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F (x) = y.

To judge approximate solutions, we measure the distance

d(y, F (x)) = ‖y − F (x)‖.

But we want the distance

d(x, F−1(y)) = inf{‖x− u‖ : u ∈ F−1(y)}
= inf{‖x− u‖ : F (u) = y}.

So, we seek an error bound

d(x, F−1(y)) ≤ kd(y, F (x)) for all x, y,

globally, or locally: for all (x, y) near (x, y), where y = F (x).

In this case, we call F (metrically) regular at x. The infimum
of such k is the modulus reg F (x): it measures conditioning.
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When is a linear map A : Rn → Rm regular?

By the singular value decomposition, for suitable new
orthonormal bases,

A =

 σmin · · · 0 0 · · · 0
... . . . ...

... . . . ...
0 · · · σmax 0 · · · 0


where σmax ≥ · · · ≥ σmin ≥ 0. So

σmax = max{‖Ax‖ : ‖x‖ = 1} = ‖A‖

σmin = min
‖v‖=1

sup
x

{
1

‖x‖
: v = Ax

}
.

A is regular (everywhere) ⇔ σmin > 0 ⇔ A is surjective
and then

reg A =
1

σmin
.
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Combining these examples. . .

Theorem A smooth map F : Rn → Rm is regular at x

exactly when ∇F (x) is surjective, and then

reg F (x) =
1

σmin(∇F (x))
.

Furthermore, reg F (x) governs the speed of natural iterative
schemes (like conjugate gradients) for solving F (x) = y.



6. ROBUSTNESS OF REGULARITY

How sensitive is regularity to perturbing the function itself?



6. ROBUSTNESS OF REGULARITY

How sensitive is regularity to perturbing the function itself?

For smooth maps, regularity ≡ surjective derivative.



6. ROBUSTNESS OF REGULARITY

How sensitive is regularity to perturbing the function itself?

For smooth maps, regularity ≡ surjective derivative.

Theorem (Eckart-Young 1936)

min
T
{‖T‖ : (A + T )Rn 6= Rm} = σmin(A)



6. ROBUSTNESS OF REGULARITY

How sensitive is regularity to perturbing the function itself?

For smooth maps, regularity ≡ surjective derivative.

Theorem (Eckart-Young 1936)

min
T
{‖T‖ : (A + T )Rn 6= Rm} = σmin(A)

= min
‖v‖=1

sup
x

{
1

‖x‖
: v = Ax

}
.



6. ROBUSTNESS OF REGULARITY

How sensitive is regularity to perturbing the function itself?

For smooth maps, regularity ≡ surjective derivative.

Theorem (Eckart-Young 1936)

min
T
{‖T‖ : (A + T )Rn 6= Rm} = σmin(A)

= min
‖v‖=1

sup
x

{
1

‖x‖
: v = Ax

}
.

(And, by considering diagonal A as before, ∃ rank-one T .)



6. ROBUSTNESS OF REGULARITY

How sensitive is regularity to perturbing the function itself?

For smooth maps, regularity ≡ surjective derivative.

Theorem (Eckart-Young 1936)

min
T
{‖T‖ : (A + T )Rn 6= Rm} = σmin(A)

= min
‖v‖=1

sup
x

{
1

‖x‖
: v = Ax

}
.

(And, by considering diagonal A as before, ∃ rank-one T .)

Lusternik-Graves ⇒ for smooth F , the radius of regularity

rad F (x) = min
linear G

{‖G‖ : F + G irregular at x}



6. ROBUSTNESS OF REGULARITY

How sensitive is regularity to perturbing the function itself?

For smooth maps, regularity ≡ surjective derivative.

Theorem (Eckart-Young 1936)

min
T
{‖T‖ : (A + T )Rn 6= Rm} = σmin(A)

= min
‖v‖=1

sup
x

{
1

‖x‖
: v = Ax

}
.

(And, by considering diagonal A as before, ∃ rank-one T .)

Lusternik-Graves ⇒ for smooth F , the radius of regularity

rad F (x) = min
linear G

{‖G‖ : F + G irregular at x}

= σmin(∇F (x))



6. ROBUSTNESS OF REGULARITY
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For smooth maps, regularity ≡ surjective derivative.

Theorem (Eckart-Young 1936)

min
T
{‖T‖ : (A + T )Rn 6= Rm} = σmin(A)
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x

{
1

‖x‖
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}
.

(And, by considering diagonal A as before, ∃ rank-one T .)

Lusternik-Graves ⇒ for smooth F , the radius of regularity

rad F (x) = min
linear G

{‖G‖ : F + G irregular at x}

= σmin(∇F (x))

(and the minimum is attained by rank-one G).
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To summarize, for smooth F : Rn → Rm, the regularity
modulus and radius at x are reciprocals:

reg F (x)× rad F (x) = 1.

