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1. Introduction

Consider the problem of estimating the function f : [0, 1] — R under a univariate
regression model
yi:f(ti)'i‘ei, t1=1,...,n, (1)
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where the t; are pre-specified design points and the ¢; are iid normal random
variables with mean 0 and variance o2. This paper compares Eilers and Marx’s
[7] P-spline estimator with the corresponding smoothing spline estimator, and
establishes the asymptotic rate of the supremum norm of the difference between
these two estimators. Our findings show that the P-spline and smoothing spline
estimators are asymptotically equivalent, and they have the same equivalent
kernels at both interior and boundary points, providing sufficiently large number
of knots is taken.

Penalized spline regression estimators, which use fewer knots than that of the
classic smoothing spline, have been studied at least as far back as O’Sullivan [19].
One special case is the P-spline estimator introduced by Eilers and Marx [7],
which uses a difference penalty and a flexible number of knots. Penalized spline
smoothing has become popular over the last decade and the use of low rank
bases leads to simple and highly efficient computation. (It is worth mentioning
that certain splines, such as smoothing splines, also admit efficient numerical
methods, e.g., the Kalman filter (Eubank [9]) for computation of the GCV score
for selecting the smoothing parameter.) The methodology and applications of
penalized splines are discussed extensively in Ruppert, Wand and Carroll [22],
but asymptotic properties of the penalized spline estimators have been less ex-
plored. A few exceptions include the recent papers such as Hall and Opsomer
[11], Li and Ruppert [13], and Claeskens, Krivobokova, and Opsomer [2]. Hall
and Opsomer [11] placed knots continuously over a design set and established
consistency of the estimator. Li and Ruppert [13] developed an asymptotic the-
ory of penalized splines for piecewise constant and linear B-splines with the first
and second order difference penalties. Claeskens, Krivobokova, and Opsomer [2]
studied bias, variance, and asymptotic rates of the penalized spline estimator
under different choices of the number of knots and penalty parameters. We refer
the interested reader to Wahba [25], Eubank [8], Gu [10], and Eggermont and
LaRicci [6] for extensive discussions on general spline regression.

The penalized spline model studied here approximates the regression function
by fPl(z) = S Kby, BP(2), where {BY! : k = 1,...,K, +p} is the pth
degree B-spline basis with knots 0 = ko < k1 < --- < Kk, = 1. The value of
K,, will depend upon n as discussed below.

Various types of roughness penalties are in use to prevent overfitting. In
Eilers and Marx’s P-spline, the spline coefficients b = {I;k, k=1,...,K, +p}
are subject to the mth-order difference penalty, that is, they are chosen to
minimize

2

n Kyn+p Kn+p
Z{yi— 3 ka,E%i)} +AT Y AT ), (2)
1=1 k=1 k=m+1

where A\* > 0 and A is the backward difference operator, i.e., Aby = by, — bgp_1
and

AT = AA™ Ny = = S (1) (m> R (3)
; J
7=0
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The P-spline estimator is given by fIPl(z) = Zf:"frp IA);CB][CP] (). On the other
hand, Wand and Ormerod [26] studied splines which replace the difference
penalty in (2) by a smoothing spline type penalty, so that

n Kn+p . 2 L gm Kntp . 2
- b B (; +X*/ - b BP ()| dt 4
gly ;MU O[dtm;km (4)

is minimized where m < p and A > 0.

We use the name “P-spline” for the minimizer of (2), “smoothing spline” for
the minimizer of (4), and “classic smoothing spline” for the minimizer of (4)
when there is a knot at each unique design point. The term “penalized spline”
will be used for any estimator using a roughness penalty, so that penalized
splines includes P-splines and smoothing splines as special cases. It is some-
what non-standard to call the minimizer of (4) without the full set of knots a
smoothing spline, but this terminology agrees with that of the smooth.spline ()
function in R.

Initially, we assume that both the design points and the knots are equally
spaced on the interval [0,1] and n/K, is an integer denoted by M,; a more
general case will be discussed in Section 4.

It should be noted that other bases are often used for penalized splines; for
example, the truncated polynomials are used extensively in Ruppert et al. [22].
As discussed in Section 3.7.1 of Ruppert et al. [22], a penalized spline in one
basis will be algebraically identical to a penalized spline in a second basis, if
the two bases span the same vector space of functions and if they use identical
penalties.

