For any € > 0 and any integer ¢ > 0,

we have the upper bound

pg\?)(u) < P( sup (S — ck) > [u](1 — 5)) +P( sup S‘Z > [u]s).
k<[u] M k<[u]M

It follows from Remark 6.2 and assumptions (7.2) and (6.4) that

.. Plupg<pm S/Z > [u]e)
lim lim =0
q—oo u—0 ’LLP(|Z| > ’LL)

It remains to show

P((supyciupna (ST — ck) > [u (1 - <))
lim lim lim sup lim sup

<R. 7.6
M—o00e—0 q—00 U— 00 UP(|Z| > u) - ( )

Putting n = [u]M and taking 0 < v < 1, and a small § > 0, we see that
P( sup (S{ —ck) > [u](1— 6))

k<[u]M
k
= P(supn_l(SZ —ck) > (1- E)M_l,sup‘ZXfIﬂXﬂ < nd}| < nv) (7.7)
ksn iy

k<n
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k
+ P(supnfl(Sg —ck)>(1 —5)M*1,sup{ZXfI{|Xiq| < nd}| > n’y).
k<n k<n i—1

Notice that, by the regular variation and (7.3), for every M (recall n = [u]M) and
0<y<l1

. P(S“Pkg[u]MEf:l XJH{|X]| < nd}| > m) » s
520 el uP(|Z] > u) - (7.8)

Hence, we are left with estimating (7.7).
Since each noise variable Z affects at most 2¢g + 1 values of the process (X9), it
follows from the obvious fact that for every § > 0,

I P(|Zj| > nd for at least two different j = —q,...,n+q)
oo nP(|Z] > n)
and Remark 4.1 in Hult and Samorodnitsky (2008), that

P(D,) = P(|X]‘»1i\ >né for ji,jo=1,...,n, [j1 — j2| > 2q) = o(nP(|Z] > n)).

:0,

(7.9)
We conclude by (7.9) and (7.8) that for the upper bound we need to prove that
lim lim lim sup lim lim sup lim sup Pn(9) <R. (7.10)

M—=00e—0 gooo 70 5.0 u—oo UP(|Z|>wu) —

Here p,,(0) is a modification of the probability in (7.7), defined as follows.
For n > 1 and 6 > 0 we denote
Ks(n)=inf{i =1,...,n: |X;| > nd},
defined to be equal to n + 1 if the infimum is taken over the empty set. Then we
set
Ks (n)+k
pn(0) = P( sup n ! X; —cKs(n) > (1 —e)M ™t — 27) .
0<k<2q i=Ks(n)
This puts us in a situation where we can use the large deviations for point processes
in Theorem 4.1 and the mapping theorem in Lemma A.2.

Let ¢ = 6¢ + 1. This will correspond to the dimension of the point processes
we will work with. Specifically, ¢’ is the number of values of the process we are
keeping track of in (4.2), and we will use the statement of Theorem 4.1 in the space
MO(Ngl). We define now a functional h* : Ng/ — R as follows. Let

!’
= ) ’ € N? .
‘ ;% (b ey S NP

Consider all points (tk, 3:,(61), e ,xéq/)) of ¢ satisfying the following two conditions:

(1) for some m =2q+1,...,q¢" — 2q, |x,(€m)| > J;
(2) |x§f)| <éforallj=1,...,2¢qand all j =¢ —2¢+1,...,q".
Note that, by the definition of the space Ng/, the set H(&) of such points is finite.
If Hs(¢) =0, we set h*(£) = 0.
With the obvious convention for the expression k € Hy(&), we set, for each such
k,

mi =min{m=2¢+1,...,¢ — 2q¢: |x,(cm)|>(5},
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and define
M (@) &
3
h(tkaxk P 3xk_q ) :J:Orn’lz}xgq(z .’,Bk ) *Ctk.
i=my
Finally, we define
h*(§) = max h(tmxl(:),...,xiq/)) . (7.11)

keHs (&)

It follows from Lemma 7.2 that the measure m? in Theorem 4.1 assigns zero value
to the set of discontinuities of h*.
By the mapping theorem (Lemma A.2), we conclude that for any 7 > 0,

