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EXISTENCE AND UNIQUENESS OF SEMIMARTINGALE
REFLECTING BROWNIAN MOTIONS IN CONVEX

POLYHEDRONS*

J. G. DAI AND R. J. WILLIAMS$

Abstract. We consider the problem of existence and uniqueness of semimartingale reflecting
Brownian motions (SRBM’s) in convex polyhedrons. Loosely speaking, such a process has a semi-
martingale decomposition such that in the interior of the polyhedron the process behaves like a
Brownian motion with a constant drift and covariance matrix, and at each of the (d- 1)-dimensional
faces that form the boundary of the polyhedron, the bounded variation part of the process increases
in a given direction (constant for any particular face), so as to confine the process to the polyhedron.
For historical reasons, this "pushing" at the boundary is called instantaneous reflection. For simple
convex polyhedrons, we give a necessary and sufficient condition on the geometric data for the ex-

istence and uniqueness of an SRBM. For nonsimple convex polyhedrons, our condition is shown to
be sufficient. It is an open question as to whether our condition is also necessary in the nonsimple
case. From the uniqueness, it follows that an SRBM defines a strong Markov process. Our results
are applicable to the study of diffusions arising as heavy traffic limits of multiclass queueing networks
and in particular, the nonsimple case is applicable to multiclass fork and join networks. Our proof of
weak existence uses a patchwork martingale problem introduced by T. G. Kurtz, whereas uniqueness
hinges on an ergodic argument similar to that used by L. M. Taylor and R. J. Williams to prove
uniqueness for SRBM’s in an orthant.

Key words, semimartingale reflecting Brownian motion, diffusion process, nonsimple convex
polyhedron, completely-S matrix, martingale problems, multiclass queueing networks, fork and join
networks

1. Introduction. This paper is concerned with the existence and uniqueness of
a class of semimartingale reflecting Brownian motions which live in a d-dimensional
convex polyhedron S (d __> 1). The polyhedron is defined in terms of m (m __> 1) d-
dimensional unit vectors {hi, E J}, J -= {1,..., m}, and an m-dimensional vector
b (bl,... ,bin), where prime denotes transpose. (Hereafter vectors are taken to be
column vectors.) The state space S is defined by

(1.1) S :_ {x Rd"
ni x >= bi for all J},

where ni x nix denotes the inner product of the vectors ni and x. It is assumed
that the interior of S is nonempty and that the set ((nl, bl),..., (n,, b,)} is minimal
in the sense that no proper subset defines S. That is, for any strict subset K C J, the
set (x Rd"

hi. x __> bi V K} is strictly larger than S. This is equivalent to the
assumption that each of the faces

(1.2) Fi =_ {x e S: ni.x bi}, e J,

has dimension d- 1 (cf. [7, Thm. 8.2]). As a consequence, ni is the unit normal to Fi
that points into the interior of S.
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Given a d-dimensional vector 0, a d d symmetric, positive definite matrix F,
and a d m matrix R, we shall define a semimartingale reflecting Brownian motion
associated with the data (,,F,R). For this note that a triple (t,9, {’t}) will be
called a filtered space if t is a set, 9 is a a-field of subsets of gt, and {St } {gvt, t __> 0}
is an increasing family of sub-a-fields of 9, i.e., a filtration. If, in addition, P is a
probability measure on (, ), then (, $’, {9t }, P) will be called a filtered probability
space.

DEFINITION 1.1. For x S, a semimartingale reflecting Brownian motion (ab-
breviated as SRBM) associated with the data (S, 0, F,R) that starts from x is an
{9t}-adapted, d-dimensional process Z defined on some filtered probability space
(gt, ’, {$’t }, P) such that

(1.3) Z- X + RY,

where
(i) Z has continuous paths in S, Px-a.s.,
(ii) under Px, X is a d-dimensional Brownian motion with drift vector 0 and

covariance matrix F such that {X(t)- Ot,.T’t, t >= 0} is a martingale and X(0) x,
gx-a.s.,

(iii) Y is an (’t}-adapted, m-dimensional process such that Pz-a.s. for each
i (1,..., m}, the ith component Y of Y satisfies

Y (0) 0,
(b) Y is continuous and nondecreasing,
(c) Y can increase only when Z is on the face Fi, i.e., f 1g (Z(s))dYe(s)

Y(t) for all t >__ 0.
An SRBM associated with the data (S, 0, F, R) is an {9t }-adapted, d-dimensional

process Z together with a family of probability measures {Px,x S} defined on
some filtered space (t,’, {gvt}) such that (1.3) holds and for each x S, (i)-(iii) of
Definition 1.1 hold.

Remarks. 1. Note that to allow flexibility in our definition of an SRBM that
starts from x, we have not assumed that (t, ’, {’t }, Px) is complete and we have only
required (Z, Y) to be continuous Px-a.s. However, one can always replace (Ft, ’, {9t},
Px) with its completion, obtained by completing the probability space (t, ’, P) and
augmenting the filtration {9t } with the resulting P-null sets. Then by modifying Z
and Y on a Px-null set, one can make these processes continuous everywhere and such
that the properties described in Definition 1.1 still hold. One can also replace ’t with

’t+ A>t’ to make the filtration right continuous. Indeed, in what follows, when
we wish to apply the theory of stochastic calculus or other general theory requiring the
"usual conditions" on a fixed probability space, we shall assume that the probability
space has been completed and the filtration augmented and then often made right
continuous in the manner mentioned above. Since the final results obtained in this
setting can be translated back to the original situation, this does not affect their
validity.

2. Another way of ensuring that all paths of (Z, Y) are continuous is to consider
the canonical processes and natural a-field and filtration on the (Z, Y)’path space
with the probability measure induced there by (Z, Y) under P. One advantage of
this approach is that the same processes can be used for differen starting points and
all of the probability measures are defined on the same measurable space. In this way,
one can obtain an SRBM as described at the end of Definition 1.1 (see Theorem 1.3).

DEFINITION 1.2. For each : K C J, define FK iegFi. Let Fz S. A
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set K c J is maximal if K o, FK = O, and FK = F for any K D K such that

K%K.
In this paper, we make the following assumption on R and S. Here vi denotes

the ith column of the matrix R, for each E J.
ASSUMPTION 1.1. For each maximal K C J,
(S.a) there is a positive linear combination v iK aivi (ai > 0 V E K) of

the {vi, K) such that hi. v > 0 for all K;
(S.b) there is a positive linear combination ? -ei cin (c > 0 V K) of

the {hi, K} such that .vi > 0 for all E K.
The labels (S.a) and (S.b) stand for S-condition (a) and (b), respectively. The

origin of these labels becomes apparent when the conditions are written in matrix
form as below. For a vector x, the notation x > 0 will mean that all coordinates of
x are strictly positive, and the notation x => 0 will mean that all coordinates of x are
non-negative.

DEFINITION 1.3. A matrix A is called an S matrix if there is a vector x .>_ 0
such that Ax > 0. (See [18] for more details on S matrices, which are named after
Stiemke.)

Remark. It is easy to see by perturbation that in the definition of an S matrix,
x may be chosen such that x > 0.

Let N denote the rn d matrix whose ith row is given by the row vector ni for
each J. For an m rn matrix A and K c J, let AK denote the [K IKI matrix
obtained from A by deleting those rows and columns with indices in J\K.

Conditions (S.a) and (S.b) are equivalent to the following:
(S.a) The matrix (NR)K is an matrix;
(S.b) The matrix (NR)K is an matrix.
DEFINITION 1.4. The convex polyhedron S is simple if for each K c J such that

K o and FK O, exactly IKI distinct faces contain FK.
This definition is a direct generalization of the one given at the top of p. 80 of

[7] for a bounded simple polyhedron, i.e., a simple polytope. Using the definition of a
maximal set, one can check that S is simple if and only if either of the following holds"

(a) every nonempty subset of a maximal set is maximal,
(b) K c J is maximal whenever K o and FK O.

Apoint x0 Sisa vertex ofSifFK- (x0} for someK C J. If S is simple
precisely d faces meet at any vertex of S.

PROPOSITION 1.1. Suppose that S is simple. Then (S.a) holds for all maximal
K c J if and only if (S.b) holds for all maximal K c J.

Proof. Suppose that (S.a) holds for all maximal K C J. Combined with the
simple property of S this implies that for any maximal L C J, (NR)L is completely-,, i.e., each principal submatrix of (NR)L is an S matrix. It was shown in Lemma 3
of [34] that a square matrix A is completely-S if and only if A is completely-S. It
follows that (NR)L is completely-S for all maximal L C J, and hence (S.b) holds
for all maximal K C J. A symmetric argument proves the converse part of the
proposition.

For the case S R_, it was shown in Theorem 2 of [34] that (S.a) holding for all
maximal K c J is necessary for the existence of an SRBM starting from each point
x G R_. In fact, the argument in Theorem 2 of [34] can be readily adapted to the
more general state spaces considered here to prove the following.

PROPOSITION 1.2. Suppose that for each x S there exists an SRBM associated
with (S, , F, R) that starts from x. Then (S.a) holds for all maximal K c J.
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Combining this with Proposition 1.1 we see that in the case where S is simple,
Assumption 1.1 is necessary for the existence of an SRBM starting from each point in
S. It is still an open question as to whether (S.b) holding for all maximal K c J is

necessary for such existence in the case when S is not simple.
Henceforth, when we refer to conditions (S.a) and (S.b), we shall mean that

they hold for all maximal K C J.
As a complement to the above discussion about necessity, we will show that

Assumption 1.1 is sufficient for the existence and uniqueness in law of an SRBM
starting from each point in S. This is the main result of this paper. For the precise
statement of this result, let C C([0, c), S R) { (z, y)" z, y are continuous
functions from [0, cw) into S, R, respectively }, A/[ a{(z, y)(s)" 0 __< s < c, (z, y) E
C}, and for each t >= O, At a{(z,y)(s)" 0 <__ s <= t, (z,y) e C}.

THEOREM 1.3. Suppose that Assumption 1.1 holds. Fix x S. There exists an
SRBM associated with (S, O, F, R) that starts from x. Let Z defined on some filtered
probability space (gt,’, {9t}, Px) be such an SRBM and let Y denote its associated
"pushing process" with properties as described in Definition 1.1. Let Qx denote the
probability measure induced on (C, A//) by (Z, Y) under P:

(1.4) Q(A) P((Z,Y) e A) for all A

Then, Q is unique and hence the law of any SRBM, together with its associated
pushing process, for the data (S, 0, F, R) and starting point x is unique.

The canonical process z(.) together with the family of probability measures {Q,
x S} defines an SRBM on (C, AA, {At}), where for the decomposition (1.3) one can
take Y(.) y(.) and X(.) z(.)- Ry(.). The family {Qx, x S} is Feller continuous
and together with the canonical process z(.) defines a strong Markov process.

When S Rd+, the sufficiency of (S.a) for existence and uniqueness in law
of an SRBM was shown in [37]. By using linear transformations and a patching
and localization procedure, the results of [37] could be used to prove Theorem 1.3
for SRBM’s in simple convex polyhedrons. Our aim in this paper is to prove the
general existence and uniqueness result Theorem 1.3, which applies even in the case
of nonsimple convex polyhedrons. Our proof of existence is different from that in [37].
We use the device of patchwork and constrained martingale problems introduced by
Kurtz [28]. The construction of a suitable test function, contained in Appendix B,
is crucial for this. In addition to allowing us to treat nonsimple polyhedrons, this
approach is global and so it allows us to avoid the need to patch together measures
on path space to obtain existence. Our proof of uniqueness employs localization to
the case of a cone and then uses the same basic idea as in [37]. However, a variety of
details need to be verified for the more general situation considered here. In particular,
generalizations of the oscillation estimate of Bernard and E1 Kharroubi [4] and the
boundary property of Reiman and Williams [34] are established in 4.