The contributions of the present paper are twofold: (i) The paper provides
a rigorous proof that penalized splines and smoothing splines are asymptot-
ically equivalent, and they have the same equivalent kernels at both interior
and boundary points. Therefore, both the estimators have the same asymp-
totic distribution for all ¢ € [0, 1] under the optimal choices of K, and A*. The
asymptotic distribution of the general penalized spline estimator can be easily
obtained by using the existing results on smoothing splines. It is worth mention-
ing that using equivalent kernels to perform asymptotic analysis of smoothing
splines has been studied by Rice and Rosenblatt [20], Silverman [23], Messer
[16], Nychka [18], and Abramovich and Grinshtein [1]. (ii) Compared with the
results based on matrix techniques, e.g. Li and Ruppert [13], our approach con-
siderably simplifies the development and yields an instrumental alternative to
establish the equivalent kernels for general penalized splines. Moreover, our ap-
proach also leads to the observation that the convergence rates are independent
of the splines’ degrees and the number of knots for an arbitrary penalized spline
estimator. While this observation was pointed out by Li and Ruppert [13] for
piecewise constant and piecewise linear P-splines and was conjectured for general
penalized splines, no rigorous justification has been given for general penalized
splines; the current paper offers a satisfactory answer to this issue in a general
setting and, in particular, provides results for the common choices of quadratic
and cubic splines which Li and Ruppert did not analyze.
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The paper is organized as follows. In Section 2, we give the characterization
of the penalized spline estimator, and state the main result that establishes the
asymptotic equivalence between the penalized spline estimator and the smooth-
ing spline estimator. The asymptotic distributions for the cases of p = m and
p # m are presented in Section 3. Discussions are given in Section 4. The Ap-
pendix contains proofs for all technical developments.

2. Main results

We first focus on the case when p = m. This is the easiest case to analyze, and
splines with p # m will be studied later by approximating them using splines
with p = m; see Lemma 3.1. It follows from the following derivative formula for
B-spline functions (de Boor [3])

d[ Kn+p Kp,+m l
= > uBM@ = Y KA B @), 1<m, )
k=1 k=141
that
Ay = —— L i) ) ek .
m+k Kmdl'mf (117), HARS (Hk 1,Iik], see e, Iy ( )

Therefore, when p = m, the problems (2) and (4) are equivalent if we use equally
spaced knots. Both optimization problems can be written as

n

minimize ! Z {yl - f(ti)]2 + )\/1 [f(m)(t)fdt overall fe€S,, (7)
n 0

i=1

where A = \*/(nK™~!) and S, = span{B,[cm} :k=1,...,K, +m} is the B-
spline space of order m. Let W3"* = { f: f0m=1) absolutely continuous and f(™)
€ L5[0,1]} be the Sobolev space of order m. The smoothing spline estimator is
the function ¢ € W3" that minimizes the functional

n

oDl (e 1 [ [ ) e @

i=1

Let f [ml and QAS be the optimal solutions for (7) and (8), respectively. For a
function h : [0,1] — R, define [|A[| = sup,¢jo 17 [1(t)| and the subsequent norms
are defined in the same way.

It is easy to see that the optimal solution f [m] exists and is unique for any
given data. To characterize f [m] we will show that f [m] is an approximate
solution to a certain differential equation (see Theorem 2.1), and to do this we
introduce some variables and functions. Let w; be the uniform distribution on
{t1,...,tn} and ws be the uniform distribution on {k1,...,kxk,}. Let g be a
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piecewise constant function for which g(zx) = yx for k = 1,...,n. Define

n

Gila) = [ alar( = Sl < a),

i=1
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where I is the indicator function of a set, and for k > 2, define

Ky

Gr(z) = /0 : Gk,l(t)dwg(t):KinZGk,l(mj)I{nj§x},
. o
Fi(z) = /O Fk_l(t)dwg(t):K—n;Fk_l(nj)I{njg:v}.

We also define
Fi(z) = / frl@ydt,  F(x) = / Eu_q(t)dt, k>2.
0 0

Let X = [Bi(z;)] € R™Entp) be the design matrix, and let D, €
REn+p=m)x(Kn+p) he the mth-order difference matrix such that

Do = [A™ (b1, -, A™ (b, 4]
The minimizer b of (2) is given by
(XTX + X' DI D)o = XTy, (9)

where y = (y1,...,yn)". Define ¢ € REntm)x(Kntm) and ¢ ¢ REntm)xn,
respectively, as

_ i (17 0 o0 0 0 ]
1 0 0 O 0 0 17 1T o 0 0
1 1 0 0 0 0
111 0 --- 0 O B . . : . : :

C= e .. and C = | 17 1T 1T ... 1T ¢

R IR 1T 1T 1T ... 1T 1T
1 1 1 1 1
1 1 1 1 1 1 . : : " : :

- - 1T 1T 1T . 1T 1T

where 0 = [0,0,...,0], 1 = [1,1,...,1]7 € RM»*! and the last m rows of C
are all ones. Left multiplication by C' and C are discrete analogs of integration.
Since C' is invertible, (9) is equivalent to

