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We investigate the presence and impact of forecast errors in the arrival rate of cus-
tomers to a service system. Analysis of a large dataset shows that forecast errors can
be large relative to the fluctuations naturally expected in a Poisson process. We show
that ignoring forecast errors typically leads to overestimates of performance and that
forecast errors of the magnitude seen in our dataset can have a practically significant
impact on predictions of long-run performance. We also define short-run performance
as the random percentage of calls received in a particular period that are answered
in a timely fashion. We prove a central limit theorem that yields a normal-mixture
approximation for its distribution for Markovian queues and we sketch an argument
that shows that a normal-mixture approximation should be valid in great generality.
Our results provide motivation for studying staffing strategies that are more flexible
than the fixed-level staffing rules traditionally studied in the literature.
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1. INTRODUCTION

Service systems, such as inbound call centers, involve the provision of a service to
customers by service agents (staff). A key question in such systems is how to select
the number of agents in order to provide quality service to customers while keeping
staffing costs at an acceptable level. Staff scheduling processes and algorithms for
such systems typically operate on a 1-week cycle and involve three main steps:

1. forecasting customer arrival rates

2. choosing agent levels that will ensure satisfactory service

3. constructing shifts that cover the levels selected in step 2 and assigning these
shifts to staff

The forecasts obtained in step 1 are almost always point estimates that are then taken
as exact parameter values in subsequent steps. However, as we demonstrate through
the analysis of data from several different call centers, there can be substantial errors
in the forecasts. The question of how to deal with such errors when determining the
target agent levels is the subject of this article.

The issues associated with forecast errors and staffing levels have certainly been
recognized previously. Gans, Koole, and Mandelbaum [10] discussed this issue as
part of a survey of the area of call center design and management. Grassmann [12]
modeled forecast errors using a random arrival rate. Thompson [24] and Jongbloed
and Koole [14] gave methods for determining target staffing when the arrival rate
is random. Whitt [27] suggested a particular form of a random arrival rate for cap-
turing forecast uncertainty. Chen and Henderson [7] examined the potential impact
of ignoring arrival rate variability on performance predictions. Ross [20, Chap. 4]
developed extensions to the “square-root staffing rule” to account for a random arrival
rate. Avramidis, Deslauriers, and L’Ecuyer [1] developed several different arrival pro-
cess models and compared their fit to call center data. They found that performance
measures depend fairly strongly on the form of the arrival rate process. Deslauriers,
L’Ecuyer, Pichitlamken, Ingolfsson, and Avramidis [9] showed that it is appropriate
in their setting to weight performance by the (random) arrival rate. Brown, Zhang,
and Zhao [5] developed an autoregressive model for the arrival rate that can capture
correlation across different time periods within the same planning cycle. Mehrotra,
Ozluk, and Saltzman [16] modeled arrival rate variability as part of a framework for
intraday forecast and schedule updating. Harrison and Zeevi [13] developed an eco-
nomic model based on attaching costs to abandonment and agent levels. Mathematical
support for their model is given in Bassamboo, Harrison, and Zeevi [2]. Whitt [29]
gave an economic analysis for a special case of the Harrison–Zeevi model, offering
two computational approaches for estimating performance. In addition to a random
arrival rate, Whitt [29] dealt explicitly with absenteeism, which he modeled through
a random number of servers being available. We do not adopt an economic model
here, instead working directly with performance measures associated with the wait-
ing time distribution of a “typical” customer. We do not consider a random number
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of servers, although it is possible to capture that phenomenon in a straightforward
manner within our framework. Robbins, Medeiros, and Dunn [19] gave simulation
results for a model with a random arrival rate in the quality-driven, efficiency-driven
and quality-and-efficiency-driven regimes, showcasing the potential impact of random
arrival rates on key performance measures through empirical results.

We view the main contributions of this article, relative to these earlier contribu-
tions, as follows.

• We show that forecast errors are substantial in a large call center dataset,
suggesting that it may be worthwhile explicitly modeling forecast errors. To
the best of our knowledge, ours is the first study that has access to the call
volume forecasts that were used for staffing decisions and makes use of these
to quantify forecast errors.

• We introduce a model of forecast errors and describe how to fit it to data.

• We clarify what performance measures one should compute when taking
forecast errors into account and show that, in general, ignoring forecast errors
leads to optimistic estimates of something we term long-run performance.
Long-run performance is essentially the fraction of calls that are answered
in a reasonable amount of time, where the average is calculated over a large
number of periods in which the forecasted arrival rate is constant.

• We introduce short-run performance measures and explain how to compute
them. Roughly speaking, these measures tell us “what might happen tomor-
row.” More precisely, short-run performance is essentially the distribution
of the random fraction of calls received in a given period that have reason-
able waiting times. Why is this distribution important? For staffing purposes,
attaining a long-run performance goal seems very reasonable. However, some
call centers might be “risk averse” with regard to delivering high-quality
service, in the sense that they would like to ensure that, with high proba-
bility, customer waiting times are not too large. This is the case for certain
hotel reservation, financial planning, and emergency services call centers,
for example. The long-run performance measure can be viewed as an aver-
age, and so masks such risk. The distribution of the fraction of satisfactory
calls in a period reveals much more information about the potential customer
experience.

• We demonstrate empirically that forecast errors can have a practically signif-
icant impact on performance, reinforcing the results of Robbins et al. [19].

Our motivation comes from the inbound call center setting and so we will refer to
customers and calls interchangeably.

The article is organized as follows. In Section 2 we analyze a dataset and show
that forecast errors can be substantial. We also provide a model of forecast errors and
outline how to fit the model to data. Section 3 describes how to compute the long-run
performance of the system and shows that, in general, one can expect performance
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estimates to be optimistically estimated if forecast errors are ignored. It concludes
by computing long-run performance for some reasonable parameter regimes that we
believe are representative of the case in practice, showing that forecast errors can
have substantial impact on long-run performance. Section 4 then looks into short-run
performance measures, showing that even when long-run performance is reasonable,
there can be a nonnegligible probability of a very poor customer experience. Finally,
Section 5 discusses the implications of our results for service system planning.

Some of the results in this article were first reported in Steckley, Henderson, and
Mehrotra [23].

2. THE PRESENCE OF FORECAST ERRORS

Our dataset contains 9 weeks of call records from four different call centers. Two
of the call centers are customer service operations: one that receives inquiries about
order shipment and another that takes calls about a line of medical products. The other
two call centers are outsourcers that handle calls for different companies in a wide
variety of industries on a contract basis. For each queue and each 15-min interval,
we examine both the forecasted call volumes used to drive the agent staffing and
scheduling process and the actual call volumes that were received during each time
period.

The forecasts were created using commercial software that allows its users to
compute weighted averages of any combination of previous weeks’ data and also to
manually scale and/or edit any individual call forecast value quite easily. The analysts
responsible for creating these forecasts used both historical call volume data as well
as additional information about external factors that is not reflected in the historical
data. For the two customer service call centers, this additional information typically
includes informal input from other parts of the organization, such as marketing and
operations groups, about factors that might influence customers’ propensity to make
service calls. For the two outsourcer call centers, additional input into the forecasting
process typically includes information from client companies about their own in-house
staffing levels as well as information about known or anticipated customer issues. The
call volume forecasts were typically made 2–4 weeks prior to the actual days on which
the calls arrived.