One of the primary motivations for studying SRBM’s is that they have been
proposed as approximate models for queueing networks under conditions of heavy
traffic. SRBM’s in the d-dimensional orthant R_ have been proposed as approx-
imations to open networks of d stations without buffer constraints (see [32], [31],
[23], [20], and [21], [22]). For closed d-station networks, the proposed approximating
SRBM’s live in the d-dimensional simplex {x R_" x --..---xd 1} (see [24],
[9], [12]). Such an SRBM, though not defined in this paper, can be shown to be
equivalent to one considered here, by projecting onto the (d- 1)-dimensional solid

d-1simplex {x R+ Xl +... + Xd-1 <= 1}. For an open d station network with fi-
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Fig. 1. A nonsimple polyhedron S with d 3, rn 4, nl (1, 0, 0)’, n2 (0, 1, 0)’, n3 (-1, 0, 1)’,
n4 (0,- 1, 1)’ and b (0, 0, 0, 0)’. The square (with half dashed, half solid line boundary)
sketched in the above figure indicates a cross section of the boundary of the (infinite)
polyhedral cone S.

nite buffer constraints at each station, the proposed approximating SRBM’s live in a
bounded simple polyhedron in R_ (see [11]) for a two-dimensional example. Recently,
Nguyen [30] studied Brownian models of processing networks for which the approxi-
mating SRBM’s may live in a nonsimple convex polyhedron such as that pictured in
Fig. 1. Heavy traffic limit theorems have been proved to justify the above approxima-
tions in some cases and in particular for open [32] and closed [9] single class networks,
a multiclass station with feedback [33], [14], feedforward multiclass networks [31], and
feedforward fork and join networks [30]. However, it is currently not known in general
what multiclass networks with feedback can be approximated by SRBM’s under con-
ditions of heavy traffic. Recent work of authors such as Dai and Wang [16], Dai and
Nguyen [15], and Whirr [38] suggest that not all multiclass networks with feedback
can have such approximations. Indeed, Rybko and Stolyar [35] and Bramson [5], [6]
have recently shown that the fundamental question of stability for a nondeterminis-
tic multiclass queueing network has not been resolved; in particular, the traditional
definition of heavy traffic in terms of nominal traffic intensities being close to one at
each station is not appropriate for all multiclass networks (see [38]). It is a challenging
open problem to determine a suitable class of multiclass networks with feedback for
which there exists a heavy traffic diffusion approximation. The results of this paper
are intended to provide a mathematical foundation for the existence and uniqueness
of SRBM’s, from which point one might try to establish a heavy traffic limit theorem
for a suitable class of multiclass networks and also proceed to develop further anal-
ysis of the SRBM’s. In fact, the latter has already begun. Recently, Dai and Kurtz
[13] used our results to establish a characterization for the stationary distributions of
SRBM’s in terms of a basic adjoint relationship. This relationship is the starting point
for a numerical algorithm proposed by Dai and Harrison [11] for the computation of
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stationary distributions of SRBM’s.
We conclude this section with some notational conventions used throughout this

work. Consider a closed set F in Rd. Let C(F) denote the collection of all continuous
real valued functions defined on F. Let Cb(F) denote the collection of all functions in

C(F) that are bounded on F. Define the norm on functions f e CD(F) by Ilfll
supxF If(x)l. For n 1,2,..., oc, let Cn(F) denote the collection of all functions

f: F -- R that can be extended to be n-times continuously differentiable on some
domain containing F. The symbol C(F) will denote the collection of all functions in
Cn(F) that together with their derivatives up to and including those of order n (if
n < oc) are bounded on F. For any function f E C2 (F), define on F,

1
d 02f d

Of(1.5) Lf Fij
OxiOxj + Oi ox--,

i,j----1 i-=l

(1.6) Dif vi" Vf, 1,...,m,

where Vf denotes the gradient of f. For x E Rd and r > 0, let Ixl denote the Euclidean
norm of x, 5x denote the unit probability mass at the point x, B(x, r) denote the open
ball with center x and radius r in Rd, and d(x, G) denote the distance from x to the

closure of G c ad. For any metric space A, let DA[0, cx:)) denote the space of functions
from [0, oc) into A that are right continuous on [0, oc) and have finite left limits on

(0, oc). We endow DA[0, cx) with the Skorokhod topology (cf. [17, 3.5]). The subset
of DA[O, oc) consisting of all continuous functions from [0, oc) into A is denoted by
CA[O, oc) and has the topology induced from DA[0,

2. Patchwork martingale problem. The following definition of a patchwork
martingale problem is a very slight adaptation to our situation of the notion introduced
by Kurtz in [28].

DEFINITION 2.1 (patchwork martingale problem). For x S, a solution of the
patchwork martingale problem for (L,S; D1, F1;... ;Dm,Fm) that starts from x is an
{’t}-adapted, (d + m + 1)-dimensional process (, A0,...,/m) defined on some proba-
bility space (Ft,9c, {grt}, P)such that is a d-dimensional process, A (A0,... ,Am)’
is an (m + 1)-dimensional process, and

(i) has continuous paths in S, Px-a.s.,
(ii) (0)= x, Px-a.s.,
(iii) P-a.s.,

(a) Ai(O) O, O, 1, m,
(b) Ai is continuous and nondecreasing, 0, 1,..., m,
(c) ,ki can increase only when is on Fi, i.e., j 1F ((s))dAi(s) Ai(t) for

all t __> 0, 1,...,m,
m(d) -i=0 ,i(t) t for all t __> 0,

(iv) under P,

(2.1) f((t)) Lf((s)) dAo(S) Dif((s)) dAi(s), t _>_ O,
i--1

is an {t}-martingale for each f e C(S).
Remark. The process (, A0,..., Am) (or when convenient, ) will be called a so-

lution of the patchwork martingale problem for (L, S; D1, F1;... Dm, Fro) that starts
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from x when the accompanying probability space on which it is defined is clear from
the context.

THEOREM 2.1. For each x E S, there exists a solution of the patchwork martin-
gale problem for (L, S; D1, El;... Din, Fro) that starts from x.

Our proof of Theorem 2.1 follows the general outline of the proof of Lemma 6.1.1
in [28]. However, a variety of things need to be specifically verified for our case, so we
give full details of the proof here. We first establish some preliminary lemmas.

Since F is symmetric and positive definite, there is a (symmetric) matrix A such
that F AAp. Let O1,...,Od be the d columns of A. For each integer n __> 1,
f E C(Rd), and x Rd, we define a discrete approximation to Lf(x) via

nnf(x)- d f(x ()1/2i) f(x- ()1/2i) -2f(x

(2.2) + f x + 0 f(x) n (f(y) f(x)) ,L(x, dy),
d

where

For each maximal K c J, by condition (S.a), there exist real numbers aK > 0, K,
Ksuch that for Vg EiEK a V, n’VK > 0 for all K. Without loss of generality,

we suppose that EiEKa 1. For f C(Rd), define

DKf VK Vf.

For each integer n __>_ !, f E C(Rd), and x Rd, define a discrete approximation to
Dz as follows"

(2.3) ( ( 1 ) )) /R n(xdy)Df(x) n f x + -vK f(x n (f(y) f(x)) #Kn d

where #(x, .) x+(1/n)vK"
LEMMA 2.2. Let f C(Rd) and n >= 1 be an integer. Then

(2.4)
1

d

IILnflloo =< I1 ,. vf)[Ioo + II0, Vflloo,
i--1

and for each naximal K c J,

IIDflI _-< IIDKSII.
Furthermore,

(2.6) L’f -+ Lf as n - c,

and for each maximal K c J,

(2.7) Df -- DKf as n -- x,
where the convergence in (2.6)-(2.7) is uniform on each compact set in Rd.
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Proof. The claims follow easily from the following representations which hold for
all x E Rd:

ljol_l ((d)1/2 )t .V(i.Vf) x + st i ds dtLf(x) - _
=

i(.s) + o.vf +t o dr,
n

(2.9) Df(x) Dgf x + t VK dt.
n

For a point x S, in general we do not have that the supports of the probability
n nmeasures pn(X, ") and pK(X, .) are contained in S. Accordingly, we need to slightly

enlarge the state space S as follows. For each n 1, define

(2d) /2(.10) c m l,t S { e a n,.x- > -, V e }.
lid

For any K C J, K , defineF {x S" n.x b, Vi e K andn.x >
b, V JK}. Let S denote the interior of S. We make the following convention
to allow K : F S, F S, D L, D Ln and p p. In addition,
for a nonmaximal K C J for which K and FK , there is a unique maximal
L c J such that K C L and FK F. In this case we define Vg v, DK DL,
D D, and , p. If K and FK , we define vK 0, OK 0, D 0,
and p(x, .) 5 for all x ad. In the following, note that K C J includes the case
where K .

Now,

(.11) Sn U ,
KCJ

where the nonempty sets in the union are disjoint. Let n0 be such that for n n0,

(2.12) -2t0lc and _I[vK[C VK: KcJ.n n

Then we have the following.
LEMMA 2.3. Let n no be fixed. For each K c J and each x F, p(x, .) is

a probability measure on Sn.
Proof. First consider K andx F S. For eachj {1,...,d} and

iJ,

n. x j =n.x n.n.x-

jd

Hence x(2d/n)l/j Sn for all j {1,..., d}. Similarly, by (2.12), x+(2/n)O Sn.
The result for K then follows from the definition of p p.

Next, suppose that K c J such that K and FK . Let L be the unique
maximal set such that K c L and FK Fs. Fix x F. For K C L,

(1) 1
hi" X + VL n x + nivL ni x bi-

n n
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and for J\K,
1 ) 1 1

ni" x
n n n

Thus x + (1/n)vL E Sn. The result for K as described above then follows from the
definition of #: #.

Finally, suppose that K O, FK O. Then for x E F, #g(X,-) 5x is a
probability measure on

LEMMA 2.4. Suppose --. --, A in CR+ [0, oo) as n oo.

Assume An is nondecreasing for each n. Then for any f Cb(Rd),

dAn(s) --+ f ((s)) dA(s) a8 n oo

uniformly for t in any compact subset of [0, oo).
Proof. Since n -- in the Skorokhod topology, there exists a sequence {Tn}

of continuous, strictly increasing functions mapping [0, oo) onto [0, oo) such that n o

7n(t) -- (t) and %(t) t as n oo, uniformly for t in each compact interval
(see Proposition 3.5.3 and Remark 3.5.4 of [17]). Fix t > 0 and observe that for all
e [0, t],

The first term in the right member of (2.13) converges to zero as n --, oo, uniformly
for all u [0, t], because its absolute value is dominated by

max
O<s<_.l(t)

and f is continuous. The second term is dominated by IIflloo sup0<<t ]A() An o

yn)(u)l which also converges to zero as n oo. To treat the third term, note that
since f((.)) e Dt[0, oo), by Theorem 3.5.6, Proposition 3.5.3, and Remark 3.5.4 of

[17], there is a sequence of step functions {zk }k__l of the form

lk
k

Z
k

Z (.)- E (tki)l[t,t+l) (’)’
i--1

where 0 tl
k < t2

k <... < ttkk+l < oo and suP0<s_< [f((s)) zk(s)l-- 0 as k -- oo.
Then,

0
f ((s)) d(An o % A) (s) __<

+ zk (s) d(An o ’t’n A) (s)

/oo o o_

__< sup ( Oo /
O<_s<_<_t

lk
/ sup E iz( )l (no )(t+ , ) (an o y,, al(t A u)
Out i=1
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For fixed k, the last term in the above can be made as small as we like for all n
sufficiently large. The desired result then follows.

Proof of Theorem 2.1. Let n => no be fixed. For any x E Sn define

#n(x’’)-- E 1F(x)#(X,.).
KCJ

Then by (2.11) and Lemma 2.3, for each x e Sn, #n(x,’) is a probability measure
on Sn and hence #n is a one-step probability transition function for a Markov chain
on Sn. Fix x S and let {/"(k), k 3 0} be a realization of this Markov chain with

starting point x. Let (t) ([nt]) and a{(s) 0 s t} for all t 0,.
where [nt] denotes the integer part of nt. For each K c J, define

A(t) 1F (n(s)) ds, for all t 0.

Then, by the form of the infinitesimal generator for n and since " has bounded
jumps (cf. [17, pp. 158, 162]), we have for any f e C2(Rd) that

f(n(t)) (f(Y) f(n(k))) ,n(n(k),dy)
k=0

t]/

f((t)) 1 (n(s)) Df(n(s)) ds

(2 14) f ((t)) [tl/(()
is an {}-martingale.

We wish to establish tightness of the probability measures induced on Ds
by {: 0}. For this, we first verify a compact containment property. Let
I() I1 for all e Ne. or N e, F e, we have Df O. or
F , and L maximal such that N C L and F Fg, we have for

Df(y) n(
For K- O, y Rd,

(2.15)

d

Df(y) - y +.__

+- +

1
y + --vL

2

-,lyl 2 2VL y + --IVLn

2d/1/2n

2

d

I,l + o. +-Ioln
i=1

Let M > Ixl and T inf{t => 0: In(t)l >= M}. Then by stopping the martingale in
(2.14) at T and taking expectations, we deduce that for fixed t > 0,

E If ((n (t A T4))] Ixl +E
n

Df((s)) dA:(s))
1 2 12 2 ]2=< Ixl = + t mx 21vLIM + -Ivrl + I + 2IOlM + -I0n

i=1
n
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where the maxL is over all maximal L C J. Thus, taking into account the definition
of f, we deduce that

(2.16) M2p(T <__ t) __< ]xl 2 + tC(M + 1),

where C is a constant that does not depend on n, t or M. The compact containment
property (3.9.1)of [17] follows easily from (2.16).

We now verify that the other conditions for tightness described in Theorem 3.9.1
of [17] hold. Note that the collection A of functions formed by restricting functions
in C(Rd) to Sno is a dense algebra in Cb(Sno). Now for any fixed f E C(Rd) and
K C J, by Lemma 2.2, ]]Df]l is bounded uniformly with respect to n. It follows
from this and the martingale property of (2.14) that the conditions of Theorem 3.9.4
and Remark 3.9.5(b) of [17] are satisfied for all functions f E A.

It follows from the above and Theorem 3.9.1 of [17], that the probability measures
induced on Dno[0 c) by {n: n _>_ no} are tight. Also note that for any K c J,
A is Lipschitz continuous with derivative bounded by one. Hence the probability
measures induced on Ca+j0,) by {A" n >__ no} form a tight sequence. Therefore,
the probability measures induced on D. [0, ) HKcJ CR+ [0, (:X:)) by { (n; A:, K C

J)" n __> no} form a tight sequence. (Note that if the A were only known to be
in DR+J0, oc), this result would not be true. We rely on the fact that the A: are
continuous here to deduce the joint tightness, given the individual tightness of the
measures associated with and the A.) It follows that there exists a subsequence
of {(; A,K J): n _>_ no} which converges in distribution to a process (; AK,K C
J) with Dsno[0,cx) and AK CR+[0, c) for each K C J. Without loss of
generality we assume that the original sequence is convergent, and by the Skorokhod
representation theorem (cf. [17, Theorem 3.1.8]) that almost surely as n -- x, -in Ds [0, oc) and -- K in CR+ [0, cx) for all K C J.