NC"DI Db+ CmXTf=cmXxTy, (10)
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where f = [fl™)(z,),..., fi™(2,)]T and C* denotes the product of k copies of
C'. In the following development, the difference equation (10) is replaced by its
analogous differential equation, in which the term C™DZ D,, is replaced by the
differentiation operator and C™ X7 is replaced by the integration operator. Let

1

nkKm !

cm xT—cmt ¢l

and R be a piecewise constant function such that R(r;) is the jth row of R(y —
f[m]),

The following result states that the optimal solution f [m] can be approxi-
mated by the solution of an ordinary differential equation (ODE); its proof is
given in the Appendix.

Theorem 2.1. The necessary and sufficient conditions for f[m] to minimize

(7) are
()7 A fr ) = Gonla) — Frule) 4 R@), ae. wef0,1], (1)

and 3
Fk(l):Gk(l)v kzlvama (12)

where the asymptotic order of | R|| is

. /2 log K, \ /2
i =0,(%er) + o () )

It is well-known that smoothing splines satisfy the natural boundary con-
ditions that the mth derivative of ¢E is zero between 0 and the first design
point and between the last design point and 1. The issue as to whether the
penalized splines satisfy natural boundary conditions is very interesting. Since
Gm(z) = F(z) =0 for x € [0,t1), and G, (z) — F(2) = 0 for x € (t,_1,1] from
(12), we have

dm

dw—mﬂml () = (—=1)™X\"'R(x), z€[0,t1)U[tn_1,1].

Therefore, f [m] does not satisfy the natural boundary conditions on [0,¢1) and
(tn—1,1] in general, i.e., (d™ /dz™) f")(x) # 0 for 2 € [0,t1)U(t,_1, 1]. However,
under the optimal choices of A and K, such that X is of order n=2"/(4m+1) and
K, ~n" with v > (2m — 1)/(4m + 1), we have |R||/\ — 0. This shows that
(d™/dz™) fm(z) — 0 for & € [0,£1) U (tn_1,1]. Therefore, fI™ satisfies the
natural boundary conditions asymptotically.

The next result establishes the asymptotic equivalence of f [m] and (;3; its proof
is in the Appendix.

Theorem 2.2. For any fixed o > 0, we have

p 1) i) = 0, (e ) 0, (KT g

z€[o,1—0]
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Furthermore,

1/2
17 - a1 =0u(- ) +ou( () ) (14)

Theorem 2.2 gives the convergence rates for the difference between f [m] and
¢E over any compact subset of the interior of [0, 1] and over the whole interval.
It is observed from Theorem 2.2 that if \ is of order n=2m/(4m+1) and K,, ~ n?
with > (2m — 1)/(4m + 1), then for any z € (0,1), fI™)(z) — ¢(z) is of order
n~°logn with ¢ > 2m/(4m + 1). It is known that the optimal convergence rate
of ¢ at any given inner point is of order n2™/#m+1) ynder the optimal choice of
A which is of order n=2"/(4m+1) (Eggermont and LaRicca [6]). This shows that
flml(z) and ¢(x) have the same asymptotic distribution for all inner points.
When ¢ is close to the boundary and K,, ~ n” with v > 2m/(4m + 1), we have
| /" =@ = O, (n~°) with ¢ > 2m/(4m+1). The convergence rate of ¢ is slower
than n2™/(4m+1) at houndary points. Under this circumstance, fI™ and ¢ are
asymptotically equivalent and they have the same asymptotic distributions for
any z € [0, 1].

3. Applications

It is well-known that the smoothing spline estimator ngS is asymptotically equiva-
lent to the kernel smoothing (Silverman [23]). Specifically, Eggermont and LaR-
iccia [4, 6] have shown that, for any ¢ € [0, 1],

1 n
- 1
o(t) = / Kx(t,s)f(s)ds + — Z K\(t,t;)e; + higher order terms, (15)
0 i
where the equivalent kernel K (¢, s) is the corresponding Green’s function for
the following ordinary differential equation with boundary conditions and given

u(t):
(=)™ P (t) +u(t) = v(t), on  [0,1],
subject to  u™(0) =u™ (1) =0, for k=m,...,2m — 1.

The equivalent kernel K (¢,s) can be computed explicitly for an equidistant
design, see e.g., Messer and Goldstein [17]. The higher order terms in (15) are
negligible since they converge to zero at faster rates. Theorem 2.2 indicates that
the P-spline or splines that minimize (4) are also approximately kernel regression
estimators. The equivalent kernels for both interior points and boundary points
are the same as the equivalent kernels of smoothing splines.

