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e Dynamics and the spectral radius

e Transient peaks and pseudospectra:
the Kreiss Matrix Theorem

e Visualizing,computing, and optimizing pseudospectra
e Lipschitz properties

e Distance to uncontrollability:
Milnor and von-Neumann-Wigner
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Question Given a family of square matrices A € €2, how
should we choose A to force A" — 0 quickly as n — oo?

Theorem The rate of decay

inf{y: A" = O(u") as n — oo}
equals the spectral radius

p(A) = max{]A|: X € A(A)},
where A(A) = {eigenvalues of A} is the spectrum.

Example
The spectral radius of N
AW
Aty = | P 1
t k—t 1
(with & slightly less than 1) k
0 t.

is minimized at ¢t = 0. >
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But
k 1 N
A(0) =
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may be unsatisfactory.
1

Difficulty I: p(A(t)) is highly K
sensitive to perturbation 0 t,

7

at t = 0 (nonlipschitz).

Difficulty 1l: The trajectory {A(0)"} has a big
transient peak:

o1 1" 4|1 n+1
n+1 ~ el
[ 0 ] e [0 ! ] for large n.

One difficulty is the multiple eigenvalue. But this is typical
at optimal solutions of spectral radius minimization problems.
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A powerful tool to visualize robust properties of eigenvalues:
AA) = |J AMX) = {z€Ciom(A—zl) <€},
[ X—Al<e

where the smallest singular value

Imin(X) = min{[[Xu| - |ul =1}.

Pseudospectra resolve Difficulty Il (transient peaks). ..

Kreiss Matrix Theorem (1962)
A" < Kp" for all n, with K not too large <
max{|A| : A € A((A)} < p, with € not too small.

Analogously, in continuous time, ¢4’ — 0 with peaks not too

large when A.(A) lies in the left halfplane for € not too small.






