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A MULTICLASS STATION WITH MARKOVIAN FEEDBACK
IN HEAVY TRAFFIC

J..G. DAI anp THOMAS G. KURTZ

This paper proves a heavy traffic limit theorem for a multiclass service station with
Markovian feedback. This result generalizes the one proved by Reiman (1988). Our approach
also significantly simplifies Reiman’s original proof. Numerical examples are presented to
illustrate the effectiveness of the QNET method which is rooted in the theorem.

1. Introduction. We consider a multiclass single server station. There are c
classes of customers, and each class k has its own exogenous arrival process
E, ={E,(¢), t > 0} (possibly null), where E,(¢) is the number of class k customers
who arrive at the network by time ¢. For each customer class k =1,...,c, it is
assumed that E,(0) = 0. We denote by E the c-dimensional process with components
E,, ..., E . (All vectors are envisioned as column vectors.) The service time for the
ith class k customer is v, (i). Let Vi (n) = v, (1) + - +v,(n). We call {V,(n), n > 1}
the class k service process. Upon completion of service at the station, a class k
customer becomes a customer of class / with probability P, and exits the network
with probability 1 — ¥, P,,, independent of all previous history. To be more precise for
the last statement, let ¢*(n) be the routing vector for the nth class k customer who
finishes service at the station. The /th component of ¢*(n) is one if this customer
becomes a class / customer and zero otherwise. Therefore, ¢*(n) is a c-dimensional
“Bernoulli random variable” with parameter P;, where P, denotes the kth row of
P = (P,,) and prime denotes transpose. We assume that ¢ = {¢*(n), n > 1} is i.i.d.,
and ¢',..., ¢¢ are independent and are independent of the arrival processes and
service processes. Such a routing mechanism is often called Bernoulli routing. The
transition matrix P = (P,) is taken to be transient. That is,

(1.1) I+ P+ P?+ - is convergent.

This condition implies that all customers eventually leave the system. Hence the
systems we are considering are open queueing systems. We assume that the waiting
buffer at the station has infinite capacity, and that customers are served on a
first-in-first-out (FIFO) basis. Hereafter, we will refer to such a system as a rmulticlass
station. Our multiclass station model is very general by conventional standards.
Besides that inter-arrival time and service time distributions for each customer class
can be general, arrival processes and service processes among different classes can be
dependent. Furthermore, the arrival processes can also be dependent on the service
processes. The main assumption we will make is that the 2c¢-dimensional vector of
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arrival processes and service processes jointly satisfies a functional central limit
theorem, see (2.6). This assumption is quite mild. -

The main result of this paper is to prove a heavy traffic limit theorem (Theorem 2.1)

which says that the workload process, properly normalized, will converge to a
one-dimensional reflecting Brownian motion (RBM) under the heavy traffic condi-
tion. Reiman proved a similar heavy traffic limit theorem in Reiman (1988) under the
additional assumption that the number of visits to the station by each customer is
bounded by some prespecified bound. There are two major contributions in  this
paper. First, the model considered here is more general than the one considered by
Reiman (1988). The major added generality is that we allow Markovian feedback
among different customer classes. Markovian switching among classes can be used to
represent the sort of probabilistic routing that arises from rework, spoilage, and the
like. Because there is no prespecified bound on the number of visits to the station by
each customer, this generality cannot be handled by Reiman’s original proof. Next,
the approach used in our proof is new. In many ways it is more systematic. It has the
potential to be generalized to certain multiclass networks with feedback.
- It is known that to prove a heavy traffic limit theorem for a general multiclass
network is difficult, see Dai and Wang (1993), Whitt (1993) and Dai and Nguyen
(1994) for more elaborate discussions. Indeed, Bramson (1994) has recently shown
that the fundamental question of stability for FIFO queueing discipline in a nonde-
terministic multiclass queueing network has not been resolved; in particular, the
traditional definition of heavy traffic in terms of nominal traffic intensities being close
to one at each station is not appropriate for all multiclass networks. It is a challenging
open problem to determine a suitable class of multiclass networks with feedback for
which the heavy traffic limit theorem prevails. Known heavy traffic limit theorems of
the type discussed in this paper for open networks were proved by Iglehart and Whitt
(1970a, b), Reiman (1984), Johnson (1983), Peterson (1991), Reiman (1988) and Chen
and Shanthikumar (1994). ‘

The primary motivation in proving heavy traffic limit theorems is for performance
analysis of queueing networks. In the case that a heavy traffic limit theorem prevails
for a queueing network, a Brownian system can be used to approximate the queueing
network. Such approximations, known as the QNET methods, were proposed in
Harrison and Nguyen (1993). Even under the assumption that all arrival processes are
independent Poisson processes and class k service times are independent identically
distributed (i.i.d.) exponential random variables and some additional independence
assumptions, the multiclass station discussed in this paper is not subject to exact
mathematical analysis. This is the nature of many multiclass networks with class
dependent service times. The heavy traffic limit theorem proved in this paper provides
a rigorous justification for using a Brownian model to approximate the queueing
system. Hence the Brownian model provides a practical tool for performance analysis
of a multiclass station. In §5, we present two numerical examples to illustrate the
effectiveness of the QNET method for performance analysis of the multiclass station.