P(h*(NZ) > 7) =mg (h*(NT) > 7) — m? {¢: h*(€) > 1), (7.12)

using the fact the right hand side of (7.12) is continuous in 7 > 0.
Taking now into account the definition of r,,, the estimate (7.9) and the fact that
n = [u]M, one obtains from (7.12) that

. n((s) —(a—1) 4 * -1
Pl < pplemDpd fe - - :
hiHSUP wP(Z] > ) M m {f () >1—-e)M 27},

It follows from the form of the limiting measure m4 in the one-dimensional case
(see (2.6)) that for any 7 > 0,

{2 07(©) > 7} = s (0 — ey )

—q+j —q+J

E[ (] gnlax ZAkk) + (1 —w) (] gnlaXQQZ Akk) },

from which we see that

lim sup lim lim sup lim sup pni((S)
g—oo 70 550 u—oo U (|Z| > u)
< M~ V[(1=e)M)* = (c+ (1 —e)M 1)) V)R,

from which (7.10) follows. This proves the upper bound (7.5).
The lower bound requires a similar estimate. Take € > 0 and let u be sufficiently
large that ([u] +1)/[u] < 1+ ¢. For (a large) integer M = 1,2, ... we have

P(u) > P(Sllip(Sk —ck) > [u] +1)

> P( sup (Sk —ck) > [u](1+¢))
k<[u]M

> P( sup (S} —ck) > [u](1+ 2¢))
k<[u] M

— P( sup S > [ule).
k<[u]M

Hence, by Remark 6.2 and assumptions (7.2) and (6.4), it is sufficient to prove that

P((supjcquar(Sf = k) > [u](1 +22))
lim lim liminf lim inf

M—ocoe—0 g—oo u—oo uP(|Z| > u)

> R.
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Using (7.8) again it is sufficient to consider
P((supy<pupar ™ (4, Xil{nd < |Xi| < n/0} = ck) > (1+2¢)/M +7)
uP(|Z] > u)

and the argument from here is the same as in the case of the upper bound. O

, (7.13)

Below are the lemmas used in the proof of Theorem 7.1.

Lemma 7.1. Under the assumptions of Theorem 7.1
. . P(supy> 2 (Sk — ck) > u)
lim 1 &
Moo P uP(Z] > u)

Proof. We use Theorem 6.1 and Remark 6.1 and 6.2 with 7, = n. Choose 8 > 1
and A > 1 such that

=0.

c(l1-1/A)

ElX | < ,
| X1 | 71

(7.14)

and write

P( sup (Sg —ck) >u) < ZP(Sk > ck for some Mu@’ ! <k < Mu,@j) .
k>u M j=1
By stationarity of (Xy), for every j =1,2,...,
cMuﬁj_l)
A

+P<S’“ > ck + cMuB’ ' (1 —1/A) for some 0 < k < Mu (8’ — ﬁjfl)) .

P(Sk > ck for some Muf’ ! <k < Muﬁj> < P(SrMuﬂjfl] >

Using Theorem 6.1 we see that for some positive constant C' (that, as usual, may
change in the sequel) we have, for u large enough,

MuBi—1 ) )
P(SWUBM > %) < CMuB~*P(|Z| > Muf’~1)

and, by Potter’s bound, for M large enough,

P(|Z| > Mupi=1)

PZI>wy =M

It follows that

o] cMup? 1t
i 2= P (S[Mum—w > cMud
i sup wP(Z] > u)

Using the fact that a > 1, we let M — oo and see that the above expression
converges to zero.
Furthermore, for every j =1,2,...,

P(Sk > ck+cMuﬁj_1(l —1/A) for some 0 < k < Mu(ﬁj —ﬂj_l))

) <CcM(em)

Mu(8/—p7~")
< p( S X > eMup N1 - 1/A))
k=0
I (1-1/A)

SP(W S (Xl - Ex) > ©

k=0

o —E\X1|>.
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By the choice of 5 and A as in (7.14) and the assuption (7.2), we can use the large
deviations result (6.8), to conclude that, just as above, for all M large enough,

. P(S;€ > ck +cMuB?~1(1—1/A) for some 0 < k < Mu(f’ — ﬂj_1)>
fim sup wP(Z] > u)
<c(mp1) Y,
and, as before, these bounds can be summed up over j and, then, one lets M — oo

and uses the fact that o« > 1. This proves the statement of the lemma. O

Lemma 7.2. Under the assumptions of Theorem 7.1, the measure m4 in Theorem
4.1 does not charge the set of discontinuities of h* in (7.11).