Corollary 3.1. Let X satisfy n>™/(4m+1) 5 0 gnd \=Cm=D/2mog K, /K, —
0. Suppose that the true regression function f is 2mth order continuously dif-
ferentiable with bounded 2mth derivative. Define 3 = A\~Y (™) Then for each
fized t € (0,1),

n A~

3 [F17() = F(0)] = N(0,0%(1)), (16)
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where A/ fol K3(t,s)ds — 0% (t) as n — co. However, if X\ = My I for
¢ >0 and if K, ~nY withy > (2m —1)/(4m + 1), then

n2/ G [l @) — f()] = N (=) e ), e ok(r) ). (17)

The proof of Corollary 3.1 follows from a direct application of (15) and is
thus omitted. The asymptotic results given by Corollary 3.1 provide theoretical
justification of the observation that the number of knots is not important, as
long as it is above some minimal level (Ruppert [21]). It is easy to find that
the mean squared error of the P-spline estimator is of order n=*"/4m+1 which
achieves the optimal rate of convergence given in Stone [24].

In the following, we study the asymptotic properties of f[¥! (t) = EkK:";r ? by,
B,[Cp ] (t) when p # m. We first define a piecewise mth degree polynomial fI!
where f Pl and f [™] share the same set of spline coefficients. In particular, define

Fm 1) = [ b ka[ ), if p>m
Zi‘:i "B (), if p<m

Note that, if p < m, then fI™ is defined on [0,1 — “t]. The following lemma,
whose proof is given in the Appendix, characterizes the difference between f [p]

and f

Lemma 3.1. For any fized t € (0,1), let d = |Knt] + 1. Let 4(t) = fPI(t) —
fml(t). Then, if p > m,

4 d+q
Z Z < (t =i q))B Zaerl a1 K dtlf[p(), (18)

g=m+1i=d+1 =1

and if p < m,
m d+m [ 1] m dl
- -1 Flm
Z Z ( 'q)) B (t) ZbiJrlfd,lKn @f[ I(t), (19)
q=p+1i=d+1 =1

where the coefficients {a;;} and {b;;} are constants.

Following the similar discussion as above, we can establish the asymptotic
distribution for fI™ as in (16) and (17), respectively, under different admissible
ranges of A and K,. Since fIP! = flml 4 4(t), we have the following asymptotic
distribution for f [Pl for any p # m at a fixed interior point.

Corollary 3.2. Suppose that [ is 2mth order continuously differentiable with
bounded 2mth derivative on [0,1]. Let X satisfy An>™/4m+) 5 0 and
A=@Cm=0/2m 00 [, /K, — 0. Then, for each fived t € (0,1) and with 3 =
A=Y @m) g5 before,

\/g FP() — £(1) — 4(0)] =% N (0,0% (1)), (20)
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where y(t) is given by (18) if p < m or by (19) if p > m. However, if A =
2T T for ¢ >0, and let K,, ~nY with v > (2m — 1)/(4m + 1), then

n2m/(4m+1) [f[p] (t) _ f(t) _;Y(t)] _)d N((—l)m7102mf(2m)(t), 1 U%((t) )
(21)

It can be seen from the above corollary that when p is not equal to m,
the asymptotic bias has an additional term 4(¢), which is of order O,(1/K,).
When K, grows sufficiently fast with respect to n, this term is asymptotically
negligible.

4. Discussions

We have so far focused on the equally spaced design case and equally spaced
knots. When the design is not equally spaced and we use equidistant knots, under
similar arguments in Section 2, problems (7) and (8) are still asymptotically
equivalent, and the problem (8) is asymptotically equivalent to

1 n 1
minimize [ [o(t) = FOPw(Odt + = 30(0(6) = 1(e)es + A [ o) at
i=1

where w(t) is the asymptotic design density, and the rest is as the same as in
Chapter 21 of Eggermont and LaRicca [6].

We have assumed that the random errors {¢; : i = 1,...,n} in the regression
model satisfy a normal distribution, and this assumption can be relaxed. A
crucial step in the proofs of the asymptotic properties of the estimators is the
order of max;—1, ., |€|. Indeed, when the ¢;’s are independent normal random
variables, max;—1,. . €| is of order Op((2logn)1/2). If the ¢;’s satisfy other
distributions, then the order of max;—1 . , || can be determined by the tail
probability Pr(e; > ). By making use of assumptions of this tail probability,
all derivations for asymptotic properties can be obtained in a similar fashion.