Let us introduce notation that will be used in this paper. As mentioned earlier, all
vectors are envisioned as column vectors. Prime denotes transpose. We use e to
denote the vector of ones, whose dimension will be determined from the context.
Unless otherwise stated, vector operations and relations are interpreted component-
wise. Therefore for x = (xy,...,x.Y, x| = (x,},...,|x,Y. To rigorously state our
convergence result, we need to introduce the path space D°[0, ), which is the space
all functions f: [0,%) — R¢ which are right continuous on [0, %) and have finite left
limits on (0, ). The path space D°[0, =) is endowed with the Skorohod topology, see
§3.5 of Ethier and Kurtz (1986). For a sequence {X"} of D[0, <)-valued stochastic
processes and X € D°[0, ), we write X"(-) = X(-) if X" converges to X in distribu-
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tion. For a function f: [0,%) - R and ¢ > 0, put

Ifll.= sup |f(s)l,

0<s<t

and for a vector of functions f = (f,,..., f,): [0,%) - R* and ¢ > 0, put

1A= (W filles S Mflle

A sequence {f"} of functions f": [0,0) - R¥ is said to converge uniformly on
compact sets (w.o.c.) to f: [0,%) - R* if for each t >0, [|f" — fll; > 0 as n — .
(The symbol zero denotes either the zero vector or the zero scalar, depending on the
context.) For a sequence {X"} of D0, )-valued stochastic processes and X €
D0, ), we write X"(-) - X(- ) u.o.c. if almost surely, X" converges to X uniformly
on compact sets.

The paper is organized as follows. The main theorem is stated in §2 with
preliminaries presented in §3. Section 4 proves the main theorem. The paper
concludes with §5, where two numerical examples are presented.

2. The heavy traffic limit theorem. Recall that {¢*(1), $*(2),...} is a sequence
of i.i.d. routing vectors for class k customers. The /th component of the vector ¢*(i)
equals 1 if the ith class k customer next goes to class /, and all other components are
zero. Also, define the c-dimensional cumulative sum processes

(2.1) O(r) = 5(1) + - +$4(r).

Let W(t) be the immediate workload at time ¢. It is the amount of time that the server
has to work to empty out everyone at the station provided that no more external and
internal arrivals to the station are allowed. In order to rigorously state a heavy traffic
limit theorem, we need to consider a “sequence of systems” indexed by n. Our setup
here follows closely that of Harrison and Nguyen (1993). Let a" and m" be two
sequences of nonnegative vectors. We interpret «;' the external arrival rate for class
k customers associated with the nth system. Slmllarly, 1/m7% will be the service rate
for class k customers. We assume, however, that the routing vector does not depend
on n. Because P is transient, (I — P') is invertible and

(2.2) (r-p)7" Z(P'
Let
(2.3) M =(I-P)lan

-We define the traffic intensity for the nth system p” to be

c

(2.4) Z “m.

Before we state the main theorem, we need to define some scaled processes. For
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eacht > 0and n > 1, set

En(t) = 74’.1.—(15"(,1:) o),
Pn(t) = -‘/%(V"([m]) — mnt),
din(r) = —1‘/’7—(c1>,1([nt]) —Pent),  i=1,..,ck=1,..c,

Wr(r) = %W”(nt),

where [x] is the integer part of x, and E"(-), V"(-) and W"(-) are corresponding
processes associated with the nth system. (Again, note that the processes @' do not
change with n.) It follows from the classical functional central limit theorem (Donsker’s
Theorem) that as n — oo,

(2.5) in =gl i=1,...,c.

where ¢° is a c-dimensional zero-drift Brownian motion with covariance matrix
[i@i=1,...,c)and &¢',..., £° are independent. It can be verified that

o [P =Be) k=1,
K7\ —P,P, if k # 1.

We now assume that
(2.6) E™ and V" satisty a joint functional central limit theorem.
Because the Brownian motion has continuous sample paths and the Skorohod
representation theorem holds, we may assume throughout this paper that the se-

quences {E"(t), t > 0} and {V*([t]), t > 0}, and {®""([¢]), ¢t > 0} can be constructed
on a common probability space such that as n — oo,

(2.7 E" > ¢% uo.c.
(2.8) V"> £, uo.c.
(2.9) O > ¢l woci=1,...,c,

where (¢4, £°) is a 2¢-dimensional zero-drift Brownian motion with covariance matrix
T, and it is independent of (&¢1,..., £°).

THEOREM 2.1.  Assume that (2.6)—(2.9) hold. Assume further that as n — o,
(2.10) NM=(T-P)'a">Ar>0,
(2.11) m* - m>0,

(2.12) Va(p"—1) > 6.
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Then the sequence of normalized workload processes

(2.13) Wn(t) — WH(1) = %Z*(r), 4.0.c.oasn — o,
where

(2.14) B=|1+ ém'(P')")\),

(Q15) 250 = £ + 0= int (£5(5) + 65),

(2.16) EX(t) = €€ (M) +m'(I - P’)”l(g"(t) + Zc_‘, (N
I=1

REMARK 1. Assumptions (2.6)—(2.9) are quite mild. First, if arrival process E" is a
vector of independent renewal processes, V" is a vector of independent random
walks and it is independent of E", then by conventional Donsker type functional
central limit theorem (E", V", &b", ..., &) converges weakly to a multidimen-
sional Brownian motion under some add1t10na1 moment assumptions on E" and V"
The Skorohod representation theorem allows all these processes be constructed in
one probability space such that the convergence takes place as in (2.7)-(2.9).

REMARK 2. Assumptions (2.10) and (2.11) are quite natural. The key assumption
is condition (2.12). This is the so-called heavy traffic condition. It not only requires
that p” — 1, but also that p” converges to one at the specified rate.