Fix t > 0 and JK C J. Define random measures {} and /]K by

u(B) 1B((s)) dA(s) and uK(B) 1, ((s))dAK (s),

for all Borel sets B C Rd. By the almost sure convergence assumed at the end of the
last paragraph and Lemma 2.4, almost surely the sequence of measures {u} converges
weakly to PK as n --, o. Since u is almost surely supported on F, it follows that
almost surely Ug is supported on FK. For f e C(Rd) and u e [0, t],

u

The first term in the last member of the above inequality converges to zero almost
surely as n -, , uniformly for u E [0, t]. This follows from Lemma 2.2, the fact that
n - in DRd[0, x) implies that almost surely {(s) 0 __< s < t, n __> no} is bounded,
and the fact that A(s) =< s for all s _>_ 0. Furthermore, the second term converges to
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zero almost surely, uniformly for u E [0, t], by Lemma 2.4. Thus,

nf(’)- E D:f((s)) dA(s); AK K C J
KCJ

converges a.s. and hence in distribution to the same expression without the n’s. Com-
bining this with the martingale property of (2.14), the boundedness of f, the uniform
boundedness of {Df}, and the fact that -KcJ Ai(s) s a.s., we conclude (cf. [17,
p. 362]) that {/((t))- KcJ f DKf((s))dAK(S), t 0} is an {t}-martingale,
where t a{((s); AK(S), K C J)" 0 s t}.

Define A0 A. Recall that for K maximal, Vz EieK avi where a > 0 for
alli KandieKa 1. For anyK such that FK ,thereisaunique
maximal L D K such that FK F and by definition DK DL. In the remainder of
this proof, L will always be linked to K in this way. We now define for each J,-- E aK,

K: iL

where the sum is over all K: K J, and the unique maximal L corresponding to
K contains i. Note that since K is supported on FK, there is no contribution to the
sum from terms for which FK . It is easily verified from the martingale property
mentioned above that for any f C(Rd),

f ((t)) Lf ((s)) dAo(S) Df((s)) dA(s)

is an {t}-martingale. Thus, (iv) of Definition 2.1 holds because any f e C(S) can

be extended to a function in C(Na). Since cJ (t) t for each 0, by
taking limits we have cJ (t) t a.s., which in turn implies =0 i(t) t a.s.,
by the choice of normalization of the a for N maximal. Also, i is continuous, {t}-
adapted and a.s. is nondecreasing and satisfies i(0) 0, because these properties
hold for each . Thus we have verified conditions (iii) (a)-(b), (d) of Definition
2.1. Condition (ii) is obvious. To check condition (iii) (c), note that for i= 1,..., m,
i(t) fg l((s))di(s) a.s., because F c Fi for each N with e L and u is
almost surely supported on F. The Net that the paths of are a.s. in S holds because

Ds [0, ) for each and so e Ds[O, ) a.s. It remains to show that is a.s.
continuous. We shall use the result in Appendix A for this. Note that by truncating
functions in C (S) to make them bounded outside large compact sets, one can show
that (2.1) is an {t}-local martingale for all f C(S). It is obvious that
is an algebra, and and the Di’s map C(S) into itself. Also is a derivation as
defined in Appendix A and the D’s satisfy the product rule. or 9() , (2.1) is

local martingale for f 9, 9 9 9 By Lemma A.1 of the Appendix we have i is
a.s. continuous for 1,..., d. Thus all of the properties of Definition 2.1 have been
verified.

3. Existence of an SRBM. In this section we prove the existence of an SRBM
for given data (S, 0, F, R). For this we use a solution to a constrained martingale prob-
lem obtained by time-changing a solution of the patchwork martingale problem studied



SEMIMARTINGALE BROWNIAN MOTIONS IN CONVEX POLYHEDRONS 13

in 2. The notion of a constrained martingale problem and the idea of obtaining a
solution of such by time changing a solution of an associated patchwork martingale
problem was introduced by Kurtz in [28]. Note that our definition of a constrained
martingale problem is slightly adapted from that in [28].

DEFINITION 3.1 (constrained martingale problem). For x E S, a solution of the
constrained martingale problem for (L, S; D1, El;... Din, Fro) that starts from x is
an {gvt}-adapted, d-dimensional process Z defined on some filtered probability space
(t, $’, {$’t }, Px) such that

(i) Z has continuous paths in S, Px-a.s.,
(ii) Z(0) x, P-a.s.,
(iii) there is an {gvt}-adapted, m-dimensional process Y (YI,..., Ym)’ such that

for each E {1,..., m}, Px-a.s.,
0,

(b) Y is continuous and nondecreasing,
(c) Y can increase only when Z is on the face F.i, i.e., f 1gi (Z(s))dYe(s)

Y (t) for all t __> O,
(iv) under P,

(3.1) f (Z(t)) Lf (Z(s)) ds E Dif (Z(s)) dYe(s), t >= 0,
i--1

is an {$’t }-martingale for each f e C(S).
Lemmas 3.1 and 3.3 below are key to the time change argument that trans-

forms a solution of the patchwork martingale into one for the constrained martingale
problem. For the purpose of these lemmas, let x S be fixed and (,Ao,...,A,)
on (t, , {S’t}, P) be a solution of the patchwork martingale problem for (L, S; D1,
F1;... ;D,, F,) that starts from x.

LEMMA 3.1. P-a.s., Ao is strictly increasing.
Proof. We first complete (gt,$’, {t}, Px) and replace t with 9t+, so that all

P-null sets are in the filtration and it is right continuous. Suppose for a proof by
contradiction that P(Ao is not strictly increasing) > 0. Then there are rational times

to < tl such that P(Ao(tl)-Ao(to) 0) > 0. Let - inf{t > to: Ao(t) > Ao(t0)}-to,
and for each t >__ 0 let (t) (t + to), A(t) Ai(t0 + t) A(t0), 0,..., m. Then
by Definition 2.1 (iv), under P,

f((t)) Lf ((s)) dA(s) Df((s)) dA(s), t >__ 0,

is an {9to+t }-martingale for every f e C(S). Because T is an {gVto +t }-stopping time

and , does not increase on [0, -], by the optional sampling theorem, under Px,

(3.2) f((t A -)) 1: ao
Dif((s)) dA/(s), t __> 0,

is an {to+t}-martingale for every f e C(S). Furthermore, by Definition 2.1 (iii) (d),
P-a.s. for all t _<_ 7,

m

(3.3) E A(t)
i--1

m

{ (t + to) (t0)} (t + to) to t.
i--0
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For each j E {1,...,d}, f(w) wj for w e S can be approximated by functions

fn e C(S) such that fn agrees with f on {w" Iwl __< n}. Then by applying (3.2) to
each fn with time truncated at an inf{s >__ 0: I(s)l >__ n} we see that under

m

M(t) (t A ’) EvA(t A ),
i=1

is an a.s. continuous {$-to +t }-local martingale. Furthermore, it follows from (3.2) and
Lemma A.1 in the Appendix that the quadratic variation of M is 0 and hence Px-a.s.,
Mi Mi(0) for 1,..., rn. Therefore, we have P-a.s.,

m

(3.4) 0(. A -) (0)+EvA(" A T).
i--1

From (3.3) and the fact that P-a.s., A
we have Px-a.s. on {- > 0},

can increase only when

(3.5) (t) e aS for all t e [0, -].

Now we will show that Px-a.s. on {T > 0}, 0 will leave the boundary OS immediately,
i.e., for each s > 0, there is t E [0, s] such that (t) 0S. Because Px(T > 0) > 0,
this will contradict (3.5) and the lemma will be proved.

Let w {- > 0} and suppose that Definition 2.1 (iii), (3.3), (3.4), (3.5) hold for
this w. In fact, we will show that if K is the largest index set such that 0(0, w) E

FK rjeKFj, then (.,w) will leave FK immediately after time zero. Suppose on
the contrary that there is an s E (0, T(w)) such that

(3.6) (t,w) e FK for all t e [0, s].

Note that since K was chosen to be as large as possible, we may suppose that s is
chosen sufficiently small that in addition to (3.6),

(3.7) (t,w)Fi for all te[0, s] and ieJ\K.

From (3.3), (3.7), and the properties of the/k’s, we have

0(t, w) t for all t e [0, s].(a.8)
jK

Since K must be maximal, by assumption (S.b), there exists a (positive) linear com-
bination ofthe unit normals {nj, j K} such that .vy > 0 for all j E K. Then by

(3.6), 7" ((t, w) (0,w)) 0 for all t e [0, s]. From this, (3.4) and (3.6), we have

(t,w)=O for all te[0 s](3.9)

_
vj Ay

jK

which contradicts (3.8). Therefore, (.,w) leaves FK immediately. In view of (3.5)
and the fact that K was chosen as large as possible (which implies that (0, w) is a
positive distance from any F for K), there must be a strict subset g ofK and Sl

(0, T(w)) such that (Sl,W) FK1 and (sl,w F for any gl. By repeating
the above argument with (sl + .,w), K1,. in place of (.,w), K, respectively, we
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see that (0 (81
__

", CO) leaves FK1 immediately. Continuing in this way, through finitely
many sets Kj of decreasing size, we eventually obtain a contradiction to (3.5).

Remark. Part of the proof of this lemma follows the proof of Lemma 6.1.6 of
[28]. The main new contribution here is to show that (.,w) leaves the boundary
immediately, which is a condition assumed in Kurtz’s lemma.

We now state a theorem which plays a key role in this paper.
THEOREM 3.2. Under conditions (S.a) and (S.b), there is a function g E C(S)

satisfying Dig >= 1 on Fi for all J.
Proof. The proof is given in Appendix B.
LEMMA 3.3. Px-a.s., limt_ A0(t)
Proof. From Theorem 3.2 we have a function g C(S) such that Dig => 1 on F

for all J. Therefore, the proof of Lemma 6.1.9 of [28] can be carried over here.
THEOREM 3.4. For each x S, there exists a solution of the constrained mar-

tingale problem ]br (L, S; D1, F1; D,, Fm) that starts from x.

Proof. Fix x S and let (,A0,...,Am) on (ft,$’,{$’t},Px) be a solution of
the patchwork martingale problem for (L, S; D1, F1;... Dry, Fm) that starts from x.
We assume that (ft,9c, {S’t}, P) has been completed. For each t __> 0, define the
stopping time 7(t) inf{s >__ 0" ,0(s) => t}. Clearly, t - T(t) is nondecreasing, and by
Lemmas 3.1 and 3.3, Px-a.s., t
for each t __> 0 we define Gt 9rT(t) Then {Gt, t >__ 0} is a filtration. Except on the
P-null set {-(s) +oc for some s}, we define for all t >__ 0,

Z(t) (-(t)) and Y(t) =/i(T(t)) for 1,...,m,

and Y (Y1,..., Ym) On the exceptional null set, we define Z _-- x and Y 0. Then
(Z, Y) is P-a.s. continuous and it is {Gt}-adapted (since we augmented {t}). Now
we show that Z, together with Y, generates a solution of the constrained martingale
problem.

First, Px-a.s., Z has paths in S and Z(0) (0) x. Fix e {1,..., m}. By
composition, P-a.s., Y is continuous and nondecreasing, and Y(0) ,(0) 0.
Furthermore, Px-a.s. for each t => 0,

0 1F (Z(s)) dYe(s) o 1F ((T(S)))d(r(s))
T(t)

1F ((u)) dii(u) Ai(T(t)) Y(t).

For f C(S), by (2.1) and the optional stopping theorem, for each positive integer n,

(t)/

f ( (T(t) An)) Lf((s)) dido(S)
rn

(3.10) E Df((s)) dA(s), t >__ 0,

is a {Gt}-martingale under P. We would like to pass to the limit as n --. o and
conclude that

(3.11) f (Z(t)) Lf (Z(s)) ds E Df(Z(s)) dYe(s), t >= O,
i--1
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is a {Gt}-martingale under Px. This is valid if for each fixed t, the expression in (3.10)
is uniformly integrable as a sequence of random variables indexed by n. Since f and
its first and second derivatives are bounded, and Px-a.s., A0(T(t)) t for all t __> 0 and
each of the A is nondecreasing, it suffices for this to show that for each {1,..., m},

(3.12) E [(t)] E [Ai((t))] < ,
where E denotes expectation under P. To prove (3.12), we apply (3.10) with f
replaced by the function g of Theorem 3.2 and take expectations to conclude that

i=1 0 i=l

Letting , we obtain

i=1

Thus, (Z, Y) is a solution of the constrained martingale problem.
TOaM g.5. For each z S, there ezists SRBM associated with (S, O, r, R)

that starts from z.

Pro@ ix z S and let Z wih associated process Y be a solution of the
constrained martingale problem for (L,S;D1,F1;... ;D,F), as described in Defi-
nition a.1. We assume that (a, , {t}, P) has been completed. or each t 0, let
W(t) Z(t)- Z(O)- RY(t)-Or. Then W is an {t}-adapted, d’dimensional, P-a.s.
continuous process that starts from the origin.

