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1. OUTLINE

Part I: Some history

Von Neumann and invariant matrix norms.

Part Il: Symmetric matrices
Convex spectral functions; hyperbolic polynomials;
duality and Lie theory.

Part Ill: Some variational analysis
Nonsmooth optimization; eigenvalue perturbation
theory; stable polynomials.

Part IV: Stability of nonsymmetric matrices

Stable matrices; robust stability.
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2. VON NEUMANN AND INVARIANT NORMS

VON NEUMANN. . ..

M" = {n x n matrices} unitaries U" = {U : U*U = I}.
What norms on M" are unitarily invariant:

IUXV] = | X|| YU, VeU", XeM?

I
KN S
KN N
—
-
-
.
—




2. VON NEUMANN AND INVARIANT NORMS

VON NEUMANN. . ..

M" = {n x n matrices} unitaries U" = {U : U*U = I}.
What norms on M" are unitarily invariant:
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Singular values of X,
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are eigenvalues of v/ X*X . Singular value decomposition:
AU,V eU" so UXV = Diago(X).
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M" = {n x n matrices} unitaries U" = {U : U*U = I}.
What norms on M" are unitarily invariant:

IUXV] =[X| VUVeU" XeM"?
Singular values of X,
A(X) > > 0,(X),
are eigenvalues of v/ X*X . Singular value decomposition:
AU,V eU" so UXV = Diago(X).

So, unitarily invariant norms have form
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for a symmetric gauge g(z) = ||Diagz||:
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M" = {n x n matrices} unitaries U" = {U : U*U = I}.
What norms on M" are unitarily invariant:

IUXV] =[X| VUVeU" XeM"?
Singular values of X,
A(X) > > (X)),
are eigenvalues of v/ X*X . Singular value decomposition:
AU,V eU" so UXV = Diago(X).

So, unitarily invariant norms have form

1 X | = g(e(X)),
for a symmetric gauge g(z) = ||Diagz||: a norm satisfying
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2. VON NEUMANN AND INVARIANT NORMS

VON NEUMANN. . ..

M" = {n x n matrices} unitaries U" = {U : U*U = I}.
What norms on M" are unitarily invariant:

IUXV] =[X| VUVeU" XeM"?
Singular values of X,
A(X) > > (X)),
are eigenvalues of v/ X*X . Singular value decomposition:
AU,V eU" so UXV = Diago(X).

So, unitarily invariant norms have form

]| = g(o(X)),
for a symmetric gauge g(z) = ||Diagz||: a norm satisfying
g(Exry, - E£20) = g(x) V2 € R", permutations 7.
Eg: || X2 = [lo(X)]f2-
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CHARACTERIZATION

VON NEUMANN. . ..

Theorem (von Neumann, 1937) Unitarily invariant norms
are exactly symmetric gauge functions of singular values.
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are exactly symmetric gauge functions of singular values.

Proof via dual norm:

Y. = ”I)r(lﬁixl (X,Y) where (X,Y)=Retr(X"Y).

Key fact: symmetric gauges g satisfy

duality formula : (gso00)s =goo.
Hence g o o is a (dual) norm.
To see the duality formula, prove

e biconjugacy: ¢.. = g for all norms g,
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Theorem (von Neumann, 1937) Unitarily invariant norms
are exactly symmetric gauge functions of singular values.

Proof via dual norm:

Y. = Hr)r(lﬁixl (X,Y) where (X,Y)=Retr(X"Y).

Key fact: symmetric gauges g satisfy
duality formula : (gso00)s =goo.
Hence g o o is a (dual) norm.
To see the duality formula, prove
e biconjugacy: g.. = g for all norms g, and

e von Neumann’s inequality: (X,Y) < (0(X),o(Y)),
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CHARACTERIZATION

Theorem (von Neumann, 1937) Unitarily invariant norms
are exactly symmetric gauge functions of singular values.

Proof via dual norm:

Y. = Hl’)r(lﬁixl (X,Y) where (X,Y)=Retr(X"Y).

Key fact: symmetric gauges g satisfy
duality formula : (gso00)s =goo.

Hence g o o is a (dual) norm.
To see the duality formula, prove

e biconjugacy: g.. = g for all norms g, and

e von Neumann’s inequality: (X,Y) < (0(X),o(Y)),
via optimality conditions for

max{(Y,UXV): U,V € U"}.
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VON NEUMANN. . ..

e matrix transformation groups (like X — UXV')
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INGREDIENTS

matrix transformation groups (like X — UXV)
associated canonical form (like SVD)

invariant matrix functions (like unitarily invariant norms)
associated symmetric functions (like symmetric gauges)

convexity and duality (like biconjugacy of norms)

optimization over matrix manifolds

VON NEUMANN. . ..
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SENSITIVITY ANALYSIS

VON NEUMANN. . ..

Euclidean space E
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SENSITIVITY ANALYSIS

VON NEUMANN. . ..

Euclidean space E

For convex f : E — R = [—00, oc], the subdifferential is

0f(x) ={y € E: (y, 2 —x) < f(2) — f(x) Vz}.
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For convex f : E — R = [—00, oc], the subdifferential is

0f(x) ={y € E: (y, 2 —x) < f(2) — f(x) Vz}.

Encodes sensitivity information:

f(@;w) = sup{(y,w) : y € Of (x)}.
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SENSITIVITY ANALYSIS

VON NEUMANN. . ..

Euclidean space E

For convex f : E — R = [—00, oc], the subdifferential is

0f(x) ={y € E: (y, 2 —x) < f(2) — f(x) Vz}.

Encodes sensitivity information:

f(@;w) = sup{(y,w) : y € Of (x)}.