REMARK 3. It can be checked that £*(¢) is a one-dimensional Brownian motion
with zero drift and variance

2= (m' (1= P) VN (m (1= P) VN
(2.17)

c

+m(I-P) (2 )(I—P)“m,

where VX = (\/Z yeens \/X; ). It follows that Z* is a one-dimensional reflecting
Brownian motion with drift 6, and variance o2, see §5.6 of Harrison (1985).
Therefore, W* is an RBM with drift §/8 and variance o%/B82 As we will see in
later sections, Z* is the heavy traffic limit of the total workload process of the
multiclass station. This fact was also proved by Iglehart and Whitt (1970b). While it is
straightforward to obtain this limit, it is difficult to get the kind of convergence in our
theorem.

REMARK 4. The limit {#W*(¢), t > 0} of immediate workload processes can be used
to estimate performance measures of the multiclass station (see §5). From this
theorem, one can also easily establish that normalized class level queue length
processes and class level workload processes converge to a constant times W*(¢); see
Corollary 4.1. This result was also proved by Reiman (1988). Peterson (1991) proved
an analogous result for feedforward networks.

3. Preliminaries. Let us for the moment fix a system in the sequence and
temporarily drop the superscript n for notational convenience. First let Z(¢) denote
the sum of all future service times at the station for customers who are present at the
station at time ¢, plus the remaining service time of any customer who may be in
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service at the station at time ¢. If there were no new external arrivals to the station
after time ¢, the Z(¢) would represent the total amount of work required from the
server to empty out the system. Thus, it is also called the total workload at the station.
Let N,(t) be the total number of visits to class k¥ made by those customers who enter
the system before time ¢ (regardless of the entering customers original class designa-
tion). Assuming initially that the system is empty, we have

Ni(t) = Ey(r) + ,Z BLN(1)),
or in vector form
(3.1) N(t) = E(t) + ¥ ®(N (1)),
=1

Let Y(¢) be the cumulative idleness time for the server by time ¢. Then t — Y(¢) is the
cumulative time that the server has been busy by time ¢. Hence, we have

Z(t) = X Vi(N(t)) — £ + ¥(2),
k=1

Z(t) >0,
Y(-) is nondecreasing and Y(0) = 0,
Y(+) increases only when Z(t) = 0.

The last assertion holds because FIFO is a work-conserving queueing discipline.
Define the following centered processes

(32) E(t) = Ex(t) - at,
(33) Ve(r) = Vi(r) = myr,
(34) bi(r) = Bir) = Pyr,
(3.5) : N (1) = N(t) = Agt.

It follows from (3.1) that
N(t) = E(t) + X ¥/ (N (1)) + P'N(1),
=1
or

(3.6) Nty = (1= Py ) + 5 &),
l=1
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One can rewrite Z as

3}

Z(t) = (I}k(Nk(t)) + mkﬁk(t)) +(p—Dt+Y(1)
k=1
={(t)+ (p— Dt +Y(1),
where
() ()= % (%N(0) + mK(0).

It follows by the usual reflection argument, see §2.2 of Harrison (1985), that
(3.8) Z2(t)=¢(0) + (p= Dt = inf (£(5) +(p=1)s).

Recall that W(¢) is the immediate workload at the station at time ¢. Obviously, we
have

(3.9) W(t) <Z(t) fort>0.
It turns out that proving the heavy traffic limit for Z is relatively easy. However, to
prove the heavy traffic limit for W is difficult. In order to make the connection

between W and Z, we derive a set of equations for W. Let A4,(¢) be the total number
of customer visits to class k by time ¢ and

Ak(t) = A (1) — At

Then,

(310)  W(t) = ¥ V(A1) — 1+ ¥(2)
k=1

Z (Pl Ay(0)) + muAy(1)) + (o = Dt +Y(0),

w(t) =0,
Y(-) is nondecreasing and Y(0) = 0,
Y(-) increases only when W(t) = 0.

For each ¢t > 0, define 7(¢) to be the arrival time of the customer who has the most
recent service completion or the beginning of the most recent idle period, whichever
is later. Note that this definition makes 7(¢) monotone. This definition of 7 was first
introduced by Reiman (1988) and later used by Peterson (1991) and Dai and Nguyen
(1994). It is a key quantity linking workload for different classes to the immediate
workload under the FIFO queueing discipline. One can first check that A,(r(¢)) is
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the total number of customer departures from class k by time ¢. One can next check
that

(3.11) A1) = E(0) + £ Bi(4(7(0)).
Let
(3.12) T(t) =t - 1(1).

Using (2.3) and the vector form of (3.11), we have
c
(3.13) A(t)y =E(t) + ¥ ®'(A,(7(1))) + PA(7(1)) — PA3(2).
=1
Iterating (3.13) k — 1 times, we have

k . A k - c 5 ]
(3.14) A(t)=_g(P')’"‘E(T'-I(t))+E(P')’ (l§1¢(A,(T‘(t))))

k ; N A
— X (P A (r71(2)) + (P A(5(1)),
i=1 '
where
(3.15) : ti(t) = 7771 (r(t)) fori>1and r'(t) =t.
Because P is transient and 7%(¢) < ¢ for all k > 0, we have

(3.16) A(t) = g(P')"“E(T"-l(t)) + _‘i(P’)""( icia'(A,(T"(t))))

I=1
- g (P A3 (r71(2)).