In the following, the ambient probability measure under which martingales are
defined is P. We now show that W is a Brownian motion {t}-martingale with
covariance matrix r and ero drift. or each integer n > 0, let

inf {t 0: IZ(t) }.
Then is an {t}-stopping time. ix e {1,..., d} and let f C(S) such that
I(w) wi on {w: Iw }. By (a.1) and the optional stopping theorem,

m

ftAanf (z(t Lf t O,
J0 k=l J0

is an a.s. continuous, {t}-martingale. Observe that for w] n, Lf(w) 0 and
Dkf(w) vk, where vk denotes the ith element of the vector Vk. We then see from
(3.13) that W(. A a) is an {t}-martingale. Since an as n , W is an

{t}-local martingale. Similarly, by choosing f C(Rd) such that f(w) wwj for
]w] n, (3.1) gives that

0

(3.14) (vZj(s) + vkyZ(s)) dYe(s), t O,
k=l J0
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is an {t}-martingale. On the other hand, by ItS’s formula, we have Px-a.s. for all
t__>0,

Zi(t /k (7n)Zj(t /k (Tn) Zi(O)Zj(O - Zi(s dWj(s)
dO

+ Zj(s) dWi(s) + (OiZj(s) + OjZi(s)) ds + (W, Wj)(t A an)
dO dO
m

ftAan(3.15) + (vkZj(s) + vjZ(s)) dYe(s),
k=l JO

where (Wi, Wj) is the mutual variation process of Wi and Wj. The first two stochastic
integrals on the right-hand side of (3.15) define {t}-local martingales. Then com-
paring (3.14) with (3.15), we conclude that (W, Wy}(t A a)- r(t/ ), t => 0, is
an {$’t}-local martingale. Since it is also Px-a.s. continuous and locally of bounded
variation, it follows that it must be constant at its initial value of zero. Letting n - cyields P-a.s.,

(w, w)(t) rt for all t >__ 0.

It follows that W is a d-dimensional Brownian motion starting from zero with covari-
ance matrix F and drift zero. By letting X(t) Z(O) + W(t) + Ot for all t __> 0, we see
that X is a d-dimensional Brownian motion with drift vector 0 and covariance matrix
F, such that X(0) z P-a.s., and {X(t) -Ot,t, t >= 0} is a martingale. The triple
(Z,Y,X) on (Ft,$’, {$’t},P) satisfies the conditions of Definition 1.1 for an SRBM
that starts from x, and so the theorem is proved.

COROLLARY 3.6. There exists an SRBM associated with (S, O,F, R).
Proof. By Theorem 3.5, for each x E S there is an SRBM associated with

(S, 0, F, R) that starts from x. Let {Q, x E S} be the probability measures on

(C, Ad) defined from such solutions via (1.4). It is straightforward to verify that the
canonical processes (z, y) together with these probability measures on (C, Ad, {J4t})
yield an SRBM, where X z- Ry.

4. State space decomposition, oscillation and boundary behavior. In
this section we prove several lemmas that are needed for our proof of uniqueness.
These lemmas are also of independent interest for the study of SRBM’s.

The following two lemmas will be used several times to localize to subsets of the
state space. For this, let C be the constant determined in Lemma B.1 and for each
s __> 0 and K C J (including the empty set), define

F {x Rd: 0 <__ n x b <= C for all K and n x b >
(4.1) for all J\K},

where C Cme.
LEMMA 4.1. For each >= O,

(4.2)- S [.J F:,
KEC

where C denotes the collection of subsets of J consisting of all maximal sets in J
together with the empty set.

Proof. Clearly,

S= U{xRd: 0<=ni.x-bi<=e-forall iEL,
LCJ
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(4.3) hi. x-bi > s for all E J\L},

where L ranges over all subsets of J, including the empty set. Now, if Z L C J is
not maximal, there is a maximal set K D L such that FL FK. Then, for any j E K
and x S, by Lemma B.1,

(4.4) nj x by <= d(x, FK) d(x, F,) <= C E(ni x bi)

Thus,

{x Rd: 0 <= ni" x b <= for all L and n. x b > s for all J\L}
C{xERd" 0=<n.x-b=<Ce for all iK and

n. x-b > s for all J\K} F:.
It follows that the right menber of (4.3) is contained in the right member of (4.2).
But since the latter is clearly contained in S, the desired equality follows.

For any L C K C J,

(4.5)
(4.6)

K {X Rd ni.x__>bi for all iK},

FLK {x E SK n.x=b for all iL}.

and let RK be the d x IKI matrix whose columns are given by {v, i K}.
LEMMA 4.2. Let K c J be maximal. Then conditions (S.a) and (S.b) hold for

Proof. Since conditions (S.a) and (S.b) hold for (S, R), it suffices to show that
if L is a maximal subset of K, then it is a maximal subset of J. Here L being maximal
as a subset of K means that L , F - , and F

g F< for any , satisfying
LcLcK, LL.

Suppose that L is a maximal subset of K. For a proof by contradiction, supposeJthat L is not maximal as a subset of J. Then there is j J\L such that F, F,u{j}.
We consider the cases where j J\K and j E K\L separately.

If j J\K, then using the fact that L C K we have

F,u{j} r F {x S. n x bi for all E K U {j} } Fu{j},

which contradicts the maximality of K as a subset of J.
On the other hand, if j K\L, then by the maximality of L as a subset of K,

g
there must be a point x E F

g
which is not in Fu{y}. We further claim that there is

x0 FKJ such that

(4.7) 5=n’x0-b>0 for all iJ\K.

One can see this as follows. First, if K J, then since K is maximal there is an

x0 Fj and this satisfies (4.7) trivially. Otherwise, if K J, since K is maximal, for
Jeach J\K there is y E FKJ that is not in F(u{}. Then let

1
x0 IJ\KI )’g y"
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It is readily verified that this convex combination of the y has the desired properties.
Thus in addition to (4.7) we have

n.xo=n.xl =b for all iEL,

n.xo=b for all iEK, n.xl >=b for all iK,

nj x by >0.

Let minej\K 5/(IXl Xol + 1), and x2 x0 + (xl x0). Then, it can be readily
verified that n x2 b for all L, nj x2 by +5 > bj, n x2 >-_ b for all K,
n "x2 bi + 5 + sni. (x x0) >_- b for all J\K (by the choice of and the fact

Jthat Inl.= 1). Thus, x2 E FLJ, but x2 Fu{j}, which contradicts the choice of j.
The following oscillation result is concerned with deterministic continuous paths.

For the case S R_, this result was proved previously by Bernard and E1 Kharroubi
[4]. Our proof of the more general case treated here is adapted from theirs. In the
following, for a Borel set U c Rk, k => 1, we define C([0, T],U) {w: [0, T]
U, w is continuous}.

DEFINITION 4.1. Given T > 0 and x C([O,T],Rd) with x(0) S, an (S,R)-
regulation of x over [0, T] is a pair (z, y) C([0, T], S) C([0, T], R) such that

(i) z(t) x(t)+ Ry(t) for all t [0, T],
(ii) z(t) S ibr all t [0, T],
(iii) for each J, y is nondecreasing, y(0) 0, and y can increase only at

times t [0, T] for which z(t) Fi.
For any continuous function f defined from Itl, t2] C [0, c) into Rk, some k >= 1,

let
Osc (f, [tl, t2]) Sup If(t) f(s)[.

tl<=s=t<__t2

LEMMA 4.3. There exists a constant that depends only on (S, R) such that for
any T > 0, x E C([0, T], Ra) with x(O) S, and an (S, R)-regulation (y, z) of x over

[0, T], the following holds for each interval [tx, t2] C [0, T]:

Osc (y, It1, t2]) n Osc (x, [tl, t2]) and Osc (z, [tl, t2]) =< t Osc (x, It1, t2]).

Proof. Our proof is adapted from that of Lemma 1 in [4]. It proceeds via an
induction on the size of J, the index set for the faces of S. Throughout. this proof,
T, x, y, z, tl, t2 will be as in the statement of the lemma.

First consider the case IJI 1. Then R Vl is a vector in Rd and by (S.a),
nl.v > 0. In this case, y is uniquely given by the one-dimensional regulator mapping
for nl.x bl (el. [10, Chap. 8]):

( )+ /nl.v for all t [0, T].(4.8) y(t) min (nl.x bl)(S)
O<_s<_t

Together with

(4.9) t z(t) n x(t) / rt vly(t for all t e [0, T],

this defines a ([51, (x:)), n .v1)-regulatiOn of nl.x over [0, T]. The oscillation estimates
in the lemma then follow easily from (4.8) and the fact that z x / vy. Thus the
lemma holds for IJI 1.
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For the induction step, suppose that the lemma is true for 1 <__ IJ[ < m. Now
consider a state space S with [JI m. Our proof of the induction step is separated
into several parts.

Part a. We claim that there exists a constant C1 that depends only on (S, R)
such that for each K E C\{J} (see Lemma 4.1 for the definition of C), if YJ\K does
not increase on It1, t2], then one has

OSC (y, It1, t2] ) <_-- el OSC (X, [tl, t2] )
OSC (X, [tl, t2] _--< C10sc (x, [tl, t2] ).

and

To see this, note that under the assumptions of the claim, for t E [0, t2 tl],

(4.11) z(t + tl) z(tl) + x(t + tl) x(tl) + E vi(y(t + tl) y(tl)).
iEK

It follows that (z(. + tl),YK(" + tl) yK(tl)) is an (sK, nK)-regulation of z(tl) +
x(. + tl)- x(tl) over [0, t2- tl]. If K , then y does not increase on [tl,t2] and
the oscillation estimate trivially holds with C1 1. If K , then K is maximal
and so by Lemma 4.2, (S.a) and (S.b) hold for (SK, RK). Then, by the induction
assumption, since IK] < m, we have that there exists a constant CK that depends
only on (S

g
RK), such that

(4.12)
(4.13)
(4.14)

(z, Its, Osc (z(. + [0,
__< (x(. + x(t ) + [0,

(x, [tl,

and similarly,

OSC (y, [tl, t2] OSC (YK, [tl, t21) =< CK Osc (X, [tl, t2]).
The claim then follows by taking C1 to be the maximum of the CK’S for K running
through C\{J }.

For Parts (b) and (c), we let e Osc (x, It1, t2]). Without loss of generality we

assume that e > 0. By Lemma 4.1, z(tl) FCK for some K G C.
Part b. Suppose that the K found above is not J. Then, for all G J\K,

d(Z(tl),Fi) >= hi. z(tl)- bi > Vie. Applying the result in part (a) to intervals [tl,t]
with t2 =< t2 shows that z does not reach F for any J\K during the interval It1, t2]
and therefore YJ\K does not increase on [tl,t2]. Then Part (a) implies that (4.10)
holds in this case also.

Part c. Suppose that the K described before part (b) is equal to J. Since

z(tl) e FjC, by Lemma B.1, d(Z(tl),F) <-_ C2e, where C2 CiCm. Now one of the
following two situations holds.

(i) For every J, d(z(t), Fi) <__ 2C e for all t [tl, t2].
Then for each G J,

(4.15) 0 <__ ni" z(t) b <= d(z(t), F) __< 2 C2 e for all t [tl, t2],

and so

(4.16) Osc (hi. z, It1, t2]) _-< 2 C2 .
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Now, since K J is maximal, there is x0 E J and by (S.b) there exists a positive
linear combination 7 EiEJ ini (’i > 0 for all i) of the {ni, e J} such that
7.vi > 0 for all J. Then

(4.17) rl (z(t) Xo) 7 (x(t) Xo) + E(rl vi)yi(t) for all t [0, T].
iEJ

Using (4.16), (4.17), and the fact that the y are nondecreasing, we see that one can
choose a constant C3 depending only on (S, R) such that

min(, vi)Osc (Yi --"""-- Ym [tl, t2]) < Osc (?" z, [tl, t2l -- Osc (?’x [tl, t2] )
iJ

(4.18) --< E /i (Osc (hi. z, It1, t2l) - Osc (n x, [1, 2])) 63 -iJ

Since Osc (yi, It1, t2]) _-< Osc (Yl +"" + Ym, It1, t2]) and z x + Ry, the desired oscil-
lation estimates then follow for y and z.

(ii) There is e J and t3 e [tl,t2] such that d(z(t3),Fi) > 2C2. Define tl
inf{t > tl" d(z(t), Fi) > 2C2 for some e J}. By continuity of paths, over
we have the situation in part (c) (i) above. Over ItS,t2], by Lemma 4.1, we have
z(t) e FKC1 for some g e C\{J}, and then we have the situation in part (b). Thus,
there is a constant Ca depending only on (S, R) such that

Osc (z, <_-

Similar reasoning to that in part (c) (i) above (cf. (4.18)) then shows that there is a
constant C5 depending only on (S, R) such that

OSC (y, It1, 21) = C5.

For the statement of the next theorem, we shall need the notion of a stopped
SRBM with an arbitrary initial law. Such SRBM’s can be obtained by time shifts and
stopping of SRBM’s starting from fixed points. In the following, S is endowed with
the a-field of Borel sets.

