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Abstract

We explore how randomization can help asymptotic convergence
properties of simple directional search-based optimization methods.
Specifically, we develop a cheap, iterative randomized Hessian esti-
mation scheme. We then apply this technique and analyze how it
enhances a random directional search method. Then, we proceed to
develop a conjugate-directional search method that incorporates esti-
mated Hessian information without requiring the direct use of gradi-
ents.
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1 Introduction and Motivation

Stochastic techniques in directional search algorithms have been well-studied
in solving optimization problems, often where the underlying functions them-
selves are random or noisy. Some of these algorithms are based on directional
search methods that obtain a random search direction which approximates a
gradient in expectation: for some background on this class of algorithms, see
[4, Ch. 6] or [13, Ch. 5]. For many algorithms, the broad convergence theory,
combined with inherent computational simplicity, makes them particularly
appealing, even for noiseless, deterministic optimization problems.

In this work, we avoid any direct use of gradient information, relying only
on function evaluations. In that respect, the methods we consider have the
flavor of derivative-free algorithms. Our goal, however, is not the imme-
diate development of a practical, competitive, derivative-free optimization
algorithm: our aim is instead primarily speculative. In contrast with much
of the derivative-free literature, we make several impractical assumptions
that hold throughout this paper. We assume that the function we seek to
minimize is twice differentiable and that evaluations of that function are re-
liable, cheap, and accurate. Further, we assume that derivative information
is neither available directly nor via automatic differentiation, but it is well-
approximated by finite differencing. Again, for the purposes of speculation,
we assume that any line search subproblem is relatively cheap to solve when
compared to the cost of approximating a gradient. This last assumption is
based on the fact that, asymptotically, the computational cost of a line search
should be independent of the problem dimension, being a one-dimensional
optimization problem, while the number of function evaluations required to
obtain a gradient grows linearly with the problem dimension, based on previ-
ous assumptions. Within this narrow framework, we consider the question as
to whether, in principle, randomization can be incorporated to help simple
iterative algorithms achieve good asymptotic convergence.

Keeping this narrow framework in mind, this paper is organized as follows.
In the remainder of this section, we consider a randomized directional search
algorithm that chooses a search direction uniformly at random from the unit
sphere and apply it to convex quadratic functions, comparing convergence
results with a traditional gradient descent algorithm. In Section 2, we in-
troduce a technique of randomized Hessian estimation and prove some basic
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properties. In Section 3, we consider algorithmic applications of our ran-
domized Hessian estimation method. In particular, we show how Hessian
estimates can be used to accelerate the uniformly random search algorithm
introduced in this section and, additionally, how randomized Hessian estima-
tion can also be used to develop a conjugate direction-like algorithm.

To illustrate the use of randomization, consider the following basic algorithm:
at each iteration, choose a search direction uniformly at random on the unit
sphere and perform an exact line search. Note that this algorithm has been
widely studied, with analysis appearing in [5] and [12], among others. Fur-
ther, it was shown to be linearly convergent for twice differentiable functions
under conditions given in [11].

Consider applying this algorithm to the problem of minimizing a convex
quadratic function f(x) = xTAx where A is a symmetric, positive-definite,
n× n matrix. If the current iterate is x, then the new iterate is given by

x+ = x− dTAx

dTAd
d(1.1)

and the new function value is

f(x+) = f(x)− (dTAx)2

dTAd
.

Assuming x 6= 0 (which is the optimal solution), the function value is reduced
by the ratio

f(x+)

f(x)
= 1− (dTAx)2

(dTAd)(xTAx)

= 1− (dTAx)2

(dTAd)((Ax)TA−1(Ax))

≤ 1− 1

κ(A)

(
dT

Ax

‖Ax‖
)2
,

where κ(A) = ‖A‖‖A−1‖ denotes the condition number of A. Since the
distribution of d is invariant under orthogonal transformations, we have

E[
(
dT

Ax

‖Ax‖
)
| x] = E[d2

1] =
1

n
E[
(∑

i

d2
i

)
] =

1

n
,
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by symmetry. We deduce

E[f(x+) | x] ≤
(
1− 1

nκ(A)

)
f(x)(1.2)

with equality when A is a multiple of the identity matrix, in which case
κ(A) = 1.