In the remainder of this section, we derive an alternative expression for #(¢). Let
(3.17) €(t) =7(t) = W(r(1)).

Because we assume the FIFO discipline, €/(#) has the following interpretations. If the
server is idle at time ¢, €,(¢) is the idle time the server has experienced in the current
idle period. When the server is currently serving the first customer in the current busy
period, €,(¢) is equal to the amount of service that the customer has received plus the
last idle period. When the server is currently serving a customer who is not the first
customer in the current busy period, €,(¢) is the amount of service that the customer
has received. Let '

(3.18)
€,(¢) be the amount of service that the current customer has received or zero

if the server is currently in idle.
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It follows that we have the following alternative expression for W:

W(t)

kgl (Vi(A(1)) = Vi(A(7(2)))) — (t)

e(P(A(t)) = V(A(r(1))) + m (A(r) — A(7(1))) — &(t)
e (V(A(t) = V(A(r(1))) +m (A(t) — A(7(2))) + pi(t) — ex(2)

) - 66 (0) + Tl (PY(I= PR () - ()

where the last equality is based on (3.16) and

(3.19)

£ = P(A0) + Lo (P)7 B (1)

Sy Eaaco)

1

Noting that (I — P’)A = a, we have

W(r(1) = £(7() = £(7(1)) = ex(r(1)) + 2 m (P') et (r1%(1)).

Using (3.17), we have

(3.20)

Put

(3.21)
(3.22)
(3.23)

(3.24)

and

(3.25)

#(1) = e(1) + £(7(1)) = £(7(0)) — &(7(1))

+ ~§)m'(P’)ia‘i'(T"+1(t)).

Bi=m(P)a, i=01,...,

a(t) = (3(1), 7(7(1)), #(z2(8)), ... ) »

el = (1,0,0,...),,

e5(t) = €x(1) + £((1)) = £(77(1)) — ex(7(1))

By B B;
1 0 - 0
0 1 0

0 0 - 1
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Then we can rewrite (3.20) in matrix form,
() = e, &5(t) + On(7(1)).

Iterating this identity k times, we have
k . .
(3.26) n(t) = Y Qleyes(ri(t)) + Q¥ 'm(r**1(2)).
i=0

4. Proof of the heavy traffic limit theorem. Recall that we are considering a
sequence of systems indexed by n. Hence all processes introduced in §3 will have a
superscript n. The only exception is that we use 7,(¢) to denote 7(¢) in the nth system
because we have used 7/(¢) to denote the ith iteration of 7(¢). Let

(4.1) N(t) = ANn(m), (1) = 2 ar(m),
(42) R0 = g, A = =),
(43) En0) = eh(m), 2(0) = = 20(m),
(4.4) &) = er(n), N0 = =N().

LEmmA 4.1. Foreachk=1,...,c,
N/(t) > Mt w.o.c, asn— ®,

PROOF. "Let /(i) be the number of visits to class / by the ith external arrival to
class k. Then for each pair (k, ), {£*(), i > 1} is i.i.d., and for each I,

c E,:’(nt)
Ni(nt) = X X GF(D).
k=1 i=1

Therefore,

1 & Ep(m) 1 FEw
lim —N/(nt) = lim Y kf1 ) YT Y 4G) = X aE[F(D)] as.
n—wo c(nt) o k=1

Because

E[Jrk(l)] =8+ X P = [(I_P)_I]kl’
m=1
we have

.1
lim —N/(nt) = Mt as.,
n—w n

where 8, = 1if k =/ and zero otherwise, and P™ is the mth power of P. Because
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N"(t) is a nondecreasing function of ¢ for each n, and At is a continuous function of
t, one can show that N*(¢) > At u.o.c., see Lemma 4.1 of Dai (1994). o

LEMMA 4.2. Asn — o,
N*(t) » (I-P)7 ' &°(t) + L ' (Mt)| ueo.c.
=1

Proor. It follows from Lemma 4.1 that
NMt) = Mt >0 u.o.c.
The lemma then follows from (3.6), (2.7), (2.9) and the continuity of Brownian
motions £° and £, i=1,...,c. O
THEOREM 4.1.  As n — o, Y™(t) — Y*(t) u.o.c. and Z" converges to the one-

dimensional reflecting Brownian motion Z*, where

Y*(t) = — inf (&*(s) + 0s) and Z*(t) = £*(t) + 6t + Y*(1)

O<s<t

and £*(¢) is defined in (2.16).

PrROOF. By Lemma 4.2, (3.7) and (2.8), one can check that £ "(¢) = ¢ "(nt) /Vn -
£*(t) u.o.c. The proof follows from (2.12) and the continuity of the mapping (3.8). o
P pping

LEmMA 4.3. Foreacht > 0 and fori = 1,2,

“—‘/i_—e{‘(n ) I -0 asn— o,
t
where €, and e, are defined in (3.17) and (3.18).
PrOOF. The lemma follows from Lemma 3.3 of Iglehart and Whitt (1970a). o

LemMaA 4.4, There exists. a random variable k independent of n such that for each
sample path and each t > 0,

"'7'"(')"t <k foralln.