DEFINITION 4.2. Given a probability distribution # on S, a stopped SRBM asso-
ciated with (S, 0,F, R) having initial law # is an {9t}-adapted, d-dimensional process
Z, together with an {t}-stopping time T, defined on some filtered probability space
(ft, , {9t }, P) such that

(4.20) Z X + RY,

where
(i) B-a.s., Z has continuous paths in S and Z(.) Z(. A T),
(ii) under P, X(.) X(. A T) is a stopped d-dimensional Brownian motion with

drift vector and covariance matrix F such that {Z(t A T) (t A T), JZt^T, t >= 0} is
a local martingale and X(0) has distribution #,

(iii) Y is an {’t}-adapted, m-dimensional process such that P-a.s. for each i
{1,... ,m}, the ith component Y/of Y satisfies

Y (0) 0,
(b) Y is continuous and nondecreasing,
(c) Y(.)- Y(. T),
(d) Y can increase only when Z is on Fi, i.e., f 1F (Z(s))dYe(s) Y(t) for

all t > 0.
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We say that such an SRBM is stopped at T.
Remark. The use of "local martingale" instead of "martingale" in (ii) above

is necessary because of the arbitrariness of the initial distribution for X. By the
martingale characterization of Brownian motion, property (ii) above can be replaced
by the following equivalent condition:

(ii’) under P, X(.) X(. A T), {X(t A T) 0 (t A T), JZAT, t >= 0} is a local
martingale and for all i,j {1,... ,d}, {(X(t A T) Oi (t A T)) (X(t A T) O (t A
T)) Fij(t A T), Ut/T, t >__ 0} is a local martingale, and X(0) has distribution

The following theorem was first proved by Reiman and Williams [34] when the
state space S is the non-negative orthant in Rd and T

THEOREM 4.4. Let Z on (, ’, {’t}, P) be a stopped SRBM associated with
(S,O,F,R). Let T denote the stopping time at which Z is stopped. Then for any
K C J with lKl => 2,

(4.21) 1 (Z(s)) dYe(s) 0 P-a. s. for all J.

Remark 1. In the above theorem, the initial law of Z is not of importance and
so we have not given it a name.

Remark, 2. By a Girsanov transformation, it is enough to prove this theorem
with 0 0 (el. Lemma 6 of [a4]). For the proof in this case, we need the following
lemma. The functions used in the proof of this lemma are adapted from

LEMMA 4.5. Assume the hypotheses of Theorem 4.4 hold and in addition suppose
that d >__ 2, 0 O, IJ[>__2 and Fa . Then,

(4.22) 1F (Z(s)) dYi(s)= O, P-a. s. for all J.

Proof. Let L C J such that {n, L} is a basis for the space spanned by {n,
J}. Without loss of generality, we may suppose that L {1,... ,t ILl}. By the
assumption (S.b) for K J, there exists a positive linear combination -iej 7ini
(7 > 0 for all E J) of the normals {n, E J} such that /.v > 0 for all E J.
Since {hi, E L} is a basis, there is , (,1,..., ,)’ such that g E=I ,ini. Define. Since A hasE AFA, where A is the g x d matrix whose ith row is hi, i,...,

Alinearly independent rows, E is an g x g positive definite matrix. Note that g
and FL Fj. To see the latter, note that by the basis property of L, there are real
constants aij such that ni -jeL aijnj for all E J, and since Fj , there is

x0 E Fj and so ni "x0 bi for all i E J. Then, if x FL, we have for each i E J,

ni x E aij nj x E aijbj E aij nj xo ni xo bi,
jL jL jL

and so x Fj.
Let a E/ and Xo FL Fj. Then for any x E S,

(4.23) 7" (x Xo) E "i hi. (x Xo) E /i (ni.x bi) >= O.
iJ iJ

For each x S and r (0, 1), let

2(x,r) (A(x Xo) + ra)’E-l(A(x Xo) + ra)
(x Xo)’A’E-IA(x Xo) + 2ra’E-1A(x Xo) + r2a’E-la
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(4.24)
(x Xo)’A’E-1A(x Xo) + 2rffA(x x0)--?2o’-log
(X )’A’E-1A(x Xo) + 2r7’(x x0) + r2oz’E-1 c__>r2^c,

where ( E- ffE/k > O. For each c E (0, 1), let

(4.25)

1 /.1 r
d-2 (p2(x,r)) l-d/2 dr, if

(x) 2 -d1 f log(p2 (x, r)) dr, if

d=>3,

d--2.

Observe that E C2 (S). A calculation using the facts that 0 0 and

i,j,k,1 i,j

E Ik Y];11 d,
k,1

reveals that the integrand in (4.25) is L-harmonic as a function of x in some domain
containing S. Hence it is readily verified that for each c (0, 1), L 0 in some
domain containing S. Since

Ve(x) rd-2A’E-l(A(x Xo) + rc) (p2(x,r)) -d/2 dr

r
d-2 (A’E-1A(x Xo) + r) (p2(x, r)) -d/2 dr,

then for any J,

(4.26) Di(x) r
d-2 (vi A’E-1A(x Xo) + rvi ) (p2(x, r)) -d/2 dr.

Let u E-1Av. Then ui : 0 because ui.a v-r/ > 0. Set 5i vi.r/ and
5/lul. Then similar to the derivations of (17)-(18) of [34], we have

(4.27) D(x) _> -c (log + 1)

for all x S satisfying IA(x x0)l < stir, where

and lIE--111 denotes the norm of E-1 as an operator from R
g
to R. Also analogous

to the derivations of (19)-(24) of [34], with pk(x) --Uk" A(x- Xo)/Sk there, we can
show that there is c 0 such that for all x S and e E (0, 1),

(4.28) De(x) >=-.
For each positive integer k, define

-k-inf{t>_-0" IA(Z(t)-xo)l>=k or Y(t)>=k forsome i{1,...,rn}}AT.
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Observe that and V are bounded on {x e S: IA(x- Xo)l <= k} and hence
in a similar manner to the derivation of (26) in [34], on applying Ith’s formula to
q(Z(. A ’k)) and taking expectations E with respect to P, we have

(4.29)

E [g9(Z(t A Tk)) 99(Z(0))] 1"= E Dq(Z(s)) dYe(s)

__> -(log e + 1) E ci E l(iA(Z()_o)l<s, dYe(s)
i=1 1. 0

m

E
i=1

where the lower bounds (4.27) and (4.28) have been used to obtain the last inequality.
Now the left side of (4.29) is uniformly bounded as s 0 since is uniformly
bounded on {x e S: IA(x- Xo)l <= k} (cf. (4.24)). The last sum in (4.29) is finite
by the definition of Tk and furthermore this sum is independent of s. Thus dividing
(4.29) by -(log s + 1) and letting s --. 0 yields

limsupEc E l{iA(Z(s)_xo)l<s } dYe(s) < O.
e--,O

i--1

Since FL C {x E S: A(x Xo) 0}, it follows that for each E J,

1F,.(Z(s)) dY(s) 0,

Letting k --. oc and t c, and noting that t A -k T T in this limit, and recalling that
FL Fj, we obtain the desired result.

Proof of Theorem 4.4. As per a remark following the statement of this theorem,
we assume 0 0. Note first that since S is nonempty and has minimal descriptors,
when d 1, FK O for IKI __> 2 and so the theorem holds for d- 1. Thus, we
henceforth assume that d _>_ 2. Next note that it suffices to prove the theorem for K
maximal. We shall do this by a backwards induction on IKI. For this, let m IJI __> 2.

First observe that if K J, then (4.21) holds by Lemma 4.5. For the backwards
induction step, suppose that 2 <__ j < m and (4.21) holds for all maximal K with
j < IZl <__ m. Now let K be a maximal subset of J such that IKI- j. For t? J\K,
let Ke K t_J {g} and observe that either FKe O or there is a maximal set L 3 Ke

such that FK FL. In either case, using the backwards induction assumption, we
have that (4.21) holds with Ke

in place of K. Combining these results for all g J\K,
we see that P-a.s. for each J,

T

1g (Z(s)) dYe(s) =/oo
T

1FK (Z(s)) l{nt.Z(s)_bt>O for all eEJ\K} dYi(s).

Then, by monotone convergence and the fact that Ye can increase only when Z is on

Fe {x S: he. x be}, we see that it suffices to prove for each > 0 and E K,

T

(4.30) 1FK (Z(s)) l{ne.Z(s)_be>=efor 11 eEJ\K} dYe(s) 0 P-a.s.
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To verify (4.30), fix an e > 0 and define sequences of stopping times {ak}k=0 and
{-k c}k=l as follows. Let a0 0 and for k > 1 define

Tk inf {s __> ak-l" n. Z(s) b =< e/2 for some /? e J\g} A T,

ak inf {s >__ Tk" n. Z(s) b >= for all g e J\K} A T.

Now for all E K,

o
1 (z()) l(.()-__>for n \eY()

(4.31) 1FK (Z(s)) a(s).
k=0

Now P-a.s., for each e e J\K, Y does not increase on [ak, Tk+l] and so on
we have P-a.s.,

z((. + ) a+) z() + x((. + ) a+) x()

iK

It follows that Z((. + ak) A Tk+l)l{k<} on (ft, $’, {$’t+k }, P) is a stopped SRBM
associated with (S

g
0,F,RK) where S

g
R
g

are as defined before Lemma 4.2. The
stopping time for this stopped SRBM is -_- (’k+l --ak)l{a<}. Since K is maximal,
by Lemma 4.2, we may apply Lemma 4.5 with K in place of J to conclude that P-a.s.
on {ak <

’Tk+l f0
T

(z()) eY() (z( + )) eY( +) 0
k

for all iK.

Thus, the right member of (4.31) is zero P-a.s. for all K and so (4.30) holds. This
completes the induction step and so the theorem is proved.

The following lemma is a generalization of Lemma 2.1 of [37], where S was the
non-negative orthant in Rd. Here S denotes the interior of S and F denotes the
relative interior of F, i.e., F F\ Uj# Fj.

LEMMA 4.6. Let Z, T, P be as described in Theorem 4.4. Then P-a.s.,

(4.32)
T

108(Z(s)) ds O,

(4.33)

(4.34)

tAT

x(t a T) z(0) + 1o (Z()) dZ(s) fo t >__ O,
Jo

tAT

Y/(t A T) (ni" vi) -1 1Fg (Z(s)) d(ni. Z)(s)
Jo

for all t >__O, E J.

Proof. For (4.32), it suffices to prove that for each e {1, 2,..., m}, P-a.s.,

(4.35)
T

l{b} (ni Z(s)) ds O,
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For this, one can proceed as in the proof of Lemma 2.1 of [37]. In particular, under
P, n. Z is a continuous one-dimensional semimartingale and so

(4.36) l{b} (n Z(s)) d[ni Z]s Ll{v:b} dy O,

where L.y is the local time at y E R of the continuous semimartingale ni. Z. Since
the quadratic variation [n. Z]s [n. X]s nrni(s A T), where nrn > 0, (4.32)
follows.

The representation (4.33) follows exactly as in Lemma 2.1 of [37], using the facts
that dX does not charge the set of times of zero Lebesgue measure for which Z is on
OS and that none of the Y can increase when Z is in the interior of S.

The proof of (4.34) is very similar to that in Lemma 2.1 of [37], except that one
uses Theorem 4.4 in place of [34] to conclude that P-a.s. for all t __> 0 and i E J,

(4.37) Y(t A T) ftAT
J0

Then one uses the fact that (S.a) holds for K {i} to conclude that n.v > 0, and
thus one can replace dY by (n. v)-ld(n Z) in the above to obtain (4.34).

5. Uniqueness. Our proof of the uniqueness claimed in Theorem 1.3 follows
the same general lines as in [37] where the case S R_ was treated. Accordingly, we
shall indicate the general outline of the argument and only go into the details of the
proofs when they differ from those in [37].

5.1. Preliminaries and the induction hypothesis. The following tightness
result will be used in the proof of uniqueness and Feller continuity in Theorem 1.3.

LEMMA 5.1. For each x S, let Qx denote a probability measure induced on

(C, A/) by an SRBM and its associated pushing process for the data (S, 0, F, R) and
starting point x (cf. (1.4)). Fix Xo e S and let {Xn}n_-i be a sequence in S such
that Xn - Xo as n - c. Then the sequence {Qxn, n 1,2,...} of probability
measures on (C,A/) is tight. Any weak limit point Pxo of this sequence together
with the canonical process z(.) on (C,A/, {A4t}) defines an SRBM associated with
(S, 0, F, R) that starts from Xo, where the attendant pushing process is given by the
other canonical process y(.).

Proof. This lemma can be proved in a similar manner to Theorem 5.4 of [37].
In particular, the tightness follows from the oscillation Lemma 4.3 together with the
tightness for Brownian motions with starting points lying in a compact set. For the
SRBM property of (z, y) under Po, note that properties (1.3), (i), (ii) (for X z-Ry),
(iii) (a), and (iii) (b), of Definition 1.1 follow from the weak convergence. For property
(iii) (c), since Po-a.s., n. z(s)- b >= 0 for all s >__ 0, where equality holds only if
z(s) F, and y is nondecreasing, it suffices to prove that for each J,

(5.1) Jl ((n. z(s) b) A 1) dye(s) O, Pxo-a. s.

To see this, fix t _>_ 0. It follows from Lemma 2.4 that

(5.2) fo ((n. z(s) b) A 1) dye(s)

is a continuous bounded function defined on the set of (z, y) E C, where y is restricted
to the set of nondecreasing functions. Now for each n, (5.2) is zero Qxn-a.s. It then
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follows from the weak convergence and the continuous mapping theorem that the same
applies under Pxo.

THEOREM 5.2. Theorem 1.3 holds for d 1.