In the following, we describe the process by which we analyze these data to
examine forecasting errors. We also propose a model for call arrivals and explain how
to use such a dataset to determine the model parameters.

In the context of the staffing algorithms mentioned at the outset of the article,
the 1-week planning horizon is typically split into p equal-length periods, which are
indexed by j, j = 1, 2, . . . , p. These p periods span the hours of the week for which
the call center is open and accepting inbound calls; for example, for a call center that
operates 7 days per week for 24 h each day, p is between 168 (1-h periods) and 672
(15-min periods). Letting t denote the length of the periods, we assume without loss
of generality, by selecting the time units, that t = 1.
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In our dataset we have several weeks of data, so we have multiple instances
of each period j. Let n denote the number of weeks of data, which are indexed by
k, k = 1, 2, . . . , n. Now, let λ( j, k) denote the forecasted expected number of calls
received in period j in week k( j = 1, . . . , p, k = 1, . . . , n). Notice that λ( j, k) can
be interpreted as the predicted arrival rate of calls in period j of week k. Let N(j, k)

denote the actual number of calls received in period j of week k.
It seems reasonable to assume that N( j, k) is Poisson distributed with mean

λ( j, k). To understand why, recall that the Palm–Khintchine theorem (see Whitt [28]
for a basic version of this result, and Cinlar [8] for a more general version) asserts
that the superposition of a large number of independent point processes is approxi-
mately a Poisson process, possibly nonhomogeneous. Since the arrival process can
be viewed as the superposition of the arrivals generated by each individual in a sur-
rounding population, this result seems applicable to our situation. Therefore, in any
given period of any given day, it seems reasonable to model the arrival process as
Poisson, which implies that the number of arrivals that are seen in a period has a
Poisson distribution. Indeed, this is the standard model that is used, almost with-
out comment, in the queuing and staffing literatures, and a formal hypothesis test
of essentially this assumption on call center data in Brown, Gans, Mandelbaum,
Sakov, et al. [4] did not reject the hypothesis. We therefore view this assumption
as very safe.

If our forecasts are correct, then these, together with the Palm–Khintchine
theorem, imply that (N( j, k) : j, k ≥ 1) consists of independent Poisson (λ( j, k))
random variables. In exploring the impact of forecasting errors, we thus begin by
testing whether our data support this hypothesized model.

There are many well-known tests to determine whether a set of data reflects an
independent and identically distributed (i.i.d.) sample from a Poisson distribution
with fixed mean, as discussed in Brown and Zhao [6]. However, in our setting the
means vary. Brown et al. [5] used a variance-stabilizing transformation. We employ
an approach that seems more appropriate for our particular setting. Define

Z( j, k) = N( j, k) − λ( j, k)√
λ( j, k)

.

Under our hypothesis, the Z( j, k)s are independent, have mean 0 and variance 1, and
for λ( j, k) large, Z( j, k) is approximately normally distributed.

We restrict attention to periods j where the forecasted arrival rate is on the order of
50 calls per period or more, to ensure that the normal approximation is appropriately
accurate. This gave a total of 120 different time periods j across several different
queues and weeks, giving over 2000 Z values. A histogram of the resulting Z values is
given in Figure 1 and is clearly nonnormal. This visual conclusion can be verified by
a hypothesis test but we did not bother because the conclusion is apparent. To probe
further, we tested 120 different hypotheses: one for each of the different time periods.
Each hypothesis was of the form (Z( j, k) : 1 ≤ k ≤ n) consisting of i.i.d. normal(0, 1)
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FIGURE 1. Histogram of Z values for 120 different periods and multiple weeks and
an appropriately normalized density of a standard normal random variable.

random variables. We computed

Sj =
∑n

k=1 Z( j, k)√
n

and rejected the null hypothesis if |Sj| was too large. When tested at the 99% level,
we rejected 75 of the 120 hypotheses.

Based on these results, we see that the hypothesis that N( j, k) is Poisson with
parameter λ( j, k) is, in many cases, simply incorrect. It is difficult to argue with the
above Palm–Khintchine reasoning that N( j, k) is Poisson distributed, so our test results
suggest that the rates associated with these random variables are not as predictable as
one might hope. We will take this a step further and model the arrival rates as being
random.

To examine the impact of such arrival rate variability on system performance, we
adopt a model of the arrival process that is essentially the one proposed in Whitt [27].
Suppose that N( j, k) is Poisson distributed with mean �( j, k), where �( j, k) =
B( j, k)λ( j, k). Here, (B( j, k) : 1 ≤ j ≤ p, 1 ≤ k ≤ n) is a set of identically distributed
random variables with mean 1 that are independent of everything else. The B( j, k)’s
can be interpreted as “busyness” factors that indicate how busy a particular period is
relative to the forecast.

One might assume that the B( j, k) values arising on a particular day are identical,
but from day to day are independent. Avramidis et al. [1] fitted a version of this model
to their data. (They did not have access to call volume forecasts, so they also fitted
nominal arrival rates λ( j), which then play the role of our λ( j, k)’s. We believe that
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the extra degree of freedom allowed us by using forecasts is important.) They found
that the correlations between periods on a given day from the estimated model were
stronger than those seen in the data.

Brown et al. [5] fitted a generalization of this model, where the busyness
factors follow an autoregressive process from day to day, but again they did not
have access to forecasts. The autoregressive component improved the fit to data
considerably. More recently, Weinberg, Brown, and Stroud [25] fitted another gen-
eralization of this model to data, again without forecasts. Shen and Huang [22]
describe a method for forecasting arrivals and updating those forecasts within a
single day.

The key difference between our application of this model and previous applica-
tions is that the busyness factor represents an adjustment to forecasts rather than to
sample means. The forecasts themselves almost certainly depend on data recorded
until the forecasts are made, but, typically, they also reflect information not contained
in the data, such as the timing of promotions, adjustments to the size of the customer
base, and so forth.

We adopt the assumption that the B( j, k)’s are independent of one another, so
that they are in fact i.i.d. The assumption is reasonable if the forecasts capture any
effects that give rise to the sample correlations often seen in data; for example, if call
volumes are trending upward over a series of weeks, then one would see a positive
correlation in call volumes for adjacent periods. However, if the forecasts remove that
trend, then the positive correlation would disappear.

Another reason why this assumption seems reasonable in our context is that we
study the staffing problem one period at a time. In other words, we only need the
marginal distribution of the call arrivals in a single period. From that perspective then,
dependencies between periods do not play a role.

Although our model has limitations, it is easily understood and interpreted. It is
therefore well suited to our goals, which are to get some sense of the magnitude of
forecast errors and to understand the impact of forecast errors on true performance. One
could certainly imagine developing more complex, and accurate, models of forecast
error. We do not do so here for simplicity and for clarity of exposition. We expect that
many of our conclusions in later sections still apply under more complex and accurate
models.