ProOOF. From (3.17), we have

7.(s) = W"(7"(s)) + &(s)
(4.5)
<Z"(7,(5)) + &(s).
The lemma follows from (4.5), Lemma 4.3 and Theorem 4.1. o

Lemma 4.5. Foreachk=1,...,c, as n — o,
AL(t) > M, uwoo.c.
ProOF. First A}(t) — A}t = A%(nt)/n can be written as the summation of three

terms as in (3.16). Note that 7,(¢) < t. We have the following estimate for the term
corresponding to the first term in (3.16). (Recall that for a vector x = (x,,..., x,) we
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use |x| to denote (|x,l, ..., x,).)

sup | ¥ (P! LB (r T (ns))| < sup T (P) T S| Er(ni ()|

0<s<t |[i=1 O<s<t j=1
* 1 a1
Z Bl = (=P S Er )]

The last expression converges to the zero vector because of (2.7). Similarly, we can
prove that the term corresponding to the middle term in (3.16) converges to zero
u.o.c. The term corresponding to the last term in (3.16) converges to zero v.o.c. by
Lemma 4.4. It follows that A%(¢) — A}t > O w.oc. O

LEMMA 4.6. Asn — o,

£(t) - £*(1), w.o.c,

where £* is a one-dimensional Brownian motion defined in (2.16), with drift zero and
variance o* defined in (2.17).

ProOF. First from the definition of ¢ in (3.19) and (2.2), it follows that for any
s >0,

le(£"(s) = £2())| <[e (7"(A(5)) - €(29))]
>

(m"Y (P)' B () ) = i (P) 7 64(s)

(£ oe(al 3o

—m’(P’)i‘l(éf’(/\:S)) .

(4.6)

n

+Z

For any 0 < 5 < ¢, one has

(Y (P~ (i () = (P ()

< (mY (P B () - £9(9)
+|(m" = mY [(P)[£(s)]
< (my (P 7|57 o)) - o ni ()

+(m"y (P! +(m" — my (P! £(s)]

e () - £(s)
< (my (P EC) - g0
() (P) 7 (i () - £9(9)

+|(m" = my|(P) 7 ()]
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Therefore, for any 0 < s < ¢ the second expression in (4.6) is

T [y 2y Bt 9) = (2 )

el

Z m"Y (P)THE"() — ()l

+ X () e[ i () - 2(s)
i=1
+ 1= mY [P £ Ol

= (m"y(I=P)IE"() = ()l

k
+ X (Y ()77 () - £4(s)
i=1

+ X (P e () - £4()

i=k+1
+|(m" —mY|(I-P)” ||§()||¢

< (m'y (1= PYUE () = g0l

+é (m"y (P)"! 5“(%—7,:"1('”)) = &%(s)

+(m"Y (I - P')‘%P’)"znga(-)n, +(m" = m) |(I=P)7 Y ().

Because (P')* — 0 as k — , £%(-) is continuous, (2. 11), (2.7) and Lemma 4.4 hold,
we have

L oy ey g(Ra i) - mpy e o

Similarly, we can prove the first term and the third term converge to zero u.o.c.
Hence we have -f"(t) — £*(t) wo.c. 0OThe following lemma is the most critical to
the proof of our main theorem.

LEMMA 4.7. For each t > 0,

7300 = a0 wn e
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PrOOF. Let Q™ be defined as in (3.25) and 1" be defined as in (3.22) for the nth
system. From (3.26), we have

k+1

k .
(@) () = T (@) ermei(nitn) + (@) (5 ().

Let é = (1, —1,0,0,...Y and 7"(t) = n"(nt)/ Vn . Premultiplying both sides of (4.7)
by €', we have for each s such that 0 <s < ¢,

k+1l

k .
lea ()l < X le (@Y leila(mins) /m)] +]e(@) " |-z n (51 (ns)).

It follows from Lemmas 4.3, 4.4 and 4.6 that

"—}-_—eg‘(n ) ’ -0, asn - x,

n

where €3(¢) is defined in (3.24). Also, for each i > 1 we have |&(Q™)/| - leQ‘I as
n - oo, Therefore

) = ()| = tmsp sup e

nox  0gsgt

lim sup

n—o

n

160! ley limsup ||€F(-) |, + 1€ Qk”l limsup [|7"(-) |,

n—>w n—w

-

IA
iv-

|&'Q'le; limsup || &() |, + & Q**'|e limsup [|7"(-) |,

h—o H—®©

-~

A
-

Q** e limsup [|7(-) ]

n—ow

~

QK4 — Ok limsup [|7°(+)],,

n—ro

I
i

4

where e is the column vector of ones. Because k is arbitrary, the next lemma implies
that

lim sup

n-—ow

) = )| -0

and hence the lemma is proved. O

LeEMMA 4.8.  For the matrix-Q defined in (3.25),
lim E IQ{H,-I Q§+ll —_
k=g

PROOF. Recall the definition of B; = m'(P')a. One can check that T7_, B =1
because of (2.12). Hence the corresponding matrix Q is stochastic. Because each
component of m is strictly positive by assumption (2.11), one has Bir1=0if B, =0.
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Let p be the largest index i such that B; # 0 (or = o if none of the B; is zero).
Assume that p = . (For the case that p < », we can consider the p X p stochastic
submatrix of Q. The corresponding proof is analogous.) Because B; > 0 for each i,
the matrix Q is irreducible. Therefore, Q can be considered to be a transition matrix
of an irreducible, aperiodic discrete time Markov chain on state space {0,1,...,}.
Because P is transient, one can readily verify from (1.1) that

oo
Y iB; < .
i=1

Thus, the expected return time for the Markov chain to state zero is finite. Hence,
the Markov chain is positive recurrent. Because the Markov chain is aperiodic, it
follows that for each starting state /,