Compare this with the steepest descent algorithm. A known result about the
steepest descent algorithm in [1] says that, given initial iterate x and letting
x̂ be the new iterate constructed from an exact line search in the negative
gradient direction,

f(x̂) ≤
(κ(A)− 1

κ(A) + 1

)2
f(x) =

(
1−O(

1

κ(A)
)
)
f(x).

Further, for most initial iterates x, this inequality is asymptotically tight
if this procedure is iteratively repeated. Consider the following asymptotic
argument, applying the assumptions made earlier in this section. Suppose
derivative information is only available through–and well-approximated by–
finite differencing but we can perform an exact (or almost-exact) line search
in some constant number, O(1), of function evaluations. It follows that each
iteration of random search takes O(1) function evaluations. However, since
derivative information is only available via finite differencing, computing a
gradient takes O(n) function evaluations. Letting x̄ be the iterate after per-
forming O(n) iterations of random search, we obtain that

E
[f(x̄)

f(x)
| x
]
≤
(
1− 1

nκ(A)

)O(n)
= 1−O(

1

κ(A)
).

Essentially, the expected improvement of random search is on the same order
of magnitude as steepest descent when measured on a cost per function eval-
uation basis. This simple example suggests that randomization techniques
may be an interesting ingredient in the design and analysis of iterative opti-
mization algorithms.
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2 Randomized Hessian Estimation

In this section, we will consider arbitrary twice-differentiable functions
f : Rn → R. As in the previous section, assume these functions can be
evaluated exactly, but derivative information is only available through finite
differencing. In particular, for any vector v ∈ Rn, suppose we can use fi-
nite differencing to well-approximate the second derivative of f at x in the
direction v via the formula

vT∇2f(x)v ≈ f(x+ εv)− 2f(x) + f(x− εv)

ε2
(2.1)

for some sufficiently small ε > 0. In particular, note that by choosing
1
2
n(n+ 1) suitable directions v, we could effectively approximate the entire

Hessian ∇2f(x).

In Section 1, we considered a framework in which computational costs of an
algorithm are measured by the number of function evaluations required and
we will continue with that throughout the paper. In particular, it was shown
that under this framework, the steepest descent algorithm, asymptotically,
achieves improvement on the same order of magnitude as a uniformly random
search algorithm when applied to convex quadratics. Ideally, we would like
to extend these methods of analysis to algorithms that incorporate additional
information about a function’s behavior. For example, instead of calculating
a complete Hessian matrix at each iteration, Newton-like methods rely on ap-
proximations to the Hessian matrix which are iteratively updated, often from
successively generated gradient information. To consider a similar approach
in the context of random search, suppose we begin with an approximation
to the Hessian matrix, denoted B, and some unit vector v ∈ Rn. Consider
the new matrix B+ obtained by making a rank-one update so that the new
matrix B+ matches the true Hessian in the direction v, i.e.,

B+ = B + (vT (∇2f(x)−B)v)vvT .(2.2)

This rank-one update results in the new matrix B+ having the property
that vTB+v = vT∇2f(x)v. Note that if this update is performed using
the approximate second derivative via Equation 2.1, then this only costs 3
function evaluations. The following result on the space of symmetric n × n
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matrices, Sn, equipped with the usual trace inner product and the induced
Frobenius norm, will be our primary tool.

Theorem 2.3 Given any matrices H,B ∈ Sn, if the random vector d ∈ Rn

is uniformly distributed on the unit sphere, then the matrix

B+ = B + (dT (H −B)d)ddT

satisfies
‖B+ −H‖ ≤ ‖B −H‖

and

E[‖B+ −H‖2] ≤
(
1− 2

n(n+ 2)

)
‖B −H‖2.

Proof Since we can rewrite the update in the form

(B+ −H) = (B −H)−
(
dT (B −H)d

)
ddT ,

we lose no generality in assuming H = 0. Again, we lose no generality in
assuming ‖B‖ = 1, and proving

‖B+‖ ≤ 1 and E[‖B+‖2] ≤ 1− 2

n(n+ 2)
.

From the equation
B+ = B − (dTBd)ddT ,

we immediately deduce

‖B+‖2 = ‖B‖2 − (dTBd)2 = 1− (dTBd)2 ≤ 1.