One may ask “what is the interpretation of cases m > p?” These cases are,
of course, impossible for the smoothing spline penalty, since if m > p, then the
mth derivative will not exist at the knots and will be zero elsewhere. For the
discrete P-spline penalty, the cases m > p are valid and indeed were allowed
in Eilers and Marx [7]. To interpret these cases, it is useful to look at the
simple case when p = 0, i.e. piecewise constant splines, under the assumption of
equally spaced knots. In this case, Aby is the jump of the function at the knot
ki. Hence when m = 1, any deviations from a constant function are penalized.
This effect is similar to what it would be if the first derivative existed and was
penalized. Similarly, when m = 2, A2b; is the difference between the jumps
at two consecutive knots. The functions that are unpenalized are step function
approximations to linear functions. This pattern persists for higher values of
m and p. For example, if p = 1, then the functions that are unpenalized are
piecewise linear approximations to polynomials of degree m — 1, because the
coeflicients will follow a polynomial trend of the same degree.
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The univariate P-splines can be naturally extended to multivariate P-splines
Marx and Eilers [15]. The asymptotic properties can be studied along the same
line. Our conjecture is that the multivariate P-spline smoothing is asymptoti-
cally equivalent to multivariate kernel smoothing and the equivalent kernel is
the Green’s function corresponding to a related partial differential equation.
Further study of this issue is beyond the scope of this paper and shall be re-
ported in a future publication.

Appendix
Proof of Theorem 2.1
Since C is invertible, for any k € N, (9) is equivalent to
NCFDT Db+ CFXTf = CF X Ty, (22)

where f = [fl™)(zy),..., fI™(2,)]T and C* denotes the product of k copies of
C.
The matrix DI D,, is a banded symmetric matrix. Except for the first m
and last m rows, every row of DL D,, has the form (0,...,0,ws, ws, ..., w5,,,0,
.., 0), where w¥ = (=1)"(-1)>""/ (2;”), j =0,...,2m. Moreover, except for
the first m — k and last m rows, the ith row of C*DZI D,, has the form

( 0,000, @oee s Bom ks 0,....0 )
—— ——
(i—m-+k—1)—copies (Kp+p)—(i+m)—copies

where ) L
~, m m—k—j [ < —
8y = (pm(-ppnd (T

Further, the elements of the last k rows of C¥ DT D, are all zeros. In particular,
when k£ = m,

), §=0,....2m— k.

C™ DL Dyb = (—=1)™ [ A™by1, A bpsay o, A, 1,0,...,0 17, (23)
From (5),
A™b fid—mf[’”]( ) e ( , k=1,..., K (24)
m+k — K]fdxm Zz), x Rk—1, Kk], — Ly BAne

Since the elements of the last k rows of C*DL D,, are all zeros for k =
1,...,m, we have, from (22),

Fk(l)ZGk(l), k=1,...,m. (25)

Also note that

%éf = [Fl(ﬁl),Fl(Iig), e ,Fl(l

:_/
L
=
=
N~—
—_
!
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and from (25),

RK;71 Omilé (f - y) = Fm(’iﬂ - Gm(ﬂl), Fm(fiz) — Gm(liz), R

. T
Frn(1) —Gm(l),O,...,O} .

Let
1

m—1
n

R= [cm XT —cmt O,
n

and R be a piecewise constant function such that R(x;) is the jth row of R (y —
fIm). Therefore, the jth row of (22), when k = m, can be written as

m AT m - - .
Combining (24) and (26) gives
(=D)"AE2™) (1) 4 F(2) = G () + R(z), 2 €[0,1],

where A = \*/(nK2™~1). The asymptotic order of R is given in Lemma A.1. [

Lemma A.1. The following holds:

. /2 log K, \ /2
=0 ) v (52) )
Proof. Let § = 2 X"y and a = A*K,/n. Claeskens et al. [2] showed that
|H oo = O(1), where H = K2 XTX + aDT D,,. Thus, b is stochastically
bounded, so is fI™. Thus, ||, — F,,|| is of order O,(1/n). Let b solve (X7 X +

A*DT D,,)b = XT f and denote flm™(z) = S 1™ EkB,(cm) (z). Note that fI"l is
the estimator when there is no noise in the regression model (1). We have

. _ A _ ~ ~ K,
1F = F < b= Blloe < I1H oo | 5~ Elg] oo = OP(\/7¢2logKn)-

_ (27)
It is shown that || f{™ — f|| = O(A/?) and the development of this rate is similar
to Theorem 7 in Eggermont and LaRiccia [4]. Thus,

IR =" < IR @ = Hloo+ IR (f = F)lloo + IR (f = /™)l
log K, AL/2 log K, \ V/?
o\t ) o) rorl () )

Hence, the lemma, follows. O
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Proof of Theorem 2.2
Define
R(z) = (=1)"aE3™ (@) + Fyn(z) — G (2).