: Kk _ _
lim Qf; = m;, i=0,1,...,

k-

where 7 = (7, m,,...) is the stationary distribution for the Markov chain. Because
Q is row stochastic and 7 is a probability distribution, it follows from Chung (1974,
Theorem 4.5.4) that

=)
lim Z ,Qlk,l - 7Ti| = 0.
k— o i=1

Hence, we have
: <)
. k+1 k+1] _
lim Z lQl,i - Qz,i I" 0. o
k—w /[~
i=1
LEMMA 4.9. Foreacht > 0, as n - x,

sup
0<s<t

L (' (3o) - a3 o

i=1

ProoF. Because m" — m and A" — A, it can be checked that

limsup sup
n—-o  0<s<t

L (my ()2 (50) = 7 o) )|

i

< limsup sup

nox . 0<s<t |

(22 (56) - %n(%r,:'(ns)))l

+ limsup sup
nh— O<s<t

- ny AV = 1 i

I oty w50 = i)
k ' .

< Y (m)(P) Alimsup sup

i=1 n-ox - 0gs<t

AOREACED)

+m' (PN = P)"'A2 limsup sup [7.(5)].

n-©  0<s<t
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Because (P')**! — 0 and limsup,, _, ., sup, <, <, I7,(s)| is finite, it suffices to show that
for each i,

limsup sup
n-®  0<s<t

() = 7 7)) | = 0

This follows from Lemma 4.7 and

limsup sup
n—ow  0<s<t

mn~ﬂ%mmﬂ

“(n) - ‘/— AHE ))“

n—o t
ghmpimw—iﬂmmw
n—o ‘/-n_ ‘/;l- t

PROOF OF THEOREM 2.1. By (3.10) and (3.16), we have

W(t) = eV(A(t)) + mA(t) + (p— 1)t + Y(1)
(4.8) > L
= §(t) - ;_Ylm’(P’)’/\?(T“l(t)) +(p= Dt +Y(2)

where e is the c-dimensional vector of ones, p is defined as 1n (2.4) and ¢ is defined
in (3.19). Hence

W((0) = £(r()) = T (PYR(E(0) + (o= Dr(0) + V()
Therefore, by (3.17), |
(1 + é m'(P')ia)e(t)
(49) = £(r(1)) + (p = D7(0) + Y(7(1)) + (1)
+ Lm(PYARE) - ().

i=1

Because r(nt)/n -t woc, €£'(r,(nt))/Vn - £*(t) woc, Va(p" — 1) - 0,
Y*(r, (nt))/ Vn > Y*(¢) u.o.c. and Lemma 4.9 holds, we have

- 1
R1) = H(E5(1) + 01 4 Y*(1)) = %z*(:) =W (1) uoc,
where B is defined in (2.14). Thus for each i > 1,

(" (nt) /n) - %Z*(t) u.o.c.
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Also, similar to the proof of Lemma 4.9, one can show that

sup - 0.

O<s<t

¥ (e (2 25 (57 () 0) - 52°(5)

i=1

It follows from (4.8) that

Wh(t) —» £%(t) + 0t + Y*(t) — im’(P’)i)\%Z*(t)

i=1

= Z*(1) - im’(P’)i)\—ll-g-Z*(t)=—/1§Z*(t) woc. o

i=1

CoROLLARY 4.1.  Let W/(t) and Q}(t) be the workload process and the queue length
process for class k customers in the nth system. Under the condition of Theorem 2.1, as
n — o,

(4.10) %Q;;(nt) S A1) o,
4.11) —1—Wk"(nt) - AmW*(t) u.o.c.
( Ve

PrOOF. Recall the definition of 7,(¢) defined in §3. The number of class k
customers in the system at time ¢ is

| 1(1) = A(1) — A (n (1))
Let A}(t) = A}(nt)/ Vn . Then
J Q) = A0) ~ BR(0) + A (1),
Following the proof of Theorem 2.1 and (3.16), we have
An(t) » (1= P) "M &92) + z EX(At) = PAW*(1)], u.o.c.
k=1

Therefore,
1 n
—%—Qk(nt) = NWE(2).

Similarly, we can show that

W) = = (VE(AL)) = VE( AL () » AmW (1), woc. ©

5. QNET analysis. In this section we apply Harrison and Nguyen’s QNET
method to the performance analysis of the queueing system introduced in §1. The
QNET method was proposed by Harrison and Nguyen (1990, 1993) for the perfor-
mance analysis of general multiclass queueing networks. The heavy traffic limit
theorem proved in this paper justifies the QNET method for our system.
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Based on Theorem 2.1, the workload process W = {W(¢), t > 0} can be approxi-
mated by a one-dimensional reflecting Brownian motion (RBM) with variance (1 +
g)"%? and drift (1 +g)~!(p — 1), where o2 is definend in (2.17), p is the traffic
intensity defined in (2.4) and

(5.1) g= f:m'(P')‘A=m'(1—P')“A~p.
i=1

Note that from the definition in (2.14), 1 + g is simply B. The introduction of the
extra symbol g makes our analysis completely analogous to the one given by Harrison
and Nguyen (1993). (They used matrix G instead of g in their paper.) Assume that
p < 1. Then the limiting RBM has the exponential stationary distribution with mean
a?/(21 — pX1 + g)) (see, for example, §5.6 of Harrison (1985)). Therefore, the
QONET estimate of the average waiting time per visit to the station is

G2 BV = vy

Harrison and Nguyen (1993, §6) proposed a refined QNET method, which coin-
cides with their original QNET method proposed in Harrison and Nguyen (1990).
Specializing to our case, their refined QNET estimate can be obtained by replacing g
in (5.1) by § = g/p. The resulting average waiting time formula is the same as in (5.2)
except that g is replaced by g. When the system is in heavy traffic, these two
estimates are close. However, when the traffic intensity is moderate, say, less than
70%, the difference between these two estimates can be significant. It is expected
that this refined QNET should perform better most of the time. Readers are referred
to §6 of Harrison and Nguyen (1993) for an informal defense of the refinement. In
the remainder of this section, we present two network examples, where the refined
QNET estimates are compared with simulation estimates.