Proof. The existence has already been established. For the uniqueness, let Z
under Px be an SRBM associated with (S,t?,F,R) that starts from x E S. Let Y
denote the pushing process associated with Z. For d 1, S is a half-line or a bounded
interval. In either case there are unique continuous path-to-path mappings , from
{x e Ct[0, c)" x(0) e R+} into CR+ [0, x) such that Px-a.s., Z (X) and Y
(X), el. [19], [8]. Since the distribution of X under Px is known to be that of a (0, F)-
Brownian motion starting from x, it follows that the law of (Z, Y) ((X), (X))
under Px is uniquely determined. The Feller continuity of the associated measures
{Qz, x S} on (C,j//) follows from the continuity of the mappings , and the
Feller continuity for Brownian motion. The strong Markov property follows from the
pathwise uniqueness together with the strong Markov property of Brownian motion.

Next we fix d >__ 2 and make the following induction hypothesis.
Induction hypothesis. Theorem 1.3 holds for all state spaces S in Rk with k _<_ d-1.
We shall prove that Theorem 1.3 holds for state spaces S in Rd. Note that we have

already established existence. Also, by a Girsanov transformation argument, which is
precisely the same as that given in Lemma 6.1 of [37], it suffices to prove the uniqueness
stated in Theorem 1.3 for 0 0. Furthermore, observe that for Z, Y, P as described
in Theorem 1.3, by Lemma 4.6, the pushing process Y is Px-a.s. a functional of Z.
Thus for the uniqueness, it suffices to prove that for each x S, an SRBM associated
with (S, 0, F, R) that starts from x is unique in law.

5.2. Uniqueness in a cone. We first treat the situation where S is a cone, i.e.,
where Fj and so

S= {xRd" ni.(x-x0)__>0 for all iEJ},
where x0 Fj. Indeed, without loss of generality, we may and do assume that x0 0
and consequently bi 0 for all J.

THEOREM 5.3. Suppose Fj and the dimension of the vector space spanned
by {Hi, i J} is less than d. Then Theorem 1.3 holds.

Proof. Existence was established previously. For the uniqueness, we assume that
0 0. Now, fix x S and let Z under P be an SRBM associated with (S, 0, F, R)
that starts from x. Let Y be the pushing process associated with Z.

Let L C J such that {n, E L} is abasis for {n, J). Without loss of
generality we assume that L {1,... ,g --ILl}. Furthermore, since {nl,..., He} span
an g-dimensional subspace of Rd, by performing a change of basis we may assume that
this subspace is the one generated by the first g orthonormal basis vectors el,..., ee in
Rd, and so for each J, ni (i, 0), where i denotes the projection of ni onto Re

and 0 denotes the zero vector in Rd-e. (Note that here we do not assume nl,..., ne
are el,..., ee, since the former may be nonorthogonal.) Then,

(5.4) S-{x=(,5)’ReRd-e: i.>_0 ViJ}--Rd-e.

We partition R, F, Z,X, x accordingly, e.g., R denotes the g m matrix whose m
columns are obtained from those of R by keeping the first g coordinates of each column,
F is the g g matrix in the upper left corner of the matrix F. Thus,
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Z (2, 2)’, X (, )’, and x (, )’
satisfy conditions (S.a) and ($.b), and

Then it can be readily verified that (S, R)

Z=X+RY

is an (S, 0, F, R)-SRBM starting from under Px. By the induction assumption, we

have uniqueness in law of (Z, Y) under Px.
One can then establish that the law of (Z, Y) under P is unique, where Z

(2, 2)’, using the same approach as in Theorem 3.4 of [37]. In particular, the argument
given in [37] for IKI d- 1 easily generalizes to any IKI with IKI < d. Briefly, what
one doesNis to approximate b2( n+/y where n approximates the Brownian
motion X in such a way that Xn and Y change on disjoint stochastic intervals. When
this is done in a suitable way, it can be readily shown using the uniqueness in law
of (2, Y) and the known properties of , that the joint law of (2, Y,) under

P is u_niquely determined. Passage to the limit^ then._ gives the uniqueness in law for
(Z, Y, X) under P and hence of (Z, Y) (Z, X + RY, Y). For more details we refer
the reader to [37].

Finally, the Feller continuity and strong Markov property follow by standard
arguments (cf. [36, Cor. 4.6]), using the uniqueness in law just established and the
tightness of the laws given by Lemma 5.1.

Remark. Recall the notion of a stopped SRBM from Definition 4.2. Under the
conditions of the last theorem, by the Feller continuity of the laws induced on the space
(C,A/[), one can always extend the joint law of a stopped SRBM and its attendant
pushing process to that of an unstopped SRBM and its attendant pushing process (cf.
[37, 4.2] and [36, Theorem 6.1.2]). It follows that under the conditions of the above
theorem, if Z is a stopped SRBM starting from x E S, where the stopping time T is a
stopping time relative to the filtration generated by Z, and Y is the pushing process
associated with Z, then the law of (Z(. A T), Y(. A T)) is unique.

Assumption. For the remainder of this section up to Theorem 5.14, we assume
that Fj {0} and 0 0.

DEFINITION 5.1. An SRBM associated with (S, 0, F, R) that starts from x and is
absorbed at the origin is a stopped SRBM associated with this data that starts from
x and for which the stopping time T inf{t >__ 0: Z(t) 0}.

THEOREM 5.4. Fix x S and let Z together with Px define an SRBM associated
with (S, 0, F, R) that starts from x and is absorbed at the origin. Let Y denote the
associated pushing process. Let T0 inf{t __> 0: Z(t) 0}. Then the probability
measure Qo induced on C, j4) by Z(. A TO), Y(" A T0)) under P is unique, i. e., the
law of an SRBM and its attendant pushing process for the data (S, 0, F, R) and starting
point x with absorption at the origin is unique.

Proof. The case x 0 is trivial, so we assume x 0. Without loss of generality
we suppose that (Z, Y) is the canonical pair of processes on (C, A4) and Px Q. This
ensures that we are on a sufficiently nice space to be able to take regular conditional
probability distributions.

Recall the definition of C from 4. Now for each s > 0, define

-e inf {t __> 0: n.Z(t)<=C for all iJ}.

By the continuity of the paths of (Z, Y) and the definitions of T0 and C, it suffices to
prove that for each > 0, the law of (Z(. A %), Y(. A T)) under Px is unique. Thus,
we fix > 0 and without loss of generality assume that is sufficiently small that
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ni. x > C for at least one E J. Now by Lemma 4.1,

K6J

where denotes the collection consisting of the empty set, together with all maximal
subsets of J, except J. Now for each K E , define

"e Rd:F: {w 0 __< hi" w __< 2C for all iK and ni.w>

for all J\K}.
Order the sets in J. Then let a0 0 and define a sequence of pairs {(rn, (7n)}nL1
by induction as follows. Let r be the first K such that x E F:, and let
al inf{t __> 0" Z(t) FI }. Assuming rn,O" have been defined for some n __> 1,
on {on < OO, Z(o’n) F}, let rn+l be the first g e J such that Z(an) e F
and let an+l inf{t __> an Z(t) F+I }" On {a oc or Z(crn) e F}, define

r+l rn and an+l an. By the continuity of the paths of Z, Px-a.s., (Tn --- 7-s as
n -- oc. Thus, it suffices to prove the uniqueness in law of (Z(. A an), Y(" A O"n)) under

Px for each n. For this, recall the definition of (SK, RK) from just before Lemma
4.2. For n => 0, on {an < oc}, (Z((. + an) A an+l) Y((.-I- an)/k an+l) under the
conditional law P(. IAd) is a stopped SRBM associated with (Sr+l, 0,r,R+)
that starts from Z(an). When rn+ O, we interpret an SRBM associated with
(Sr+l 0, F, Rrn+l) to be a (0, F) Brownian motion and so in this case the conditional
law mentioned above is simply the law of a stopped Brownian motion starting from
Z(an), which is unique. In all other cases, r+l is a maximal subset of J that is not
equal to J and in particular the dimension of the space spanned by {ni, i
must be less than d (otherwise, Fr+l would be the origin and r+l J could not
be maximal). It then follows from Lemma 4.2 and the remark following Theorem 5.3
that the aforementioned conditional law is unique. Proceeding by induction, one can
show that for each n, the law of (Z(. A an), Y(" A an)) under P is unique, as desired.
For more details, the reader is referred to a similar proof of Theorem 4.3 in [37].

Recall that we already have existence of an SRBM associated with (S, 0, F, R)
starting from any point in S. By stopping such an SRBM at the first time it reaches
the origin, we obtain an SRBM with absorption at the origin. The above lemma
shows that the law of such an SRBM is unique. Furthermore, in a similar manner
to that in 4.2 of [37], one can alternatively construct this law by patching together
the path space measures associated with SRBM’s in the spaces S

g
for K E .7. The

following lemma can be established using this uniqueness and alternative construction,
in a similar manner to that in which Lemma 4.5 and Corollary 4.6 of [37] were proved.
Here and henceforth, for each x S, we let Q denote the law defined in Theorem 5.4.

LEMMA 5.5. For each x S, let E denote expectation under Q. Then, for
meach bounded continuous function h" S x R+ -- R and t >= 0, x E[h(z(t), y(t))] is

a Borel measurable function on S. Furthermore, for each f Cb(S), {JMt}-stopping
time T, and t >= 0,

(5.9) Ex [l{T<,}f(z(T + t)) AJT I{T<,}Ez(T)[f(z(t))].
Hence, z(.) together with {QO, x e S} defines a strong Markov process.

Remark. The measurability cited first in the above lemma is used to ensure that
the right member of (5.9) is jMT-measurable.
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The following lemma can be proved in a similar manner to Theorem 4.4 of [37],
using Lemma 4.3 for the oscillation estimate.

LEMMA 5.6. Let K denote a compact subset of S. Then the family {Q, x E K}
of probability measures on (C, All) is tight.

The following lemma can be proved in the same way as Theorem 4.7 of [37] using
the uniqueness established in Theorem 5.4.

LEMMA 5.7. For each r > 0 and x S {w Rd
ni’w >= O for all J},

(5.10) Q(A) Q:x(r-l(z,y)r2 A) for each A e A/I.

The following two technical lemmas are critical to our proof of the compactness
result in Lemma 5.11 and in turn the ergodic property in Lemma 5.12. The latter is
used in an essential way to prove uniqueness when Fj {0}.

LEMMA 5.8. Fix Xo S\{0}. For each r >__ O, let r inf{t => 0: Iz(t) Xol >= r}
be defined on C. There are constants p > 0, a > 0, " (0, 1/2 A Ix01/2] and
such that for each r satisfying 0 < r < " and x S satisfying Ix Xol <-_ r, we have

(5.11) Q (d(z(r), OS) > pr) >_ > O.

Remark. The constants p, a, 7, and/ may depend on x0, but not on r.

Proof. Let 7 be defined as in the proof of Theorem 5.4. By Lemma 4.1, since
Fj {0} and x0 0, x0 FK\(tJitKFi) for some K E ,7. We shall prove that the
lemma holds, by induction on IKI.

If IKI 0, i.e., K , then x0 S and the result follows easily with p 3,
(0,17 1/2d(xo, OS)A 3, any/ ), and 1, since then under Qxo, z(.) behaves like

a (0, F)-Brownian motion until it reaches OB(xo, 7) C S.
Now, for the induction step, assume the result holds for all K ,7 satisfying

IKI __< k for some k {0,..., m- 2}. Then, consider g E jr satisfying IKI k + 1.
For F tJKF, we have d(xo, F) > 0. Let (SK,RK) be defined as in 4 with
b 0. Note that from Lemma 4.2, conditions (S.a) and (S.b) hold for this pair.
Furthermore, since x0 f: 0, the dimension of the vector space spanned by {hi, K}
is less than d. Thus, we can apply Theorem 5.3 with K in place of J to conclude
that Theorem 1.3 applies with the SRBM data (SK, 0, F, RK). The following explicit
representation for the SRBM associated with this data is needed for the proof of the
current lemma.

Let K c K such that {n, K} is a basis for the space spanned by {n, K}.
Then t IKI < d, since x0 -f: 0. In a similar manner to that in the proof of Theorem
5.3, we may obtain a representation for SK of the form (5.4) with K in place of J
there. More precisely, we assume without loss of generality that K {1,..., t} and
the span of {hi,..., nt} is the g-dimensional subspace of Rd generated by the first t
orthonormal basis vectors in Rd, and so

(5.12) SK Rd-l,
where

(5.13) -- { Re" . _>_ 0 for all E K},

and denotes the projection of n onto Re. We assume that RK and F have been
decomposed in a similar manner to that in (5.5). It is readily verified that (S, R)
satisfy conditions (S.a) and (S.b). Since t < d, by Theorem 5.3 there is an SRBM
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associated with (, 0, , ). We suppose that -- + with an associated family
of probability measures {P, E S} defined on some filtered space (t,9r, {’t) is
such an SRBM.