Theorem Suppose g a symmetric gauge. Then
Y € d(goo)(X)

)
Y = U(Diagy)V and X = U(Diagz)V
with y € dg(z), U,V € U™

(Watson 1992, Zietak 1993...)

S
K N
KN N
o
A
I
.
I




VON NEUMANN. . ..

PART Il
SYMMETRIC MATRICES




3. CONVEX SPECTRAL FUNCTIONS

CONVEX SPECTRAL . ..

S"™ = {symmetrics} orthogonals O" = {U : UTU = I}.
What convex functions F : S” — R are spectral:

FUTXU)=F(X) YUcO", XeS"?
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S" = {symmetrics} orthogonals O" = {U : UTU = I}.

What convex functions F : S” — R are spectral:
FUTXU)=F(X) YUcO", XeS"?

Eigenvalues of X: A\ (X) > --- > A\, (X).
Spectral decomposition: U? XU = Diag A(X) for U € O™.
So, spectral functions have form

F(X) = f(AMX)),
where f(x) = F(Diagx) symmetric on R™:
f(Px) = f(x) VzeR" PeP"={permutations}.
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3. CONVEX SPECTRAL FUNCTIONS

S" = {symmetrics} orthogonals O" = {U : UTU = I}.
What convex functions F : S” — R are spectral:

FUTXU)=F(X) YUcO", XeS"?

Eigenvalues of X: A\ (X) > --- > A\, (X).
Spectral decomposition: UT XU = Diag A\(X) for U € O™.
So, spectral functions have form

F(X) = f(AMX)),
where f(x) = F(Diagx) symmetric on R™:
f(Px) = f(x) VzeR" PeP"={permutations}.

Theorem (Davis, 1957) Convex spectral functions are
exactly symmetric convex functions of eigenvalues.
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SEMIDEFINITE REPRESENTABILITY
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SEMIDEFINITE REPRESENTABILITY

CONVEX SPECTRAL . ..

For tractability in optimization, consider
semidefinite-representable (SDR) sets:

{reR": Are B+ L+8S"}
for linear A : R™ — S", subspace L € S", B € S”, and

S"l = {positive semidefinites}.
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CONVEX SPECTRAL . ..

For tractability in optimization, consider
semidefinite-representable (SDR) sets:

{reR": Are B+ L+8S"}

for linear A : R™ — S", subspace L € S", B € S”, and
S"l = {positive semidefinites}.

A function is SDR when its epigraph is.

Theorem (Ben-Tal/Nemirovski, 2001) SDR spectral
functions are exactly symmetric SDR functions of eigenvalues.
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CONVEX SPECTRAL . ..

For tractability in optimization, consider
semidefinite-representable (SDR) sets:

{reR": Are B+ L+8S"}

for linear A : R™ — S", subspace L € S", B € S”, and
S"l = {positive semidefinites}.

A function is SDR when its epigraph is.

Theorem (Ben-Tal/Nemirovski, 2001) SDR spectral
functions are exactly symmetric SDR functions of eigenvalues.

Eg: F(X)=tr(X

A (X eS").
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SEMIDEFINITE REPRESENTABILITY

For tractability in optimization, consider
semidefinite-representable (SDR) sets:

{reR": Are B+ L+8S"}

for linear A : R™ — S", subspace L € S", B € S”, and
S"l = {positive semidefinites}.

A function is SDR when its epigraph is.

Theorem (Ben-Tal/Nemirovski, 2001) SDR spectral
functions are exactly symmetric SDR functions of eigenvalues.

Eg: F(X)=tr(X

A (X eS").

How can we unify?

CONVEX SPECTRAL . ..
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4. HYPERBOLIC POLYNOMIALS

Homogeneous polynomial p : E — R, degree n, is
HYPERBOLIC. ..

hyperbolic relative to d € E
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4. HYPERBOLIC POLYNOMIALS

Homogeneous polynomial p : E — R, degree n, is
HYPERBOLIC. ..
hyperbolic relative to d € E
when the characteristic roots ¢ of
p(r —td) =0

are all real.
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Homogeneous polynomial p : E — R, degree n, is
HYPERBOLIC. ..
hyperbolic relative to d € E
when the characteristic roots ¢ of
p(r —td) =0
are all real. Write them

M(z) > > A(2).
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4. HYPERBOLIC POLYNOMIALS

Homogeneous polynomial p : E — R, degree n, is
hyperbolic relative to d € E
when the characteristic roots ¢ of
p(r —td) =0
are all real. Write them

M(z) > > A(2).

Theorem (Garding, 1951) The hyperbolicity cone
Cp={z: \(x) >0}

IS convex.

HYPERBOLIC. ..
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4. HYPERBOLIC POLYNOMIALS

Homogeneous polynomial p : E — R, degree n, is
hyperbolic relative to d € E
when the characteristic roots ¢ of
p(r —td) =0
are all real. Write them

M(z) > > A(2).

Theorem (Garding, 1951) The hyperbolicity cone
Cp={z: \(x) >0}
IS convex.

Eg: E=S", p=det, d =1 gives

characteristic roots « eigenvalues, C, =S".
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FUNCTIONS OF CHARACTERISTIC ROOTS

Guler (1997) showed HYPERBOLIC ...
—Ilnp(z) = — Zln Ai()

is a useful, “self-concordant” barrier for C,,.
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Giiler (1997) showed
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is a useful, “self-concordant” barrier for C},. More generally:

Theorem (Bauschke, Giiler, L, Sendov, 2001) Symmetric
convex functions of characteristic roots are convex.
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FUNCTIONS OF CHARACTERISTIC ROOTS

Giiler (1997) showed
—Ilnp(z) = — Zln Ai()

is a useful, “self-concordant” barrier for C},. More generally:

Theorem (Bauschke, Giiler, L, Sendov, 2001) Symmetric
convex functions of characteristic roots are convex.