To complete the proof, we need to bound the quantity E[(dTBd)2]. We can
diagonalize the matrix B = UT (Diag λ)U where U is orthogonal and the
vector of eigenvalues λ ∈ Rn satisfies ‖λ‖ = 1 by assumption. Using the fact
that the distribution of d is invariant under orthogonal transformations, we
obtain

E[(dTBd)2] = E[(dTUT (Diag λ)Ud)2] = E[(dT (Diag λ)d)2]

= E[(
n∑
i=1

λid
2
i )

2] = E[
∑
i

λ2
i d

4
i +

∑
i 6=j

λiλjd
2
i d

2
j ]

= E[d4
1] + (

∑
i 6=j

λiλj)E[d2
1d

2
2]
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by symmetry. Since we know that

0 ≤ (
∑
i

λi)
2 =

∑
i

λ2
i +

∑
i 6=j

λiλj = 1 +
∑
i 6=j

λiλj,

it follows that
E[(dTBd)2] ≥ E[d4

1]− E[d2
1d

2
2].

Standard results on integrals over the unit sphere in Rn gives the formula

∫
‖x‖=1

xν1 dσ = 2π
n−1

2

Γ
(
ν+1
2

)
Γ
(
ν+n

2

) ,
where dσ denotes an (n− 1)-dimensional surface element, and Γ denotes the
Gamma function. We deduce

E(d4
1) =

∫
‖x‖=1 x

4
1 dσ∫

‖x‖=1 dσ
=

Γ
(

5
2

)
Γ
(
n
2

+ 2
) · Γ

(
n
2

)
Γ
(

1
2

) =
3
2
· 1

2(
n
2

+ 1
)
· n

2

=
3

n(n+ 2)
.

Furthermore,

1 =
(∑

i

d2
i

)2
=
∑
i

d4
i +

∑
i 6=j

d2
i d

2
j ,

so using symmetry again shows

1 = nE[d4
1] + n(n− 1)E[d2

1d
2
2].

From this we deduce

E[d2
1d

2
2] =

1− nE[d4
1]

n(n− 1)
=

1

n(n+ 2)
.

Therefore, this shows that

E[(dTBd)2] ≥ 3

n(n+ 2)
− 1

n(n+ 2)
=

2

n(n+ 2)
,

so

E[‖B+‖2] ≤ 1− 2

n(n+ 2)

as required. 2

To continue, note that iterating this procedure generates a sequence of Hes-
sian approximations that converges almost surely to the true Hessian, as
shown next.
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Corollary 2.4 Given any matrices H,B0 ∈ Sn, consider the sequence of
matrices Bk ∈ Sn for k = 0, 1, 2, . . ., defined iteratively by

Bk+1 = Bk +
(
(dk)T (H −Bk)d

k
)
dk(dk)T ,

where the random vectors d0, d1, d2, . . . ∈ Rn are independent and uniformly
distributed on the unit sphere. Then the errors ‖Bk−H‖ decrease monoton-
ically, and Bk → H almost surely.

Proof Again we lose no generality in assuming H = 0. By the previous
result, it follows that the random variables ‖Bk‖2 form a supermartingale
which is bounded above by ‖B0‖2. By classical supermartingale convergence
results (see [2], for example), it follows that ‖Bk‖2 → Y almost surely for
some random variable Y ≥ 0. It remains to be shown that Y = 0 almost
everywhere.

Clearly the random variables Bk are uniformly bounded. Furthermore, if we
define a measure on the space of symmetric n× n matrices, γk, by

γk(U) = pr{Bk ∈ U}

for any measurable set U , then the previous result implies

E[‖Bk+1‖2] =
∫

E
[
‖Bk+1‖2 |Bk = X

]
dγk(X)

≤
∫ (

1− 2

n(n+ 2)

)
‖X‖2 dγk(X)

=
(
1− 2

n(n+ 2)

)
E[‖Bk‖2].

Now by monotone convergence we have

E[Y ] = E[lim
k
‖Bk‖2] = lim

k
E[‖Bk‖2] = 0,

so Y = 0 almost everywhere as required. 2

In a more realistic framework for optimization, we wish to approximate a
limiting Hessian. Consider a sequence of points xk ∈ Rn converging to some
limit x̄, and suppose we use the above technique to iteratively update the ap-
proximation Bk to the Hessian ∇2f(xk). The next result shows convergence
of the Hessian approximations Bk to the limiting Hessian, ∇2f(x̄).
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Theorem 2.5 Consider a sequence of random matrices Hk ∈ Sn for k =
1, 2, 3, . . ., with each E(‖Hk‖2) finite, and a matrix H̄ ∈ Sn such that
E(‖Hk − H̄‖2) → 0. Consider a sequence of random matrices Bk ∈ Sn

for k = 0, 1, 2, . . ., with E(‖B0‖2) finite, related by the iterative formula

Bk+1 = Bk +
(
(dk)T (Hk −Bk)d

k
)
dk(dk)T ,

where the random vectors d0, d1, d2, . . . ∈ Rn are independent and uniformly
distributed on the unit sphere. Then E(‖Bk − H̄‖2)→ 0.