5.1. A feedback station with one type of customer. Pictured in Figure 1 is a
multiclass station, where customers arrive at the station according to a renewal
process with rate 1 and interarrival time squared coefficient of variation (SCV) c?
(SCV of a positive random variable is defined as variance divided by mean squared. )
Each customer visits the station exactly twice and then exits. It is assumed that service
tlmes {v,(i), i > 1} in the kth visit are i.i.d. random variables with mean m, and SCV
¢?y, k=1,2. We further assume that {v,(}), i > 1} and {v,(i), i > 1} are mutually
independent and they are independent of the arrival process. One can check that for
this model « = (1,0), m = (m,, m,),

0 1 .
P=(0 0) and T = diag(c?,0, mic?,, mjc?,).

A
Y

FIGURE 1. A multiclass station with feedback.
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2.2 2.2 2.2
Therefore, we have g = m,, o* = (my + m,)*cl + micl, + mjcl, and

2
(my +my) i + micl | +mic},
2(1 +my/p)(1 - p)

E(W(«)) =

In Harrison and Nguyen (1993), the authors also proposed the QNET estimates of
the total mean sojourn time in a network. Specializing to our case, the QNET
estimates of the total mean sojourn time is

2E(W(®)) + my +m, =2E(W(®)) + p.

We consider four versions of this queueing system. Each version corresponds to a
different triad of SCV’s (cZ, ¢Zy,¢Z,) chosen from the set: (1,1,1), (2,0.25,2),
(2,2,0.25) and (0.25,2,2). We label these four versions as systems A, B, C and D. In
each system we consider three cases: (m; = 0.8, m, = 0.1), (m; = 0.1, m, = 0.8) and
(m, = 0.45, m, = 0.45). Cases 1 and 2 have very different service requirements for
the two visits. Whereas for Case 3, each customer’s two mean service requirements
are the same. Table 1 gives the simulation estimates and QNET estimates of the total
mean sojourn time in the system and the mean waiting time for each visit to the
station. In simulation, service times and interarrival times are fitted with an Erlang
distribution, exponential distributions, or gamma distributions depending on the SCV
being less than one, equal to one, or larger than one, respectively. For example, when
service times have mean m and SCV c¢? =2, we use a gamma distribution with
density function

a—1

) = garggye ™S ¥ 0

to fit the service time distribution, where the shape parameter a = 1/¢? = 1/2 and
the scale parameter B = mc> The simulations were performed using SIMAN IV. In
all cases 10 replications were run. In each run we let 10,000 customers leave the
system. In this table as in all subsequent tables, the numbers in parentheses after the
simulation results represent the half-width of 95% confidence intervals, expressed as

TABLE 1. Simulation estimates and QNET estimates for the total mean sojourn
time and mean waiting time for each visit.

Sys / Case Mean Waiting Time Mean Sojourn Time
SIM ONET SIM ONET

A 1. 663 (887%) 657 (—090%) 1410 (8.37%) 14.04 (—0.43%)
2 378 (8.65%) 387 (238%) 846 (1.72%) 863 (2.01%)
3 401 (820%) 4.05 (1.00%) 893 (737%) 10.00 (11.98%)

B 1 856 (847%) 810 (-537%) 18.00 (8.06%) 17.10 (—5.00%)
2 736 (7.55%) 7.68  (439%) 1560 (7.12%) 1627  (4.29%)
3 711 (10.60%) 692 (—2.67%) 1510 (10.00%) 14.74 (—2.38%)

C 1 1250 (928%) 13.06  (448%) 2590 (8.96%) 27.02  (4.32%)
2 505 (13.25%) 4.77 (=554%) 11.00 (12.18%) 1044 (—5.09%)
3 7.08 (11.53%) 6.92 (-226%) 15.00 (10.87%) 1474 (—1.73%)

D 1 5.85 (1244%) 676 (1556%) 12.60 (11.59%) 1442 (14.44%)
2 384 (9.79%) 398  (3.65%) 858 (8.85%) 886 (3.26%)
3 310 (8.90%) 338 (9.03%) 7.09 (7.88%) 7.66  (8.04%)

Average absolute  9.80% 4.77% 9.08% 5.25%
-percentage error
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a percentage of the simulation average. The number in parentheses after the QNET
estimates represent percentage errors from the simulation average. This format,
suggested by Reiman (1990), makes it easy to determine the statistical significance of
the errors. As we can see from the table, the QNET estimates (except in Case D /1)
are almost always within the 95% confidence intervals of the simulation results. It is
worth noting that having the shorter service time in the first visit will significantly
reduce mean waiting time as well as the total mean sojourn time. For example, in
System C, both the QNET and simulation predict that Case 2 has a reduction of
waiting time by a factor larger than 2 compared with Case 1. Reduction ratio can be
estimated from our QNET analysis. For example, when ¢}, = ¢Z,, the ratio of the
mean waiting times in Case 1 and Case 2 is