Which such functions have “tractable” representations?
Are hyperbolicity cones SDR?

Conjecture (Lax, 1958) Hyperbolic p on R? relative to
(1,0,0) have form

p(r,y,2z) =adet(xl +yB+ zC) (B,C €8", a€R).
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FUNCTIONS OF CHARACTERISTIC ROOTS

Giiler (1997) showed
—Ilnp(z) = — Zln Ai()

is a useful, “self-concordant” barrier for C},. More generally:

Theorem (Bauschke, Giiler, L, Sendov, 2001) Symmetric
convex functions of characteristic roots are convex.

Which such functions have “tractable” representations?
Are hyperbolicity cones SDR?

Conjecture (Lax, 1958) Hyperbolic p on R? relative to
(1,0,0) have form

p(r,y,2z) =adet(xl +yB+ zC) (B,C €8", a€R).

True via Helton/Vinnikov ('02): L/Parrilo/Ramana ('03).
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FUNCTIONS OF CHARACTERISTIC ROOTS

Giiler (1997) showed
—Ilnp(z) = — Zln Ai()

is a useful, “self-concordant” barrier for C},. More generally:

Theorem (Bauschke, Giiler, L, Sendov, 2001) Symmetric
convex functions of characteristic roots are convex.

Which such functions have “tractable” representations?
Are hyperbolicity cones SDR?

Conjecture (Lax, 1958) Hyperbolic p on R? relative to
(1,0,0) have form

p(r,y,2z) =adet(xl +yB+ zC) (B,C €8", a€R).

True via Helton/Vinnikov ('02): L/Parrilo/Ramana ('03).

Hyperbolic polynomials have no obvious duality theory. So. ..

HYPERBOLIC. ..
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5. DUALITY AND LIE THEORY

One approach to convexity of spectral functions:

Theorem (Horn, 1954) If 2z € R",
diag {UT (Diagz)U : U € 0"} = conv {Px : P € P"}.

DUALITY AND LIE. ..
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One approach to convexity of spectral functions:

Theorem (Horn, 1954) If 2z € R",
diag {UT (Diagz)U : U € 0"} = conv {Px : P € P"}.
Special case of:

Theorem (Kostant, 1973) Consider maximal compact
subgroup K of a real semisimple Lie group, giving Cartan
decomposition € & p. Fix a maximal abelian subspace a C p.
For z € q,

proj, (K - x) = conv (W - x),
where W is Weyl group.
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Theorem (Horn, 1954) If 2z € R",

diag {UT (Diagz)U : U € 0"} = conv {Px : P € P"}.
Special case of:
Theorem (Kostant, 1973) Consider maximal compact
subgroup K of a real semisimple Lie group, giving Cartan
decomposition € & p. Fix a maximal abelian subspace a C p.
For z € q,

proj,(K - x) = conv (W - x),

where W is Weyl group.

For Horn's case, take
{U€0":detU =1} C {UeM":detU =1},
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5. DUALITY AND LIE THEORY

One approach to convexity of spectral functions:

Theorem (Horn, 1954) If 2z € R",
diag {UT (Diagz)U : U € 0"} = conv {Px : P € P"}.
Special case of:

Theorem (Kostant, 1973) Consider maximal compact
subgroup K of a real semisimple Lie group, giving Cartan
decomposition € & p. Fix a maximal abelian subspace a C p.
For z € q,

proj, (K - x) = conv (W - x),
where W is Weyl group.

For Horn's case, take
{U€0":detU =1} C {UeM":detU =1},
{XeM":tr X =0} = {skews}d{XeS":tr X=0}
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5. DUALITY AND LIE THEORY

One approach to convexity of spectral functions:

Theorem (Horn, 1954) If 2z € R",
diag {UT (Diagz)U : U € 0"} = conv {Px : P € P"}.
Special case of:

Theorem (Kostant, 1973) Consider maximal compact
subgroup K of a real semisimple Lie group, giving Cartan
decomposition € & p. Fix a maximal abelian subspace a C p.
For z € q,
proj, (K - x) = conv (W - x),

where W is Weyl group.
For Horn's case, take
{Ue0":detU =1} C {UeM":detU =1},
{(XeM":tr X =0} = {skews}®{XeS":trX=0}

a = {diagonals} and W =P".
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INVARIANT CONVEX FUNCTIONS

Let D™ = {real diagonals}.

DUALITY AND LIE. ..

Restating von Neumann and Dauvis:

unitarily invariant ¥’ a norm on M" < F|p» a norm

spectral F' convex on S" < F|p» convex
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spectral F' convex on S" < F|p» convex

Unifying in Kostant's framework:

Theorem K-invariant F' : p — R is convex < F|, is convex.

This is a convex analogue of the Chevalley restriction theorem:

other properties (like smoothness) "lift" similarly.
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INVARIANT CONVEX FUNCTIONS

Let D™ = {real diagonals}.

Restating von Neumann and Dauvis:

unitarily invariant ¥’ a norm on M" < F|p» a norm
spectral F' convex on S" < F|p» convex

Unifying in Kostant's framework:

Theorem K-invariant F' : p — R is convex < F|, is convex.

This is a convex analogue of the Chevalley restriction theorem:

other properties (like smoothness) "lift" similarly.

Restating von Neumann's duality formula:

(- Hon)e =1+ 1 lon
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INVARIANT CONVEX FUNCTIONS

Let D™ = {real diagonals}.

Restating von Neumann and Dauvis:

unitarily invariant ¥’ a norm on M" < F|p» a norm
spectral F' convex on S" < F|p» convex

Unifying in Kostant's framework:

Theorem K-invariant F' : p — R is convex < F|, is convex.