Under our assumption that the B( j, k)’s are i.i.d. in both j and k, there is no need
to maintain the distinction between weeks and periods. Accordingly, let us move to
a single index k that indexes periods. For each period, we have a forecast λ(k), an
unobserved busyness index B(k), and an actual volume of calls N(k) that is assumed
to be conditionally Poisson distributed with mean λ(k)B(k), k = 1, . . . , n.

To fit this model to historical data about actual and forecasted call volume, we
adapt a parametric approach [14] that leads to simplifications in the analysis. Suppose
that (B(k) : 1 ≤ k ≤ n) are i.i.d. gamma random variables with shape parameter α

and scale parameter 1/α, so that B(k) has density f (b; α) = ααbα−1e−αb/�(α) and
E B(1) = 1 for any choice of α > 0. We want to estimate α from the data (N(k) : 1 ≤
k ≤ n) and forecasts (λ(k) : 1 ≤ k ≤ n).
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Let L(·) be the likelihood function for α. Then

L(α) =
n∏

k=1

∫ ∞

0
f (b(k); α)

e−b(k)λ(k)(b(k)λ(k))N(k)

N(k)! db(k)

= const
n∏

k=1

∫ ∞

0
(ααb(k)α−1e−αb(k)/�(α))e−b(k)λ(k)b(k)N(k) db(k)

= const
n∏

k=1

[
αα

�(α)

∫ ∞

0
b(k)N(k)+α−1e−b(k)(λ(k)+α) db(k)

]

= const
n∏

k=1

αα�(α + Nk)

�(α)(α + λ(k))α+N(k)
,

where the last step follows from properties of the Gamma function and “const”
contains terms that do not involve α or b(k) for any k.

The likelihood function L(·) is easily numerically maximized, because it is one
dimensional. If, however, one wishes to avoid this optimization, then a method-of-
moments estimator of α can be derived as follows.

The marginal distribution of N(k) is negative binomial with parameters α and
(1 + λ(k)/α)−1. It therefore has mean λ(k) and variance λ(k)(1 + λ(k)/α). Hence,
Z(k) = (N(k) − λ(k))/

√
λ(k) has mean 0 and variance 1 + λ(k)/α.

Consider the sample variance s2
n of (Z(k) : 1 ≤ k ≤ n). This is a sample variance

of random variables that are not i.i.d. Letting Z̄n and λ̄n denote the sample means of
(Z(k) : 1 ≤ k ≤ n) and (λ(k) : 1 ≤ k ≤ n), respectively, we get that

s2
n = 1

n − 1

n∑
k=1

(Z(k) − Z̄n)
2

≈ 1

n

n∑
k=1

Z(k)2 (1)

≈ 1

n

n∑
k=1

EZ(k)2 (2)

= 1

n

n∑
k=1

(1 + λ(k)/α)

= 1 + λ̄n/α.

The approximation (1) assumes that the sample mean Z̄n is essentially zero. The
approximation (2) assumes that we have enough observations at each forecast level
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that the strong law applies (at least approximately). Hence, we estimate α by

α̂n = λ̄n

s2
n − 1

.

The above derivation may appear to be somewhat heuristic in nature, but the
estimator obtained is consistent under mild conditions. The following result is proved
in Appendix A.

PROPOSITION 2.1: Suppose that 0 < α ≤ ∞ and 0 < λ∗ ≤ λ(k) ≤ λ∗ < ∞ for
deterministic bounds λ∗ and λ∗. Then α̂n → α as n → ∞ a.s.

Remark 2.2: We explicitly allow α = ∞, which corresponds to zero forecast error
(i.e., B ≡ 1).

Remark 2.3: The condition that the forecasts be uniformly bounded away from zero
and ∞ is easily stated and simplifies the proof slightly. The condition can be relaxed,
as it is used only to bound certain infinite sums in the proof, and these sums could be
bounded using weaker, but less transparent, conditions.

We used the method-of-moments approach above to estimate α for the 120 dif-
ferent time periods mentioned earlier. A histogram of the resulting estimated α values
is given in Figure 2. The bin labeled “More” can be viewed as the number of time
periods where the data implied an approximately deterministic arrival rate. Most of the
values are less than 35. To get a sense for what this means from a practical standpoint,
recall that N(k) has mean λ(k) and variance λ(k)(1 + λ(k)/α). So with a deterministic
arrival rate, the variance is equal to the mean, and this is the level of variability that
staffing levels are typically chosen to handle. However, if α = 25, say, and the forecast
λ(k) is 50 or more (as it is for the data used earlier), then the variance can be three
times the mean or more. It seems apparent that such a high degree of variability will
have a serious impact on call center performance; that is the subject of the remainder
of the article.

FIGURE 2. Histogram of estimated α values from 120 sets of data.
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3. LONG-RUN PERFORMANCE MEASURES

In the previous section we developed a model of the customer arrival process that
explicitly models forecast errors. We now adopt that model as truth and determine
how to compute appropriate performance measures.

Ultimately, we want to compute the staffing level (number of agents) required
in each period to ensure satisfactory service performance. To do so, we need to be
able to compute performance for any given staffing level. For the remainder of this
section, we implicitly assume a given staffing level and look at the question of how
to compute performance.

Two standard performance measures are the fraction of customers who abandon
and the fraction of customers who would experience a delay in queue of at most τ sec-
onds were they willing to wait at least that long (and, hence, not abandon beforehand).
Both measures can be handled in the framework below. We focus on the latter mea-
sure. Common choices for τ are 20 s (a moderate delay) and 0 s (no delay). Clearly,
such performance measures depend on the set of customers over which the fraction is
computed. In the present section we focus on a “long-run” interpretation, where we
consider a large number of instances of periods like the one in question. The reason
is that, in practice, staffing levels are usually selected to achieve a given long-run per-
formance. (If the fraction is computed over customers that arrive in a single instance
of the period, then the fraction is a random variable. We will study this “short-run”
case in more detail in the next section.)

Consider a sequence of instances of the period with a common call volume fore-
cast λ and a common staffing level. Let S(k) denote the number of satisfactory calls
(calls that are answered within the time limit τ ) out of a total of N(k) calls that are
received in instance k of the period. Over n instances, the fraction of satisfactory calls
is then ∑n

k=1 S(k)∑n
k=1 N(k)

. (3)

Our assumptions that the forecasts and staffing levels are the same in all instances
and that the busyness parameters are i.i.d. ensures that ((S(k), N(k)) : k ≥ 1) consists
of i.i.d. random elements. Now, 0 ≤ E S(1) ≤ E N(1) < ∞. Dividing both the numer-
ator and denominator of (3) by n and taking the limit as n → ∞, the strong law then
implies that the long-run fraction of satisfactory calls is

E S(1)

E N(1)
. (4)

However, how do we compute this ratio?
Let B(k) be the busyness parameter associated with the kth instance of the period.

Recall that we select time units so that the period is of length 1. Note that

E N(1) = E E[N(1)|B(1)] = E[λB(1)] = λ, (5)
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since E B(1) = 1. Computing E S(1) is more difficult. We again condition on B(1) to
obtain E S(1) = E s(λB(1)), where s(γ ) is the expected number of satisfactory calls
in the period when the arrival rate is γ . Our initial goal is an expression for s(γ ).