Proof By Corollary 2.4, we know for each k = 0, 1, 2, . . . the inequality

‖Bk+1 −Hk‖2 ≤ ‖Bk −Hk‖2

holds. Hence by induction it follows that E(‖Bk‖2) is finite for all k ≥ 0.
We can therefore work with the L2-norm on the space of random matrices

defined by ‖X‖2 =
√

E(‖X‖2).

Define a number

r =

√
1− 2

n(n+ 2)
∈ (0, 1).

By Theorem 2.3, we have

E[‖Bk+1 −Hk‖2 | Bk, Hk] ≤ r2‖Bk −Hk‖2.

Once again, define a measure γk by

γk(S) = pr{(Bk, Hk) ∈ S}

for any measurable set S. Then we have

‖Bk+1 −Hk‖22 = E[‖Bk+1 −Hk‖2]

=
∫

E[‖Bk+1 −Hk‖2 | (Bk, Hk) = (B,H)]dγk(B,H)

≤
∫
‖B −H‖2 dγk(B,H)

= r2E[‖Bk −Hk‖2]
= r2‖Bk −Hk‖22.
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Applying the triangle inequality gives

‖Bk+1 − H̄‖2 ≤ r‖Bk − H̄‖2 + (1 + r)‖Hk − H̄‖2.

Now fix any number ε > 0. By assumption, there exists an integer k̄ such
that for all integers k ≥ k̄ we have

‖Hk − H̄‖2 ≤
ε(1− r)
2(1 + r)

.

Hence, for all k ≥ k̄, we deduce

‖Bk+1 − H̄‖2 ≤ r‖Bk − H̄‖2 +
ε(1− r)

2
.

For such k, if ‖Bk − H̄‖2 ≤ ε, then

‖Bk+1 − H̄‖2 ≤
ε(1 + r)

2
< ε,

whereas if ‖Bk − H̄‖2 > ε, then

‖Bk+1 − H̄‖2 < r‖Bk − H̄‖2 +
1− r

2
‖Bk − H̄‖2 =

1 + r

2
‖Bk − H̄‖2.

Consequently, ‖Bk − H̄‖2 ≤ ε for all large k. Since ε > 0 was arbitrary, the
result follows. 2

3 Applications to Algorithms

Random Search, Revisited

Return to the convex quadratic function f(x) = xTAx considered in Section
1 where A is a positive definite, n× n matrix. Recall that if we consider the
iterative algorithm given by Equation 1.1, letting d be a unit vector uniformly
distributed on the unit sphere and letting

x+ = x− dTAx

dTAd
d,
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then it was shown in Inequality 1.2 that

E[f(x+) | x] ≤
(
1− 1

nκ(A)

)
f(x).

Now, suppose that H is a positive-definite estimate of the matrix A and
consider the Cholesky factor matrix C such that CCT = H−1. Suppose
that instead of performing an exact line search in the uniformly distributed
direction d, we instead perform the line search in the direction Cd. From
this we obtain

f(x+)

f(x)
= 1− (dTCTAx)2

(dTCTACd)(xTAx)

= 1−

(
dT (CTAx)

)2

(dT (CTAC)d) ((CTAx)T (CTAC)−1(CTAx))

≤ 1− 1

κ(CTAC)

(
dT

CTAx

‖CTAx‖

)2

,

allowing us to conclude that

E[f(x+) | x] ≤
(
1− 1

nκ(CTAC)

)
f(x).

This provides the same convergence rate as performing the random search
algorithm given by Equation 1.1 on the function g(x) = xT (CTAC)x.