In a similar manner to that in Proposition 3.2 and Theorem 3.3 of [37] with

F, F, A in place of FK, FIK, A, respectively, on some enlargement of the filtered space

(a,, {gvt}), from the SRBM (Z, {P, e S}) and an independent (d-)-dimensional
Brownian motion (/, {/5, e Rd-}), one can construct an SRBM (Z, {PxK, x e
sK}) associated with (SK, 0, F, RK). The proof of the lemma then proceeds in almost
exactly the same manner as the proof of Lemma 6.2 of [37], with the following excep-
tions. One uses F UitKFi, RK , FK , Px pg, in place of R_, L e 7
in place of L0, Lemma 4.3 in place of the oscillation estimates of Bernard and E1
Kharroubi [4], Theorem 5.3 with data (SK, 0,1, RK) for the strong Markov property
of Z

g
(.) under pg, and Lemma 5.7 for scaling in place of Theorem 4.7. In place of

the vector v one uses a vector 7 E Re which by condition (S.b) can be chosen as a

positive linear combination of the vectors i, E K, such that 171 1 and 7 > 0.
Note for this that 7" (- 0) >- 0 for any x Sg. Finally, the constant p replaces the
constant }d which appears in the definition of :r in Lemma 6.2 of [37]. This constant
p > 0 needs to be chosen sufficiently small that {x S: d(x, OS) > p/, Ix- Xol /}
for /= 1/2d(xo, F)A 1/2 has positive surface measure as a subset of OB(xo, /).

We note in passing that in the proof of Lemma 6.2, the balls B,, B, following
the definition of 3 should have radii -),(u), ")’(u), respectively.

LetA--{xeS: Ixl=l}.
LEMMA 5.9. Fix x0 A and for each r > 0, let 4r be defined as in Lemma 5.8.

There are constants > 0,-y e (0, 1/2], and 3 e (0, 1/4) such that for each r satisfying
0 < r <= " and x S satisfying Ix Xol <- r, we have

(5.14) Q(z() . A) >= ,
wheneverA SV)OB(xo, r) such that IAI >__ 1/21SOB(xo, r)l. Here I’1 denotes surface
measure on OB(xo, r). The constants , /, and can be chosen to be independent of r.

Proof. This can be proved in a similar manner to Lemma 6.3 of [37] using Lemma
5.8 above in place of Lemma 6.2 of [37]. One minor adjustment is that for the proof
of the current lemma, 2"r in [37] should be defined as {x S: d(x, OS) > pr} and 2d
should be replaced by 1/4p.

For each x E A, define the subprobability measure Q(x, .) on the Borel a-field
h br

.15) Q(x, A)= Q(z.(.2.)A,T2<2 / for all A B(A),

where - inf{t >= 0: Iz(t)[ r} for r >= 0. We now record several properties of Q.
LEMMA 5.10. For x S\{O} and r Ixl,

Qx((2)rA, 72<’o) =Q(x,A) forall AEB(A).

Proof. This scaling property follows immediately from Lemma 5.7.
Let C(A) denote the space of all (bounded) continuous real-valued functions de-

fined on A and let C(A) be endowed with the sup-norm topology. Define

(5.16) (Qf)(x) f Q(x, dy)f(y) for all x e A and f e C(A).
JA
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LEMMA 5.11. For each f e C(A), Qf e C(A). Moreover, Q is a compact
operator on C A

Proof. This lemma is proved in the same manner as Theorem 3.2 of [29] except
that in our proof, Lemma 5.9, , r are used in place of Lemma 3.3, 1/4, r, of [29].

We shall denote the nth power of the operator Q: C(A) C(A) by Q. The
following is an ergodic result which is key to our proof of uniqueness when Fj
{0}.

LEMMA 5.12. Suppose G and H are continuous, bounded, real-valued functions
on A such that H >= 0 and H O. Let {Un} be a sequence of probability measures on

(A, B(A)). Then

fh(QG)(x) n(dx)
(5.17) fh(QnH)(x) (dx) -- C(G,H) as n -- x,

where C(G, H) is a finite constant depending only on Q, G, H, and not on the
sequence {u}.

Proof. This can be proved in an analogous manner to Lemma 6.7 of [37]. In
particular, one verifies the hypotheses of the Krein-Rutman theorem using Lemmas
5.8 and 5.11 in place of Lemmas 6.2 and 6.6 in [37], Z {x E S: d(x, 0S) > pr}, and
in the definition of U, B should read B(ui, "(ui)).

LEMMA 5.13. On (C,M), for each r > 0 define inf{t => 0: [z(t)[ r}.
There is a finite constant C such that for each r > 0, any x S satisfying Ix[ <= r, and
Qx a probability measure induced on (C,M) by an SRBM and its attendant pushing
process for the data (S, 0, F, R) and starting point x, we have

(5.18) EQx [T] <__ Cr2.

Proof. This can be proved by the same method as Lemma 6.4 of [37]. The main

difference is that we choose v ej An Rd such that A > 0 and v.v > 0 for all
J. Such a vector v exists by condition (S.b). One then applies Ith’s formula to

the function w --+ (v. w)2/2 and z(.) under Qx to conclude the desired result in the
same manner as in [37]. Note for this that we still have vtFv > 0 since v 0.

THEOREM 5.14. Suppose Fj {0.}. Then Theorem 1.3 holds.
Proof. Existence was established previously. The uniqueness can be proved

in the same manner as in 6.4 of [37] with the following substitutions. Lemmas
5.1, 5.9, 5.10, 5.12, 5.13, and equation (4.32) should be used in place of Theorem
5.4, Lemmas 6.3, 6.5, 6.7, 6.4, and equation (2.1) of [37]. The Feller continuity and
strong Markov property follow by standard arguments (cf. [36, Cor. 4.6]), using the
uniqueness established above and the tightness of the laws given by Lemma 5.1.

COROLLARY 5.15. Suppose that Fj . Then Theorem 1.3 holds.
Proof. If the dimension of the vector space spanned by {n, J} is less than

d, this follows from Theorem 5.3. Otherwise, the diInension of the spanned space is
d and Fj must be a single point, which we may take to be the origin. In this case,
Theorem 5.14 gives the desired result.

Remark. In the same manner as for the remark following Theorem 5.3, if Fj
and Z is a stopped SRBM associated with (S, 0, F, R) and starting point x S, where
the stopping time T is a stopping time relative to the filtration generated by Z, and
Y is the pushing process associated with Z, then the law of (Z(. A T), Y(. A T)) is
unique.



SEMIMARTINGALE BROWNIAN MOTIONS IN CONVEX POLYHEDRONS 33

5.3. Uniqueness in a convex polyhedron.
Proof of Theorem 1.3. Finally, we treat the case of a general convex polyhedron

S c Rd. The existence in Theorem 1.3 has been established previously. For unique-
ness, let Qx be the probability measure induced on (C,A/[) by an SRBM associated
with (S,O,F,R) and starting point x E S. We decompose the state space S into
subregions, where each subregion is a subset of a cone. We then apply the remark
following Corolla.r.y 5.15 on each of these cones. More precisely, recall the definitions
of Ce, F, C, S, and RK from 4, and for > 0 define

{x E Rd" O <= ni x bi =< 2Ce V K and

(5.19) ni.x-bi > /2 V e J\K}.
Order the sets in C. Then let a0 0 and define a sequence of pairs {(rn, ffn)}n
by induction as follows. Let rl be the first K C such that x F and let al
inf{t 0: z(t) F }. Assuming rn, fin have been defined, on {a < }, let rn+l
be the first K C such that z(a) F and let ffn+l inf{t => fin: z(t) ern+ }"
On {an +}, define r+l rn and an+l a. By the continuity of the paths
of z(.), a + as n . Thus, it suffices to prove the uniqueness in law of
(z(. A an), y(" A an)) under Q for each n. This follows in the same manner as in the
proof of Theorem 5.4, except that in place of the remark following Theorem 5.3, one
uses the uniqueness of stopped SRBM’s with data (SK, , F, RK), where K C (and
hence FK ) established in the remark following Corollary 5.15.

The Feller continuity and strong Markov property follow in the same manner as
for Theorem 5.14.

This completes the induction step and hence Theorem 1.3 holds for all d 1.
We define an SRBM with initial law p as in Definition 4.2 with T .
COROLLARY 5.16. For any probability distribution on the Borel sets in S, there

is an SRBM associated with (S, 0, F, R) having initial law and this SRBM together
with its pushing process Y is unique in law.

Proof. By the Feller continuity of the probability measures {Q, x S} defined
in Theorem 1.3, P(.) f Q(.)(dx) is well defined as a probability measure on

(C,). It can be readily verified that the canonical processes (z(.), y(.)) under P
define an SRBM and pushing process with the desired properties.

For uniqueness one considers the probability measure Q induced on (C,) by an
SRBM with initial law p. Then one takes regular conditional probability distributions
of Q relative to 0 to reduce the problem to uniqueness starting from a fixed point
in S, and then one applies the uniqueness already established in Theorem 1.3.

Appendix A. Continuity of solutions of martingale problems. Let S be
an arbitrary metric space and jt be an algebra of continuous, real-valued functions
defined on S and suppose that the constant functions are in ,4. Let L and Di,
1,..., m, be linear operators mapping A into ,4. Assume that

(i) A, defined by

A(f, g) 1/2 (L(fg) fLg gLf} for all f,gA,

is a derivation, i.e.,

A(fg, h) fA(g, h) + gA(f, h) for all f,g,hA,

(ii) for each E {1,... ,m}, Di satisfies the product rule

Di(fg) fDig + gDif for all f,gA.
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LEMMA A.1. Let (t,9v, {9t},P) be a filtered probability space on which are

defined processes Z, yO, y1,..., gm such that Z is an adapted process with paths that
P-a.s. are in S and are right continuous with finite left limits, and yO, y, Y’ are
adapted processes that are P-a.s. continuous and locally of bounded variation. Suppose
that f E .4 and for g f, f2, f3, f4,

(A.1) Mt =- g(Zt) Lg(Zs) dY Dig(Zs) dye, t >= 0,

is an {.Tt}-local martingale under P. Then f(Z) and Mf are P-a.s. continuous and
the quadratic variation process, [Mf, Mf]t 2 f A(f, f)(Z)dY for all t >= O.

Remark. This lemma was proved by Bakry and Emery [2, pp. 182-184] for the
case where y0(t) t and Yi 0, 1,..., m. The generalization stated here follows
by minor modification of their proof, as we show below.

Proof. So that we may apply stochastic calculus, we assume that (t, 9, {9t}, P)
has been completed. In the following, terms such as almost surely (a.s.) and (local)
martingale will be relative to this filtered probability space. By Lemma 2 of Bakry-
Emery [2, pp. 182-184], it suffices to show that H(MI, A) is a local martingale
for n 1,2,3,4, where A{ 2f A(f,f)(Z)dY and H(x,a) are the Hermite

polynomials: ->_0 H(x, a)un exp (xu- 1/2 au2) for all u E R. Note that H
Hn-1, -5-HnO -1/2 H,_2, where Hn 0 for n < 0. By an identity for Hermite
polynomials we have for n __> 0,

k
Y H,_k(x, a)H(x + y,a) E -.

O<_k<_n

Then, by applying (A.1) with g f, we have

Hn(M[’nft E (f(Zt))k
k----y--. Hn_ 

O<_k<_n

( )(A.2) nf(Z)dY Df(Z)dY, A{

Fix n { 1, 2, 3, 4}. Now we have the integration by parts formula d(WY)t Vt dWt +
Wt dVt, where W is a semimartingale with paths a.s. in DR[0, c) and V is a process
that is a.s. continuous and locally of bounded variation. By combining this with (A.2)
and (A.1) for d(f(Zt)) k, we obtain
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E Hn-k(’") Lfk(Zt)dYt + E Dfk(Zt) dYti
O<_k<_n i---1

E (k- 1)’ H,_k(...) Lf(Zt)dYt + E Dif(Zt)dYt
l<_k<_n i--1

fk-2(Zt)
2)! H_k(. .)A(f f)(Zt) dYt.

By the properties (i) and (ii) of A, DI,..., Dm, we have

Lfk kfk-lLf + k(k- 1)fk-2A(f, f)
Lfk O for k=0, Lfk Lf
Difk kfk-lDif for 1,...,m,

Difk O for k-0.

for k >__ 2,

for k 1,

k>l

Combining the above yields:

dHn(M[,A{) E -. H-k(’" ")dMi
O<_k<_n

and hence Hn(MI,Ay) is a local martingale. Thus, by Bakry-Emery [2, Lem. 2,
p. 182], My

is P-a.s. continuous with quadratic variation process A’, and consequently
f(Z) is P-a.s. continuous.

Appendix B. Proof of Theorem 3.2. The following lemma plays a critical
role in our proof of Theorem 3.2 and is also used elsewhere in the paper, e.g., in 4.
For our purposes, we only need that the constant C depends on S alone. The more
general statement of dependence on {hi, E J} alone is included here for potential
future use in other applications.

LEMMA B.1. There is a constant C >= 1 which depends on {n,i E J} such that
for each K" K C J and FK , and each x S,

(B.1) d(X, FK) <= C E(ni x bi).
iEK

Proof. For fixed K such that g K C J and FK , the estimate (B.1)
follows from a theorem of Hoffman [25], with supporting lemmas proved by Agmon
[1]. To see how Hoffman’s theorem applies one needs to let his matrix A have rows
given by {-n, J; n, K} and his b have entries {-bi, J; b, E K}.
His functions Fm, Fn can be taken to equal the usual Euclidean distance functions on
m nR R respectively. Examination of Hoffman’s proof reveals that the constant C
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can be chosen to depend only on the rows of A (and not on b). Since there are only
finitely many K C J, the constant C can be chosen to depend only on {ni, i E J}.