This is a convex analogue of the Chevalley restriction theorem:
other properties (like smoothness) "lift" similarly.

Restating von Neumann's duality formula:
U o) =11 Ml |

Extends?
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CONVEX CONJUGATES

The Fenchel conjugate of f: E — R is
[ (y) = sup{(z,y) — f(z)}
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CONVEX CONJUGATES

The Fenchel conjugate of f: E — R is
[ (y) = sup{(z,y) — f(z)}.
In Kostant's framework:

Theorem K-invariant F : p — R satisfy
(F|a)* = F*|aa
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CONVEX CONJUGATES

The Fenchel conjugate of f: E — R is
F'(y) =suwpi{z,y) - f(2)}
In Kostant's framework:
Theorem K-invariant F : p — R satisfy
(Fla)" = Fla,
and if F' also convex we have subdifferential formula

y € OF(x)

0

y=%k-v and x=Fk-u
with v € 0F|4(u), k € K.

(Subsumes case of unitarily invariant norms.)
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PART IlI
SOME VARIATIONAL ANALYSIS




6. NONSMOOTH OPTIMIZATION

(Clarke, loffe, Mordukhovich, Rockafellar. . .)
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6. NONSMOOTH OPTIMIZATION

(Clarke, loffe, Mordukhovich, Rockafellar. . .)

For nonconvex f : E — R, y € 9f () means f(z) finite and
(y,z—x) < f(2) — f(x)+o(]|]z —z]|) asz— .

(Unifies convex subdifferential and Fréchet derivative.)
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6. NONSMOOTH OPTIMIZATION

(Clarke, loffe, Mordukhovich, Rockafellar. . .)

For nonconvex f : E — R, y € 9f () means f(z) finite and
(y,z—x) < f(2) — f(x)+o(]|]z —z]|) asz— .

(Unifies convex subdifferential and Fréchet derivative.)
To “stabilize” this idea, define y € df(x) if

Jz, —x, y — vy, so f(z,) — f(x), y € 3f(a:,~).
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6. NONSMOOTH OPTIMIZATION

(Clarke, loffe, Mordukhovich, Rockafellar. . .)

For nonconvex f : E — R, y € 9f () means f(z) finite and
(y,z—x) < f(2) — f(x)+o(]|]z —z]|) asz— .

(Unifies convex subdifferential and Fréchet derivative.)
To “stabilize” this idea, define y € df(x) if

Jz, —x, y — vy, so f(z,) — f(x), y € éf(a:r).

Via indicator function dg(z) = , define

normal cone Ng(z) = 0dg(z).
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6. NONSMOOTH OPTIMIZATION

(Clarke, loffe, Mordukhovich, Rockafellar. . .)
For nonconvex f : E — R, y € 0f(z) means f(x) finite and
(Y, 2 =) < f(z) = f(z) + o[z = =]]) asz— .
(Unifies convex subdifferential and Fréchet derivative.)
To “stabilize” this idea, define y € df(x) if
Jz, —x, yr — y, 50 f(z,) — f(@), yr € Of (2,).

0 (x €5)

too (z¢S) . define

Via indicator function dg(z) =
normal cone Ng(z) = 0dg(z).

S is regular at z if this coincides with 95 (x).
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6. NONSMOOTH OPTIMIZATION

(Clarke, loffe, Mordukhovich, Rockafellar. . .)
For nonconvex f : E — R, y € df(x) means f(z) finite and
(Y, 2 =) < f(z) = f(z) + o[z = =]]) asz— .
(Unifies convex subdifferential and Fréchet derivative.)
To “stabilize” this idea, define y € df(x) if
Jx, —x, yp — y, so f(z,) — f(2), yr € Of (2,).

0 (x €5)

too (z¢S) . define

Via indicator function dg(z) =

normal cone Ng(z) = 0dg(z).
S is regular at z if this coincides with 95 (x).

Convex sets and smooth manifolds are regular, with obvious
normal cones.
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SOME NONSMOOTH CALCULUS

Mean value theorem If f: E — R Lipschitz around a line
[z, y], then

Jwefr,y], z€df(w)U—-0(=f)(w)

such that

fy) = f(x) = {2,y — 7).
.
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SOME NONSMOOTH CALCULUS

Mean value theorem If f: E — R Lipschitz around a line
[z, y], then

Jwefr,y], z€df(w)U—-0(=f)(w)

such that

fy) = f(x) = {2,y — 7).

Chain rule For smooth ® : R™ — E, if S C E regular at
®(v) and

Ng(®(v)) Nker(VE(v))” = {0},
then ®~1(S) regular at v, and

Ng-1(5)(v) = (V®(v))" Ns(®(v)).
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PARTLY SMOOTH SETS

Sensitivity analysis needs smooth and nonsmooth analysis. . .

S C E partly smooth relative to active manifold M C E
means, as © € M varies (cf. Wright '93: "identifiability"), NONSMOOTH. .
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Sensitivity analysis needs smooth and nonsmooth analysis. . .

S C E partly smooth relative to active manifold M C E
means, as © € M varies (cf. Wright '93: "identifiability"), NONSMOOTH. .

e S regular at x

e Ng(x) varies continuously
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PARTLY SMOOTH SETS

Sensitivity analysis needs smooth and nonsmooth analysis. . .

S C E partly smooth relative to active manifold M C E
means, as © € M varies (cf. Wright '93: "identifiability"), NONSMOOTH. .

e S regular at x
e Ng(x) varies continuously

e sharpness: Ng(x) spans N (z).
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PARTLY SMOOTH SETS

Sensitivity analysis needs smooth and nonsmooth analysis. . .