Proof. Let = be the subset of Ng, consisting of point measures £ such that
§([0,1] x {(zo,...,z¢) : x| =6, someie€{0,...,q'}})=0.

According to Remark 4.1, the measure m? is concentrated on the set =, and so it
is enough to prove that the functional h* is continuous at each £ € E. Let (&,) be
a sequence in Ng/ such that &, = & If Hs(£) = 0, then Hs(&,) = 0 for all n large
enough, and so h*(&,) =0 — 0 = h*(§).

Suppose now that Hs(€) # 0. By the definition of the set 2 we see that for all n
large enough (say, n > ng), the cardinality of H(&,,) is equal the (finite) cardinality
of Hs(&). Moreover, the vague convergence &, - £ implies that, for every n > ng
there is an enumeration { ((t4)", (x,gl))”, ce (xﬁcq/))")} of Hj(&,,) such that for every
ke Hs(),

()" (@) @) = ()
componentwise as n — oo (see Resnick (1987)). Therefore, for each such k,
n 1 n ! n 1 !
h((tk) 7(93;@ )) gy (‘r](gq )) ) - h(tk7x](q) )a e 71;](;1 ))7
and, since the set Hy() is finite, we conclude that h*(&,) — h*(§), as required. O
Finally, as promised, we provide sufficient conditions for (7.3).

Lemma 7.3. Assume the hypothesis of Theorem 4.1. If 1 < o < 2, then for every
q>0and~ >0,

P((supgen |, XI{IXY| < 03} | > n7)
lim lim s — =0
520 el nP(|Z] > n)

If a > 2 the conclusion holds if additionally, for some B > a—1 and all —q < j < gq,
EAY < . (7.15)
Proof. Write

P( sup
k<n

k
> XI{IXY) < 0} | > )
=1

< Z P(sup

l71<q bsn iz

k
ny
L7 9 <
> A2 X < 0l > 755).
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We replace below, for simplicity, v/(2¢ + 1) with ~. Since the above sum has a
finite number of terms, it is enough to prove the appropriate convergence to zero
for each one of the terms separately. For simplicity we consider j = 0. Denote

k
B, = {sup|z AIL’()ZzI{|XZq| < TL(S}’ > ’I’L’)/}7
ksn oy

so that we can write for a small p > 0

P(sup
k<n

k
i=1

:P(Bnﬁ{|Zm|§np forallmzl—q,...,n+q}>
+P(Bnﬂ{|Zm|>np for exactly onem:l—q,...,n+q})
—|—P(Bnﬂ {|Zm| > np for two or more m =1 —q,...,n—i—q})
:=p1(n) + pa(n) + ps(n).
Clearly, for every p > 0,

lim __ps(n) =
n—oo nP(|Z] > n)

Next, select 0 < 6 < §/(2¢ + 1), and introduce the event
Cn= {\Ail)jZil,ﬂ >nf for some iy =1,...,n, |j| < q}.
Then
p1(n) SP(C’nﬂ{|Zm| <np forall m= 1fq,...,n+q})
+P(BnﬂC’gﬂ{|Zm| < np forall m= 1—q,...,n—|—q}>
= pu(n) + prz(n).
By stationarity,
pu(n) < (n+ 261)P(\Zo| < np, max |45 Z0l > né’)
<(n+ QQ)P(E@ A5 T{ max |4, 5] > 0/p}|Zo] > nf)) :

Therefore,

. pn(n) _

lim ———— =190 O‘E[max A |*T{max|A, ;| > 80/p },
00 TLP(|Z| > n) |j\§q| J:Jl {|j|§q| ],]I / }
and this expression can be made arbitrarily small by selecting p small in compar-
ison with . Furthermore, the choice of 6 guarantees that, on the event C¢, one
automatically has | X7| < né for each i = 1,...,n. Therefore,

k
p12(n) < P(ng ZALOZZ-I{\ZJ < np}‘ > n'y)
S =1
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Put m,, = EZI{|Z| < np}, Sk = S2F_, As o(Z:I{|Z:| < np}—m,,) and take p > a
such that E|Ago|” < co. Then

k
P( ’ A; o ZiI{|Z:] < ’ )
mex ; 0Zi{|Zi| < np}| > ny

k
§ Ai,Omnp
=1

By Markov’s inequality the second term in (7.16) is bounded above by

P(S (Aol > 7/2lmo) < (%)"’E(i 4il)”
i=1 " i=1

MNP 1y
<( ) IR Aol
2|mnp‘ ; '

Y )7’7
= E|A0,0
(2|mnp\

<P( 3 2) P(
< P(max|Sy| > ny/2) + P( max

> m/Q) . (7.16)

p.