Fix the arrival rate to be deterministic and equal to γ (for now). Let (X(u; γ ) : u ≥
0) be a Markov process used to model the call center when there is a fixed arrival rate γ .
In specialized cases, one can take X to be the process giving the number of customers
in the system, but it might be more complicated. For technical reasons we take X(·; γ )

to have sample paths that are left-continuous with right limits. Suppose that a customer
arriving at time u will receive satisfactory service if and only if X(u; γ ) ∈ A for some
set of states A.

Example 3.1: A common model of a call center is an M/M/c + M queue (i.e., the
Erlang-A model). There are c servers, service times are exponentially distributed,
and the arrival process is Poisson. Customers are willing to wait an exponentially
distributed amount of time (the “patience time”) in the queue and abandon if they do not
reach a server by that time. Here, we take X(u; γ ) to be the number of customers in the
system at time u. Then X(·; γ ) is a continuous-time Markov chain (CTMC). Suppose
that a service is considered satisfactory if and only if the customer immediately reaches
a server. Then we can take A = {0, 1, 2, . . . , c − 1}; that is, a service is satisfactory if
and only if the number of customers in the system is c − 1 or less when the customer
arrives.

Example 3.2: Consider the same model as Example 3.1 but now define a service to
be satisfactory if and only if a customer would reach a server in at most τ > 0 s,
assuming she does not abandon. The state space of the CTMC defined in Example 3.1
is no longer rich enough to determine, upon a customer arrival, whether that customer
will receive satisfactory service or not. We might turn to a different Markov process
in such a case. Without loss of generality, suppose that as soon as a customer arrives,
the patience and service times for that customer are sampled and therefore known.
Since customers are served in FIFO order, we can determine, for every customer who
has arrived by time u, whether that customer will abandon or not, and if not, which
agent the customer will be served by. Let Vm(u; γ ) denote the “work in process” for
agent m at time u, m = 1, . . . , c. The quantity Vm(u; γ ) gives the time required for
agent m to complete the service of all customers in the system at time u that are,
or will be, served by agent i. Let X(u; γ ) be the vector (Vm(u; λ) : 1 ≤ m ≤ c). The
process X(·; γ ) is a Markov process and we can take A = {v : minc

m=1 vm ≤ τ }, so that
a service is satisfactory if and only if at least one server will be available to answer a
call within τ s of a customer’s arrival.

We denote the period we are studying as the interval [0, 1]. Let Pϕ(·) denote
the probability measure when the Markov process has initial distribution ϕ. Let ν

and π be respectively the distribution of the Markov process at time 0 (i.e., the state
of the system at the start of the period) and the stationary distribution (assumed to
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exist and be unique). Proposition 3.3 serves as a foundation for the use of steady-
state approximations for performance measures in both the deterministic and random
arrival rate contexts and is proved in Appendix A.

PROPOSITION 3.3: Under the above conditions,

s(γ ) = γ

∫ 1

0
Pν(X(u; γ ) ∈ A) du.

If ν = π , so that the Markov process is in steady state at time 0, then

s(γ ) = γ f (γ ),

where f (γ ) = Pπ (X(0; γ ) ∈ A) is the steady-state probability that the system is in A.
We can interpret f (γ ) as the long-run fraction of customers who receive satisfactory
service if the arrival rate remains constant at γ .

Suppose that we adopt the steady-state approximation s(γ ) ≈ γ f (γ ). Here, γ

is the expected number of customer arrivals in the period and f (γ ) is the long-run
fraction of customers that receive satisfactory service. From (4) and (5), we see that

E S(1)

E N(1)
= E s(λB(1))

λ E B(1)
≈ E[λB(1)f (λB(1))]

λ E B(1)
. (6)

Expression (6) simplifies slightly since E B(1) = 1 and λ appears twice, but we
have chosen to represent it in this way to clearly show the weighting. The fact that
one should weight f (λB(1)) by λB(1) is well known. It is implicit (and at times
explicit) in the work of Harrison and Zeevi [13] and Whitt [29], for example. Chen
and Henderson [7] did not perform this weighting in their analysis.

What are the consequences of ignoring a randomly varying arrival rate when
predicting performance in a service system? In that case, we would first estimate an
assumed-to-be-deterministic arrival rate. The most commonly used estimator is the
sample mean of the number of arrivals, and this converges to λ almost surely as the
data size increases (again assuming a large number of periods with forecasted arrival
rate λ). We would then estimate performance as f (λ).

Together with (6), Proposition 3.4 establishes that if f is decreasing and concave
over the range of λB(1), then we will overestimate performance if a random arrival
rate is ignored. The function f is, in great generality, decreasing in λ. For many models,
it is also concave, at least in the region of interest; see Chen and Henderson [7].

PROPOSITION 3.4: Suppose that f is decreasing and concave on the range of
λB(1). Then

E[λB(1)f (λB(1))]
λ E B(1)

≤ f (λ).
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PROOF: We have that

E[λB(1)f (λB(1))] ≤ λ E B(1) E f (λB(1)) (7)

≤ λ E B(1)f (λEB(1)) (8)

establishing the result. The inequality (7) follows since f is decreasing (see, e.g.,
Whitt [26]), and (8) uses Jensen’s inequality. �

For certain models and distributions of B(1), we might be able to compute (6)
exactly. In general though, this will not be possible. In such a case, we can use
numerical integration. The problem is quite straightforward since f is typically easily
computed and the integral E[λB(1)f (λB(1))] is one dimensional.

In our numerical examples, we model the call center as an M/M/c + M queue
(i.e., the Erlang-A model). As in Section 2, assume that (B(k) : 1 ≤ k ≤ n) are i.i.d.
gamma random variables with shape parameter α and scale parameter 1/α.

We compute both the long-run fraction of customers who would experience a
delay in the queue of at most τ time units were they willing to wait at least that long
and the fraction of customers who abandon. Note that when τ = 0, a call is considered
satisfactory if and only if it reaches a server immediately. These performance mea-
sures are computed using both the steady-state approximation described earlier and a
simulation-based estimate. For the simulation estimate, we use an extensive warm-up
period in which the parameter settings are identical to those used in the simulation of
the actual period. Therefore, our data reflect steady-state performance.

We considered representative combinations of α and the forecasted call volume
λ. Note that when α = ∞, the arrival rate is deterministic and is given by λ. Let μ

and θ be the service rate per hour and the abandonment rate per hour, respectively.
The chosen values for μ and θ are typical for call centers. An abandonment rate of
0 corresponds to the case in which there is no abandonment, in which case the call
center is modeled as an M/M/c queue. For all scenarios, we let t, the length of the
period, be 1 h.

We also need to choose the number of servers. This was chosen to be the minimum
value such that the fraction of satisfactory (τ = 20 s) calls is at least 80% in the case
where the arrival rate is deterministic and equal to λ. This reflects the situation in
practice where forecast error is ignored when setting staffing levels.