S C E partly smooth relative to active manifold M C E
means, as © € M varies (cf. Wright '93: “identifiability” ),

e S regular at x
e Ng(x) varies continuously

e sharpness: Ng(x) spans N (z).

Eg: {(x,y,2) : 2 > |x|+y?} partly smooth rel. to {(0,y,4?)}.
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PARTLY SMOOTH SETS

Sensitivity analysis needs smooth and nonsmooth analysis. . .

S C E partly smooth relative to active manifold M C E
means, as © € M varies (cf. Wright '93: “identifiability” ),

e S regular at x
e Ng(x) varies continuously

e sharpness: Ng(x) spans N (z).
Eg: {(x,y,2): 2 > |x|+y?} partly smooth rel. to {(0,y,3?)}.

Idea: Usually, if z € M minimizes a smooth function over
S, perturbed problems are also solved on M.
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PARTLY SMOOTH SETS

Sensitivity analysis needs smooth and nonsmooth analysis. . .

S C E partly smooth relative to active manifold M C E
means, as © € M varies (cf. Wright '93: “identifiability” ),

e S regular at x
e Ng(x) varies continuously

e sharpness: Ng(x) spans N (z).
Eg: {(x,y,2): 2 > |x|+y?} partly smooth rel. to {(0,y,3?)}.

Idea: Usually, if z € M minimizes a smooth function over
S, perturbed problems are also solved on M.

Theorem S’} partly smooth relative to {X : rank X = k}.
(Oustry, 2000, Lemaréchal et al. 1997...)
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PARTLY SMOOTH SETS

Sensitivity analysis needs smooth and nonsmooth analysis. . .

S C E partly smooth relative to active manifold M C E
means, as © € M varies (cf. Wright '93: “identifiability” ),

e S regular at x
e Ng(x) varies continuously

e sharpness: Ng(x) spans N (z).
Eg: {(x,y,2): 2 > |x|+y?} partly smooth rel. to {(0,y,3?)}.

Idea: Usually, if z € M minimizes a smooth function over
S, perturbed problems are also solved on M.

Theorem S’} partly smooth relative to {X : rank X = k}.
(Oustry, 2000, Lemaréchal et al. 1997...)

Partly smooth sets have analogous chain rule.
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7. EIGENVALUE PERTURBATION THEORY

A new perspective, via nonsmooth analysis.
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7. EIGENVALUE PERTURBATION THEORY

A new perspective, via nonsmooth analysis.

Theorem (Lidskii, 1950) For X,Y € S",
MZ) — MX) € conv P"A\(Z — X).
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7. EIGENVALUE PERTURBATION THEORY

A new perspective, via nonsmooth analysis.

Theorem (Lidskii, 1950) For X,Y € S",
AMZ) = AMX) € convP"A\(Z — X).

Proof By separation, enough to prove, Vw € R"
w'(A(Z) = MX)) <w'MNZ - X)

where w +— w orders components decreasingly.
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7. EIGENVALUE PERTURBATION THEORY

A new perspective, via nonsmooth analysis.

Theorem (Lidskii, 1950) For X,Y € S",
AZ) — M(X) € convP"\(Z — X).

EIGENVALUE. ..

Proof By separation, enough to prove, Vw € R"
w'(A(Z) = MX)) <w'MNZ - X)
where w +— w orders components decreasingly.

Prove this via mean value theorem on the spectral function = e |

wiA = fol (where f(z) = w"7) L
R

S
—
e
—
—




7. EIGENVALUE PERTURBATION THEORY

A new perspective, via nonsmooth analysis.

Theorem (Lidskii, 1950) For X,Y € S",
AZ) — M(X) € convP"\(Z — X).

EIGENVALUE. ..

Proof By separation, enough to prove, Vw € R"
w'(A(Z) = MX)) <w'MNZ - X)

where w +— w orders components decreasingly.

Prove this via mean value theorem on the spectral function e
Ty _ _ T
w' A= fol (where f(x) = w' )
using nonconvex version of subdifferential formula

Y € 0(f o M) (X)
)
Y = U*(Diagy)U and X = U*(Diagz)U
with y € 0f(z), U € O™.
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8. STABLE POLYNOMIALS

In
P" = {complex polynomials, degree < n},

consider the stable monics

Po={peP": 2" +p(z) =0 = Rez<0}.
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8. STABLE POLYNOMIALS

In
P" = {complex polynomials, degree < n},

consider the stable monics

Po={peP": 2" +p(z) =0 = Rez<0}.

Theorem P is everywhere regular (with normal cone. . .)
(Burke/Overton, 2001)
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8. STABLE POLYNOMIALS

In
P" = {complex polynomials, degree < n},

consider the stable monics

Po={peP": 2" +p(z) =0 = Rez<0}.

Theorem P is everywhere regular (with normal cone. . .)
(Burke/Overton, 2001)

Is there a transparent proof?
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8. STABLE POLYNOMIALS

In
P" = {complex polynomials, degree < n},

consider the stable monics
Prn={peP": 2" +p(z) =0 = Rez<0}.
Theorem P is everywhere regular (with normal cone. . .)
(Burke/Overton, 2001)

Is there a transparent proof?

In fact, P is partly smooth relative to manifolds of p having

imaginary zeros of 2" + p(2) of fixed multiplicity.

So, these multiplicities persist at solutions of optimization
problems over P.
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POWER STABILITY

Consider instead the power-stable monics

Pro={peP":¢"" +q(z) =0 = [z|]<0}.
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POWER STABILITY

Consider instead the power-stable monics

Pro={peP":¢"" +q(z) =0 = [z|]<0}.