Furthermore

• rad F (x) is attained by a rank-one linear perturbation;

• there’s a differential formula;

• these quantities influence the speed of solution algorithms.



8. GENERALIZED EQUATIONS

We can study systems of inequalities like

Ax ≤ y, x ≥ 0



8. GENERALIZED EQUATIONS

We can study systems of inequalities like

Ax ≤ y, x ≥ 0

via the generalized equation y ∈ F (x),



8. GENERALIZED EQUATIONS

We can study systems of inequalities like

Ax ≤ y, x ≥ 0

via the generalized equation y ∈ F (x), where

F (x) =

{
Ax + Rm

+ (x ∈ Rn
+)

∅ otherwise.



8. GENERALIZED EQUATIONS

We can study systems of inequalities like

Ax ≤ y, x ≥ 0

via the generalized equation y ∈ F (x), where

F (x) =

{
Ax + Rm

+ (x ∈ Rn
+)

∅ otherwise.

The previous ideas apply:



8. GENERALIZED EQUATIONS

We can study systems of inequalities like

Ax ≤ y, x ≥ 0

via the generalized equation y ∈ F (x), where

F (x) =

{
Ax + Rm

+ (x ∈ Rn
+)

∅ otherwise.

The previous ideas apply: set-valued F : Rn →→ Rm is regular
at (x, y) (with y ∈ F (x)) if a linear error bound holds:

d(x, F−1(y)) ≤ kd(y, F (x)) for all (x, y) near (x, y).



8. GENERALIZED EQUATIONS

We can study systems of inequalities like

Ax ≤ y, x ≥ 0

via the generalized equation y ∈ F (x), where

F (x) =

{
Ax + Rm

+ (x ∈ Rn
+)

∅ otherwise.

The previous ideas apply: set-valued F : Rn →→ Rm is regular
at (x, y) (with y ∈ F (x)) if a linear error bound holds:

d(x, F−1(y)) ≤ kd(y, F (x)) for all (x, y) near (x, y).

The infimum of such k is the regularity modulus reg F (x|y),



8. GENERALIZED EQUATIONS

We can study systems of inequalities like

Ax ≤ y, x ≥ 0

via the generalized equation y ∈ F (x), where

F (x) =

{
Ax + Rm

+ (x ∈ Rn
+)

∅ otherwise.

The previous ideas apply: set-valued F : Rn →→ Rm is regular
at (x, y) (with y ∈ F (x)) if a linear error bound holds:

d(x, F−1(y)) ≤ kd(y, F (x)) for all (x, y) near (x, y).

The infimum of such k is the regularity modulus reg F (x|y),
and the regularity radius is

rad F (x|y) = inf
linear G

{‖G‖ : F + G irregular at (x, y + Gx)}.
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Theorem Consider set-valued F : X →→ Y between Banach
spaces, with closed convex graph

graph F = {(x, y) : y ∈ F (x)}.

Then F is regular at (x, y) (where y ∈ F (x)) exactly when
y ∈ int F (X).

In particular, if F is also sublinear (its graph is a convex cone),
it is regular at (0, 0) exactly when it is surjective: F (X) = Y .

Regularity for the generalized equation 0 6= y ∈ F (x) can be
studied via homogenization: use F̂ : X ×R →→ Y given by

F̂ (x, t) =

{
F (x)− ty (t ≥ 0)

∅ (t < 0).

So, we need to understand surjectivity of sublinear mappings.
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: v ∈ Ax + L

}
for closed convex cones K ⊂ Rn, L ⊂ Rm.

Again, rank-one T suffice (Peña 2000).

Renegar also showed how the radius governs the speed of
natural interior point algorithms for conic convex programs.



11. SUBLINEAR MAPS

Renegar’s results on “conic convex systems” extend to all
sublinear mappings:



11. SUBLINEAR MAPS

Renegar’s results on “conic convex systems” extend to all
sublinear mappings:

Theorem (Lewis 1999) If F : X →→ Y is a closed sublinear
mapping between Banach spaces, then

min
linear T

{‖T‖ : F + T nonsurjective}

= min
‖v‖=1

sup
x

{
1

‖x‖
: v ∈ F (x)

}



11. SUBLINEAR MAPS

Renegar’s results on “conic convex systems” extend to all
sublinear mappings:

Theorem (Lewis 1999) If F : X →→ Y is a closed sublinear
mapping between Banach spaces, then

min
linear T

{‖T‖ : F + T nonsurjective}

= min
‖v‖=1

sup
x

{
1

‖x‖
: v ∈ F (x)

}
(and again, rank-one T suffice).