Consider an implementation of this algorithm using the Hessian approxi-
mation technique described in Section 2. Given a current iterate xk−1 and
Hessian approximation Bk−1, we can proceed as follows. First, form the new
Hessian approximation Bk given by Equation 2.2. Then, if Bk is positive-
definite, obtain the Cholesky factorization B−1

k = CkC
T
k ; otherwise, we can

obtain the projection of Bk onto the positive semi-definite cone, denoted B+
k ,

and perform the Cholesky factorization CkC
T
k = (B+

k + εI)−1 for some ε > 0.
Finally, we can find the next iterate xk by a line search in the direction Ckdk
where dk is uniformly distributed on the unit sphere.
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By Corollary 2.4, it follows that Bk → A almost surely and therefore Ck →
A−

1
2 almost surely as well. Therefore, it follows that

E[f(xk+1) | xk]
f(xk)

≤ 1− 1

nκ(CT
k ACk)

→ 1− 1

n
.

Thus, the uniformly random search algorithm incorporating the Hessian up-
date provides linear convergence with asymptotic rate 1− 1

n
, independent of

the conditioning of the original matrix.

Below are two examples of the algorithm’s behavior with a convex quadratic
function. The first example uses a Hilbert Matrix of size 10 (with condi-
tion number on the order of 1013) while the second uses the matrix A =
Diag(1, 7, 72, . . . , 79). In each case, the initial iterate is random and B0 = I.

A Conjugate Directions Algorithm

Coordinate descent algorithms have a long and varied history in differentiable
minimization. In the worst case, examples of continuously differentiable func-
tions exist in [10] where a coordinate descent algorithm will fail to converge
to a first-order stationary point. On the other hand, for twice-differentiable,
strictly convex functions, variants of coordinate descent methods were shown
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to be linearly convergent in [7]. In either case, the simplicity of such algo-
rithms, along with the lack of a need for gradient information, often makes
them appealing.

Let us briefly return to the example of a convex quadratic function
f(x) = 1

2
xTAx + bTx. Consider algorithms, similar to coordinate descent

algorithms, that choose search directions by cycling through some fixed set
W = {w1, . . . , wn}, performing an exact line search at each iteration. If the
search directions in W happen to be A-conjugate, satisfying wTi Awj = 0 for
all i 6= j, then we actually reach the optimal solution in n iterations. Al-
ternatively, if our set of search directions fails to account for the function’s
second-order behavior, convergence can be significantly slower. Explicitly
generating a set of directions that are conjugate with respect to the Hessian
requires knowledge of the function’s Hessian information. Methods were pro-
posed in [9], and expanded upon in [14], [3], and [8] among others, that begin
as coordinate descent algorithms and iteratively adjust the search directions,
gradually making them conjugate with respect to the Hessian matrix. Fur-
ther, these adjustments are based on the results of previous line searches
without actually requiring full knowledge of the Hessian or any gradients.

We propose an alternative approach for arbitrary twice-differentiable func-
tions. If an estimate of the Hessian were readily available, we could take
advantage of it by generating search directions iteratively that are conjugate
with respect to the estimate. This suggests that we can design an algorithm
using the Hessian estimation technique in Section 2 to dynamically generate
new search directions that have the desired conjugacy properties. We can
formalize this in the following algorithm.

Algorithm 3.1 Let f be a twice-differentiable function, x0 an initial starting
point, B0 and initial Hessian estimate and {v−n, v−(n−1), . . . , v−1} an initial
set of search directions. For k = 0, 1, 2, . . .

1. Compute the vector vk that is Bk-conjugate to vk−1, . . . , vk−n+1.

2. Compute xk+1 as a result of a (two-way) line search in the direction vk.

3. Compute Bk+1 according to Equation 2.2, letting dk be uniformly dis-
tributed on the unit sphere and computing

Bk+1 = Bk + (dk(∇2f(xk+1)−Bk)dk)dkd
T
k .
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One simple initialization scheme takesB0 = I and {v−n, . . . , v−1} = {e1, . . . , en},
the standard basis vectors.

Since Bk is our Hessian approximation at the current iterate xk, a reasonable

initial step size is given by xk+1 = xk−tkvk, where tk =
vT

k ∇f(xk)

vT
k
Bkvk

, correspond-

ing to an exact line search in the direction vk of the quadratic model. The
advantage to this approach is that each iteration requires only directional
derivatives and, being highly iterative, this interpolates nicely with the Hes-
sian update derived in Section 2. Specifically, when using the fixed step
size mentioned above, each iteration takes exactly five function evaluations:
f(xk), f(xk ± εvk), and f(xk ± εdk) where vk and dk are the search direction
and the random unit vector, respectively.