Then, R= Fm — F,, + R. Hence, Am solves the ordinary differential equation

(=)™ AEZ™ (2) + F(2) = Gm(2) + R(z), 0< <1, (28)
with 2m boundary conditions from (25):
P 0) =0, FP(1)=Gnor(1)+emi, k=0,...,m—1, (29)

where e,,_; = Fm,k(l) — Fm,k(l). Lemma A.1 indicates that f[m] is stochas-
tically bounded. Therefore ey, are small with an order of O,(1/n). Lemma A.1
also indicates that | R|| has the same rate as that of || R| since || E,, — E,,|| is of

order O,(1/n). Hence, ||R| = O,(\'/?/K,) + Oy ((log K, /nKy) 1/2).
Next, consider the smoothing spline problem (8).

Lemma A.2. The necessary and sufficient conditions for ¢ to minimize (8)
are

(=)™ X o) (2) + &, (2) = Gpu(z), ae. x€[0,1]

and

where

Proof. Denote the functional (8) as H(¢). For any ¢, € Wa™ and § € R,

1 1
H(6+05)-H() = 2610, +*{ [ Far(er [ (@m0 ar}, (30)

where
1 B 1 _
Hi(6,¢) = /0 [6(t) — g(t)]d(t)dwy (t) + A /0 o™ ()™ (t)dt.  (31)

Then, ¢ € W3" minimizes H(¢), if and only if, H;(¢,¢) = 0 for all € Wi, The
reason is as follows. If ¢ € W3" minimizes H(¢), H(¢ + 6¢) — H(¢) > 0 for all
¢ € Wi and any 6 € R. Then H; (¢, ¢) = 0 follows since & can be either negative
or positive. On the other hand, if Hy(¢,¢) = 0, we have H(¢ + d¢) — H(¢) >0
by (30). Thus, ¢ minimizes H ().
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Letting v(t) = t*, k=0, ..
then,

.,m — 1 in (31) shows that if ¢ minimizes H(f),

/1[¢(t) —g()] thdw () =0, k=0,1,...,m— 1.
0

We first have )

B1(1) — Ch(1) = / () — g()]daon (£) = 0.

0

/ / t)]dws (t)ds

- /O[f@)—gu]tdwl() 0.

Further,

©5(1) — Ga(1)

Similarly, it is shown that ék(l)vz Gr(1) fork=1,....,m
If ¢ € W3 satisfies (1) = Gi(1), k =1,...,m, we have

/ [6(8) — g(OB(B)dwn (t) = / [6(8) — 9(1)] [B(t) — B(1)]duon (1)
0 0

o(t)
- o0 [[som

Hence,

5) = / Ha(6) 67 (t)dt, (32)

Hy(¢) = X "™ (1) + (=)™ [ (t) = G (D)]: (33)
If Hi(¢,¢) = 0 for all ¢ € W3", letting B = {t € [0,1] : Hy(¢) # 0} and
&M (t) = —Ip(t) gives

where

Hy(6.8) = /B Hy(6)dt 40,

unless B is of measure zero. This shows Hs(¢) = 0 almost everywhere. This
completes the proof of this lemma. O

Define

x)z/oza}(t)dt, i)k(:v):/omfbk_l(t)dt, k> 2.
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Let R = (—1)’”)@%“) + <i>m — G = <i>m —d,,. Hence, <i>m solves the ordinary
differential equation

(=1)"ADC™) () 4+ &, (2) = G (2) + R(z), 0<2<1, (34)

with 2m boundary conditions:

o

®y=0, M) =Gnr(1)+émr, k=0,...,m—1, (35)

where €, = ® (1) — P4 (1). Since ¢ is stochastically bounded, it is easy to see
that [|R|| and [€,—k|, K =0,...,m — 1 are all of order O,(1/n).

It is interesting to note that the ordinary differential equations (28) and
(34) share many similarities. To obtain the relationship between f [m] and ¢?, we
further introduce a few variables and functions related to the true regression
function f. Define

1 (2) /wa(t)dt, \I/k(:c):/owllfk_l(t)dt, k>,

Uy (z) = /Ow ft)dwi(t), Tp(z) = /Ow Uy (t)dt, k> 2,
\Ifl(.f) = \i/l(.f), \INJ]C({E) = /z \i/kfl(t)da&(t), k Z 2.
0

Let § = flm — ¢ and A,, = F,, — &,,,. It is observed from (28) and (34) that
A,,, solves the ordinary differential equation

(—1)"AAE™ (@) + A (2) = n(x), @€ [0,1], (36)

with 2m boundary conditions:

APy =0, APA)=¢, k=0,...,m—1, (37)
where . }
and }
G = Gm—r(1) +em—r — Gm—r(1) — Em—r.
Note that

N=(Gm =V — G+ ) + (¥, — V) + R,
in which ||G), — Uy — Gy + Uy || for k > 2, which are of order O, (logn/\/nkK,)
by the strong approximation theorem (Komlés et al. [12]), and ||¥,, — ¥, || is

of order O(1/n). Hence ||| is of order O,(A\'/2/K,,) + Op((logKn/nKn)1/2),
and ||¢|| is of order O, (1/K,,) with ¢ = (Co, - -, Gn-1)-
Let K(t, s) be the Green’s function corresponding to (36). Then,

Am(:v)z/o Ky (z, s)n(s)ds,
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and

1 m
5(1:)—/0 8—K>\(a:,s)n(s)ds. (38)

ox™

Eggermont and LaRiccia [4] showed that Az aa—zllK A(z, s) is kernel-like for [ =
0,...,m. In particular,
|

is uniformly bounded for z € [0, 1]. Combining this with (38) shows that |||
has an order of O,(1/Ky,) + O, ((log K,,/nAK,,)'/?).

The proof for the case where both f [m] and (;3 are restricted to a compact sub-
interval [p, 1 — o] is similar, where ¢ € (0,1/2). The only difference is that the

rate for R in Lemma A.1 becomes O ( ) +0 ((logKIi")l/z). This is because
the bias term sup ¢, 1) | fm) () — f(ac)| is of order O()\) in the latter case. [

% 83 Ky(z,s)|ds

Proof of Lemma 3.1

The B-spline basis functions satisfy the following recurrence relationship
K, n 1 K n -1
BYt) = =t = sy ) BE ) + = s = 0)BY 1),

Let flp=1(t) = Sopnip—t ka,[cpfl] (t) with the same first (K, +p—1) coeflicients
of fIPl. For x € (ka, kat1), the difference between fIPI(t) and fP=1(¢) is given
by

d+p

Bl () — flo-1(p) — Y. (K [p—1]
7P(t) — e (r) Egjmﬂp<t zw+m<p<zt>1ﬂBz (0
e K ~
= (bigr — bi) [ =2 (t — rip) | BY (1), (39)

Z.;l i (p )

From (39), if p > m,

p dtq
FPl)y = flml( Z Z Abl+1( (t — ki q)) Bl (1),

g=m+1i=d+1

From (3), we have Alb, = clT(Abk,lH, Abg—_it2,...,Aby), where

[ (G () ()T

Combining this with (5), it is easy to show that there exists Cy € RP*P such
that

T dP T
{Abdn,ﬁbdﬂ,---,ﬁbdwﬂ} —Od|: n dtf[p()---vK_p— [p](t)} :
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Hence, we can write

ldl

@f[ﬂ(t), k=2,...,p+1, (40)

p
Abgir = Z an K,
=1

which gives (18). (19) can be established similarly. Thus the lemma follows. O

Acknowledgements

We would like to thank the guest Editor, Professor Matt Wand, and two refer-
ees for their constructive comments and suggestions which helped improve our
presentation greatly.

References

[1] ABRAMOVICH, F. and GRINSHTEIN, V. (1999). Deriviation of equivalent
kernel for general spline smoothing: a systematic approach. Bernoulli, 5,
359-379. MR1681703

[2] CLAESKENS, G., KRIVOBOKOVA, T. and OPSOMER, J. (2009). Asymp-
totic properties of penalized spline estimators. Biometrika, 96, 529-544.
MR2538755

[3] DE BOOR, C. (2001). A Practical Guide to Splines. Springer. MR1900298

[4] EcGErMONT, P. P. B. and LARIcct, V. N. (2006a). Equivalent kernels
for smoothing splines. Journal of Integral Equations and Applications, 18,
197-225. MR2273348

[5] EGGERMONT, P. P. B. and LaRiIcci, V. N. (2006b). Uniform error
bounds for smoothing splines. IMS Lecture Notes—Monograph Series High
Dimensional Probability 51, 220-237. MR2387772

[6] EcGERMONT, P. P. B. and LARiIcct, V. N. (2009). Mazimum Penal-
ized Likelihood estimation. Volume II: Regression. New York: Springer.
MR1837879

[7] EILER, P. and MARX, B. (1996). Flexible smoothing with B-splines and
penalties (with comments and rejoinder). Statistical Science, 11, 89-121.
MR1435485

[8] EUBANK, R. L. (1999). Nonparametric Regression and Spline Smoothing.
New York: Marcek Dekker. MR1680784

[9] EUBANK, R. L. (1999). A Kalman Filter Primer, CRC Press, Boca Raton.
MR2193537