Both the simulation-based estimates and steady-state approximations for long-run
performance (long-run fraction of satisfactory calls) are reported in Table 1. The sim-
ulation results are accurate to approximately two decimal places, and so are reported
only to that accuracy. Due to space considerations, we present only selected scenarios.
This selection illustrates the essential characteristics and trends seen in the results as
a whole. The left-hand side of Table 1 identifies the parameter values in the scenarios.
The right-hand side describes the performance. The first performance column gives
the fraction of customers receiving service immediately, the second column is the
fraction of customers who would receive service within 20 s were they willing to wait
that long, and the third column is the fraction of customers who abandon.
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TABLE 1. Approximations and Simulation-Based Estimates (in Parentheses) of
Long-Run Performance

Performance

α λ μ θ c τ = 0 τ = 20 Abandon

∞ 500 12 0 48 0.75 0.83 —
(0.74) (0.82) (—)

25 500 12 0 48 0.54 0.58 —
(0.55) (0.60) (—)

∞ 500 12 6 46 0.69 0.81 0.02
(0.68) (0.80) (0.02)

25 500 12 6 46 0.56 0.64 0.05
(0.57) (0.65) (0.05)

∞ 500 12 12 45 0.68 0.81 0.03
(0.67) (0.80) (0.03)

25 500 12 12 45 0.57 0.67 0.07
(0.58) (0.68) (0.06)

The steady-state approximations and simulation-based estimates are, as they
should be, very similar. Any differences are due to a combination of warm-up error in
the simulation, the usual error in simulation estimates, and numerical error in comput-
ing the approximation.When α = ∞, the arrival rate is deterministic and given by λ. In
such cases, performance (τ = 20 s) is very close to 0.8, as expected because the num-
ber of servers was chosen to ensure this. When there is variability in the arrival rate, as
in the case when α = 25, the fraction of calls answered within τ time units decreases.
Additionally in some cases, the fraction declines significantly, underscoring the danger
of ignoring a randomly varying arrival rate. As for the long-run fraction of abandoning
calls, Table 1 shows that when there is variability in the arrival rate, the fraction of
calls that abandon is significantly higher than when the arrival rate is deterministic.

The results also indicate that the degradation in the fraction of calls answered
within τ time units is less when abandonment is modeled and is further reduced as
the rate of abandonment θ increases. We believe this is because abandonment helps
to reduce the queue length, so that patient customers reach service more quickly.
Note that we see this “positive” impact from abandonment even though abandoning
customers are counted as “unsatisfactory.”

The results also show that, not surprisingly, as the rate of abandonment increases,
the long-run fraction of abandoning calls increases. So a large abandonment rate tends
to positively impact the long-run fraction of calls answered before τ but to negatively
impact the long-run fraction of calls that abandon.

4. SHORT-RUN PERFORMANCE

The numerical results in the previous section show that long-run performance can be
seriously impacted by forecast errors. This suggests that the observed (or “short-run”)
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performance on any given day could be even worse. By short-run performance we
mean the distribution of S(1)/N(1) (i.e., the distribution of the fraction of satisfactory
calls in a single period [0, t] on a single day).

There is a positive probability that N(1) = 0, but it is very small for even mod-
est arrival rates. In any case, we can just define 0/0 = 1 arbitrarily to ensure that
S(1)/N(1) is a proper random variable. The random variable S(1)/N(1) is supported
on the rationals, so its exact probability mass function is likely to be “spiky” and
difficult to interpret. We give approximations for its distribution that are likely to be
more informative.

Suppose that conditional on B(1), the period is long enough that the fraction of
satisfactory calls is close to its steady-state mean f (λB(1)), where λ is the forecasted
arrival rate. This transformation of the random variable λB(1) is our first approxi-
mation. It ignores the “process variability” that arises even for a fixed arrival rate.
In numerical experiments reported in Steckley et al. [23] we found that this first
approximation indicates general trends but that it is important to account for process
variability to get a clearer picture.

Fortunately, we can refine this approximation to take into account process vari-
ability (i.e., the fact that the observed fraction of satisfactory calls will not be exactly
equal to the steady-state mean). The key to the refinement is a central limit theorem
(CLT) for S(1)/N(1) under a fixed arrival rate, showing that the ratio is approximately
normally distributed. Such a CLT then implies that the unconditional distribution of
S(1)/N(1) is approximately a mixture of normals. We prove such a CLT for a specific
model, and we also give a nonrigorous argument suggesting that the CLT should hold
in great generality. We begin with the rigorous result.

Let the arrival rate γ be fixed. Suppose that our goal is to answer calls immedi-
ately. Suppose further that the number-in-system process X = (X(s) : s ≥ 0) can be
modeled as an irreducible CTMC on the finite state space {0, 1, . . . , d}, where d > c.

Remark 4.1: It is not essential that the state space be finite, but it simplifies the proof of
the CLT below. In particular, an appropriately integrable solution to Poisson’s equation
always exists in the finite-state space case, but with a countable state space, one
must impose additional conditions. Rather than be diverted by a necessarily lengthy
discussion of such conditions, we prefer to make the finite-state space assumption,
which has the added benefit of making our model more closely match reality. (One
never has an infinite number of trunk lines!)

Let M(s) be the number of state transitions in the CTMC X by time s and let Y =
(Yn : n ≥ 0) be the embedded discrete-time Markov chain that arises by observing the
CTMC X just after state transitions. Then we can write

S(1)

N(1)
≈ UM(t)

VM(t)
, (9)
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where

Un = 1

n

n∑
i=1

I(Yi = Yi−1 + 1, Yi−1 ≤ c − 1)

and

Vn = 1

n

n∑
i=1

I(Yi = Yi−1 + 1).

Here, I(·) is the indicator function that is 1 if its argument is true and 0 otherwise,
so that Un gives the fraction of the first n transitions that correspond to an arriving
customer finding a server available. Similarly, Vn gives the fraction of the first n
transitions that correspond to an arrival joining the system. Notice that Vn does not
count blocked customers. That is why the relation in (9) is not an equality. When d is
large enough that few customers are turned away, the approximation should be very
good.

Let ⇒ denote convergence in distribution and N (a, b) denote a normally
distributed random variable with mean a and variance b.

THEOREM 4.2: Under the assumptions given above,

√
λs

(
UM(s)

VM(s)
− u

v

)
⇒ N (0, σ 2(γ ))

as s → ∞, where u, v, and σ 2(γ ) are specified in the following proof.

PROOF: The proof has three steps. The key step is to establish the joint CLT

√
n

((
Un

Vn

)
−

(
u
v

))
⇒ N (0, ) (10)

as n → ∞, where N (0, ) denotes a Gaussian random vector with mean 0 and covari-
ance matrix , and u, v, and  are specified below. The final two steps consist of
applying a random time change and then the delta method.

To establish (10), we apply a Markov chain CLT (see, e.g., Meyn and Tweedie [17,
Thm. 17.4.4]). Consider the (irreducible, finite-state-space) Markov chain Ỹ = (Ỹi :
i ≥ 0), where Ỹi = (Yi, Yi+1). We can write

Un − u = 1

n

n−1∑
i=0

h̃1(Ỹi)

and

Vn − v = 1

n

n−1∑
i=0

h̃2(Ỹi),
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where

h̃1(x, y) = I(y = x + 1, x ≤ c − 1) − u

and

h̃2(x, y) = I(y = x + 1) − v.