Since p > a > 1, E|Ago|P < 00, and |my,,| ~ CnpP(|Z| > np) it follows that

k
Jim su P(Sup"" izt Aiorting| > 7/ 2) <l sup o PPUZ] > np)]P

To handle the first term in (7.16) we divide into two cases. For 1 < a < 2
we can take o < p < 2 and use the fact that Sy is a martingale with respect
to Fp = 0({4i0}-1,Z1,...,2Zk). Then the Burkholder-Davis-Gundy inequality
implies that
C

(ny)P
c

PS> m2) < s (18127)

IA

n
E( Y A1 ZiI{|Zi] < np} = mp, ) (717)

rovE

nE|Aoo”(E|ZIPI{|Z] < np} + |man,[?)

(n

Q 2

= )
C

(ny)?
where, in the last step, we use Karamata’s theorem. In particular,

i 1 oy (Bl AoolP (np)P P(IZ] > np) + [mn,|?)
1m 11m su =
pob SIP nP(Z] > n)

n(E[Aoo|”(np)" P(|Z] > np) + |man,["),

For o > 2 a variation of the Fuk-Nagaev inequality (see Petrov (1995) 2.6.6, p. 79)
implies

P(r,glgag |Sk| > n'y/2) = E{P(rgglgkl > m/2‘{Ai,o})}

< E[Ci(m) "> 1450l BIZiI {1 Zi] < np} = ma, ]

i=1
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+E[eXP{ C’gﬂ(ZA VarZI{|Z\<np})> }

The first of these terms can be bounded just as (7.17) above. To handle the second
term we write W, := Y7, A7, and note that, since a > 2, Var(ZI{|Z| < np})
is a slowly varying function (this quantity is even bounded when Var(Z) < o).
Therefore, it is bounded by n® for all n sufficiently large, where we choose ¢ to
satisfy 0 > 9=. Then it follows that for each A > 0,

2—e¢

)

E[exp{ - an2<WnVar(ZI{|Z| < np}))il} < E[exp{ —Cs

2—e

- E[eXp{ —Cy an }I{Wn < 2?2/ log n}}

2—e

+FE {exp{—Cg nW }I{Wn > An?"¢/log n]

<n~SA L P(W,, > An*>~¢/logn).
In particular we may choose A > (a — 1)/C3, which will imply
n*Cg)\
S EE—
nP(|Z| > n)

as n — 0o. We also have, for large n, by the choice of ¢,

P(W,, > An?>7¢/logn) n—P2=e)
< A?
P(|Z] > n) ~ nP(|Z] >n) (Z )

n—B01-e)

<———FEAY¥ —0
= nP(|Z] >n)" %0 o

by assumption (7.15).

Finally, the term ps(n) can be treated in the same way as the term p;(n), if one
notices that the single large value of Z,, can contribute to at most 2¢q + 1 different
X;. If one chooses § small enough so that (2¢ + 1)d < ~, then these terms can
be excluded from the sum Zle XII{|X}| < nd} in the first place. Hence the
statement of the lemma. |

APPENDIX A. FRAMEWORK

Let E be a locally compact complete separable metric space and consider the
space N, of Radon point measures on E. In the main part of the paper E will
be the space [0,1] x (R4 \ {0}) for some ¢ > 0 and d > 1, but here it can be
quite arbitrary. Let (h;);>1 be a countable dense collection of functions in C’I‘E (E),
the space of nonnegative continuous functions on E with compact support, such
that &,(h;) — &(h;) as n — oo for each ¢ > 1 implies &, = & in N,. Here %
denotes vague convergence. The existence of such a sequence (h;);>1 is established
by Kallenberg (1983) (see also Resnick, 1987, Proposition 3.17). Note also that the
functions h; may be chosen to be Lipschitz with respect to the metric on E. This
follows from the fact that the approximating functions in the version of the Urysohn
lemma used for the purpose of this construction are already Lipschitz (see Resnick,
1987, Lemma 3.11). In particular, a measure £ in IN), is uniquely determined by the
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sequence (£(h;))i>1. We may and will assume that the collection (h;);>1 is closed
under multiplication by positive rational numbers.

