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1. OUTLINE

Part I: Some history

Von Neumann and invariant matrix norms.

Part Il: Symmetric matrices
Convex spectral functions; hyperbolic polynomials;
duality and Lie theory.

Part Ill: Some variational analysis
Nonsmooth optimization; eigenvalue perturbation
theory; stable polynomials.

Part IV: Stability of nonsymmetric matrices

Stable matrices; robust stability.
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2. VON NEUMANN AND INVARIANT NORMS

VON NEUMANN. . ..

M" = {n x n matrices} unitaries U" = {U : U*U = I}.
What norms on M" are unitarily invariant:

IUXV] = | X|| YU, VeU", XeM?
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Singular values of X,
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are eigenvalues of v/ X*X . Singular value decomposition:
AU,V eU" so UXV = Diago(X).
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2. VON NEUMANN AND INVARIANT NORMS

VON NEUMANN. . ..

M" = {n x n matrices} unitaries U" = {U : U*U = I}.
What norms on M" are unitarily invariant:

IUXV] =[X| VUVeU" XeM"?
Singular values of X,
A(X) > > (X)),
are eigenvalues of v/ X*X . Singular value decomposition:
AU,V eU" so UXV = Diago(X).

So, unitarily invariant norms have form

]| = g(o(X)),
for a symmetric gauge g(z) = ||Diagz||: a norm satisfying
g(Exry, - E£20) = g(x) V2 € R", permutations 7.
Eg: || X2 = [lo(X)]f2-
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CHARACTERIZATION

VON NEUMANN. . ..

Theorem (von Neumann, 1937) Unitarily invariant norms
are exactly symmetric gauge functions of singular values.
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CHARACTERIZATION

Theorem (von Neumann, 1937) Unitarily invariant norms
are exactly symmetric gauge functions of singular values.

Proof via dual norm:

Y. = Hl’)r(lﬁixl (X,Y) where (X,Y)=Retr(X"Y).

Key fact: symmetric gauges g satisfy
duality formula : (gso00)s =goo.

Hence g o o is a (dual) norm.
To see the duality formula, prove

e biconjugacy: g.. = g for all norms g, and

e von Neumann’s inequality: (X,Y) < (0(X),o(Y)),
via optimality conditions for

max{(Y,UXV): U,V € U"}.
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e matrix transformation groups (like X — UXV')
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e matrix transformation groups (like X — UXV')
e associated canonical form (like SVD)

e invariant matrix functions (like unitarily invariant norms)
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