Let π̃ be the stationary distribution of Ỹ . We choose u and v to be steady-state means,
so that π̃ h̃i = ∑

(x,y) π̃ (x, y)h̃i(x, y) = 0 for i = 1, 2. Let P̃ be the transition matrix of

Ỹ , and let g̃1 and g̃2 solve Poisson’s equation

P̃g̃i(x, y) = g̃i(x, y) − h̃i(x, y)

for i = 1, 2 and all (x, y).
We now wish to apply the Markov chain CLT [17, Thm. 17.4.4] to obtain (10). That

result applies only to univariate processes, but the result extends to our multivariate
case through an application of the Cramér–Wold device (e.g., Billingsley [3, Thm.
7.7]). The Cramér–Wold device asserts that a sequence of R

m-valued random vectors
{ξn} converges in distribution to the R

m-valued random vector ξ if and only if each
linear combination of the components of the vector ξn converges in distribution to the
corresponding linear combination of the components of ξ . Let a and b be arbitrary
constants and note that

a(Un − u) + b(Vn − v) = 1

n

n−1∑
i=0

[ah̃1(Ỹi) + bh̃2(Ỹi)]

= 1

n

n−1∑
i=0

h̃(Ỹi),

where h̃ = ah̃1 + bh̃2. Furthermore, since P̃ is a linear operator, g̃ = ag̃1 + bg̃2 solves
Poisson’s equation P̃g̃ = g̃ − h̃. Theorem 17.4.4 of Meyn and Tweedie [17] then
allows us to conclude that

√
n(a(Un − u) + b(Vn − v)) ⇒ aW1 + bW2

as n → ∞, where W is a two-dimensional normal random vector with mean 0 and
covariance matrix  defined by

ij = Eπ̃ [(g̃i(Ỹ1) − P̃g̃i(Ỹ0))(g̃j(Ỹ1) − P̃g̃j(Ỹ0))]
= Eπ̃ [g̃i(Ỹ0)h̃j(Ỹ0) + h̃i(Ỹ0)g̃j(Ỹ0) − h̃i(Ỹ0)h̃j(Ỹ0)]. (11)

(Equality (11) follows as in Meyn and Tweedie [17, Eq. 17.47].) The Cramér–Wold
device then immediately implies the CLT (10).

In fact, we obtain a stronger result, namely a functional CLT. Moreover,
M(s)/s → β as s → ∞ a.s., where β > 0 is the long-run rate of transitions in the
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CTMC X. We can then directly apply the random-time-change result [3, Thm. 17.1]
to obtain √

M(s)

((
UM(s)

VM(s)

)
−

(
u
v

))
⇒ N (0, )

as s → ∞. The converging-together lemma [3, Problem 1, p. 28] then implies that

√
βs

((
UM(s)

VM(s)

)
−

(
u
v

))
⇒ N (0, )

as s → ∞.
The final step applies the delta method (e.g., Serfling [21, p. 122]), using the

function φ(x, y) = x/y, to conclude that

√
βs

(
UM(s)

VM(s)
− u

v

)
⇒ N (0, η2),

where

η2 = ∇φ(u, v)T∇φ(u, v)

= 11 − 2(u/v)12 + (u/v)222

v2
.

(The second equality uses the fact that ∇φ(u, v) = v−1(1, −u/v).) Setting σ 2(γ ) =
γ η2/β yields the result. �

Equation (9) and Theorem 4.2 establish that conditional on B(1), the fraction
S(1)/N(1) is approximately normally distributed with mean f (λB(1)) and variance
σ 2(λB(1))/(λB(1)t). So we can approximate the distribution of S(1)/N(1) by the
normal mixture N ( f (λB(1)), σ 2(λB(1))/(λB(1)t)).

Remark 4.3: The variance of this normal mixture is

var f (λB(1)) + E
σ 2(λB(1))

λB(1)t
,

which can be viewed as a decomposition of the variance into contributions from arrival
rate variability and process variability respectively.

To compute the distribution of this normal mixture we need to be able to compute
the constant σ 2(γ ), which, in turn, depends on β and η2 (which also depend on γ ).
In Appendix B we sketch how to compute σ 2. The derivation exploits the strong
relationships between the two-step Markov chain Ỹ and the single-step Markov chain
Y and between the CTMC X and its embedded chain Y .

Remark 4.4: The above derivation is for the fraction of calls answered immedi-
ately. One can perform a very similar derivation that yields a mixture-of-normals
approximation for the abandonment rate. The key ideas are as follows.
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In addition to the above definitions, let Zn be 0, 1, or 2, depending on whether
the event that caused the nth state change in the CTMC X (from state Yn−1 to Yn) was
an arrival, a service completion, or an abandonment, respectively. Then if A(1) is the
number of abandoning calls in the period, we can write

A(1)

N(1)
≈ UM(t)

VM(t)
,

where

Un = 1

n

n∑
i=1

I(Yi = Yi−1 − 1, Zi = 2)

and

Vn = 1

n

n∑
i=1

I(Yi = Yi−1 + 1).

One then proves a joint CLT for (Un, Vn) using the same technique used for
Theorem 4.2, via the Markov chain Ỹ = (Ỹi : i ≥ 0), where Ỹi = (Yi, Yi+1, Zi+1). The
proof is again completed through a random-time change and an application of the
delta method.

To get a sense of the quality of the mixture-of-normals approximations for the
distribution of S(1)/N(1), we return to the M/M/c + M call center model discussed
at the end of Section 3. All parameters were chosen in the same manner as earlier, and,
again, we used a warm-up period in the simulations to ensure that our results reflect
steady-state performance.

Due to space considerations, we present only selected scenarios, but the essential
characteristics and trends seen in the selected scenarios hold for all of the scenarios
we considered. Figure 3 plots the simulation-based estimate of the distribution (his-
togram) along with the approximation for a particular scenario where abandonment
is not modeled. The first and last bar of the histogram correspond to the observed
S(1)/N(1) values that were exactly 0 and 1, respectively. The density of the approxi-
mation has been truncated at 0 and 1 and the probability of the truncated regions are
plotted as histogram bars, one to the left of 0 and the other to the right of 1.

Both the approximation and the simulation-based histogram show that the distri-
bution of S(1)/N(1) spikes at 0 and 1 and has little density at the intermediate values.
Here, the arrival rate, given by λB(1), rarely takes on values that the staffing level
is designed to handle. More frequently, the arrival rate is too large or too small for
the given staffing level. Therefore, performance is bimodal: either very poor or very
good, with little chance of moderate performance. Note that the approximation tracks
the simulation-based results quite well.

In Figure 4 we consider a scenario with abandonment. We no longer see the
bimodal behavior. However, the distribution still indicates that there is significant
probability that the fraction of calls answered immediately will be quite low. Just as
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FIGURE 3. Plots of the distribution estimates for the fraction of calls answered
immediately when λ = 500, μ = 12, c = 48, θ = 0, and α = 25.