We can identify N, with a closed subspace of [0,00)> via the mapping h :
N, — [0,00)> given by h(§) = (§(h;))i>1- To see that h(N,) is closed in [0, 00)*,
let (z});>1 be a convergent sequence in h(IN,). That is, ] — x; for each i.
Then there exist &, € N, such that &,(h;) = z}' for each ¢ > 1. The collection
(&€n)n>1 is relatively compact in N, because sup,, &, (h;) = sup,, &' < oo for each
1. Hence, there is a convergent subsequence &,, — some £. This £ necessarily
satisfies £(h;) = x; and we conclude that (z;);>1 € h(N,). Thus, h(N,) is closed.

The vague convergence on N, can be metrized via a metric d induced from
[0,00)%°, defined by

- —i |z —yil
i) = 2 T (A1)
for elements x = (2;);>1 and y = (y;);>1 in [0, 00)>°. This makes N,, into a complete
separable metric space (since it is a closed subspace of the complete separable metric
space [0,00)°). The open ball of radius r > 0 in N, centered at £ is denoted B .
Recall that we denote by £y the null measure in N,,.

We will consider convergence of Radon measures m on the space N,,. The frame-
work considered here is that of Hult and Lindskog (2006) where the underlying
space, denoted S by Hult and Lindskog (2006), is taken to be N,. The space of
Radon measures on IN,, whose restriction to N, \ Bg, , is finite for each r > 0 is de-
noted My = M((N,,). Convergence in My (m,, — m) is defined as the convergence
my, (f) — m(f) for all f € Cy(IN,), the space of bounded continuous functions on
N, that vanishes in a neighborhood of “the origin” &.

The typical situation in this paper is that we have a sequence of random point
measures (N,,) on E, and we are interested in the convergence

mn(-) =1, P(N, € ) —m(-), in My.

A.1l. Convergence in M(N,). We start with relative compactness criteria. For
measures on a general metric space such criteria are given in Theorem 2.7 in Hult
and Lindskog (2006).

Theorem A.1. Let M C My(N,). M is relatively compact if
(i) for each e >0,
- —q g(hl)
sup m(f: 2 7>€)<oo,

and
(ii) for each h € C}(E) and § > 0 there exists R such that

sup m(€: &(h) > R) < 4.
meM

Proof. We need to check (2.2) and (2.3) of Theorem 2.7 in Hult and Lindskog
(2006). Since the metric on N, is given by (A.1) (i) immediately implies (2.2) in
that reference.

Next note that any set of the form [[;2,[0, R;] is a compact subset of [0, 00).
Hence, C = {¢ : £(h;) < R; for each i} \ Be,  is a compact subset of N, \ Be, . and

sup m(IN, \ (Bgy,e UC)) < sup m(§ : £(h;) > R; some i > 1)
meM meM
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oo

< ;g%;m(ﬁ 1&(hi) > Ry).

By (ii) we can take R; such that sup,,c,; m(€ : £(h;) > R;) < 27%5, which implies
(2.3) of Hult and Lindskog (2006). O

To show actual convergence, one needs, in addition to relative compactness,
to identify subsequential limits. For this purpose we define for gi,g92 € C;Q(E),
€1,e2 > 0, a function Fy, g, ¢, : Np — [0,00) by

Forga.e1,2(8) = (1 = exp{=(£(g1) —e1)+ })(1 — exp{—(£(g2) —e2)+}) . (A.2)

Note that each Fj, 4, ¢, ., is a bounded continuous function that vanishes on a
neighborhood of the null measure &g.

Lemma A.l. Let mq, mg be measures in Mo(N,). If for all Lipschitz functions
91,92 € C;’;(E), 1,62 > 0, one has ml(Fqug2a81752) = m2(EQ17!12761752)’ then my =
mso.

