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• Structure and optimal stability

• An example: the Belgian Chocolate problem

• Nonsmooth analysis: how to weaken convexity

• Robust stability and pseudospectra
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The semidefinite cone

Sn
− = {n× n symmetric X with negative eigenvalues}

has extraordinary modelling powers. (Recall Boyd’s talk. . . )

What about the cone of stable (nonsymmetric) matrices:

Mn
− = {X with negative eigenvalue real parts}?

Eigenvalues are (theoretically) very significant for models. Eg:

trajectories of dx
dt = Ax explode exponentially ⇔ A /∈ Mn

−.

In optimization,

how do Mn
− and Sn

− compare?
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exactly when 
an−1 1 0 · · · 0
an−2 0 1 · · · 0
...

...
... . . . ...

a1 0 0 . . . 1
a0 0 0 · · · 0

 ∈ Mn
−.

Conversely, X ∈ Mn
− ⇔ det(zI −X) ∈ Pn

−.
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Blend of global algebraic properties of Sn
−, especially convexity:

Sn
− =

⋂
y

{X : yTXy ≤ 0}.

But Mn
− isn’t convex:[

−1 1
1 −1

]
+

[
0 1
0 0

]
=

[
−1 2

1 −1

]
eigenvalues {0,−2} {0, 0} {−1±

√
2}

stable + stable = unstable.

So, global optimization over Mn
− is hopeless.

What about local optimization?
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For A1, . . . , Ak, B ∈ Sn, suppose the semidefinite program

minimize cTx

subject to
∑

j xjAj −B ∈ Sn
−

has optimal solution x(c).

Usually

rank

(∑
j

xj(c)Aj −B

)
stays constant for small changes to c, and

c 7→ x(c)

is smooth, and computable by solving smooth equations.

Optimization with stable matrices (or polynomials) is similar.

For example. . .
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6. THE BELGIAN CHOCOLATE PROBLEM

Problem: “Simultaneous plant stabilization” (Blondel, 1994).
Find (strictly) stable polynomials p(z), q(z), and

(∗) r(z) = (z2 − 2δz + 1)p(z) + (z2 − 1)q(z)

with δ = 0.9. (Solved by Patel et al. 2002.)

An optimization approach:

minimize α

subject to p, q ∈ P3
−

r(z + α) ∈ P5
−

(∗) holds.

Computationally, the optimal solution, for δ near 0.9, has

• q constant

• r(z) = (z − α)5

• α < 0. CHOCOLATE!
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1. Why does structure persist in optimal solutions?

Coming up. . .

2. Can we exploit it?

Yes: eg closed form chocolate solutions. Algorithms?

3. Practically, are multiple zeros worrisome?

Yes: multiple zeros may be very sensitive:

(z + ε)3 stable for small ε > 0

(z + ε)3 − ε3 isn’t.

Eigenvalues don’t really predict the dynamics of

dx

dt
=

 −ε 1 0
0 −ε 1
0 0 −ε

x, x(0) =

 0
0
2e

 .

Here, x(t) → 0 eventually, but x(ε−1) = ε−2.
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In nonlinear optimization, we recognize optimality by
linearization.

For a point x in a closed set S, vectors

y = lim
k

yk

‖yk‖
where yk → 0 in S − x

are called unit tangents.

If x maximizes 〈c, ·〉 over S, then 〈c, y〉 ≤ 0 for all such y.

Unit tangents to convex sets can be realized by smooth paths:

y = lim
t↓0

y(t)

t
.

Helpful to

• calculate tangents

• find improving paths.
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In general, we can’t realize tangents with paths. Eg:

1 is a tangent to

{
1,

1

2
,
1

3
, . . . , 0

}
at 0.

But convexity is not crucial. Paths work for

{x : gi(x) ≤ 0 for i = 1, . . . ,m}.

in two important cases.

Smooth nonlinear constraints: The gi are smooth with
linearly independent gradients (by the implicit function
theorem). But we can’t express stability this way. . .

Semi-algebraic sets: The gi are polynomials (by the “curve
selection lemma”).

The stable sets Pn
− and Mn

− are semi-algebraic (by “quantifier
elimination”), so tangents come from (analytic) paths.
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11. NORMALS TO CONVEX SETS

Rewriting the optimality condition for maximizing 〈c, ·〉 over a
closed convex set S gives a normal cone condition:

c ∈ NS(x) = {d : 〈d, y〉 ≤ 0 for all y ∈ S − x}
= {d : 〈d, y〉 ≤ 0 for all unit tangents y}

Key property: the mapping NS(·) is closed at every x ∈ S:

xr ∈ S xr → x

dr ∈ NS(xr), dr → d

implies d ∈ NS(x).

How can we relate

• normal cone behavior for Sn
−

• solution rank persistence in semidefinite programming?
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12. NORMALS AND FACIAL STRUCTURE

A polyhedron P decomposes into faces F of various dimensions.
As x ∈ F varies,

• NP (x) stays constant

• NP (x)−NP (x) = NF (x) (so P is “sharp” around F ).