Conformally map left halfplane to unit disk by

w+1
w—1

w

(w e C).
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POWER STABILITY

Consider instead the power-stable monics

Pro={peP":¢"" +q(z) =0 = [z|]<0}.

Conformally map left halfplane to unit disk by

w+1
w—1

w

(w e C).

Hence qe Py, & ®(q) € P;  where ® given by
w4 @ (g)(w) =

L w4+ 17 4 (w — 1) (“’—“)]

14 q(1) w—1
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POWER STABILITY

Consider instead the power-stable monics

Pro={peP":¢"" +q(z) =0 = [z|]<0}.

Conformally map left halfplane to unit disk by
w+1
w—1

Hence qePl, < ®(q) € PL,  where O given by

pst

W™+ D(q)(w) =

1 +1q(1) (w+1)"" + (w—1)""g (Z}J_J_riﬂ

Since ® smooth with V® onto, chain rule shows

P = @71 (P)

w

(w e C).

everywhere regular, with normal cone. ..
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PART IV

STABLE POLYNOMIALS

STABILITY OF NONSYMMETRIC
MATRICES

e
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9. STABLE MATRICES

Fundamental for dynamical systems are the stable matrices:

M = {X € M" : Re (eigenvalues) < 0}.
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9. STABLE MATRICES

Fundamental for dynamical systems are the stable matrices:
M = {X € M" : Re (eigenvalues) < 0}.

Trajectories of Z—f = Ax grow exponentially < A& MZ.
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9. STABLE MATRICES

Fundamental for dynamical systems are the stable matrices:
M = {X € M" : Re (eigenvalues) < 0}.
Trajectories of ‘Zl—f = Ax grow exponentially < A& MZ.

Eigenvalues of symmetric matrices are Lipschitz (by Lidskii),

"
and the stable set —S'} is convex. eTABLE MATRICES

I
KN S
KN N

S
—
e
—
—




9. STABLE MATRICES

Fundamental for dynamical systems are the stable matrices:
M = {X € M" : Re (eigenvalues) < 0}.
Trajectories of ‘Zl—f = Ax grow exponentially < A& MZ.

Eigenvalues of symmetric matrices are Lipschitz (by Lidskii),
and the stable set —S'} is convex. Neither holds in M":

STABLE MATRICES

: 1 : o
eigenvalues of { g 0 ] nonlipschitz in ¢,
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9. STABLE MATRICES

Fundamental for dynamical systems are the stable matrices:
M = {X € M" : Re (eigenvalues) < 0}.
Trajectories of ‘Zl—f = Ax grow exponentially < A& MZ.

Eigenvalues of symmetric matrices are Lipschitz (by Lidskii),
and the stable set —S'} is convex. Neither holds in M":

: 1 : o
eigenvalues of { g 0 ] nonlipschitz in ¢,

[8 (1)}+[_11 _11] = [_11 _21] (unstable).
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9. STABLE MATRICES

Fundamental for dynamical systems are the stable matrices:
M = {X € M" : Re (eigenvalues) < 0}.

Trajectories of ‘Zl—f = Ax grow exponentially < A& MZ.

Eigenvalues of symmetric matrices are Lipschitz (by Lidskii),
and the stable set —S'} is convex. Neither holds in M":

: 1 : o
eigenvalues of [ 55) 0 ] nonlipschitz in ¢,

[8 (1)}+[_11 _11] = [_11 _21] (unstable).

Unlike in S™, typical eigenvalues A of A € M" (even if
algebraically multiple) are nonderogatory:

dimker(Al — A) = 1. (Arnold, 1971)
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REGULARITY

Theorem (Burke/Overton, 2001 ) MY regular at A if
and only if every imaginary eigenvalue of A is nonderogatory.
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REGULARITY

Theorem (Burke/Overton, 2001 ) MY regular at A if
and only if every imaginary eigenvalue of A is nonderogatory.
(In this case, the normal cone is. . .)
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REGULARITY

Theorem (Burke/Overton, 2001 ) MY regular at A if
and only if every imaginary eigenvalue of A is nonderogatory.
(In this case, the normal cone is. . .)

Core result: MY, is regular at nonderogatory matrices.

A proof
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REGULARITY

Theorem (Burke/Overton, 2001 ) MY regular at A if
and only if every imaginary eigenvalue of A is nonderogatory.
(In this case, the normal cone is. . .)

Core result: MY, is regular at nonderogatory matrices.

A proof Characteristic polynomial map ® : M" — Pn-1
defined by

O(X)(z) =det(zf — X) — 2" (z € C)
has V& (X) surjective if all eigenvalues of X nonderogatory.
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REGULARITY

Theorem (Burke/Overton, 2001 ) MY regular at A if
and only if every imaginary eigenvalue of A is nonderogatory.
(In this case, the normal cone is. . .)

Core result: MY, is regular at nonderogatory matrices.

A proof Characteristic polynomial map ® : M" — Pn-1
defined by

O(X)(z) =det(zf — X) — 2" (z € C)
has V& (X) surjective if all eigenvalues of X nonderogatory.

Hence chain rule applied to stable monics shows
My = @7 (Py )

regular at X (with normal cone. . .)

STABLE MATRICES

S
K N
KN N

|
—
e
—
—




REGULARITY

Theorem (Burke/Overton, 2001 ) MY regular at A if
and only if every imaginary eigenvalue of A is nonderogatory.
(In this case, the normal cone is. . .)

Core result: MY, is regular at nonderogatory matrices.

A proof Characteristic polynomial map ® : M" — Pn-1
defined by

O(X)(z) =det(zf — X) — 2" (z € C)
has V& (X) surjective if all eigenvalues of X nonderogatory.