[10] Gu, C. (2002). Smoothing Spline: ANOVA Models. New York: Springer.
MR1876599

[11] HALL, P. and OPSOMER, J.D. (2005). Theory for penalised spline regres-
sion. Biometrika, 92, 105-118. MR2158613

[12] KomLOs, J., MAJOR, P. AND TUSNADY, G. (1975). An approximation of
partial sums of independent r.v.’s and the sample d.f., Z. Wahrsch. Verw.
Gebiete, 32, 111-131. MR0375412


http://www.ams.org/mathscinet-getitem?mr=1681703
http://www.ams.org/mathscinet-getitem?mr=2538755
http://www.ams.org/mathscinet-getitem?mr=1900298
http://www.ams.org/mathscinet-getitem?mr=2273348
http://www.ams.org/mathscinet-getitem?mr=2387772
http://www.ams.org/mathscinet-getitem?mr=1837879
http://www.ams.org/mathscinet-getitem?mr=1435485
http://www.ams.org/mathscinet-getitem?mr=1680784
http://www.ams.org/mathscinet-getitem?mr=2193537
http://www.ams.org/mathscinet-getitem?mr=1876599
http://www.ams.org/mathscinet-getitem?mr=2158613
http://www.ams.org/mathscinet-getitem?mr=0375412

On the asymptotics of penalized spline smoothing 17

[13] L1, Y. and RUPPERT, D. (2008). On the asymptotics of penalized splines.
Biometrika, 95, 415-436. MR2521591

[14] MARX, B. AND EILERS, P. (1996). Flexible smoothing with B-splines and
penalties (with comments and rejoinder). Statistical Science, 11, 89-121.
MR1435485

[15] MARX, B. and EILERS, P. (2005). Multidimensional penalized signal re-
gression. Technometrics, 47, 13-22. MR2135789

[16] MESSER, K. (1991). A comparison of a spline estimate to its equivelent
kernel estimate. Annals of Statistics, 19, 817-829. MR1105846

[17] MESSER, K. and GOLDSTEIN, L. (1993). A new class of kernels for non-
parametric curve estimation. Annals of Statistics, 21, 179-196. MR1212172

[18] NycHKA, D. (1995). Splines as local smoothers. Annals of Statistics, 23,
1175-1197. MR1353501

[19] O’SuLLIVAN, F. (1986). A statistical perspective on ill-posed inverse prob-
lems (with Discussion), Statistical Science, 1, 505-527. MR0874480

[20] RICE, J. and ROSENBLATT, M. (1983). Smoothing splines: regres-
sion, derivatives and deconvolution. Annals of Statistics, 11, 141-156.
MRO0684872

[21] RupPPERT, D. (2002). Selecting the number of knots for penalized
splines. Journal of Computational and Graphical Statisitcs, 11, 7T35-757.
MR1944261

[22] RupPERT, D., WAND, M.P., and CARROLL, R.J. (2003). Semiparametric
Regression. Cambridge: Cambridge University Press. MR1998720

[23] SILVERMAN, B.W. (1984). Spline smoothing: the equivalent variable kernel
method. Annals of Statistics, 12, 898-916. MR0751281

[24] STONE, C.J. (1982). Optimal rate of convergence for nonparametric re-
gression. Annals of Statistics, 10, 1040-1053. MR0673642

[25] WaAHBA, G. (1990) Spline Models for Observational Data. Philadelphia,
PA: STAM. MR1045442

[26] WAND, M.P. and ORMEROD, J.T. (2008) On semiparametric regression
with O’Sullivan penalized splines. Austral. New Zeal. J. Statist., 50, 179—
198. MR2431193


http://www.ams.org/mathscinet-getitem?mr=2521591
http://www.ams.org/mathscinet-getitem?mr=1435485
http://www.ams.org/mathscinet-getitem?mr=2135789
http://www.ams.org/mathscinet-getitem?mr=1105846
http://www.ams.org/mathscinet-getitem?mr=1212172
http://www.ams.org/mathscinet-getitem?mr=1353501
http://www.ams.org/mathscinet-getitem?mr=0874480
http://www.ams.org/mathscinet-getitem?mr=0684872
http://www.ams.org/mathscinet-getitem?mr=1944261
http://www.ams.org/mathscinet-getitem?mr=1998720
http://www.ams.org/mathscinet-getitem?mr=0751281
http://www.ams.org/mathscinet-getitem?mr=0673642
http://www.ams.org/mathscinet-getitem?mr=1045442
http://www.ams.org/mathscinet-getitem?mr=2431193

	Introduction
	Main results
	Applications
	Discussions
	Appendix
	Acknowledgements
	References