Proof. We use the assumption with ¢g; = hj,, 7 = 1,2. Replacing hj, by bh;, and
€1 by be1 with positive rational b, and let b — co and €5 — 0, we obtain

/ I{&(hy,) > e1}etazdmy (dE)

B / I{&(hy,) > exte i) my(dg) . (A.3)

Replacing, in (A.3), hj, by bh;, as above, and letting b — 0, we obtain also

m1(I{§(h;,) > e1}) = ma(I{&(hj,) > e1}). (A.4)

Since the family (h;);>1 is dense in C}(E), we conclude that (A.3) holds with
hj, replaced by any function in C}t (E). To see that (A.4) and (A.3) imply m; = ma
we define, for any j; > 1 and €; > 0, probability measures on N, by

=y _ma(N{E:E(hy,) = en})
ma () = :
mi (€ : {(hy,) = €1)
ma(-N{§:&(hy,) > e1})
ma(§ : {(hy,) = €1)
The uniqueness property of the Laplace functionals (see Resnick, 1987, Section 3.2)

(A.3) implies that m; and mo coincide. Hence m; and mso coincide on the set
{&(hj) > €} for any j and €. Letting ¢ — 0 we obtain the claim. O

7712() =

Finally, we are ready to state necessary and sufficient conditions for convergence
in Mo(Np)

Theorem A.2. Let m,mi,ma,... be measures in Mo(N,).The condition

lim mn(thgmsl,&z) - m(Fg1,92,€1,82)

n—oo

for all g1,92 € C’}’;(E), €1,e2 > 0, is necessary and sufficient for the convergence
my, — m in Mo(N,). Furthermore, it is sufficient to check the condition only for
the Lipschitz functions in Cj: (E).
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Proof. The necessity of the condition is obvious. For the sufficiency we start with
checking that the sequence (my,),>1 is relatively compact in My(N,), for which we
will check (i) and (ii) in Theorem A.1.

Start by choosing a Lipschitz collection (h;);>1 as above. Take € > 0. With
J. = [—logye] + 1 we have

- i Je . .
mfe g 2 ) = mle B > 5
<im ({e: _&(h) e )
O ! S 14+&(h) T 3J

Je
< ;mn({£: §(hi) > m» '

Note that, for any h € Ot (E) and R > 0,

m(Fp h,rj2,r/2) = /(1 — e~ C=R20)2m (dg) (A.5)
> [ e SR e > Rym(de)  (A0)
> (1—e ®B2)lp(g: £(h) > R). (A7)

For € > 0 we choose R = R(¢) = ﬁ By the assumption of the proposition
there is n; such that for all n > n; the bound

Mo (Fh, hy ry2,R72) < M(Fhy by m/2,R72) +1
holds for each i = 1,...,J.. It follows from (A.5) that for all such n,

e}
—i_ &) })
n N, : 27 > 2 >
mn({€€m, ; 1+t = °
2
< (1 — e_R(E)) Z[m(Fhi’hi’R(E)/g’R(g)/g) +1],
i=1
which is finite, establishing (i) in Theorem A.1.
The next step is to check (ii) in Theorem A.1. For h € Ct(E) and R > 0 we
have by (A.5)

limsup m,,({§ : £(h) > R}) < limsup (1 - e_R/Q) _2m(Fh7h)R/2,R/2)

_ —2
=(l-e R/2) m(F n,r/2,R/2) -

The latter expression converges to zero as R — oo, which implies (ii) in Theorem
Al

We conclude that (m,,) is relatively compact in M(Ny).

Since the assumptions of Lemma A.1 are satisfied for any subsequential vague
limit point of the sequence (m,) and the measure m, we conclude that all sub-
sequential vague limit points of the sequence (m,,) coincide with m and, hence,
my, — m in Mg(N,). O
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A mapping theorem. The general version of the mapping theorem is given in
Theorem 2.5 in Hult and Lindskog (2006). Here we will state a useful special case.

Lemma A.2. Suppose m,, — m in Mo(N,) and f : E — R% is a measurable
function with a bounded support, such that m(§ : &(Dy) > O) = 0, where Dy is
the set of discontinuities of the function f. Define T : N, — R%, by T(&) = &(f).
Then

My o T 1) = moT (),
m M()(Rd).

Proof. This follows from Theorem 2.5 in Hult and Lindskog (2006) since T is dis-
continuous on a set of measure m equal to zero, T'(£y) = 0, and T is continuous at
. 0
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