Proof of Theorem 3.2. We shall use an induction procedure to define a function
g, e C(S) satisfying Dgm ->_ 1 on Fi for all e J {1,..., m}. First we need some
definitions.

From condition (S.b), for each maximal K c J, there are c/K > 0 for i K such
Kthat ?]K_ EiEK Ci n satisfies

K(B.2) -v>0 for all iK.

Without loss of generality, we may and do assume that

1
(B.3) E cK "
Let

c- min{cK" K, K is maximal},
min{ni, x bi" x FK, Fi N FK , K is maximal}.

Note that by (B.3), c <__ 1/2. Since IKI <__ m for all K c J, by Lemma B.1, there is a
constant C _> 1 such that

(B.4) d(x, FK) -<_ C maxEK(n x b),

for all x S, K" K c J and FK # .
0, 1,..., m} as follows:

Define a sequence {(3,t,/k), k

7m 2(C + 1)’ /3m CTm,

/o --, 30 c3’o.

Note that 7k/3k 1/c >= 2, /k/’)’k-1 C _>_ 1 for all k for which these expressions are
defined. Let 3A0 denote the collection of all maximal K c J, together with the empty
set. For each K Ado and 0 _<_ k __< m, let

Bk’K {x q: ni. x- bi >= 7k for each K},
Bk,K {X S: hi" x bi <-_ k for each E K}.

Let and be twice continuously differentiable, nondecreasing functions defined from

R+ into R+ such that

1

(x)= x-1 for 0=<x=<,
0 for x__> 1,

{(x)- 0 for 0<__x__<g,
1 for x_>_l.
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We now begin the induction proof. Let go 0 and M0 0. Note that Di(o >
-M0 on Fi and Fi 0 B’z O, Vi E J. Fix 1 __< k __< m and suppose that gk-1 C(
and Mk-1 ->_ 0 have been defined such that for each J:

(B.5) Digk_ >=--Mk_ on Fi,

Digk-1 _>- 1 on Fi Bk-l’K

(B.6) for all maximal K: IKI __< k- 1 and i K.

Note that if K, then F Bj’g
0 for 0 __< j =< m.

For each maximal K c J satisfying IKI k, let ai > 0:

K
aK7 "Vi >= k(Mk-1 + 1) for all K,(B.7)

and define

(8.8) fK(X) aK

whercx
g

is a fixed but arbitrary point in F. Note that x
g

FK implies that
n. x be for all i K. Observe that fK C(S). For i K,

Dfg 0 on F,

since for x F, n x b and then ((n x b)/k) 0, ’((n x b)/k) O.
For i e K,

(B.9) DfK(x)
K

aK 7 vi

O,

For the two inequalities above, note that. (z z V’ (x x)
iEK

X Fif’! Bk’K,

?]K (X X
K ) > Mk- + 1,

x F 0 Bk’K ffl Bk,K,

x Fi ffl Bk’K and

KCK.

{ ieK cK(ni "x --bi) >__ 0 Vx S,

ZieK cK(ni x- bi) < -ieK cK/k VX e Bk,K

For the last equality in (B.9), note that if x F B’K for some 0" ] k,
K K, there is j K K and so n x b which implies

)=
iK
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and hence

Define

?K. (X--XK)) 0,

( )+(B.10) Mk Mk-1 + E’ inf DifK(x)
xEFi, iEK

(B.11) gk gk-1 + E’ fK,

where ’ is summation over all maximal K with IKI k. Then for each J,

(B.12) Digt >-_-M on Fi.

Fix maximal: I:1 __< k, :. Then on F N Bk’g,

Digk { Digk-Digk- ++ Dif/_,v,,,rji J K,--t’’’DifK’ ifif IKl_<_k-1,

where " is summation over all maximal K such that IKI- k, i K, K :, and
y/" is summation over all maximal K such that IKI- k, K.

We claim that the right member above is greater than or equal to one. This can
be seen as follows. For the case IKI _<_ k- 1, this follows from the induction assumption

(B.6), the fact that Bk’g
C Bk-l’K, and (B.9). For the case I:1 k, we consider two

possibilities. First, if x F Bk’K N Bk,, then Dgk(x) >= -Mr:-1 + (Mk-1 + 1) + 0
Cby (B.5), (B.9). On the other hand, if x F A Bk’K Bk,, we claim

(B.13) x e U Bk-I’L
L maximel

This can be proved as follows. For x Fi N Bk’K Bk,K,

nj.x-bj >=/k for all jK,

and for some J0 K,
njo x bjo > k.

Thus, x FM for some M C J: IMI < k, M is maximal, M. If x Bk-i’M then

(B.13) holds. If x Bk-i’M, there is jl M: nil. x- bjl < /k-1. Note from the
definition of 5 that Fj must meet FM, because x FM and nj x bjl < . Let
M’ C J be maximal such that

M’ D M U {jl}, FM, FMu{jl}.

For each j M’,

(B.14)
ny x by <= d(x, FM, d(x, FMu{y })

__< C max (n. x- be) < C"k-1 --k < "k.
/eMU{j}
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It follows that M’ does not meet c U {J0} and so IM’I =< k 1. If x C Bk-i’M’

(B.13) holds. If not, there is je t M’ such that nj.. x- bj2 < 7k-l- Let FM, such
that d(x, FM, Ix -1. Then

nj. "Y. bj2 nj. (2 x) + ny. x bje
(B.15) <-_ "’ Xl + k--1 d(x, FM,) + k-1 -<-- k --")’k-1 < k < ("

Thus, Fj must meet FM,. Let M" C J be maximal such that

M" D M’ U {j2 }, FM" FM’u{j } FMU{jl,j }.

Continuing in a similar manner to that from (B.14) onward, we must eventually get
x Bk-l’L for some maximal L satisfying ILl _-< k- 1, L, since we augment
the index set by at least one at each stage. Then we see that for IKI k, x

BCFiN Bk’K N k,K, Digk ->- l + O + O by (B’13) (B.6) (B.9) Thus,

Digk _>- 1 on Fi CI Bk’K for all K maximal: IK] =< k, K.

This completes the induction step and so there is g, C(S) such that for each J,

Digm _-> 1 on Fi C1Bm’K for all maximal K: ]K __< rn, c K.

The proof is completed by observing that for each x Fi there is a maximal
set L such that ILl _<_ rn, L, and x FiBm’L. The last statement can be
proved in a similar manner to (B.13) as follows. Fix x Fi. Let M be a maximal

set containing such that x c FM. If x Bm’M, then there is jl M such that

nil x- bjl < 3’, < 5/2. Then Fjl must meet FM. Let M be maximal such that

M’ D M U {jl} and FM, FMU{j} If x Bm’M’ we are finished. If x Bm’M’,
then we proceed in a similar manner to that for x Bm’M. In particular, one has to
do a calculation similar to that in (B.15) using the fact that d(x, FM,) <= C"/m < /2.
Continuing in this manner, incrementing the index set by at least one at each stage,
we must eventually obtain a maximal set with the desired properties.

Acknowledgment. The authors would like to thank Mike Todd for providing
a reference to a proof of Lemma B.1.

REFERENCES

[l] S. AGMON, The relaxation method for linear inequalities, Canad. J. Math., 6 (1954), pp. 382-392.

[2] D. BAKRY AND M. EMERY, Diffusions hypercontractive, Sdminaire .de Probabilitds XIX, Lect.
Notes Math., Vol. 1123, Springer-Verlag, New York, 1985.

[3] R. F. BASS AND E. PARDOUX, Uniqueness for diffusions with piecewise constant coejCficients,
Probab. Theory Rel. Fields, 76 (1987), pp. 557-572.

[4] A. BERNARD AND A. EL KHARROUBI, Rdgulations ddterministes et stochastiques dans le premier
"orthant" de Rn, Stochastics Stochastics Rep., 34 (1991), pp. 149-167.

[5] M. BRAMSON, Instability of FIFO queueing networks, Preprint.
[6] , Instability of FIFO queueing networks with quick service times, Preprint.

[7] A. BRONDSTED, An Introduction to Convex Polytopes, Springer-Verlag, New York, 1983.

[8] H. CHEN AND A. MANDELBAUM, Leontief systems, RBV’s and RBM’s, in Appl. Stoch. Analysis,
M. H. A. Davis and R. J. Elliott, eds., Gordon and Breach Science Publishers, New York,
1991.

[9] , Stochastic discrete flow networks: Diffusion approximation and bottlenecks, Ann. Prob-

ab., 19 (1991), pp. 1463-1519.



40 J. G. DAI AND R. J. WILLIAMS

[10] K. L. CHUNG AND R. J. WILLIAMS, Introduction to Stochastic Integration, 2nd ed., Birkhuser,
Boston, 1990.

[11] J. G. DAI AND J. M. HARRISON, Steady-state analysis of RBM in a rectangle: Numerical methods
and a queueing application, Ann. Appl. Probab., 1 (1991), pp. 16-35.

[12] The QNET method for two-moment analysis of closed manufacturing systems, Ann.
Appl. Probab., 3 (1993), No. 4.

[13] J. G. DAI AND T. G. KURTZ, Characterization of the stationary distribution for a semimartingale
reflecting Brownian motion in a convex polyhedron, Preprint.

[14] ., A multiclass station with Markovian feedback in heavy traJc, Preprint.
[15] J. G. DAI AND V. NGUYEN, On the convergence of multiclass queueing networks in heavy traJ:fic,

Ann. Appl. Probab., to appear.
[16] J. G. DAI AND Y. WANG, Nonexistence of Brownian models of certain multiclass queueing

networks, Queueing Systems: Theory and Applications, 13 (1993), pp. 41-46.
[17] S. N. ETHIER AND T. G. KURTZ, Markov Processes: Characterization and Convergence, John

Wiley, New York, 1986.
[18] M. FIEDLER AND V. PTK, Some generalizations of positive definiteness and monotonicity,

Numerische Mathematik, 9 (1966), pp. 163-172.
[19] J. M. HARRISON, Brownian Motion and Stochastic Flow Systems, John Wiley, New York, 1985.
[20] , Brownian models of queueing networks with heterogeneous customer populations, in

Stochastic Differential Systems, Stochastic Control Theory and Their Applications, W.
Fleming and P.-L. Lions, eds., 10 (1988), pp. 147-186.

[21] J. M. HARRISON AND V. NGUYEN, The QNET method for two-moment analysis of open queueing
networks, Queueing Systems: Theory and Applications, 6 (1990), pp. 1-32.

[22] , Brownian models of multiclass queueing networks: Current status and open problems,
Queueing Systems: Theory and Applications, 13 (1993), pp. 5-40.

[23] J. M. HARRISON AND R. J. WILLIAMS, Brownian models of open queueing networks with homo-
geneous customer populations, Stochastics, 22 (1987), pp. 77-115.

[24] J. M. HAPPISON, R. J. WmLAMS, AND H. CHEN, Brownian models of closed queueing networks
with homogeneous customer populations, Stochastics, 29 (1990), pp. 37-74.

[25] A. J. HOFFMAN, On approximate solutions of systems of linear inequalities, J. of Research of
the National Bureau of Standards, 49 (1952), pp. 263-265.

[26] N. IKEDA AND S. WATANABE, Stochastic Differential Equations and Diffusion Processes, North-
Holland, New York, 1981.

[27] M. G. KREIN AND M. A. PUTMAN, Linear operators leaving invariant a cone in a Banach space,
Trans. Amer. Math. Soc., 10 (1962), pp. 199-325.

[28] T. G. KURTZ, Martingale problems for constrained Markov processes, in Recent Advances in
Stochastic Calculus, J. S. Baras and V. Mirelli, eds., Springer-Verlag, New York, 1990.

[29] Y. KWON AND R. J. WILLIAMS, Reflected Brownian motion in a cone with radially homogeneous
reflection field, Trans. Amer. Math. Soc., 39 (1991), pp. 739-780.

[30] V. NGUYEN, Processing networks with parallel and sequential tasks: Heavy .traJfic analysis and
Brownian limits, Ann. Appl. Probab., 3 (1993), pp. 28-55.

[31] W. P. PETERSON, A heavy tra]fic limit theorem for networks of queues with multiple customer
types, Math. Oper. Res., 16 (1991), pp. 90-118.

[32] M. I. REIMAN, Open queueing networks in heavy traJfic, Math. Oper. Res., 9 (1984), pp. 441-
458.

[33] , A multiclass feedback queue in heavy traffic, Adv. Appl. Probab., 20 (1988), pp. 179-
207.

[34] M. I. REIMAN AND R. J. WILLIAMS, A boundary property of semimartingale reflecting Brownian
motions, Probab. Theory Related Fields, 77 (1988), pp. 87-97; 80 (1989), pp. 633.

[35] A. N. RYBKO AND A. L. STOLYAR, Ergodicity of stochastic processes that describe the functioning
of open queueing networks, Problems of Information Transmission, 28 (1992), pp. 3-26. (In
Russian.)

[36] D. W. STROOCK AND S. R. S. VARADHAN, Multidimensional Diffusion Processes, Springer-
Verlag, New York, 1979.

[37] L. M. TAYLOR AND R. J. WILLIAMS, Existence and uniqueness of semimartingale reflecting
Brownian motions in an orthant, Probab. Theory Related Fields, to appear.

[38] W. WHITT, Large fluctuations in a deterministic multiclass network of queues, Management
Science, to appear.