The essence of this algorithm lies in using our randomized Hessian estimation
technique to update a quadratic model and then performing a line search.
Since we are relying solely on function evaluations, this algorithm has the
“flavor” of derivative-free optimization. However, it should be noted that a
different perspective can be taken with regards to this algorithm, permitting
a comparison with Newton-like methods.

Typical Newton-like methods maintain, along with the current iterate xk, a
(positive-definite) Hessian estimate Bk and proceed by performing some type
of line search in the direction −B−1

k ∇f(xk). For simplicity, consider a step
size of 1, i.e., xk+1 = xk − B−1

k ∇f(xk). Recall that computing B−1
k ∇f(xk),

equivalent to solving the system Bky = ∇f(xk) for y, can be done indirectly
by searching in n different Bk-conjugate directions.

Specifically, suppose we have a set of directions {v1, . . . , vn} that are Bk-
conjugate, satisfying vTi Bkvj = 0 for all i 6= j. and take x0 = xk, our current

iterate. For i = 1, . . . , n, let xi = xi−1 − vT
i ∇f(xk)

vT
i Bkvi

vi. Then it follows that

xn = x0 −
n∑
i=1

vTi ∇f(xk)

vTi Bkvi
vi = xk −B−1

k ∇f(xk),

the Newton-like step. Given this interpretation of Newton-like methods,
consider the version of Algorithm 3.1 where, at each iteration, the step size

is fixed beforehand at tk =
vT

k ∇f(xk)

vT
k
Bkvk

. Then one can interpret Algorithm

3.1 as an iterated version of a Newton-like method. Specifically, while the
Newton-like method indirectly involves computing the quantities vTi ∇f(xk)
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and vTi Bkvi with the iterate xk and Hessian estimate Bk fixed, Algorithm
3.1 allows for a dynamically changing gradient and Hessian approximation
at each conjugate direction step.

Given this connection between Algorithm 3.1 and traditional Newton-like
methods, it seems natural to expect superlinear convergence under similar
assumptions. As we demonstrate in the remainder of this section, superlinear
convergence is obtained for strictly convex quadratic functions. Before doing
so, we define some notation. For a matrix, A, the spectral norm of A is the
quantity ‖A‖2 := max‖x‖=1‖ ‖Ax‖ and the Frobenius norm of A is given by

‖A‖F :=
√∑

i,j a
2
ij. If A is invertible, then ‖A−1‖2 can also be expressed

as the smallest constant K such that ‖Ax‖2 ≥ 1
K
‖x‖2 for all vectors x. Let

Diag(A) be the matrix whose diagonal matches that of A whose non-diagonal
entries are zero. For positive-definite A, the energy norm of x is defined by
‖x‖A :=

√
xTAx. Additionally, these norms satisfy

‖A‖2 ≤ ‖A‖F ≤
√
n‖A‖2,(3.2)

‖Ax‖2 ≤ λmax(A)‖x‖2A ≤ λmax(A)2‖x‖22(3.3)

and
λmin(A)‖x‖22 ≤ ‖x‖2A(3.4)

where λmax(A) and λmin(A) are the maximum and minimum eigenvalues of
A, respectively. For a strictly convex quadratic function f(x) = 1

2
xTAx+bTx

with minimizer x∗ = −A−1b, the energy norm satisfies

‖x− x∗‖2A = f(x)− f(x∗).(3.5)

Theorem 3.6 Consider the strictly convex quadratic function
f(x) = 1

2
xTAx + bTx where A is a positive definite matrix. Then for any

initial point x0, initial Hessian estimate B0 and initial search directions, Al-
gorithm 3.1 is n−step superlinearly convergent when implemented with an
exact line search.

Proof Define εk = ‖Bk − A‖F and note that, by Inequality 3.2,
‖Bk − A‖2 ≤ εk. Now consider n consecutive iterations of the algorithm,
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beginning at iterate xk and ending at iterate xk+n. Without loss of gen-
erality, assume the respective search directions satisfy ‖vi‖ = 1 for i =
k, k + 1, . . . , k + n− 1. Recall that by design of the algorithm, these search
directions satisfy vTi Bjvj = 0 for any j ∈ {k, k + 1, . . . , k + n − 1} and
i ∈ {j − n + 1, . . . , j − 1}. Note that this implies that for any i < j ∈
{k, k + 1, . . . , k + n− 1},

|vTi Avj| = |vTi Bjvj + vTi (A−Bj)vj| ≤ ‖vi‖‖A−Bj‖2‖vj‖ ≤ εk(3.7)

by Inequality 3.2 and the definition of εk.