11. SUBLINEAR MAPS

Renegar’s results on “conic convex systems” extend to all
sublinear mappings:

Theorem (Lewis 1999) If F : X →→ Y is a closed sublinear
mapping between Banach spaces, then

min
linear T

{‖T‖ : F + T nonsurjective}

= min
‖v‖=1

sup
x

{
1

‖x‖
: v ∈ F (x)

}
(and again, rank-one T suffice). Equivalently:

rad F (0|0) =
1

reg F (0|0)

(the reciprocal formula).



11. SUBLINEAR MAPS

Renegar’s results on “conic convex systems” extend to all
sublinear mappings:

Theorem (Lewis 1999) If F : X →→ Y is a closed sublinear
mapping between Banach spaces, then

min
linear T

{‖T‖ : F + T nonsurjective}

= min
‖v‖=1

sup
x

{
1

‖x‖
: v ∈ F (x)

}
(and again, rank-one T suffice). Equivalently:

rad F (0|0) =
1

reg F (0|0)

(the reciprocal formula).

Interpretation: Small perturbations can render F

nonsurjective exactly when some unit vector v forces all
solutions of v ∈ F (x) to be large.
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Theorem (Dontchev-Lewis-Rockafellar 2003) For any
closed set-valued mapping F : Rn → Rm with y ∈ F (x),
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Proof ingredients

• Arguments of Lusternik-Graves-type prove “≥”.

• If G has conical graph, its “radius of nonsingularity” is

inf
T linear

{‖T‖ : (G + T )−1(0) 6= {0}} = inf
‖y‖=1

d(0, G(y))

since rank-one T suffice.

• Mordukhovich’s coderivative regularity formula (1984):

1

reg F (x|y)
= inf

‖y‖=1
d(0, D∗F (x|y)(y))

(showing regularity of F ≡ nonsingularity of D∗F ).
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• Our proof uses heavy nonsmooth-analytic machinery,
yet the result statement involves none.

• Ioffe (2003) removes the coderivative machinery (though
not easily).

• The linear perturbations defining rad F (x|y) can be
replaced by rank-one or Lipschitz perturbations.

• Unlike the sublinear case, the general result fails if the range
and domain dimensions are infinite (Ioffe 2003). But it
holds for Lipschitz perturbations if F is single-valued.

• Some results hold with infinite dimensional domain:
Mordukhovich (2004), Canovas. . . (2005).

• The domain can be Riemannian (Dontchev-Lewis 2005).
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For a square matrix A, we’ve seen

min
T
{‖T‖ : A + T singular} = σmin(A).

Robust control uses structured singular values (Doyle 1982):

µ = min
T
{‖T‖ : A + T singular, T ∈ ∆},

where ∆ consists of block-structured T :

T =


T1 0 · · · 0
0 T2 · · · 0
...

... . . . ...
0 0 · · · Tm


with Tj ∈ span(I) for j ∈ J .

Can we characterize µ?
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distance to singularity (Demmel 1982), (Rump 1999),
Perron-Frobenius theory (Rump 1997).

This generalizes to

• closed, sublinear, surjective F ,

• perturbations
∑

i PiTiQi (for given linear Pi, Qi).

Eg: embeddings Pi and projections Qi, give “block” structure.

min
Ti

{
max

i
‖Ti‖ : F +

∑
i

PiTiQi nonsurjective

}
=

min
‖vi‖≤1

sup
wi≥0, x

{
max

i

wi

‖Qix‖
:
∑

i

wiPivi ∈ F (x)

}
.
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I. For a broad class of functions f on an open set U ,

f is one-Lipschitz on U ⇔ f is a distance function.

Can we prove directly

linear T 7→ 1

reg (F + T )(x|y)

is one-Lipschitz (and hence deduce the reciprocal formula)?

II. Following Renegar, how do the (reciprocal) quantities

• modulus of regularity reg F (x|y)

• radius of regularity rad F (x|y)

influence the speed of local algorithms for solving y ∈ F (x)?


	red OUTLINE
	red ERROR BOUNDS
	red SMOOTH EQUATIONS IN ONE VARIABLE
	red LINEAR MAPS AND SINGULAR VALUES
	red LUSTERNIK (1936) - GRAVES (1950)
	red ROBUSTNESS OF REGULARITY
	red THE RECIPROCAL FORMULA
	red GENERALIZED EQUATIONS
	red THE ROBINSON-URSESCU THEOREM (1975)
	red RENEGAR'S THEORY
	red SUBLINEAR MAPS
	red THE RECIPROCAL FORMULA IN GENERAL
	red COMMENTS
	red STRUCTURED SINGULAR VALUES
	red STRUCTURED PERTURBATIONS
	red TWO FINAL QUESTIONS