FIGURE 4. Plots of the distribution estimates for the fraction of calls answered within
τ when λ = 500, μ = 12, c = 45, θ = 12, τ = 0, and α = 25.
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we saw in the long-term calculations, abandonment improves the short-run fraction
of satisfactory calls. The intuition here is again that abandonment keeps the queue
short, so that customers who do get served reach a server quickly.

Now, suppose that S(1)/N(1) gives the fraction of calls that abandon. As men-
tioned earlier, we can approximate the distribution of the fraction of calls that abandon
by another mixture of normals. The approximation and the simulation-based estimate
are plotted in Figure 5 for a particular scenario. Notice that the abandonment rate on
a given day can be higher than 15% with nontrivial probability.

The above normal-mixture result is for the special case where the call center can
be modeled as a discrete-state-space CTMC. However, the result can be expected to
hold far more generally. We now sketch an argument that makes that assertion more
clear. We once again condition on the arrival rate λB(1) in the period.

Let (X(u; γ ) : u ≥ 0)denote the underlying Markov process with customer arrival
rate γ . Let Ti(γ ) denote the time of the ith customer arrival when the arrival rate is γ .
Define Zi(γ ) = X(Ti(γ ); γ ) to be the state of the Markov process just before the ith
customer arrival. The ith customer receives satisfactory service if and only if Zi(γ ) ∈
A, where A is the set defining satisfactory service (see the discussion immediately
before Example 3.1). So S(1)/N(1) has the same distribution as

1

N(t; γ )

N(t;γ )∑
i=1

I(Zi(γ ) ∈ A),

FIGURE 5. Plot of the distribution estimate for the fraction of calls that abandon when
λ = 500, μ = 12, c = 45, θ = 12, and α = 25.
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where N(s; γ ) is a Poisson random variable, with mean γ ’s giving the number of
arrivals in [0, s].

The strong Markov property for X(·; γ ) ensures that (Zi(γ ) : i ≥ 1) is a Markov
chain. We can then apply a CLT (e.g., Meyn and Tweedie [17, Chap. 17]) to assert
that under appropriate conditions,

√
n

[
1

n

n∑
i=1

I(Zi(γ ) ∈ A) − f (γ )

]
⇒ σ(γ )N (0, 1),

as n → ∞, where σ 2(γ ) is a variance constant. Again, under appropriate conditions
a random-time change gives

N1/2(s; γ )

[
1

N(s; γ )

N(s;γ )∑
i=1

I(Zi(γ ) ∈ A) − f (γ )

]
⇒ σ(γ )N (0, 1)

as s → ∞. A converging-together argument then ensures that

(γ s)1/2

[
1

N(s; γ )

N(s;γ )∑
i=1

I(Zi(γ ) ∈ A) − f (γ )

]
⇒ σ(γ )N (0, 1). (12)

The limit result (12) then ensures that so long as a period is “long enough,” the ratio
S(1)/N(1) is approximately normally distributed. Therefore, when γ is chosen to
equal λB(1) independent of all else, the distribution of S(1)/N(1) can be approximated
by the normal mixture

N
(

f (λB(1)),
σ 2(λB(1))

λB(1)

)
.

It is likely very difficult to compute f (·) and σ 2(·) for complex models of service
systems, but these quantities could certainly be estimated through simulation, and
then the normal-mixture approximation is easily constructed numerically.

5. DISCUSSION

For most service systems, the determination of the staffing levels needed to meet ser-
vice objectives is a very challenging problem. Traditional methods assume that the
number of calls arriving within a given time period can be forecasted reasonably accu-
rately and thus model these call arrivals as a Poisson process with a fixed parameter.
However, the magnitude of forecasting errors that we have observed in our dataset
suggests that the assumption of accurate forecasts is often invalid, and that the arrival
rates themselves might be better modeled as random variables. Moreover, we have
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shown that ignoring this arrival rate variability can have a significant negative impact
on system performance.

In addition, the results presented in this article suggest several areas for future
research; for example, the performance measures presented in Sections 3 and 4 suggest
alternative methods for determining staffing levels, which will be higher than those
suggested by the typical approaches. By accounting explicitly for arrival rate variabil-
ity, such methods will lead to (probabilistically) shorter customer waiting times and
lower call abandonment rates—but at a cost of increased staffing levels. It would be
worthwhile to investigate techniques for choosing staffing levels while accounting for
the trade-off between service quality and staffing costs in the context of arrival rate
variability.

A related result from our analysis is that even when one chooses staffing levels
to ensure that the long-run fraction of customers who experience reasonable waiting
times is high, there can still be periods when the customer experience is very poor. This
happens because of a mismatch between the realized arrival rate and the number of
servers available to handle the customer load (although we do not explicitly consider
it in this article, absenteeism could also contribute to such a mismatch).

A simple way to avoid such problems is to hire extra staff to ensure that the system
can handle a larger-than-foreseen arrival rate without excessive customer waiting
times and abandonment. However, hiring additional staff as “insurance” for such
high traffic days is very expensive while also resulting in excessive staff on the days
when the realized arrival rate is lower than average. This suggests that contracting
call center staff, also commonly referred to as “outsourcing,” is an important area
for additional research. Because of the rapid growth in the call center outsourcing
industry, contracting has recently been explored by several researchers, including Gans
and Zhou [11] and Milner and Lennon-Olsen [18]. Modeling arrival rate variability
and exploring contract structures in this context is of both theoretical and practical
interest.

In practice, call volume forecasts are often updated on an intraday basis, as dis-
cussed by Avramidis et al. [1], Weinberg et al. [25], and Shen and Huang [22]. In
addition, staffing levels can be modified in some manner (overtime shifts, voluntary
time off, etc.) to account for the updated forecast as explored by Mehrotra et al. [16].
However, such intraday updating of forecasts and staffing levels is typically not cap-
tured in optimal staff scheduling models, partly due to the need for mathematical
simplicity, but also because such decisions are usually made in a somewhat ad hoc
way. This staff scheduling optimization problem is, in the language of stochastic pro-
gramming, a classical “recourse” problem and is a natural extension of the research
presented in this article.

Finally, our approach for estimating forecast errors was chosen for its mathe-
matical tractability and for clarity of exposition, rather than for accurately capturing
the features of the data. We view it as a “first-order” model that captures the primary
aspects of forecast errors, but for more accurate predictions of both long and short-run
performance, one might try to extend our analysis to more realistic models of forecast
errors.
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APPENDIX A

Proofs of Selected Results

PROOF OF PROPOSITION 2.1: If α = ∞, then, in what follows, interpret c/α = 0 for any finite
c. We have that α̂n → α a.s. if and only if (s2

n − 1)/λ̄n − 1/α → 0 a.s., and this occurs if and
only if ∑n

k=1(Z(k)2 − (1 + λ(k)/α))

nλ̄n
− Z̄2

n

λ̄n
→ 0 a.s. (A.1)

The proof follows if we show that each of the terms in (A.1) converges to 0 a.s. as n → ∞. To do
so we use the following martingale strong law of large numbers from Liptser and Shiryayev [15,
p. 144] for each term separately. Let (Fn : n ≥ 0) be a filtration, i.e., an increasing sequence of
sigma fields. �

THEOREM A.1 (Liptser and Shiryayev [15]): Let (Mn, Fn : n ≥ 0) be a square-integrable
martingale with M0 = 0. Let (Ln : n ≥ 0) be nondecreasing in n with Ln ∈ Fn for all n. Define

Vn =
n∑

k=1

E((Mk − Mk−1)
2|Fk−1)

and assume that

∞∑
n=1

Vn+1 − Vn

(1 + Ln)2 < ∞ a.s. (2)

and P(L∞ = ∞) = 1, where L∞ = limn→∞ Ln. Then Mn/Ln → 0 a.s.