Next, we construct a matrix Mk such that these search directions are Mk-
conjugate and ‖A − Mk‖ = O(εk). Let Vk = [vk, vk+1, . . . , vk+n−1] be the
matrix whose columns are the n consecutive search directions. First, no-
tice that if εk is sufficiently small, this matrix is invertible and the quantity
‖V −1

k ‖2 is uniformly bounded. To see this, consider any y ∈ Rn such that
‖y‖ = 1. Then,

‖Vky‖22 = yTV T
k Vky

= (yTV T
k A

1
2 )A−1(A

1
2Vky)

= ‖A
1
2V Ty‖2A−1

≥ λmin(A−1)‖A
1
2Vky‖2 (by Inequality 3.4)

=
1

λmax(A)
yTV T

k AVky

=
1

λmax(A)
[yTDiag(V T

k AVk)y + yT [V T
k AVk −Diag(V T

k AVk)]y]

≥ λmin(A)−
√
nεk

λmax(A)
,

with the last inequality coming from the fact that

yTDiag(V T
k AVk)y =

n∑
i=1

y2
i v

T
k+i−1Avk+i−1,

Inequality 3.4 and Inequality 3.7. From the above bound and the alternative
definition of ‖V −1

k ‖2, it follows that

‖V −1
k ‖22 ≤

λmax(A)

λmin(A)−
√
nεk

.(3.8)
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Now consider the matrix Mk defined by

Mk = A− V −Tk (V T
k AVk −Diag(V T

k AVk))V
−1
k = V −Tk Diag(V T

k AVk)V
−1
k .

Further, observe that

‖A−Mk‖2 = ‖V −Tk (V T
k AVk −Diag(V T

k AVk))V
−1
k ‖2

≤ ‖V −1
k ‖22‖(V T

k AVk −Diag(V T
k AVk))‖F

≤ ‖V −1
k ‖22nεk,

with the first inequality coming from the triangle inequality for the spectral
norm, the fact that the spectral norm is invariant under matrix transposition
and Inequality 3.2 while the last inequality comes from Inequality 3.7. In
particular, the matrix Mk satisfies ‖A − Mk‖2 = O(εk) and, for i 6= j ∈
{k, k + 1, . . . , k + n− 1}, both vTi Mkvi = vTi Avi and vTi Mkvj = 0.

At each iteration i = k, k + 1, . . . , k + n− 1, Algorithm 3.1 obtains the new
point by way of exact line search, getting

xi+1 = xi −
vTi (Axi + b)

vTi Avi
vi

= xi −
vTi (Axk + b+

∑i−1
j=k αjAvj)

vTi Avi
vi

= xi −
vTi (Axk + b)

vTi Avi
vi −

∑i−1
j=k αjv

T
i Avj

vTi Avi
vi,

where αj is defined by αj = −vT
j ∇f(xj)

vT
j Avj

. Expanding this out over n consecutive

iterations, we obtain

xk+n = xk −
k+n−1∑
i=k

vTi ∇f(xk)

vTi Avi
vi −

k+n−1∑
i=k

i−1∑
j=k

αjv
T
i Avj

vTi Avi
vi.

In particular, this implies

‖xk+n − x∗‖ ≤
∥∥∥xk − k+n−1∑

i=k

vTi ∇f(xk)

vTi Avi
vi − x∗

∥∥∥(3.9)

+
k+n−1∑
i=k

i−1∑
j=k

∣∣∣vTj ∇f(xj)

vTj Avj

vTi Avj
vTi Avi

∣∣∣.
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Recall that since vk, . . . , vk+n−1 are conjugate with respect to Mk and
vTi Avi = vTi Mkvi, it follows that

∥∥∥xk − k+n−1∑
i=k

vTi ∇f(xk)

vTi Avi
vi − x∗

∥∥∥ = ‖xk −M−1
k ∇f(xk)− x∗‖.(3.10)

Next, recall that since the algorithm is implemented with an exact line search,
the objective function is non-increasing at each iteration. Specifically, for all
j, f(xj+1) ≤ f(xj). By Equation 3.5, it can be seen that

‖xj+1 − x∗‖2A = f(xj+1)− f(x∗) ≤ f(xj)− f(x∗) = ‖xj − x∗‖2A.