Hence chain rule applied to stable monics shows
My = 0Py
regular at X (with normal cone. . .) O

Similar argument works for power-stable matrices (eigenvalues
all satisfy |A| < 1).
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10. ROBUST STABILITY

Power-stability is fundamental for discrete-time dynamics,
and can be tested by semidefinite programming:
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10. ROBUST STABILITY

Power-stability is fundamental for discrete-time dynamics,
and can be tested by semidefinite programming:

Theorem (Lyapunov, 1893) Equivalent properties
of A e M":

e All eigenvalues A satisfy |\| < 1 (i.e. spectral radius < 1);
e ||A*]| — 0 exponentially;
e dH >~0so H > A"HA

(where H>G for Hermitians means H — G positive definite).
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and can be tested by semidefinite programming:

Theorem (Lyapunov, 1893) Equivalent properties
of A e M":
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e dH >~0so H > A"HA

(where H>G for Hermitians means H — G positive definite).

BUT, even power-stable A may have
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10. ROBUST STABILITY

Power-stability is fundamental for discrete-time dynamics,
and can be tested by semidefinite programming:

Theorem (Lyapunov, 1893) Equivalent properties
of A e M":

e All eigenvalues A satisfy |\| < 1 (i.e. spectral radius < 1);
e ||A*]| — 0 exponentially;
e dH >~0so H > A"HA

(where H>G for Hermitians means H — G positive definite).

BUT, even power-stable A may have

e ill-conditioned H;
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10. ROBUST STABILITY

Power-stability is fundamental for discrete-time dynamics,
and can be tested by semidefinite programming:

Theorem (Lyapunov, 1893) Equivalent properties
of A e M":

e All eigenvalues A satisfy |\| < 1 (i.e. spectral radius < 1);
e ||A*]| — 0 exponentially;
e dH >~0so H > A"HA

(where H>G for Hermitians means H — G positive definite).

BUT, even power-stable A may have

e ill-conditioned H;

¥

e big transient peaks in {||A¥|
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10. ROBUST STABILITY

Power-stability is fundamental for discrete-time dynamics,
and can be tested by semidefinite programming:

Theorem (Lyapunov, 1893) Equivalent properties
of A e M":

e All eigenvalues A satisfy |\| < 1 (i.e. spectral radius < 1);
e ||A*]| — 0 exponentially;
e dH >~0so H > A"HA

(where H>G for Hermitians means H — G positive definite).

BUT, even power-stable A may have

e ill-conditioned H;

¥

e non-robust eigenvalues near unit circle.

e big transient peaks in {||A¥|

ROBUST STABILITY
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PSEUDOSPECTRA

To study sensitive eigenvalues of A € M", consider
e-pseudospectrum (for € > 0)

A(A) = {eigenvalues of X : || X — Al <€}
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PSEUDOSPECTRA

To study sensitive eigenvalues of A € M", consider
e-pseudospectrum (for € > 0)

A(A) = {eigenvalues of X : || X — Al <€}
= {z€C:0,(A—2zI) <¢€}.

(where 0,,(X) = A\, (VX*X) is smallest singular value).
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PSEUDOSPECTRA

To study sensitive eigenvalues of A € M", consider
e-pseudospectrum (for € > 0)

A(A) = {eigenvalues of X : || X — Al <€}
= {z€C:0,(A—2zI) <¢€}.

(where 0,,(X) = A\, (VX*X) is smallest singular value).

A measure of nonrobustness of
spectral radiusof A < 1

is the Kreiss constant

K(A) = sup { =1

€

ce> 0, zEAG(A)}.
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PSEUDOSPECTRA

To study sensitive eigenvalues of A € M", consider
e-pseudospectrum (for € > 0)

A(A) = {eigenvalues of X : || X — Al <€}
= {z€C:0,(A—2zI) <¢€}.

(where 0,,(X) = A\, (VX*X) is smallest singular value).

A measure of nonrobustness of
spectral radiusof A < 1

is the Kreiss constant

K(A) = sup { =1

€

ce> 0, zEAG(A)}.

Useful for viewing pseudospectra is T. Wright's EigTool.
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PSEUDOSPECTRAL PLOT

Pseudospectra for a random upper-triangular 10-by-10 real
matrix:

[ O
4,
3,
5l — -0 3
1F ROBUST STABILITY
oF — 0 6
2F

— -0 9
ey

dim =10

A | |
-5 -4 3 2 1 0 1 2 3 4 5 f— 1.2
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KREISS MATRIX THEOREM
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KREISS MATRIX THEOREM

Two more measures of nonrobustness for power-stable A:
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KREISS MATRIX THEOREM

Two more measures of nonrobustness for power-stable A:

power bound = P(A) =
sup{||A*|| - k=1,2,...}

ROBUST STABILITY

I
KN S
KN N

S
—
e
—
—




KREISS MATRIX THEOREM

Two more measures of nonrobustness for power-stable A:

power bound = P(A) =
sup{||A*|| - k=1,2,...}

Lyapunov condition factor = L(A) =
1
inf{7>1rvl>H>—1, H>A*HA}.
Y

ROBUST STABILITY

I
KN S
KN N

S
—
e
—
—




KREISS MATRIX THEOREM

Two more measures of nonrobustness for power-stable A:

power bound = P(A) =
sup{||A*|| - k=1,2,...}

Lyapunov condition factor = L(A) =
1
inf{7>1rvl>H>—1, H>A*HA}.
Y

ROBUST STABILITY

T
Theorem (Kreiss, 1962) On any subset of M", the
functions K, P, and L are either all uniformly bounded or all

unbounded.

e
—
e
—
—




KREISS MATRIX THEOREM

Two more measures of nonrobustness for power-stable A:

power bound = P(A) =
sup{||A*|| - k=1,2,...}

Lyapunov condition factor = L(A) =
1
inf{7>1rvl>H>—1, H>A*HA}.
Y

ROBUST STABILITY

T
Theorem (Kreiss, 1962) On any subset of M", the
functions K, P, and L are either all uniformly bounded or all

unbounded.