1+ mgase 2/p

=1.7.
1+m§l/p

5.2. A system with two types of customers. Consider a multiclass station with two
types of customers. Type 1 customers visit the station five times and then exit and
type 2 customers visit the station twice and then exit. We assume that type k
customers arrive at the station according to a Poisson process with rate 1, k = 1,2
and service times in each stage are i.i.d. random variables. We assume that two arrival
processes are mutually independent, all service time sequences are mutually indepen-
dent and are independent of the arrival processes. The service times during the ith
visit for type 1 customers have mean m; and SCV ¢?;, i = 1,2,3,4,5. The service
times during the first and second visit for type 2 customers have mean m, SCV c? ¢
and m,, SCV ¢}, respectively. Therefore the station traffic intensity is p = £]_,m,.
We consider four versions of the system. Systems A, B, C and D corresponds to

2 2 2 2 2 2 2
(cs,I’cs,2’cs,3’cs,47cs,5’cs,6’cs,7)

being equal to (0.25,2,1,0.25,2, 2,025, (2,025 0251,1,2,2), (1,0.25,2,
2,0.25,1,0.25) and (2,2,1,2,2,0.25,0.25). We assume p = 0.90 and we consider four
cases for each system. Case 1, 2, 3 and 4 have

(mla mZ, m3a m4’ ms’ m6’m7)

chosen from (0.1, 0.1, 0.05, 0.1, 0.1, 0.2, 0.25), (0.05, 0.05, 0.05, 0.2, 0.1, 0.2, 0.25),
0.2,0.1,0.1,0.2,0.1,0.1,0.1) and (0.05,0.05,0.05,0.025,0.025, 0.6,0.1). For Cases 1
and 2, we have ©}_;m; = mg + m, = 0.45, which indicates that type 1 customers and
type 2 customers have the same average offered load. For Case 3 and 4, we have
Xi.im; =07, mg+m; =02and T3_;m; = 0.2, mg + m, = 0.7, respecitvely. Table
2 gives the simulation estimates and QNET estimates of mean waiting time for each
visit and mean sojourn time for each customer type. The QNET estimates of the
mean waiting time and sojourn time for type 2 customers are quite impressive
compared with the simulation estimates. Note that both QNET and simulation
predict that Case 4 always causes much longer delay than the other three cases for all
four systems. It is 1nterest1ng, however, to observe that the QNET always significantly
underestimates the sojourn time for type 1 customers. We have no theoretical
explanation for it at the moment.
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TABLE 2. Simulation estimates and QNET estimates of mean sojourn times and mean
waiting time for the multiclass station with two types of customers

741

Waiting Time Sojourn Time Sojourn Time
For Each Visit For Type 1 Customers For Type 2 Customers
SIM ONET SIM ONET SIM ONET
Al 115 (7.97%) 120 (4.63%) 610 (7.51%) 526 (—13.77%) 2.82 (6.67%) 2.86  (1.42%)
2 101 (759%) 105 (437%) 542 (7.07%) 4.67 (—13.84%) 2.57 (6.11%) 2.56 (-0.39%)
3 119 (090%) 122 (235%) 6.68 (810%) 557 (—16.62%) 2.56 (8.40%) 2.64  (3.13%)
4 3.64 (1030%) 429 (17.76%) 17.50 (10.98%) 17.35 (—0.86%) 8.83 (8.88%) 9.27  (4.98%)
Bl 134 (746%) 143 (6.99%) 7.03 (740%) 6.18 (—12.09%) 3.22 (6.52%) 332 (3.11%)
2 123 (732%) 130 (598%) 647 (1.11%) 5.66 (—1252%) 3.02 (629%) 3.06  (1.32%)
3 135 (6.74%) 138 (218%) 746 (6.26%) 622 (—16.62%) 288 (6.15%) 296  (2.78%)
4 380 (11.11%) 4.34 (14.18%) 1820 (11.60%) 1756 (—3.52%) 9.15 (9.73%) 938  (2.51%)
Cl 1.04 (555%) 110 (5.67%) 559 (5.24%) 4.85 (—1324%) 259 (4.40%) 2.65 (2.32%)
2 1.01 (5.65%) 1.08 (6.79%) 540 (530%) 476 (—11.85%) 2.56 (4.57%) 2.61 (1.95%)
3 130 (9.00%) 135 (347%) 721 (822%) 6.08 (—15.67%) 278 (827%) 289  (3.96%)
4 278 (827%) 3.06 (1021%) 1340 (8.59%) 1245 (-7.09%) 6.90 (7.00%) 6.83 (—1.01%)
D1 107 (6.03%) 113 (527%) 572 (579%) 4.96 (—-1329%) 2.65 (4.60%) 2.70  (1.89%)
2 099 (5.07%) 106 (7.01%) 532 -479%) 470 (—11.65%) 2.53 (3.94%) 258  (1.98%)
3 141 (887%) 146 (338%) 7.74 (826%) 653 (—1563%) 3.01 (7.97%) 312  (3.65%)
4 141 (887%) 146 (338%) 7.74 (826%) 653 (—15.63%) 3.01 (7.97%) 3.12  (3.65%)
Averagt.09% 6.82% - 7.36% 11.65% 6.51% 2.50%
absolute
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