For n ≥ 0, define Fn = σ {N(1), . . . , N(n), λ(1), . . . , λ(n + 1)}.
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First, we show that Z̄2
n /λ̄n → 0 a.s., as n → ∞. Define

Mn =
n∑

k=1

Z(k)

and

Ln = n
√

λ̄n,

so that

Vn − Vn−1 = E[Z(n)2|Fn−1]
= 1 + λ(n)/α

≤ 1 + λ∗/α.

Hence,

∞∑
n=1

Vn+1 − Vn

(1 + Ln)2 ≤
∞∑

n=1

1 + λ∗/α
n2λ̄n

< ∞.

We conclude that Mn/Ln → 0 a.s. as n → ∞, and so Z̄2
n /λ̄n → 0 a.s. as n → ∞.

To show that the other term in (A.1) converges to zero, define

Mn =
n∑

k=1

[Z(k)2 − (1 + λ(k)/α)]

and

Ln = nλ̄n,

so that

Vn − Vn−1 = E

[
(Z(n)2 − (1 + λ(n)/α))2|Fn−1

]
= E

[
(Z(n)2 − (1 + λ(n)/α))2|λ(n)

]
. (3)

Direct calculation shows that (3) equals
∑4

i=−1 aiλ(n)i for certain coefficients ai that are func-
tions of α. We assumed that λ(n) was bounded away from zero and infinity, and hence (3) is
uniformly bounded in n, by b say. It immediately follows that

∞∑
n=1

Vn+1 − Vn

(1 + Ln)2 ≤
∞∑

n=1

b

(nλ̄n)2

≤
∞∑

n=1

b

n2λ2∗

< ∞,

so that (2) holds and the proof is complete. �
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PROOF OF PROPOSITION 3.3: For notational simplicity we suppress the dependence on γ . For
u ≥ 0, let U(u) = I(X(u) ∈ A), where I(·) is the indicator function that is 1 if its argument is
true and 0 otherwise. Then U is left-continuous and has right limits because the same is true
of X. Let N = (N(u) : u ≥ 0) be the Poisson arrival process (with rate γ ). For arbitrary v ≥ 0,
(N(v + u) − N(v) : u ≥ 0) is independent of (U(u) : 0 ≤ u ≤ v) and (N(u) : 0 ≤ u ≤ v). Then
s(γ ) = γ Eν

∫ 1
0 U(u) du by the PASTA result (e.g., Wolff [30, §5.16]). By Fubini’s theorem,

for arbitrary v ≥ 0, Eν

∫ v
0 U(u) du = ∫ v

0 Eν U(u) du. Therefore,

Eν

∫ v

0
U(u) du =

∫ v

0
Pν(X(u) ∈ A) du. (A.4)

Taking v = 1, it follows that s(γ ) = γ
∫ 1

0 Pν(X(u) ∈ A) du.
For the second result, the system is in steady state at time 0 so that ν = π . However,

Pπ (X(u) ∈ A) = Pπ (X(0) ∈ A) for all u ≥ 0. Defining f (γ ) = Pπ (X(0) ∈ A), we see from
(A.4) that

s(γ ) = γ Eπ

∫ 1

0
U(u) du = γ f (γ ). (A.5)

To see that f (γ ) can be interpreted as the long-run fraction of customers that receive satis-
factory service, define the stochastic process R = (R(v) : v ≥ 0), where R(v) = ∫ v

0 U(u) dN(u).
Then the fraction of customers that have received satisfactory service by time v is given
by R(v)/N(v). Now, it is assumed that R(v)/N(v) converges to some constant p as v → ∞
a.s., where p is the long-run fraction of customers that receive satisfactory service. We
show that p = f (γ ). Since R(v)/N(v) converges to p, it follows that

∫ v
0 U(u) du/v also con-

verges to p as v → ∞, from the PASTA result (e.g., Wolff [30, §5.16]). But p = Eν p =
Eν limv→∞(1/v)

∫ v
0 U(u) du. The bounded convergence theorem establishes that we can

exchange the limit and expectation, and this, together with (A.5), completes the proof. �

APPENDIX B

Computing the Variance Constants in the Central LimitTheorem

Let δ(i) denote the rate at which the CTMC X leaves state i and let πX and πY denote the
steady-state distributions associated with X and Y , respectively. Since

πX ( y) = πY ( y)/δ( y)∑
z πY (z)/δ(z)

,

it follows that

β =
d∑

y=0

πX (y)δ(y) =
⎛
⎝ d∑

z=0

πY (z)/δ(z)

⎞
⎠

−1

.

Note that πX or πY are easily computed and therefore so is β.
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We also need to compute u and v. These are given by

u =
c−1∑
i=0

πY (i)PY (i, i + 1)

and

v =
d−1∑
i=0

πY (i)PY (i, i + 1),

where PY is the transition matrix of Y .
Finally, recall that for 1 ≤ i, j ≤ 2,

ij = Eπ̃ [g̃i(Ỹ0)h̃j(Ỹ0) + h̃i(Ỹ0)g̃j(Ỹ0) − h̃i(Ỹ0)h̃j(Ỹ0)]
=

∑
x,y

πY (x)PY (x, y)[g̃i(x, y)h̃j(x, y) + h̃i(x, y)g̃j(x, y) − h̃i(x, y)h̃j(x, y)].

It remains to specify how to compute g̃i(x, y). Define

hi(x) = Ex h̃i(x, Y1) =
d∑

y=0

h̃i(x, y)PY (x, y)

to be the “smoothed” version of h̃i, for i = 1, 2 and x = 0, . . . , d. There are multiple solutions
to the equations defining g̃i, all of which differ by an additive constant. In what follows we use
one such solution for g̃i, which is

g̃i(x, y) =
∞∑

k=0

E(x,y) h̃i(Yk , Yk+1)

= h̃i(x, y) +
∞∑

k=1

E(x,y) h̃i(Yk , Yk+1)

= h̃i(x, y) +
∞∑

k=1

E(x,y) hi(Yk)

= h̃i(x, y) + gi(y),

where

gi(y) =
∞∑

k=0

Ey hi(Yk)

solves (PY − I)gi(y) = −hi(y) for all y, and has the property that πY gi = 0. It is therefore
possible to compute gi from these latter relations and then substitute back to obtain g̃i.