Theorem (Spijker, 1991) K < P <enK on M".

e
—
e
—
—
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Two more measures of nonrobustness for power-stable A:

power bound = P(A) =
sup{||A*|| - k=1,2,...}

Lyapunov condition factor = L(A) =

ROBUST STABILITY

S
K N
KN N

1
inf{fy>1:’y[>H>—I, H>A*HA}.
Y

Theorem (Kreiss, 1962) On any subset of M", the
functions K, P, and L are either all uniformly bounded or all
unbounded.

Theorem (Spijker, 1991) K < P <enK on M".

Hence: pseudopsectral behaviour measures transient peaks.

e
—
e
—
—




PSEUDOSPECTRAL OPTIMIZATION

Continuous-time analogue: the pseudospectral abscissa
a.(A) = maxRe A (A)

. dr __
(for € > 0) is a robust measure of decay for & = Ax.

ROBUST STABILITY

I
KN S
KN N

S
—
e
—
—




PSEUDOSPECTRAL OPTIMIZATION

Continuous-time analogue: the pseudospectral abscissa
a.(A) = maxRe A (A)
(for € > 0) is a robust measure of decay for % = Ax.

Computing a, similar to H,, norm algorithm of

(Boyd/Balakrishnan. .. 1990), and now available in EigTool.

ROBUST STABILITY

-

KN S
KN N

S
—
e
—
—




PSEUDOSPECTRAL OPTIMIZATION

Continuous-time analogue: the pseudospectral abscissa
a.(A) = maxRe A (A)
(for € > 0) is a robust measure of decay for fli—f = Ax.

Computing a, similar to H,, norm algorithm of
(Boyd/Balakrishnan. .. 1990), and now available in EigTool.

Typically, a. is locally Lipschitz and regular, and amenable to
optimization by random gradient sampling.

ROBUST STABILITY

S
K N
KN N

|
—
e
—
—




PSEUDOSPECTRAL OPTIMIZATION

Continuous-time analogue: the pseudospectral abscissa
a.(A) = maxRe A (A)
(for € > 0) is a robust measure of decay for fli—f = Ax.

Computing a, similar to H,, norm algorithm of
(Boyd/Balakrishnan. .. 1990), and now available in EigTool.

Typically, a. is locally Lipschitz and regular, and amenable to
optimization by random gradient sampling.

This avoids subsidiary variables needed for optimizing robust
stability by semidefinite programming.

ROBUST STABILITY

S
K N
KN N

|
—
e
—
—




PSEUDOSPECTRAL OPTIMIZATION

Continuous-time analogue: the pseudospectral abscissa
a.(A) = maxRe A (A)
(for € > 0) is a robust measure of decay for fli—f = Ax.

Computing a, similar to H,, norm algorithm of
(Boyd/Balakrishnan. .. 1990), and now available in EigTool.

Typically, a. is locally Lipschitz and regular, and amenable to
optimization by random gradient sampling.

This avoids subsidiary variables needed for optimizing robust
stability by semidefinite programming.

Optimizing . optimizes

ROBUST STABILITY

S
K N
KN N

|
—
e
—
—




PSEUDOSPECTRAL OPTIMIZATION

Continuous-time analogue: the pseudospectral abscissa
a.(A) = maxRe A (A)
(for € > 0) is a robust measure of decay for fli—f = Ax.

Computing a, similar to H,, norm algorithm of
(Boyd/Balakrishnan. .. 1990), and now available in EigTool.

Typically, a. is locally Lipschitz and regular, and amenable to
optimization by random gradient sampling.

This avoids subsidiary variables needed for optimizing robust
stability by semidefinite programming.

Optimizing . optimizes

e asymptotic decay, when ¢ = 0;

ROBUST STABILITY

S
K N
KN N

|
—
e
—
—




PSEUDOSPECTRAL OPTIMIZATION

Continuous-time analogue: the pseudospectral abscissa
a.(A) = maxRe A (A)
(for € > 0) is a robust measure of decay for fli—f = Ax.

Computing a, similar to H,, norm algorithm of
(Boyd/Balakrishnan. .. 1990), and now available in EigTool.

Typically, a. is locally Lipschitz and regular, and amenable to
optimization by random gradient sampling.

This avoids subsidiary variables needed for optimizing robust
stability by semidefinite programming.
Optimizing . optimizes

e asymptotic decay, when ¢ = 0;

e initial decay, when ¢ large;

ROBUST STABILITY

S
K N
KN N

|
—
e
—
—




PSEUDOSPECTRAL OPTIMIZATION

Continuous-time analogue: the pseudospectral abscissa
a.(A) = maxRe A (A)
(for € > 0) is a robust measure of decay for fli—f = Ax.

Computing a, similar to H,, norm algorithm of
(Boyd/Balakrishnan. .. 1990), and now available in EigTool.

Typically, a. is locally Lipschitz and regular, and amenable to
optimization by random gradient sampling.

This avoids subsidiary variables needed for optimizing robust
stability by semidefinite programming.
Optimizing . optimizes

e asymptotic decay, when ¢ = 0;

e initial decay, when ¢ large;

e distance to instability, for some e.
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11. OVERVIEW

Eigenvalue optimization blends diverse mathematical threads.
e Elegant classical mathematics:

— matrix analysis;
— eigenvalue perturbation theory.

e Important and challenging applications (like robust e

stability and control).

et |

e A natural testing ground for modern nonsmooth R

optimization: —

— theory;

— computational practice.
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