This implies that the sequence {xk}k≥0 is bounded. Additionally, along with
Inequality 3.3, this implies that for j ≥ k we have,

|vTj ∇f(xj)| ≤ ‖vj‖‖∇f(xj)‖
= ‖A(xj − x∗)‖

≤
√
λmax(A)‖xj − x∗‖A

≤
√
λmax(A)‖xk − x∗‖A

≤ λmax(A)‖xk − x∗‖.

Combining the above inequality, Inequality 3.4, Inequality 3.7, Inequality 3.9
and Equation 3.10, we conclude that

‖xk+n − x∗‖ ≤ ‖xk −M−1
k ∇f(xk)− x∗‖+

n2λmax(A)

λ2
min(A)

‖xk − x∗‖εk.(3.11)

Further, observe that since ∇f(xk) = Axk + b = A(xk − x∗), it follows that

‖xk −M−1
k ∇f(xk)− x∗‖ = ‖(I −M−1

k A)(xk − x∗)‖.(3.12)

With the above results, we are ready to prove the superlinear convergence of
the algorithm. By Theorem 2.3 and Corollary 2.4, it follows that Bk → A
almost surely, implying εk → 0 almost surely. Therefore, for all sufficiently
large k, the matrix Vk is invertible implying that the matrix Mk is well-
defined and that Mk → A almost surely. From that, Equation 3.12, and the
fact that {xk − x∗}k≥0 is bounded, it follows that

‖xk −M−1
k ∇f(xk)− x∗‖ → 0
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almost surely. Combining this result, the fact that εk → 0 almost surely and
Inequality 3.11, it follows that ‖xk+n − x∗‖ → 0 almost surely, proving that
the algorithm converges almost surely.

Finally, consider scaling Inequality 3.11 by ‖xk − x∗‖, obtaining

‖xk+n − x∗‖
‖xk − x∗‖

≤ ‖xk −M
−1
k ∇f(xk)− x∗‖
‖xk − x∗‖

+

n2λmax(A)
λ2
min(A)

‖xk − x∗‖εk
‖xk − x∗‖

.

Since
‖xk −M−1

k ∇f(xk)− x∗‖
‖xk − x∗‖

=
‖(I −M−1

k A)(xk − x∗)‖
‖xk − x∗‖

,

it follows that the first term converges to zero almost surely since Mk → A
almost surely. Further, since εk → 0 almost surely, the second term converges
to zero almost surely. These two facts together imply that

‖xk+n − x∗‖
‖xk − x∗‖

→ 0

almost surely: by definition, this means the algorithm is n-step superlinearly
convergent almost surely. 2

In the following example, we again consider two convex quadratic functions
xTAx whereA is a Hilbert matrix of dimension 10 andA = Diag(1, 7, 72, . . . , 79),
respectively. The above algorithm was implemented with an exact line search
and exact directional second derivatives.
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4 Conclusion

Randomization provides an interesting perspective for a variety of algorithms.
Consider the perspective adhered to in this paper in which our cost measure
is the number of function evaluations required, assuming line searches are
relatively cheap being a one-dimensional optimization problem, and with
derivative information only available through (and well-approximated by)
finite differencing. It was then shown in Section 1 that random search is
comparable to steepest descent. Then, using the Hessian estimation tech-
nique introduced in Section 2, Section 3 demonstrated how these techniques
can be used to accelerate random search. Finally, we devised a conjugate di-
rections algorithm that incorporates second derivative information without
directly requiring gradient information while sharing certain behaviors with
more traditional Newton-like methods.

We make no claim that the conceptual techniques described above, in their
pure form, are competitive with already-known derivative-based or derivative-
free algorithms. We simply intend to illustrate how incorporating random-
ization provides a novel approach to the design of algorithms, even in very
simple optimization schemes, suggesting that it may deserve further consider-
ation. Note that all the algorithms considered in this paper, at each iteration,
require only directional derivative or directional second-order information,
creating a connection between the realms of derivative-free and derivative-
based algorithms when this derivative information is well-approximated by
finite differencing.
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