ORIE 634 Approximation Algorithms September 28, 2006

Problem Set 3

Due Date: October 17, 2006

1. Using randomized rounding and first fit, give a randomized polynomial-time algorithm for bin packing that uses ρ · OP T (I) + k bins for some ρ < 2 and some small constant k.

2. As with linear programs, semidefinite programs have duals. The dual of the MAX CUT SDP we looked at is 1 2 ∑ i<j w_{ij} + 1 4 Min ∑ i γ_i

(D) subject to: W + diag(γ) symmetric, positive semidefinite,

where the matrix W is the symmetric matrix of the edge weights w_{ij} and diag(γ) is the matrix of zeroes with γ_i as the ith entry on the diagonal. Show that the value of any feasible solution for this dual is an upper bound on the cost of any cut.

3. Semidefinite programming can also be used to give improved approximation algorithms for the MAX SAT problem. First we start with the MAX 2SAT problem, in which every clause has at most two literals.

(a) As in the case of MAX CUT, we’d like to express the MAX 2SAT problem as a “integer quadratic program” in which the only constraints are y_i ∈ {−1, 1} and the objective function is quadratic in the y_i. Show that the MAX 2SAT problem can be expressed this way. (Hint: it may help to introduce a variable y_0 which indicates whether the value −1 or 1 is “TRUE”).

(b) Derive a .878-approximation algorithm for the MAX 2SAT problem. (c) (Bonus problem) Use this .878-approximation algorithm for MAX 2SAT to derive a (^3_4 +ϵ)-approximation algorithm for MAX SAT, for some ϵ > 0. How large an ϵ can you get?

4. An important quantity in combinatorial optimization is called the Lovász Theta Function. The theta function is defined on undirected graphs G = (V, E). One

3-1 of its many definitions is given below as a semidefinite program:

ϑ(Ḡ) = Max ∑ i,j b_{i,j} subject to: ∑ i b_{ii} = 1 b_{ij} = 0 ∀(i, j) /∈ E B = (b_{ij}) ⪰ 0 B symm Lovász showed that ω(G) ≤ ϑ(Ḡ) ≤ χ(G), where ω(G) is the size of the largest clique in G and χ(G) is the minimum number of colors needed to color G. (a) Show that ω(G) ≤ ϑ(Ḡ).

(b) The following is a small variation in the vector program we used for graph coloring: Min α subject to: v_i · v_j = α ∀(i, j) ∈ E v_i · v_i = 1 v_i ∈ ℜ^n.

Its dual is Max − ∑ i u_i · u_i subject to: ∑ i≠j

u_i · u_j ≥ 1 u_i · u_j = 0 (i, j) /∈ E, i ≠ j u_i ∈ ℜ^n.

Show that the value of the dual (and thus the primal) is 1/(1 − ϑ(Ḡ)). 5. A metric space (V, d) is a set of vertices V together with a distance metric d such that d_{ij} ≥ 0 for all i, j ∈ V , d_{ij} = d_{ji} for all i, j ∈ V , d_{ij} = 0 for i, j ∈ V iff i = j, and d_{ij} + d_{jk} ≥ d_{ik} for all i, j, k ∈ V . A metric space is said to be ℓ_p-embeddable if, for some m, there exists points u_i ∈ ℜ^m for i ∈ V such that d_{ij} = ‖u_i − u_j‖_p, and a metric space (V, d) is ℓ_p-embeddable with distortion c if for some m there exists points u_i ∈ ℜ^m for i ∈ V such that d_{ij} ≤ ‖u_i − u_j‖_p ≤ c · d_{ij}. 3-2

Show that given a metric space (V, d), semidefinite programming can be used to find an ℓ_2-embedding with the minimum possible distortion. (Recall that for x ∈ ℜ^m, ‖x‖_p =^p √ x^p_1 + x^p_2 + · · · + x^pm).

3-3